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PREFACE 


This text is a merger of the CLP Integral Calculus textbook and problembook. It is, 
at the time that we write this, still a work in progress; some bits and pieces around 
the edges still need polish. Consequently we recommend to the student that they still 
consult text webpage for links to the errata — especially if they think there might be 
a typo or error. We also request that you send us an email at clp@ugrad.math.ubc.ca 
Additionally, if you are not a student at UBC and using these texts please send us 

an email (again using the feedback button) — we’d love to hear from you. 
Joel Feldman, Andrew Rechnitzer and Elyse Yeager 


To our students. 


And to the many generations of scholars who have freely 
shared all this knowledge with us. 
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USING THE EXERCISES IN THIS BOOK 


Each problem in this book is split into four parts: Question, Hint, Answer, and Solution. 
As you are working problems, resist the temptation to prematurely peek at the hint or 
to click through to the answers and solutions in the appendix! It’s important to allow 
yourself to struggle for a time with the material. Even professional mathematicians 
don’t always know right away how to solve a problem. The art is in gathering your 
thoughts and figuring out a strategy to use what you know to find out what you don’t. 

If you find yourself at a real impasse, go ahead and look at the linked hint. Think 
about it for a while, and don’t be afraid to read back in the notes to look for a key idea 
that will help you proceed. If you still can’t solve the problem, well, we included the 
Solutions section for a reason! As you’re reading the solutions, try hard to understand 
why we took the steps we did, instead of memorizing step-by-step how to solve that 
one particular problem. 

If you struggled with a question quite a lot, it’s probably a good idea to return to it 
in a few days. That might have been enough time for you to internalize the necessary 
ideas, and you might find it easily conquerable. Pat yourself on the back — sometimes 
math makes you feel good! If you’re still having troubles, read over the solution again, 
with an emphasis on understanding why each step makes sense. 

One of the reasons so many students are required to study calculus is the hope 
that it will improve their problem-solving skills. In this class, you will learn lots of 
concepts, and be asked to apply them in a variety of situations. Often, this will involve 
answering one really big problem by breaking it up into manageable chunks, solving 
those chunks, then putting the pieces back together. When you see a particularly long 
question, remain calm and look for a way to break it into pieces you can handle. 


e Working with Friends 


Study buddies are fantastic! If you don’t already have friends in your class, 
you can ask your neighbours in lecture to form a group. Often, a question that 
you might bang your head against for an hour can be easily cleared up by a 
friend who sees what you’ve missed. Regular study times make sure you don’t 
procrastinate too much, and friends help you maintain a positive attitude when 


0.0 


you might otherwise succumb to frustration. Struggle in mathematics is desirable, 
but suffering is not. 


When working in a group, make sure you try out problems on your own before 
coming together to discuss with others. Learning is a process, and getting answers 
to questions that you haven’t considered on your own can rob you of the practice 
you need to master skills and concepts, and the tenacity you need to develop to 
become a competent problem-solver. 


Types of Questions 


Questions outlined by a blue box make up the representative question set. This 
set of questions is intended to cover the most essential ideas in each section. These 
questions are usually highly typical of what you’d see on an exam, although some 
of them are atypical but carry an important moral. If you find yourself unconfident 
with the idea behind one of these, it’s probably a good idea to practice similar 
questions. 


This representative question set is our suggestion for a minimal selection of ques- 
tions to work on. You are highly encouraged to work on more. 


In addition to original problems, this book contains problems pulled from quizzes 
and exams given at UBC for Math 101 (first-semester calculus) and Math 121 
(honours first-semester calculus). These problems are marked by “(*)”. The 
authors would like to acknowledge the contributions of the many people who 
collaborated to produce these exams over the years. 


Finally, the questions are organized into three types: Stage 1, Stage 2 and 
Stage 3. 


o Exercises — Stage 1 


The first category is meant to test and improve your understanding of basic 
underlying concepts. These often do not involve much calculation. They 
range in difficulty from very basic reviews of definitions to questions that 
require you to be thoughtful about the concepts covered in the section. 


o Exercises — Stage 2 
Questions in this category are for practicing skills. It’s not enough to under- 
stand the philosophical grounding of an idea: you have to be able to apply 
it in appropriate situations. This takes practice! 


o Exercises — Stage 3 
The last questions in each section go a little farther than “Stage 2”. Often 
they will combine more than one idea, incorporate review material, or ask 
you to apply your understanding of a concept to a new situation. 


In exams, as in life, you will encounter questions of varying difficulty. A good 
skill to practice is recognizing the level of difficulty a problem poses. Exams will 
have some easy question, some standard questions, and some harder questions. 


FEEDBACK ABOUT THE TEXT 


The CLP-2 Integral Calculus text is still undergoing testing and changes. Because of 
this we request that if you find a problem or error in the text then: 


Lg 


2. 


Please check the errata list that can be found at the text webpage. 

Is the problem in the online version or the PDF version or both? 
Note the URL of the online version and the page number in the PDF 
Send an email to clp@ugrad.math.ubc.ca. Please be sure to include 


e a description of the error 
e the URL of the page, if found in the online edition 


e and if the problem also exists in the PDF, then the page number in the PDF 
and the compile date on the front page of PDF. 
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INTEGRATION 


Calculus is built on two operations — differentiation and integration. 


e Differentiation — as we saw last term, differentiation allows us to compute and 
study the instantaneous rate of change of quantities. At its most basic it allows 
us to compute tangent lines and velocities, but it also led us to quite sophisticated 
applications including approximation of functions through Taylor polynomials and 
optimisation of quantities by studying critical and singular points. 


e Integration — at its most basic, allows us to analyse the area under a curve. Of 
course, its application and importance extend far beyond areas and it plays a 
central role in solving differential equations. 


a to get slope integrate to get area 


a a b 
) 


It is not immediately obvious that these two topics are related to each other. How- 
ever, as we shall see, they are indeed intimately linked. 


1.14 Definition of the Integral 


Arguably the easiest way to introduce integration is by considering the area between 
the graph of a given function and the z-axis, between two specific vertical lines — such 
as is shown in the figure above. We'll follow this route by starting with a motivating 
example. 
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1.1.1 » A Motivating Example 


Let us find the area under the curve y = e” (and above the z-axis) for 0 <a < 1. That 
is, the area of { (x,y) | Vago, Ue <1 ie 


{(z,y) |O<SySe",0<2< 1} 


1 


This area is equal to the “definite integral” 


1 
Area = | e* dx 
0 


Do not worry about this notation or terminology just yet. We discuss it at length 
below. In different applications this quantity will have different interpretations — not 
just area. For example, if x is time and e* is your velocity at time x, then we'll see 
later (in Example 1.1.18) that the specified area is the net distance travelled between 
time 0 and time 1. After we finish with the example, we’ll mimic it to give a general 
definition of the integral f f(x)da. 


Example 1.1.1 Computing an area with vertical strips. 


We wish to compute the area of { (x,y) | Vago. Uae =) te We know, from our 
experience with e” in differential calculus, that the curve y = e” is not easily written in 
terms of other simpler functions, so it is very unlikely that we would be able to write 
the area as a combination of simpler geometric objects such as triangles, rectangles or 
circles. 

So rather than trying to write down the area exactly, our strategy is to approximate 
the area and then make our approximation more and more precise *. We choose ? to 
approximate the area as a union of a large number of tall thin (vertical) rectangles. As 
we take more and more rectangles we get better and better approximations. Taking 
the limit as the number of rectangles goes to infinity gives the exact area °. 

As a warm up exercise, we’ll now just use four rectangles. In Example 1.1.2, below, 
we'll consider an arbitrary number of rectangles and then take the limit as the number 
of rectangles goes to infinity. So 


e subdivide the interval 0 < x < 1 into 4 equal subintervals each of width i and 


e subdivide the area of interest into four corresponding vertical strips, as in the 
figure below. 


INTEGRATION 1.1 DEFINITION OF THE INTEGRAL 


The area we want is exactly the sum of the areas of all four strips. 


= et 
y y 


Each of these strips is almost, but not quite, a rectangle. While the bottom and sides 
are fine (the sides are at right-angles to the base), the top of the strip is not horizontal. 
This is where we must start to approximate. We can replace each strip by a rectangle 
by just levelling off the top. But now we have to make a choice — at what height do 
we level off the top? 


Consider, for example, the leftmost strip. On this strip, x runs from 0 to . As x runs 


from 0 to i the height y runs from e° to ei. It would be reasonable to choose the 


height of the approximating rectangle to be somewhere between e° and e1, Which 


y Ee 


height should we choose? Well, actually it doesn’t matter. When we eventually take 
the limit of infinitely many approximating rectangles all of those different choices give 
exactly the same final answer. We’ll say more about this later. 

In this example we’ll do two sample computations. 


e For the first computation we approximate each slice by a rectangle whose height 
is the height of the left hand side of the slice. 


o On the first slice, x runs from 0 to i, and the height y runs from e°, on the 


left hand side, to e4, on the right hand side. 


o So we approximate the first slice by the rectangle of height e° and width i, 
and hence of area Fe = . 
o On the second slice, x runs from 4 to 5, and the height y runs from e1 and 
1 
e2, 
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[e) 


[e) 


[e) 


[e) 


So we approximate the second slice by the rectangle of height e1 and width 
uD 
, and hence of area Fes, 


And so on. 


All together, we approximate the area of interest by the sum of the areas of 
the four approximating rectangles, which is 


This particular approximation is called the “left Riemann sum approximation 
to fs e*dx with 4 subintervals”. We’ll explain this terminology later. 


This particular approximation represents the shaded area in the figure on the 
left below. Note that, because e* increases as x increases, this approximation 
is definitely smaller than the true area. 


e For the second computation we approximate each slice by a rectangle whose height 
is the height of the right hand side of the slice. 


(2) 


On the first slice, x runs from 0 to i, and the height y runs from e°, on the 
left hand side, to e4, on the right hand side. 

So we approximate the first slice by the rectangle of height ei and width i, 
and hence of area Leg, 


On the second slice, x runs from ; to 5 and the height y runs from ei and 
e2, 

So we approximate the second slice by the rectangle of height e2 and width 
i, and hence of area e2. 


And so on. 
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o All together, we approximate the area of interest by the sum of the areas of 
the four approximating rectangles, which is 


1 
[ea te? +e4 4 e'| a= 1.9420 
o This particular approximation is called the “right Riemann sum approxima- 


tion to i. e*dx with 4 subintervals”. 


o This particular approximation represents the shaded area in the figure on 
the right above. Note that, because e® increases as x increases, this approx- 
imation is definitely larger than the true area. 


a This should remind the reader of the approach taken to compute the slope of a tangent line way 
way back at the start of differential calculus. 

b Approximating the area in this way leads to a definition of integration that is called Riemann 
integration. This is the most commonly used approach to integration. However we could also 
approximate the area by using long thin horizontal strips. This leads to a definition of integration 
that is called Lebesgue integration. We will not be covering Lebesgue integration in these notes. 

c If we want to be more careful here, we should construct two approximations, one that is always a 
little smaller than the desired area and one that is a little larger. We can then take a limit using 
the Squeeze Theorem and arrive at the exact area. More on this later. 


Example 1.1.1 


Now for the full computation that gives the exact area. 


Example 1.1.2 Computing an area exactly. 


Recall that we wish to compute the area of 
{ (x,y) | Oye’, O<e< 1} 


and that our strategy is to approximate this area by the area of a union of a large 
number of very thin rectangles, and then take the limit as the number of rectangles 
goes to infinity. In Example 1.1.1, we used just four rectangles. Now we'll consider a 
general number of rectangles, that we’ll call n. Then we'll take the limit n — oo. So 


e pick a natural number n and 
e subdivide the interval 0 < x < 1 into n equal subintervals each of width 1, and 
e subdivide the area of interest into corresponding thin strips, as in the figure below. 


The area we want is exactly the sum of the areas of all of the thin strips. 
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3 |e 
3 iy 
313 


XX 


Each of these strips is almost, but not quite, a rectangle. As in Example 1.1.1, the only 
problem is that the top is not horizontal. So we approximate each strip by a rectangle, 
just by levelling off the top. Again, we have to make a choice — at what height do we 
level off the top? 

Consider, for example, the leftmost strip. On this strip, x runs from 0 to 4. As x 


runs from 0 to 4 the height y runs from e° to en. It would be reasonable to choose 


the height of the approximating rectangle to be somewhere between e° and en. Which 
height should we choose? 

Well, as we said in Example 1.1.1, it doesn’t matter. We shall shortly take the limit n > 
oo and, in that limit, all of those different choices give exactly the same final answer. 
We won’t justify that statement in this example, but there will be an (optional) section 
shortly that provides the justification. For this example we just, arbitrarily, choose the 
height of each rectangle to be the height of the graph y = e” at the smallest value of 
x in the corresponding strip *. The figure on the left below shows the approximating 
rectangles when n = 4 and the figure on the right shows the approximating rectangles 
when n = 8. 


~ 


y 


Now we compute the approximating area when there are n strips. 


e We approximate the leftmost strip by a rectangle of height e°. All of the rectangles 


have width 4. So the leftmost rectangle has area 469. 
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e On strip number 2, x runs from a to 2. So the smallest value of « on strip number 
2 is 4. and we approximate strip number 2 by a rectangle of height ex and hence 
of area ten. 


e And so on. 


e On the last strip, x runs from a to * = 1. So the smallest value of x on the 


(n=1) 


last strip is a and we approximate the last strip by a rectangle of height e 
and hence of area bee 


The total area of all of the approximating rectangles is 


‘ : 1 0 1 1 2 3 1 
Total approximating area = —e’ + —e» + —en + —en+---+ -eE 
n n n 


if a1, 2, 3 (n=1) 
=—(lt+et ter ter t-te n ) 
n 


Now the sum in the brackets might look a little intimidating because of all the exponen- 

tials, but it actually has a pretty simple structure that can be easily seen if we rename 
i 

ern =r. Then 


e the first term is 1 = r° and 
e the second term is en = r! and 
e the third term is es — r2 and 
e the fourth term is en — r? and 
e and so on and 

z (m—1) n—1 
e the last term ise» =r". 


So 


1 
Total approximating area = — (1 trtrepeeet c*) 
n 


The sum in brackets is known as a geometric sum and satisfies a nice simple formula: 


Equation 1.1.3 Geometric sum. 


rr 


L+rtre+- pr ts 
P= ll 


provided r F 1 


The derivation of the above formula is not too difficult. So let’s derive it in a little 
aside. 
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— Geometric sum. 


Denote the sum as 
S=l+tr4¢r7t---4+r™1 
Notice that if we multiply the whole sum by r we get back almost the same thing: 


rs 
=r(lt+r+---+r"") 
pay? hp? qewes dig 


This right hand side differs from the original sum S' only in that 


e the right hand side, which starts with “r+”, is missing the “1+” that S 
starts with, and 


e the right hand side has an extra “+r”” at the end that does not appear in 
S. 


That is 
rS=S—1+4r" 
Moving this around a little gives 


(r—1)S =(r"—-1) 
_ fet 
— pal 


as required. Notice that the last step in the manipulations only works providing 
r # 1 (otherwise we are dividing by zero). 


Now we can go back to our area approximation armed with the above result about 
geometric sums. 


1 
Total approximating area = (1 ee 7) 
n 


lr” -1 
a remember that r = e!/” 
nr—-l 
Leora 
nel/n—] 
1 e-1l 
nel/n — J 


To get the exact area ° all we need to do is make the approximation better and better 
by taking the limit n — oo. The limit will look more familiar if we rename 4 to X. As 
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n tends to infinity, X tends to 0, so 


1 —1 
Area = lim — Stake 
noon el/n—] 


1/n 
es) alee 
‘ . 1 
=(e-)lmaG (with X =~) 


Examining this limit we see that both numerator and denominator tend to zero as 
X — 0, and so we cannot evaluate this limit by computing the limits of the numerator 
and denominator separately and then dividing the results. Despite this, the limit is not 
too hard to evaluate; here we give two ways: 


e Perhaps the easiest way to compute the limit is by using l’H6pital’s rule ©. Since 


both numerator and denominator go to zero, this is a : indeterminate form. Thus 


lim = im ——+—_ 
x0 e* — 1 x0 (ex — 1) X30 ex 


e Another way “ to evaluate the same limit is to observe that it can be massaged 
into the form of the limit definition of the derivative. First notice that 


X30eX —1 


provided this second limit exists and is nonzero ©. This second limit should look 
a little familiar: 


So, after this short aside into limits, we may now conclude that 


Area = (e— 1) lim | 
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=e-l1 


a Notice that since e*” is an increasing function, this choice of heights means that each of our 
rectangles is smaller than the strip it came from. 

b We haven’t proved that this will give us the exact area, but it should be clear that taking this 
limit will give us a lower bound on the area. To complete things rigorously we also need an upper 
bound and the squeeze theorem. We do this in the next optional subsection. 

c If you do not recall L’H6pital’s rule and indeterminate forms then we recommend you skim over 
your differential calculus notes on the topic. 

d Say if you don’t recall Hépital’s rule and have not had time to revise it. 

To hyphenate or not to hypenate: “non-zero” or “nonzero”? The authors took our lead from here 
and also here. 


Example 1.1.3 


1.1.2 » Optional — A more rigorous area computation 


In Example 1.1.1 above we considered the area of the region { (x, y) | Jaye, 
0<a<l }. We approximated that area by the area of a union of n thin rectangles. We 
then claimed that upon taking the number of rectangles to infinity, the approximation 
of the area became the exact area. However we did not justify the claim. The purpose 
of this optional section is to make that calculation rigorous. 

The broad set-up is the same. We divide the region up into n vertical strips, each 
of width = and we then approximate those strips by rectangles. However rather than 
an uncontrolled approximation, we construct two sets of rectangles — one set always 
smaller than the original area and one always larger. This then gives us lower and 
upper bounds on the area of the region. Finally we make use of the squeeze theorem 4 
to establish the result. 


e To find our upper and lower bounds we make use of the fact that e” is an increasing 


function. We know this because the derivative te = e” is always positive. 
Consequently, the smallest and largest values of e” on the interval a < x < b are 


e* and e?, respectively. 


e In particular, forO <a < 4 e” takes values only between e° and en. Asa result, 
the first strip 


{ (,y) |O<<-,0<y<e} 


o contains the rectangle of 0< a < 4. 0<y <e°® (the lighter rectangle in the 
figure on the left below) and 


1 Recall that if we have 3 functions f(x), g(x), h(x) that satisfy f(x) < g(x) < h(x) and we know 
that lim, f(x) = lim,_,, h(x) = L exists and is finite, then the squeeze theorem tells us that 
lim, 34 9(x) = L. 
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o is contained in the rectangle 0 < x < 4. O<y< en (the largest rectangle 
in the figure on the left below). 


Hence 


1 1 1 
—e" < Area{ (t,y) |0<2<—,0<y<et}< en 
n n n 


— ot — ot 
y ye y y=e 
e2/n 
oe ev 
e e 
i, - a) n& 
n n n n 


1 1 2 1 

“en < Areaf (x,y) |—<2<—=,0<y<e < en 

n n n n 

1 2 3 1 

“en < Area{ (2,y) |i <2<=,0<y<e*} < en 

n n n n 
1 @-» (n —1) n + 1. 4, 
=¢ % < Area{ (x, y) | <ra=—,Usyse } < en 
n n n n 


e Adding these n inequalities together gives 


1 1 (n=1) 

—(1ten t-te n ) 

n 

< Area{ (x,y) |O0<a<1,0<y<e} 


Ay at a n 
<= (cr +er +. +08) 
n 


e We can then recycle equation 1.1.3 with r = ex, so that r” = (cr) =<¢e. This 


we have 
i ea tae 
— < Areaf (x,y) |O<@ <1, 0<y<e"}<-erS 
Nen — nm en—t] 


where we have used the fact that the upper bound is a simple multiple of the 
lower bound: 


1 2 n 1 1 (n—1) 
(ch eh +.--+e%) =e% (Iter t-te n ie 
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e We now apply the squeeze theorem to the above inequalities. In pa the 


limits of the lower and upper bounds are limp—soo + a and limy soo 2 ten a ? 


respectively. As we did near ae end of Example 1.1.2, we make these limits Took 
more familiar by renaming = to X. As n tends to infinity, X tends to 0, so the 
limits of the lower and upper bounds are 


dl eee 
lim — . =(e-—1) lim e-1 
n>0 Nen — 1 x=149e*% —1 


(by ’Hépital’s rule) and 


i] —1 Xe* 
lim —en— =(e—1) lim - . 
noo nN en 27] X=1-0 e* —1 
~ (eT D EEe* eEBo eX 1 
(oto 


Thus, since the exact area is trapped between the lower and upper bounds, the 
squeeze theorem then implies that 


Exact area =e — 1. 


1.1.3 » Summation notation 


As you can see from the above example (and the more careful rigorous computation), 
our discussion of integration will involve a fair bit of work with sums of quantities. To 
this end, we make a quick aside into summation notation. While one can work through 
the material below without this notation, proper summation notation is well worth 
learning, so we advise the reader to persevere. 

Writing out the summands explicitly can become quite impractical — for example, 
say we need the sum of the first 11 squares: 


hao BF Ae BP ee a (eT 


This becomes tedious. Where the pattern is clear, we will often skip the middle few 
terms and instead write 


1+2?+4---+11?. 


A far more precise way to write this is using © (capital-sigma) notation. For example, 
we can write the above sum as 


in 
is 
k=1 
This is read as 


The sum from k equals 1 to 11 of k?. 
More generally 
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Let m < n be integers and let f(x) be a function defined on the integers. Then 
we write 


> Sh) 
k=m 
to mean the sum of f(k) for k from m to n: 


fm) + flm +1) + fim +2) +---+ fln—1) + fln). 


Similarly we write 


n 
da 
=n 


to mean 
Om + Am+1 + Am42 + °° + + An—-1 + Gn 


for some set of coefficients {am,..., Gn}. 


Consider the example 


It is important to note that the right hand side of this expression evaluates to a number 
- it does not contain “k”. The summation index k is just a “dummy” variable and it 
does not have to be called k. For example 
7 i 7 7 
1 1 i 1 
De 
k=3 i=3 j=3 (=3 
Also the summation index has no meaning outside the sum. For example 
z 
1 
i 
k=3 
has no mathematical meaning; it is gibberish. 
A sum can be represented using summation notation in many different ways. If you 


are unsure as to whether or not two summation notations represent the same sum, just 
write out the first few terms and the last couple of terms. For example, 


m=3 m=4 m=5 m=14 m=15 
15 —_ Ss —s~ 
3 Re oe a ree 
mB 142 © 15? 
e OO @ 


46181 
176400 * 


2 Some careful addition shows it is 


13 


INTEGRATION 1.1 DEFINITION OF THE INTEGRAL 


% : = eu + 3+ $a 
(m-1? BP eB 1a?” 15? 


are equal. 
Here is a theorem that gives a few rules for manipulating summation notation. 


Proof. We can prove this theorem by just writing out both sides of each 
equation, and observing that they are equal, by the usual laws of arithmetic °. 
For example, for the first equation, the left and right hand sides are 


n 
y CA; = CAm + CAm+1 + +++ + COn 


and (a) = C(Am + Om41 +++: + Gn) 


They are equal by the usual distributive law. The “distributive law” is the fancy 
name for c(a +b) =ca+cb. 


O 


a Since all the sums are finite, this isn’t too hard. More care must be taken when the sums 
involve an infinite number of terms. We will examine this in Chapter 3. 


Not many sums can be computed exactly °. Here are some that can. The first few 


are used a lot. 
e @ 


3 Of course, any finite sum can be computed exactly — just sum together the terms. What we 
mean by “computed exactly” in this context, is that we can rewrite the sum as a simple, and easily 
evaluated, formula involving the terminals of the sum. For example ae = a provided 
r #1. No matter what finite integers we choose for m and n, we can quickly compute the sum in 
just a few arithmetic operations. On the other hand, the sums, )7;_,,, ¢ and )o;_,, zz, cannot 


be expressed in such clean formulas (though you can rewrite them quite cleanly using integrals). 
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Theorem 1.1.6 


—— for all real numbers a and r ¥ 1 and all integers n > 0. 
1 =n, for all integers n > 1. 


sn(n + 1), for all integers n > 1. 


an(n + 1)(2n + 1), for all integers n > 1. 


2 
|3r(n + )| , for all integers n > 1. 


1.1.3.1 Proof of Theorem 1.1.6 (Optional) 


Proof. 


a The first sum is 


So art = ar® + ar! + ar? +--+ + ar" 

i=0 
which is just the left hand side of equation 1.1.3, with n replaced by n+ 1 
and then multiplied by a. 


b The second sum is just n copies of 1 added together, so of course the sum 
is n. 


c The third and fourth sums are discussed in the appendix of the CLP-1 text. 
In that discussion certain “tricks” are used to compute the sums with only 
simple arithmetic. Those tricks do not easily generalise to the fifth sum. 


d Instead of repeating that appendix, we’ll derive the third sum using a trick 
that generalises to the fourth and fifth sums (and also to higher powers). 
The trick uses the generating function * S(x): 


To explain more clearly we would need to go into a more detailed and careful discussion that is 
beyond the scope of this course. 
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Equation 1.1.7 Finite geometric sum. 


ntl _oy 
S(2) =1t24a%4---+2"=——— 


Notice that this is just the geometric sum given by equation 1.1.3 with n 
replaced by n + 1. 


Now, consider the limit 


lim S(x) = lim (1+ 2+27?+---+2")=n+1 but also 
x1 zl 
g ntl =| 
= lim ———— now use |’H6pital’s rule 
al ewe 1 
1 nr 
= lim rie =n dL. 
rl 1 


This is not so hard (or useful). But now consider the derivative of S(x): 


S'(x) =1+2r +32? +---+n2" 


d [g™*?-1 ; 
alia use the quotient rule 
=a 4 1x” —(2"t-1)-1 
= (x )+(n af Je co ) now clean it up 
Xv — 
EO = (ne ed 
7 (x — 1)? 


Hence if we take the limit of the above expression as 1 — 1 we recover 


lim S"(z) =1+2+4+3+---+n 
rl 


= lim G@ —1p now use |’H6pital’s rule 
Ler — 1 n—-1 
= lim aA) nest) l’H6pital’s rule again 
rl 2(a — 1) 
aes n(n + 1)a™1 — n(n + 1)(n -1)a2"? 
rl 2 
n2(n+1)—n(n—1)(n+1) n(n+1) 


Z 2 


as required. This computation can be done without l’H6pital’s rule, but the 
manipulations required are a fair bit messier. 
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e The derivation of the fourth and fifth sums is similar to, but even more 
tedious than, that of the third sum. One takes two or three derivatives of 
the generating functional. 


O 


a Generating functions are frequently used in mathematics to analyse sequences and series, 
but are beyond the scope of the course. The interested reader should take a look at 
“Generatingfunctionology” by Herb Wilf. It is an excellent book and is also free to download. 


1.1.4 ® The Definition of the Definite Integral 


b 
In this section we give a definition of the definite integral : f(x)dax generalising the 


machinery we used in Example 1.1.1. But first some terminology and a couple of 
remarks to better motivate the definition. 


b 
The symbol if f(a)dz is read “the definite integral of the function f(x) from a 


to b’. The function f(x) is called the integrand of i f(x)dx and a and 6 are 
called “ the limits of integration. The interval a < x < 6 is called the interval of 
integration and is also called the domain of integration. 


a  aand bare also called the bounds of integration. 


Before we explain more precisely what the definite integral actually is, a few remarks 
(actually — a few interpretations) are in order. 


b 
e If f(x) > 0 and a < Bb, one interpretation of the symbol i f(x)dz is “the area of 


the region { (z,y) |a<a<b, 0<y< f(x) })” 


y y = f(z) 
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In this way we can rewrite the area in Example 1.1.1 as the definite integral 
1 x 
eds 
e This interpretation breaks down when either a > b or f(x) is not always positive, 


but it can be repaired by considering “signed areas”. 


e Ifa < b, but f(z) is not always positive, one interpretation of ft f(x)dz is “the 
signed area between y = f(x) and the x-axis for a < x < b”. For “signed area” 
(which is also called the “net area”), areas above the x-axis count as positive while 
areas below the z-axis count as negative. In the example below, we have the graph 
of the function 


=! Hi<cg=2 
f@=4o Hee a4 


0 otherwise 


The 2 x 2 shaded square above the x-axis has signed area +2 x 2 = +4. The 1 x 1 
shaded square below the x-axis has signed area —1 x 1 = —1. So, for this f(x), 


[ sede =14-1-3 
0 


4 
y 
2 
signed area= +4 
—1 
XS 4 


e We'll come back to the case b < a later. 


We’re now ready to define f f(x)dx. The definition is a little involved, but essentially 
mimics what we did in Example 1.1.1 (which is why we did the example before the 
definition). The main differences are that we replace the function e* by a generic 
function f(x) and we replace the interval from 0 to 1 by the generic interval * from a 
to b. 


e We start by selecting any natural number n and subdividing the interval from a 
to b into n equal subintervals. Each subinterval has width baa 


4 We'll eventually allow a and 6 to be any two real numbers, not even requiring a < b. But it is 
easier to start off assuming a < b, and that’s what we’ll do. 


18 


INTEGRATION 1.1 DEFINITION OF THE INTEGRAL 


Just as was the case in Example 1.1.1 we will eventually take the limit as n — oo, 
which squeezes the width of each subinterval down to zero. 


For each integer 0 < i < n, define x; =a+i- baa Note that this means that 
XL) =aand x, = b. It is worth keeping in mind that these numbers x; do depend 
on n even though our choice of notation hides this dependence. 


Subinterval number 7 is 7; < © < x;. In particular, on the first subinterval, x 

runs from %j = a to 7} =a+ baa On the second subinterval, x runs from x; to 
_ b-—a 

tQg=at+ a, 


y = f(z) 


4 x 
@=% 4% FZ Fg °° In-1 Ln =b 


On each subinterval we now pick x7,, between x;_; and x;. We then approximate 
f(z) on the i‘ subinterval by the constant function y = f(xj,,). We include n in 
the subscript to remind ourselves that these numbers depend on n. 


Geometrically, we’re approximating the region 
{ (x, y) | x is between x;_; and 2;, and y is between 0 and f(z) } 
by the rectangle 


{ (x, y) | x is between x;_; and 2;, and y is between 0 and f(2;,,) } 


In Example 1.1.1 we chose xj,, = x;-1 and so we approximated the function e* 
on each subinterval by the value it took at the leftmost point in that subinterval. 


So, when there are n subintervals our approximation to the signed area between 
the curve y = f(x) and the z-axis, with x running from a to 8, is 


_ oy, 


19 


INTEGRATION 1.1 DEFINITION OF THE INTEGRAL 


We interpret this as the signed area since the summands f(27,,) - ®4 need not be 


positive. 
e Finally we define the definite integral by taking the limit of this sum as n > oo. 


Oof! This is quite an involved process, but we can now write down the definition we 
need. 


Let a and b be two real numbers and let f(a) be a function that is defined for all 
x between a and b. Then we define 


3 me : b—a 
[ fear = tim YS flet,) 
@ 1 


when the limit exists and takes the same value for all choices of the z;,,’s. In this 
case, we say that f is integrable on the interval from a to 6. 


Of course, it is not immediately obvious when this limit should exist. Thankfully it 
is easier for a function to be “integrable” than it is for it to be “differentiable”. 


Theorem 1.1.10 


Let f(z) be a function on the interval |a, 6]. If 
e f(x) is continuous on |a, bj, or 


e f(x) has a finite number of jump discontinuities on [a,b] (and is otherwise 
continuous) 


then f(x) is integrable on [a, }]. 


We will not justify this theorem. But a slightly weaker statement is proved in (the 
optional) Section 1.1.7. Of course this does not tell us how to actually evaluate any 
definite integrals — but we will get to that in time. 

Some comments: 


e Note that, in Definition 1.1.9, we allow a and b to be any two real numbers. We 
do not require that a < b. That is, even when a > b, the symbol ii F(a )dx is 
still defined by the formula of Definition 1.1.9. We'll get an interpretation for 
es f(x)dz, when a > 6, later. 


e It is important to note that the definite integral ie f(x)dz represents a number, 
not a function of x. The integration variable x is another “dummy” variable, 
just like the summation index i in }>y_,, a; (see Section 1.1.3). The integration 
variable does not have to be called x. For example 


[ ters [roat= [roan 
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Just as with summation variables, the integration variable x has no meaning 
outside of f(x)dz. For example 


1 x 
x | edz and | edz 
0 0 
are both gibberish. 


The sum inside definition 1.1.9 is named after Bernhard Riemann ° who made the 
first rigorous definition of the definite integral and so placed integral calculus on rigorous 
footings. 


The sum inside definition 1.1.9 


is called a Riemann sum. It is also often written as 
Dee a 
i=l 


where Ax = a 


e If we choose each 27, = tj; = a+ (i —1)** to be the left hand end point 
of the i“ interval, [7;1,x;], we get the approximation 


Yor(o+G-*) ue 


which is called the “left Riemann sum approximation to e f(x)dx with n 
subintervals”. This is the approximation used in Example 1.1.1. 


In the same way, if we choose xj,, = 7% =a+ j=4 we obtain the approxi- 


mation 
= = _ 
Se if (« +72 *) a 
= n n 


which is called the “right Riemann sum approximation to I f(x)dz with n 
subintervals”. The word “right” signifies that, on each subinterval [x;_1, 7;] 
we approximate f by its value at the right-hand end-point, 7; = a+ jo, 
of the subinterval. 


5 Bernhard Riemann was a 19th century German mathematician who made extremely important 
contributions to many different areas of mathematics — far too many to list here. Arguably two 
of the most important (after Riemann sums) are now called Riemann surfaces and the Riemann 
hypothesis (he didn’t name them after himself). 
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e A third commonly used approximation is 


2 _ 1l.b-a\ b-a 
Ys (are- n ) n 


which is called the “midpoint Riemann sum approximation to i pclae: 
with n subintervals”. The word “midpoint” signifies that, on each subinterval 
[z;-1, Zi] we approximate f by its value at the midpoint, wa =a+(i- 


i) ba of the subinterval. 


In order to compute a definite integral using Riemann sums we need to be able 
to compute the limit of the sum as the number of summands goes to infinity. This 
approach is not always feasible and we will soon arrive at other means of computing 
definite integrals based on antiderivatives. However, Riemann sums also provide us 
with a good means of approximating definite integrals — if we take n to be a large, 
but finite, integer, then the corresponding Riemann sum can be a good approximation 
of the definite integral. Under certain circumstances this can be strengthened to give 
rigorous bounds on the integral. Let us revisit Example 1.1.1. 


Example 1.1.12 Upper and lower bounds on area. 


Let’s say we are again interested in the integral fo e*dx. We can follow the same 
procedure as we used previously to construct Riemann sum approximations. However 
since the integrand f(x) = e” is an increasing function, we can make our approximations 
into upper and lower bounds without much extra work. 

More precisely, we approximate f(x) on each subinterval xj) < x < a; 


e by its smallest value on the subinterval, namely f(x;_1), when we compute the 
left Riemann sum approximation and 


e by its largest value on the subinterval, namely f(2;), when we compute the right 
Riemann sum approximation. 


This is illustrated in the two figures below. The shaded region in the left hand figure 
is the left Riemann sum approximation and the shaded region in the right hand figure 
is the right Riemann sum approximation. 
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y v= 


3 |b 
8 


3 le 
313 


We can see that exactly because f(x) is increasing, the left Riemann sum describes an 
area smaller than the definite integral while the right Riemann sum gives an area larger 
“ than the integral. 

When we approximate the integral fi e*dx using n subintervals, then, on interval num- 
ber 2, 


e x runs from Lt to : and 


° i — e* runs from eo“ , when x is at the left hand end point of the interval, to 
n, when & is at the right hand end point of the interval. 


; ae ean 
Consequently, the left Riemann sum approximation to i e"dz is }),,€ = 4 and the 


right Riemann sum approximation is )>/_, en - +. So 


dre n ae [cw = eo 
_ 0 a= n 


n _ (1) : : 
Thus, = > 48 = 4. which for any n can be evaluated by computer, is a lower 


bound on the exact value of ie ede and. Ay), en i, which for any n can also be 


evaluated by computer, is an upper bound on the exact value of fo e*dax. For example, 
when n = 1000, L,, = 1.7174 and R,, = 1.7191 (both to four decimal places) so that, 
again to four decimal places, 


1 
1.7174 < | eda = 1.7191 
0 


Recall that the exact value is e — 1 = 1.718281828.... 


e OS @ 


a When a function is decreasing the situation is reversed — the left Riemann sum is always larger 
than the integral while the right Riemann sum is smaller than the integral. For more general func- 
tions that both increase and decrease it is perhaps easiest to study each increasing (or decreasing) 
interval separately. 


Example 1.1.12 
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1.1.5 ® Using Known Areas to Evaluate Integrals 


One of the main aims of this course is to build up general machinery for computing def- 
inite integrals (as well as interpreting and applying them). We shall start on this soon, 
but not quite yet. We have already seen one concrete, if laborious, method for com- 
puting definite integrals — taking limits of Riemann sums as we did in Example 1.1.1. 
A second method, which will work for some special integrands, works by interpreting 
the definite integral as “signed area”. This approach will work nicely when the area 
under the curve decomposes into simple geometric shapes like triangles, rectangles and 
circles. Here are some examples of this second method. 


Example 1.1.13 A very simple integral and a very simple area. 


The integral ft ldx (which is also written as just a dx) is the area of the shaded 
rectangle (of width b — a and height 1) in the figure on the right below. So 


f? dx = (b—a) x (1) = b-a y 
1 


Example 1.1.14 Another simple integral. 


Let b > 0. The integral f, xdz is the area of the shaded triangle (of base b and of height 
b) in the figure on the right below. So 


y=o 


fo cdx =1bxb=% 


b x 


nS 


The integral ae xdzx is the signed area of the shaded triangle (again of base b and of 
height b) in the figure on the right below. So 
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[eda = -§ —b y 


Example 1.1.14 


Notice that it is very easy to extend this example to the integral Hie cadx for any 
real numbers b,c > 0 and find 
b 
C 
i: crdx = <b”. 
0 2 


Example 1.1.15 Evaluating {o (1 — |x|) da. 


In this example, we shall evaluate fy (1 — |x|) da. Recall that 


so that 


foeies l+a ifx<0 
—lr7| = 
l-a« ifx>0 


To picture the geometric figure whose area the integral represents observe that 


e at the left hand end of the domain of integration x = —1 and the integrand 
1—|z| =1-—]|-—1|=1-—1=0 and 


e as x increases from —1 towards 0, the integrand 1 — |x| = 1+ x increases linearly, 
until 


e when z hits 0 the integrand hits 1 — |x| = 1 — |0| = 1 and then 
e as x increases from 0, the integrand 1 — || = 1 — x decreases linearly, until 


e when x hits +1, the right hand end of the domain of integration, the integrand 
hits 1 — |z| = 1—|1| =0. 
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So the integral i iar (1 — |x|) da is the area of the shaded triangle (of base 2 and of height 


1) in the figure on the right below and 


f',Q—|z))da =4x2x y 
1=1 ; 


~ 


Example 1.1.15 


Example 1.1.16 Evaluating vi V1 —«?dz. 


The integral ie V1—x?dzx has integrand f(x) = /1—x?. So it represents the area 
under y = V1 — x? with x running from 0 to 1. But we may rewrite 


y=v1l—2 as e+y=1,y>0 


But this is the (implicit) equation for a circle — the extra condition that y > 0 makes 
it the equation for the semi-circle centred at the origin with radius 1 lying on and above 
the x-axis. Thus the integral represents the area of the quarter circle of radius 1, as 
shown in the figure on the right below. So 


{. Vl—x2dxr = 4n(1)? = y 
7 1 


This next one is a little trickier and relies on us knowing the symmetries of the sine 
function. 


Example 1.1.17 Integrating sine. 


The integral 1 sin xdz is the signed area of the shaded region in the figure on the right 
below. It naturally splits into two regions, one on either side of the y-axis. We don’t 
know the formula for the area of either of these regions (yet), however the two regions 
are very nearly the same. In fact, the part of the shaded region below the x-axis is 
exactly the reflection, in the x-axis, of the part of the shaded region above the x-axis. 
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So the signed area of part of the shaded region below the x-axis is the negative of the 
signed area of part of the shaded region above the x-axis and 


J" sin ada = 0 y 


Example 1.1.17 


1.1.6 Another Interpretation for Definite Integrals 


So far, we have only a single interpretation ° for definite integrals — namely areas under 
graphs. In the following example, we develop a second interpretation. 


Example 1.1.18 A moving particle. 


Suppose that a particle is moving along the z-axis and suppose that at time t¢ its 
velocity is u(t) (with v(t) > 0 indicating rightward motion and v(t) < 0 indicating 
leftward motion). What is the change in its x-coordinate between time a and time 
as 

We'll work this out using a procedure similar to our definition of the integral. First pick 
a natural number n and divide the time interval from a to b into n equal subintervals, 
each of width a We are working our way towards a Riemann sum (as we have done 
several times above) and so we will eventually take the limit n — oo. 


e The first time interval runs from a to a+ &2. 


If we think of n as some large 
number, the width of this interval, boa is very small and over this time interval, 
the velocity does not change very much. Hence we can approximate the velocity 
over the first subinterval as being essentially constant at its value at the start 
of the time interval — v(a). Over the subinterval the x-coordinate changes by 

‘ : ‘ b— 
velocity times time, namely v(a) - —*. 
e Similarly, the second interval runs from time a + ee to time a+ 2a. Again, 
we can assume that the velocity does not change very much and so we can ap- 
proximate the velocity as being essentially constant at its value at the start of the 


6 If this were the only interpretation then integrals would be a nice mathematical curiousity and 
unlikely to be the core topic of a large first year mathematics course. 
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subinterval — namely v (a + boa) So during the second subinterval the particle’s 


x-coordinate changes by approximately v (a + pa) os 


e In general, time subinterval number i runs from a + (i — 1)%4 toa jes and 


during this subinterval the particle’s x«-coordinate changes, essentially, by 


(at G-p—) eae 


n n 


So the net change in x-coordinate from time a to time b is approximately 


aC ae v(a coat }.--4 v(a | (j= *) °=8 vals 


n n n n n 


a 


+v(a+(n-1) 5 


=Yro(a+-9e=4) 4 


This exactly the left Riemann sum approximation to the integral of v from a to b with 
n subintervals. The limit as n — oo is exactly the definite integral f? o(é)de. Following 
tradition, we have called the (dummy) integration variable t rather than x to remind 
us that it is time that is running from a to b. 

The conclusion of the above discussion is that if a particle is moving along the x-axis 
and its z-coordinate and velocity at time t are x(t) and v(t), respectively, then, for all 
b> a, 


n 


x(b) — x(a) =i) u(t)dt. 


Example 1.1.18 


1.1.7 Optional — careful definition of the integral 


In this optional section we give a more mathematically rigorous definition of the definite 


integral / f(x)dz. Some textbooks use a sneakier, but equivalent, definition. The 


integral will be defined as the limit of a family of approximations to the area between 
the graph of y = f(x) and the z-axis, with x running from a to b. We will then show 
conditions under which this limit is guaranteed to exist. We should state up front that 
these conditions are more restrictive than is strictly necessary — this is done so as to 
keep the proof accessible. 

The family of approximations needed is slightly more general than that used to 
define Riemann sums in the previous sections, though it is quite similar. The main 
difference is that we do not require that all the subintervals have the same size. 
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e We start by selecting a positive integer n. As was the case previously, this will 
be the number of subintervals used in the approximation and eventually we will 
take the limit as n > oo. 


e Now subdivide the interval from a to b into n subintervals by selecting n+1 values 
of x that obey 


A=%o <t1< Xo < +++ < Up_-1 < tn = B. 


The subinterval number 7 runs from x;_; to x;. This formulation does not require 
the subintervals to have the same size. However we will eventually require that 
the widths of the subintervals shrink towards zero as n — oo. 


e Then for each subinterval we select a value of x in that interval. That is, for 
i =1,2,...,n, choose x* satisfying 7;_; < x} < x;. We will use these values of x 
to help approximate f(x) on each subinterval. 


e The area between the graph of y = f(a) and the z-axis, with x running 


y = f(z) 


4 x 
a=% 2 2% 1 In-1 Ln =b 


from x;_; to %;, i.e. the contribution, ge f(x)dz, from interval number i to the 
integral, is approximated by the area of a rectangle. The rectangle has width 
x; — X;-1 and height f(z?). 


e Thus the approximation to the integral, using all n subintervals, is 


j f(a)de ~ fay) [a — to] + f(e2)[t2 — 1) +--+ + Fe) [tn — Ena] 
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e Of course every different choice of n and x1, %2,--+ ,%p—1 and x7, X5,--- , x, gives 
a different approximation. So to simplify the discussion that follows, let us denote 
a particular choice of all these numbers by P: 


= Ox x 
P= (hai taye »Un—-1,01,%9,°°° as 


Similarly let us denote the resulting approximation by Z(P): 


T(P) = f(xj) [1 — Xo] + f(e9)[e2 — 21] +--+ + f(@,) [en — Ln-1] 


e We claim that, for any reasonable ‘ function f(x), if you take any reasonable ° 
sequence of these approximations you always get the exactly the same limiting 
value. We define f f(«x)dz to be this limiting value. 


e Let’s be more precise. We can take the limit of these approximations in two 
equivalent ways. Above we did this by taking the number of subintervals n to 
infinity. When we did this, the width of all the subintervals went to zero. With 
the formulation we are now using, simply taking the number of subintervals to 
be very large does not imply that they will all shrink in size. We could have one 
very large subinterval and a large number of tiny ones. Thus we take the limit 
we need by taking the width of the subintervals to zero. So for any choice P, we 
define 


M(P) = max {2 — 20 , 2-1, """ y ee ee 


that is the maximum width of the subintervals used in the approximation deter- 
mined by P. By forcing the maximum width to go to zero, the widths of all the 
subintervals go to zero. 


e We then define the definite integral as the limit 


[ feae= lim Z(P). 


M(P)0 


Of course, one is now left with the question of determining when the above limit exists. 
A proof of the very general conditions which guarantee existence of this limit is beyond 
the scope of this course, so we instead give a weaker result (with stronger conditions) 
which is far easier to prove. 

For the rest of this section, assume 


e that f(x) is continuous fora <x <b, 
e that f(a) is differentiable for a < x < 6b, and 


e that f’(x) is bounded — ie | f’(x)| < F for some constant F’. 


7 We'll be more precise about what “reasonable” means shortly. 
8 Again, we’ll explain this “reasonable” shortly 
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We will now show that, under these hypotheses, as /(P) approaches zero, Z(P) always 
approaches the area, A, between the graph of y = f(a) and the z-axis, with x running 
from a to b. 

These assumptions are chosen to make the argument particularly transparent. With 
a little more work one can weaken the hypotheses considerably. We are cheating a little 
by implicitly assuming that the area A exists. In fact, one can adjust the argument 
below to remove this implicit assumption. 


e Consider A,;, the part of the area coming from x;_; <x < 4. 


Lj-1 Xj 


We have approximated this area by f(2;)|[2j; — x;-1] (see figure left). 


e Let f(Z;) and f(xz;) be the largest and smallest values ° of f(x) for 7; < @ < aj. 
Then the true area is bounded by 


F(@;)laj — tj] S Ay S f(%;) [ey — 25-1]. 
(see figure right). 


e Now since f(z;) < f(x;) < f(&j), we also know that 
F(@5) [ej — aja) S F(v5) [aj — &j-a] S F(%;) [ej — 25-1]. 


e So both the true area, Aj, and our approximation of that area f(x})|2; — v;-1] 
have to lie between f(%;)[z;—2x,-,] and f(x;) |x; -—xj_1]. Combining these bounds 
we have that the difference between the true area and our approximation of that 
area is bounded by 


|Ay =f (23) a; = 254] < [F(@) =f@)) > eye), 


(To see this think about the smallest the true area can be and the largest our 
approximation can be and vice versa.) 


9 Here we are using the extreme value theorem — its proof is beyond the scope of this course. 
The theorem says that any continuous function on a closed interval must attain a minimum and 
maximum at least once. In this situation this implies that for any continuous function f(a), there 
are %j_1 <%j,x; <a; such that f(z;) < f(x) < f(z;) for all zj;_1 <a < aj. 
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e Now since our function, f(x) is differentiable we can apply one of the main the- 
orems we learned in CLP-1 — the Mean Value Theorem '°. The MVT implies 
that there exists a c between Ly and %; such that 


f(Z;) _ Ff (z;) = fi(e)- [z; _ x;| 
e By the assumption that |f"(x)| < F for all x and the fact that 2; and 7; must 
both be between a,;_; and 2; 
ela 7 ee) Psa a Fe ea 
Hence the error in this part of our approximation obeys 


|Aj — f(@}) [25 — 25-1]| SF [aj — 25-1)’. 


e That was just the error in approximating A;. Now we bound the total error by 
combining the errors from approximating on all the subintervals. This gives 


JA -—Z(P)| =| A; — SS f(a) lary - 25-1] 

j=l j=l 

= i (A; — f(x5) |x; x;-1]) triangle inequality 
j=l 

<> 7 Ay — F(e}) [zy - 25-1] 
j=l 

= SOF -[x; — 253-4]? from above 
j=l 


Now do something a little sneaky. Replace one of these factors of [x; — xj_1| 
(which is just the width of the j** subinterval) by the maximum width of the 


subintervals: 
= ye - M(P) - [z; -— 25-1] F and M(P) are constant 
j=l 
<F-M(P)- Sol; = 2741] sum is total width 


= F.M(P)-(b—a). 


e Since a, b and F are fixed, this tends to zero as the maximum rectangle width 
M(P) tends to zero. 


Thus, we have proven 


e © 
10 Recall that the mean value theorem states that for a function continuous on [a, b] and differentiable 
on (a,b), there exists a number c between a and 6 so that f’(c) = ae 
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Theorem 1.1.19 


Assume that f(x) is continuous for a < x < 8, and is differentiable for all 


a < «x < 6b with |f’(x)| < F, for some constant F. Then, as the maximum 


rectangle width M (1 


P) tends to zero, Z(! 


P) always converges to A, the area between 


the graph of y = f(x) and the z-axis, with x running from a to b. 


1.1.8 Exercises 


Exercises —— Stage 1 For Questions 1 through 5, we want you to develop an un- 
derstanding of the model we are using to define an integral: we approximate the area 
under a curve by bounding it between rectangles. Later, we will learn more sophisticated 
methods of integration, but they are all based on this simple concept.In Questions 6 
through 10, we practice using sigma notation. There are many ways to write a given 
sum in sigma notation. You can practice finding several, and deciding which looks 
the clearest.Questions 11 through 15 are meant to give you practice interpreting the 
formulas in Definition 1.1.11. The formulas might look complicated at first, but if you 
understand what each piece means, they are easy to learn. 


1. Give a range of possible values for the shaded area in the picture below. 


2. Give a range of possible values for the shaded area in the picture below. 
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3 
1 
3. Using rectangles, find a lower and upper bound for / zat that differ by at 
1 


most 0.2 square units. 


4. Let f(x) be a function that is decreasing from x = 0 to x = 5. Which Riemann 


5 
sum approximation of | f(x)dz is the largest—left, right, or midpoint? 
0 


5. Give an example of a function f(x), an interval [a,b], and a number n such 
that the midpoint Riemann sum of f(a) over [a,b] using n intervals is larger 
than both the left and right Riemann sums of f(x) over [a, b] using n intervals. 


6. Express the following sums in sigma notation: 
a3s+4+5+6+7 
b 6+84+104+12+14 
ec 7+9+4+11413415 


d1+3+5+74+9+114+13+15 


7. Express the following sums in sigma notation: 


8. Express the following sums in sigma notation: 


Ue ej He ope 9 
ast3atotatap 


ee ee 1 
b st ipt a9 t+ a3 + 265 
c 1000+ 200+ 30+4+4+2+ 7, 
9. Evaluate the following sums. You might want to use the formulas from Theo- 
rems 5 and 6. 
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1 n 

d S- (2) + en’ where b is some integer greater than 1. 

e€ 

n=1 

10. Evaluate the following sums. You might want to use the formulas from Theo- 
rem 1.1.6. 


100 50 
aS (i-50)+ 504 
1=50 1=0 


100 


11. In the picture below, draw in the rectangles whose (signed) area 
4 

a 

is being computed by the midpoint Riemann sum S- i z 


i=1 


b-—a 
7 : 
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4 
P22, es iS f(1+k)-1 is a left Riemann sum for a function f(x) on the interval 
k=1 
[a, b] with n subintervals. Find the values of a, b and n. 


13. Draw a picture illustrating the area given by the following Riemann sum. 


3 


S 52+ (5+ 24) 


i=1 


14. Draw a picture illustrating the area given by the following Riemann sum. 
5 ; 
7 m(i — 1) 
ae eee 8 
d. 20°" ( 20 ) 


*. Fill in the blanks with right, left, or midpoint; an interval; and a value 
of n. 


3 
aS f(l.5+k)-lisa Riemann sum for f on the interval 
k=0 
: | with y= 


16. Evaluate the following integral by interpreting it as a signed area, and using 
geometry: 
5 
| x dx 
0 


Evaluate the following integral by interpreting it as a signed area, and using 
geometry: 


5 
/ xadx 
-2 


Exercises —— Stage 2 Questions 26 and 27 use the formula for a geometric sum, 
Equation 1.1.3Remember that a definite integral is a signed area between a curve and 
the x-axis. We’ll spend a lot of time learning strategies for evaluating definite integrals, 
but we already know lots of ways to find area of geometric shapes. In Questions 28 
through 33, use your knowledge of geometry to find the signed areas described by the 
integrals given. 


18. *. Use sigma notation to write the midpoint Riemann sum for f(z) = z® on 


[5,15] with n = 50. Do not evaluate the Riemann sum. 
5 
19. x. Estimate / x dx using three approximating rectangles and left hand end 


i 
points. 


36 


INTEGRATION 1.1 DEFINITION OF THE INTEGRAL 


i 
*. Let f be a function on the whole real line. Express / f(x) dx asa 
= 


limit of Riemann sums, using the right endpoints. 


21. *. The value of the following limit is equal to the area below a graph of 
y = f(x), integrated over the interval [0, 0): 


n é 2 
Jim sin (2 + ~) 
Find f(x) and 6. 


«x. For a certain function f(a), the following equation holds: 


wk k? : 
dim 97 ata gam fff) a 
k=1 


n 3S ; 33 
23. *. Express lim S- ~e~*/” cog (=) as a definite integral. 
~~ iet/” — 
24. x. Let R, = S- —,. Express lim R,, as a definite integral. Do not evaluate 
n 


NCO 


this integral. 


4 2 
*. Express lim i Oman = | as an integral in three different ways. 
noo =i n 


26. Evaluate the sum 1+r?+r®+r9+---+r%”. 


27. Evaluate the sum r°+7r6+r74---4 71, 


2 


28. x. Evaluate |2x| da. 
1 


29. Evaluate the following integral by interpreting it as a signed area, and using 
geometry: 


5 
/ lt — 1] de 
3 
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30. 


31. 


36. 


Evaluate the following integral by interpreting it as a signed area, and using 
geometry: 
b 
/ cdg 
where 0 <a <b. 
Evaluate the following integral by interpreting it as a signed area, and using 


geometry: 
b 
/ cde 


Evaluate the following integral by interpreting it as a signed area, and using 
geometry: 


where a <b< 0. 


4 
| V16 — «2dr 
0 


3 
«x. Use elementary geometry to calculate | f(x) dx, where 
0 


oles 
mee > Il 


*. A car’s gas pedal is applied at t = 0 seconds and the car accelerates 
continuously until t = 2 seconds. The car’s speed at half-second intervals 
is given in the table below. Find the best possible upper estimate for the 
distance that the car traveled during these two seconds. 


t (s) 0/05]1.0]15]2 
v (m/s) | 0} 14 | 22 | 30 | 40 


True or false: the answer you gave for Question 34 is definitely greater 
than or equal to the distance the car travelled during the two seconds in 
question. 


An airplane’s speed at one-hour intervals is given in the table below. Approxi- 
mate the distance travelled by the airplane from noon to 4pm using a midpoint 
Riemann sum. 


time 


speed (km/hr) 


12:00 pm 
800 


1:00 pm 
700 


2:00 pm 
850 


3:00 pm 
900 


4:00 pm 
750 
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Exercises — Stage 3 


37. *. (a) Express 


a) 2i\? 
li a he) ee, 
LD (-2+=) 


as a definite integal. 
(b) Evaluate the integral of part (a). 


38. *. Consider the integral: 


Kc + 2°) dz. (x) 


a Approximate this integral using the left Riemann sum with n = 3 inter- 
vals. 


b Write down the expression for the right Riemann sum with n intervals 
and calculate the sum. Now take the limit n — oo in your expression for 
the Riemann sum, to evaluate the integral (*) exactly. 


You may use the identity 


Pe ee ee 
i=l 7 4 


4 
39. «*. Using a limit of right-endpoint Riemann sums, evaluate | x? dx. You 
2 


may use the formulas >i = ninth) and or = SS, 
i=1 i=1 


2 
40. x. Find | (x? + x) dx using the definition of the definite integral. You may 
0 


n n 
Z é 4 3 2 ‘ 2 
use the summation formulas $+ 7? = wpe and $9 1= aa 
rl =I 


4 
«x. Using a limit of right-endpoint Riemann sums, evaluate [| (2x —1) dz. 


1 
Do not use anti-differentiation, except to check your answer. “ You may 


use the formula $3 i = ula 


2 
w=1 


e OO @ 


a You'll learn about this method starting in Section 1.3. You can also check this 
answer using geometry. 


42. Give a function f(x) that has the following expression as a right Riemann sum 
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when n = 10, A(z) = 10 and a = —5: 


10 


S| 3(7 + 2i)? sin(4i). 


i=1 


43. Using the method of Example 1.1.2, evaluate 
1 
| 2 dz 
0 


a Using the method of Example 1.1.2, evaluate 


b 
if 10°dx 


Using your answer from above, make a guess for 


b 
/ cdx 


where c is a positive constant. Does this agree with Question 43? 


44. 


b 


45. Evaluate | V1 —<2?dzx using geometry, if0 <a <1. 
0 


46. Suppose f(x) is a positive, decreasing function from z = a to x = b. You 
give an upper and lower bound on the area under the curve y = f(x) using 
n rectangles and a left and right Riemann sum, respectively, as in the picture 
below. 


RRP 
sag 
£5 


EERRRS 
senenenenes 


PEK 


1 
b S250 
ke Seieeetlareren 
, SR ERR 
SOY 
— nesses ei seseee = fis 
+y=f(x Pmerprnnenenenenberr— Y = f(r 
Ez ’ b CHK” 
: Soeey PIVoNy i 


a What is the difference between the lower bound and the upper bound? 
(That is, if we subtract the smaller estimate from the larger estimate, 
what do we get?) Give your answer in terms of f, a, b, and n. 


b If you want to approximate the area under the curve to within 0.01 square 
units using this method, how many rectangles should you use? That is, 
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what should n be? 


47. Let f(x) be a linear function, let a < b be integers, and let n be a whole 
number. True or false: if we average the left and right Riemann sums for 


b 
/ f(x)dz using n rectangles, we get the same value as the midpoint Riemann 


sum using n rectangles. 


1.24 Basic properties of the definite integral 


When we studied limits and derivatives, we developed methods for taking limits or 
derivatives of “complicated functions” like f(x) = x? + sin(x) by understanding how 
limits and derivatives interact with basic arithmetic operations like addition and sub- 
traction. This allowed us to reduce the problem into one of of computing derivatives of 
simpler functions like x? and sin(x). Along the way we established simple rules such as 
. ; ; d df dg 
lim (f(a) + 9(2)) = lim f(x) + im g(a) and S(f(0) + 9(2)) = 5 + 
Some of these rules have very natural analogues for integrals and we discuss them below. 
Unfortunately the analogous rules for integrals of products of functions or integrals of 
compositions of functions are more complicated than those for limits or derivatives. We 
discuss those rules at length in subsequent sections. For now let us consider some of 
the simpler rules of the arithmetic of integrals. 


Theorem 1.2.1 Arithmetic of Integration. 


Let a,b and A, B,C be real numbers. Let the functions f(x) and g(x) be inte- 
grable on an interval that contains a and b. Then 


i (Geyedee = / “Awe i Coe 
/ (Go=donae / HO / (Gome 
[cite => i Gaels 


Combining these three rules we have 


(a) [ Cees = Af sean Ls [soya 


That is, integrals depend linearly on the integrand. 
b b 
(ec) [ows [r-ce=0-c 
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It is not too hard to prove this result from the definition of the definite integral. 
Additionally we only really need to prove (d) and (e) since 


e (a) follows from (d) by setting A= B= 1, 
e (b) follows from (d) by setting A = 1, B = —1, and 
e (c) follows from (d) by setting A = C, B= 0. 


Proof. As noted above, it suffices for us to prove (d) and (e). Since (e) is 
easier, we will start with that. It is also a good warm-up for (d). 


e The definite integral in (e), ie ldz, can be interpreted geometrically as the 
area of the rectangle with height 1 running from x = a to x = b; this area 
is clearly b — a. We can also prove this formula from the definition of the 
integral (Definition 1.1.9): 


: _ Wp \0-a - 
7 dr = Jim d. F (in) by definition 


n 


_ yn b-a ; 
= since f(z) =1 


n 


n 


1 

= lim (b- a) iS = since a,b are constants 
n—0o oa n 

lim (b — a) 


n—->oco 


=b-a 
as required. 


e To prove (d) let us start by defining h(x) = Af(x)+Bg(x) and then we need 
to express the integral of h(x) in terms of those of f(x) and g(x). We use 
Definition 1.1.9 and some algebraic manipulations * to arrive at the result. 


[ reoee = s Ce es 
: — — in n 
by Definition 1.1.9 


=> (AF (in) + Bale?) = 
=> (Afia) =" + Balai) =") 
= (Saren *) 4 (Spun ‘| 


by Theorem 1.1.5(b) 
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” ., O-a " » , O-a 
=A (>: Gin)? +B (Soa) ) 
by Theorem 1.1.5(a) 
b b 
-af (ajar + Bf g(x)da 
by Definition 1.1.9 


as required. 


a Now isa good time to look back at Theorem 1.1.5. 


Using this Theorem we can integrate sums, differences and constant multiples of func- 
tions we know how to integrate. For example: 


Example 1.2.2 The integral of a sum. 


In Example 1.1.1 we saw that fo e*dz =e—1. So 


1 1 1 
| (e* + 7) dz = | e*dx + 7 | Idx 
0 0 0 


by Theorem 1.2.1(d) with A = 1, f(z) =e”, B=7,9(x) =1 
=(e—1)+7x (1-0) 
by Example 1.1.1 and Theorem 1.2.1(e) 


=e+6 


When we gave the formal definition of hs f(x)dx in Definition 1.1.9 we explained 
that the integral could be interpreted as the signed area between the curve y = f(x) 
and the z-axis on the interval [a,b]. In order for this interpretation to make sense we 
required that a < b, and though we remarked that the integral makes sense when a > b 
we did not explain any further. Thankfully there is an easy way to express the integral 
de f(x)dzx in terms of is f(x)dxz — making it always possible to write an integral so 
the lower limit of integration is less than the upper limit of integration. Theorem 1.2.3, 
below, tell us that, for example, ie edz = — Lt e*dxz. The same theorem also provides 
us with two other simple manipulations of the limits of integration. 
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Theorem 1.2.3 Arithmetic for the Domain of Integration. 


Let a,b,c be real numbers. Let the function f(x) be integrable on an interval 
that contains a, b and c. Then 


(a) [ feax=o 


The proof of this statement is not too difficult. 


Proof. Let us prove the statements in order. 


e Consider the definition of the definite integral 


b n 

i= 
[ flejae = im feet) = 

4 noo =a " n 

If we now substitute b = a in this expression we have 
. ” a—a 
dx = li re 
/ f(x)dx Le Ct le 


=0 


lim ila) 20 
nN—>0o d. ~ , 


lim 0 
noo 


= 0 
as required. 


e Consider now the definite integral i f(x)dx. We will sneak up on the proof 
by first examining Riemann sum approximations to both this and /, . fede. 


The midpoint Riemann sum approximation to Ne f(x)dz with 4 subintervals 
(so that each subinterval has width >) is 


(flat 599) + flat 3°a2) + F(a + 35) + Flat 35%) at 
= {f(ga + gb) + f(gat 30) + f(ga + go) + F(ga + gb)} at 


Now we do the same for ie f(x)dx with 4 subintervals. Note that b is now 
the lower limit on the integral and a is now the upper limit on the integral. 
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This is likely to cause confusion when we write out the Riemann sum, so 
we'll temporarily rename b to A and a to B. The midpoint Riemann sum 
approximation to be f(x)dx with 4 subintervals is 


{F(A+ 284) + f(A+ 254) + F(A $54) 


= {F(JA+ 3B) + f(84+ 3B) + f(A + $B) 
+ f(4A+iB)}\. BA 


Now recalling that A = b and B = a, we have that the midpoint Riemann 
sum approximation to te f(x)dx with 4 subintervals is 


tf (gb + 5a) + F(3b + 5a) + FSB + ga) + F(Gb+ ga) pS 


Thus we see that the Riemann sums for the two integrals are nearly identical 


— the only difference being the factor of 2% versus &". Hence the two 


b 
q q 
Riemann sums are negatives of each other. 
The same computation with n subintervals shows that the midpoint Rie- 
mann sum approximations to f;” f(x)dx and ie f(x)dx with n subintervals 
are negatives of each other. Taking the limit n — oo gives f;* f(x)dx = 


— fe f(x)dz. 


e Finally consider (c) — we will not give a formal proof of this, but instead will 
interpret it geometrically. Indeed one can also interpret (a) geometrically. 
In both cases these become statements about areas: 


[ f(x)dc=0 ~~ and [row = [ fae + [ f(x)dx 


Area{ (z,y) |a<ax<a, 0<y< f(z) }=0 


and 
Area{ Gy) ee eb O<y< f(z) } 
= Area{ (ogy)| a << co: O<y< f(x) } 
+ Area{ (x,y) |c<a<b, 0<y< f(x) } 


respectively. Both of these geometric statements are intuitively obvious. See 
the figures below. 


y = f(z) 
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Note that we have assumed that a < c < 6b and that f(x) > 0. One 
can remove these restrictions and also make the proof more formal, but it 
becomes quite tedious and less intuitive. 


O 


Remark 1.2.4 For notational simplicity, let’s assume that a < c < b and f(x) > 0 
for alla <a <b. The geometric interpretations of the identities 


[ teae =0 and [ teorar= ff reorar +f seyar 


Area{ (2,9) |a<a< a, O<y< f(a) }=0 


are 


and 
Area{ (2,9) | ax 2 <b, OCLs Fa) t 
= Area{ Gy) Oa eoe O<y< f(a) } 
+ Area{ (ig) =, O<y< f(z) } 


respectively. Both of these geometric statements are intuitively obvious. See the figures 
below. We won’t give a formal proof. 


~ 


: y = f(z) - 


y = f(z) 


a C b 


So we concentrate on the formula f,* f(x)dx = — ie f(x)dx. The midpoint Riemann 


sum approximation to A f(x)dax with 4 ee (so that each subinterval has width 


bot) is 


{F(a 28) + Fat S48) + F(a + $52) + Fat P58)} 
= {f (Ja + 3b) + f(Ba+ 20) + f(Ba + $5) + F(Za + 0) \ #2 (x) 
We're now going to write out the midpoint Riemann sum approximation to a baal x)dax 
with 4 subintervals. Note that b is now the lower limit on the integral and a is now 
the upper limit on the integral. This is likely to cause confusion when we write out the 


Riemann sum, so we’ll temporarily rename 6b to A and a to B. The midpoint Riemann 
ae B ; : : 
sum approximation to [ 4 f(x)dax with 4 subintervals is 


{f(4+ 4274 A) +4 f(A+ 324) 4+ (At 344) +7 (At iB-a)\ Bos 
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= {f(ZA+ 4B) + f(GA+ 2B) + f(3A+ $B) + f(hA+ ZB)} BA 


Now recalling that A = b and B = a, we have that the midpoint Riemann sum approx- 
imation to f;” f(x)dx with 4 subintervals is 


{ ¢(zo-+ 4a) + $($0+ $0) + F(Q0-4+ $a) +7404 Fa)} GE a 


The curly brackets in (x) and (xx) are equal to each other — the terms are just in the 
reverse order. The factors multiplying the curly brackets in (x) and (««), namely a 


and *=*, are negatives of each other, so («*)= —(x). The same computation with n 


subintervals shows that the midpoint Riemann sum approximations to ii f(x)dx and 
i. f(x)dx with n subintervals are negatives of each other. Taking the limit n —> co 


gives f," f(x)dx = — it fiz)dz. 


Example 1.2.5 Revisiting Example 1.1.14. 


Back in Example 1.1.14 we saw that when b > 0 s “de = a We'll now verify that 
i Lae = 7 is still true when b = 0 and also when b < 0. 


e First consider b = 0. Then the statement th adxz = ve becomes 


0 
[ var =0 
0 


This is an immediate consequence of Theorem 1.2.3(a). 


e Now consider b < 0. Let us write B = —b, so that B > 0. In Example 1.1.14 we 


saw that 
0) B? 
/ adxz = ——. 
_B 2 
So we have 
b -B 0 
| n= | nda = -{ rdz by Theorem 1.2.3(b) 
0 0 -B 
B? 
=-— (-5) by Example 1.1.14 
BP 
We have now shown that 
b b2 
| adx = ri for all real numbers 0b 


— a 
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Example 1.2.6 vis xdg. 


Applying Theorem 1.2.3 yet again, we have, for all real numbers a and 8, 


b 0 b 
/ rd = / xdx + | xdx by Theorem 1.2.3(c) with c = 0 
a > . 
-|/ re -f xd7 by Theorem 1.2.3(b) 
P —@? 


“—% by Example 1.2.5, twice 


We can also understand this result geometrically. 


AAV 


e (left) When 0 < a < 6b, the integral represents the area in green which is the 
difference of two right-angle triangles — the larger with area b?/2 and the smaller 
with area a?/2. 


e (centre) When a < 0 < 6, the integral represents the signed area of the two 
displayed triangles. The one above the axis has area b?/2 while the one below has 
area —a?/2 (since it is below the axis). 


e (right) When a < b < 0, the integral represents the signed area in purple of the 
difference between the two triangles — the larger with area —a?/2 and the smaller 
with area —b?/2. 


Theorem 1.2.3(c) shows us how we can split an integral over a larger interval into 
one over two (or more) smaller intervals. This is particularly useful for dealing with 
piece-wise functions, like |z]. 
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Example 1.2.7 Integrals involving |z]. 


Using Theorem 1.2.3, we can readily evaluate integrals involving |x|. First, recall that 


Now consider (for example) ie |x\dx. Since the integrand changes at x = 0, it makes 
sense to split the interval of integration at that point: 


3 0 3 
/ Zid = / |z|da +f |x|da by Theorem 1.2.3 
-_2 —2 0 
0 3 
= / (—x)dx +f xda by definition of || 
8 0 
0 3 
= -{ xdx +f xdx by Theorem 1.2.1(c) 
= 0 


= —(—2?/2) + (37/2) = (449)/2 
= 13/2 


We can go further still — given a function f(x) we can rewrite the integral of f(|z]) in 
terms of the integral of f(x) and f(—z). 


J taiar= fi s(iehar+ f° s(r)aa 
= “fade + [fear 


Here is a more concrete example. 


Example 1.2.8 Revisiting Example 1.1.15. 


Let us compute i (1 — |x|) da again. In Example 1.1.15 we evaluated this integral 
by interpreting it as the area of a triangle. This time we are going to use only the 
properties given in Theorems 1.2.1 and 1.2.3 and the facts that 


b b 2 2 
[aw=b-a and [ rav=" > 


That he dz = b—a is part (e) of Theorem 1.2.1. We saw that fo vdx = aw in 
Example 1.2.6. 

First we are going to get rid of the absolute value signs by splitting the interval over 
which we integrate. Recalling that |z| = x whenever x > 0 and |x| = —x whenever 
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x <0, we split the interval by Theorem 1.2.3(c), 


[ (1 — |2z|)da = a (1 — |x|)da + [ (1 —|2|)dx 
= [ ( (-a)jar+ [ (1—2x)dzx 


1 


-f (ta)ae+ f (1 2)ar 


1 


Now we apply parts (a) and (b) of Theorem 1.2.1, and then 


1 0 0 1 1 
/ [1 — |z|]da = / ldx + / xdzx + | ldx — | xdax 
1 -1 -1 0 0 


eS oe 


Example 1.2.8 


1.2.1 » More properties of integration: even and odd functions 


Recall | the following definition 


Let f(x) be a function. Then, 


e we say that f(x) is even when f(x) = f(—2) for all x, and 


e we say that f(x) is odd when f(x) = —f(—z) for all a. 


Of course most functions are neither even nor odd, but many of the standard func- 
tions you know are. 


Example 1.2.10 Even functions. 


e Three examples of even functions are f(x) = |x|, f(x) = cosx and f(x) = 2”. 


fact, if f(a) is any even power of x, then f(x) is an even function. 


In 


e The part of the graph y = f(x) with x < 0, may be constructed by drawing 
the part of the graph with x > 0 (as in the figure on the left below) and then 


e OO @ 


1 We haven’t done this in this course, but you should have seen it in your differential calculus course 
or perhaps even earlier. 
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reflecting it in the y-axis (as in the figure on the right below). 


—14 


e In particular, if f(x) is an even function and a > 0, then the two sets 


{ (a4) | 0 <a <aand y is between 0 and f(z) } 
{ (x,y) | —a <x <0 and y is between 0 and f(x) } 


are reflections of each other in the y-axis and so have the same signed area. That 


1S 
a 0 
dz = d 
[ seo [ fox 


Example 1.2.11 Odd functions. 


e Three examples of odd functions are f(x) = sinz, f(x) = tanz and f(z) = 2°. 
In fact, if f(x) is any odd power of x, then f(x) is an odd function. 


e The part of the graph y = f(x) with x < 0, may be constructed by drawing the 
part of the graph with x > 0 (like the solid line in the figure on the left below) 
and then reflecting it in the y-axis (like the dashed line in the figure on the left 
below) and then reflecting the result in the z-axis (i.e. flipping it upside down, 
like in the figure on the right, below). 
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e In particular, if f(a) is an odd function and a > 0, then the signed areas of the 
two sets 


| 0 <a <aand y is between 0 and f(z) } 
{ (x,y) | —a <a <0 and y is between 0 and f(z) 


} 


are negatives of each other — to get from the first set to the second set, you flip 
it upside down, in addition to reflecting it in the y-axis. That is 


a 0 
/ fiej\de= — [ fleax 


We can exploit the symmetries noted in the examples above, namely 
a 0 
| fede = : F(ejdz for f even 
0 -a 
a 0 
| F(a jde= -{ f(x)da for f odd 
0 —a 
together with Theorem 1.2.3 Theorem 1.2.3 


[ tear= f seoyars freee 


in order to simplify the integration of even and odd functions over intervals of the form 
[—-a, aj. 


Theorem 1.2.12 Even and Odd. 


Let a > 0. 


a If f(a) is an even function, then 


[ foe = 2 [Fade 


b If f(x) is an odd function, then 


[ foe =() 
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Proof. For any function 


[ fae 2 [ seoae+ [ sade 


When f is even, the two terms on the right hand side are equal. When f is odd, 
the two terms on the right hand side are negatives of each other. 


O 


1.2.2 » Optional — More properties of integration: inequalities for 
integrals 


We are still unable to integrate many functions, however with a little work we can infer 
bounds on integrals from bounds on their integrands. 


Theorem 1.2.13 Inequalities for Integrals. 


Let a < b be real numbers and let the functions f(z) and g(x) be integrable on 
the interval a <x < b. 


a l(a Ustoreall @< a <b; then 
b 
[ fearzo 
belt 7 (a) = (2) tor alla = @ <0, then 


[sears f oer 


c If there are constants m and M such that m < f(x) < M for alla<au<b, 
then 


mb—a)< | f(x) dz < M(b-a) 


d We have 


[reoals Pireiar 
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Proof. 


a By interpreting the integral as the signed area, this statement simply says 
that if the curve y = f(z) lies above the z- a and a < b, then the signed 
area of { (x,y) |a<a <b, 0A =< Jie ) } is at least zero. This is 
quite clear. Alternatively, we could argue more algebraically from Defini- 
tion 1.1.9. We observe that when we define hs f(x)dx via Riemann sums, 
every summand, f(2j,,) boa > 0. Thus the whole sum is nonnegative and 
consequently, so is the limit, and thus so is the integral. 


b We are assuming that g(x) — f(x) > 0, so part (a) gives 
b 
[ low - bate Jarzo— fio ajax — ffl \dx >0 


=5 [ Fla)de < | for 


c Applying part (b) with g(x) = M for alla < x < b gives 


[ tears f tar = Moa) 


Similarly, viewing m as a (constant) function, and applying part (b) gives 


=m(b— pais ak 


m< f(x je pone ee 


d For any z, |f(x)| is either f(x) or —f(x) (depending on whether f(x) is 


positive or negative), so we certainly have 


f(z) < |f(2)| and —f(%) < |F(#)| 


Applying part (c) to each of those inequalities gives 


[ foe < 7 \f(v)|\de and — [ fee < [ f(a) |dax 


Now | Je Flaw 
whether the integral is positive or negative). In either case we can apply 
the above two inequalities to get the same result, namely 


[ Fee] <P ireiae, 


is either equal to is f(«)dx or — te f(x)dax (depending on 
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Example 1.2.14 fe cos rdz. 


Consider the integral 


A cos rdx 
0 


This is not so easy to compute exactly °, but we can bound it quite quickly. 
For x between 0 and 3, the function cosx takes values > between 1 and S. Thus the 
function ,/cos x takes values between 1 and wee That is 


1 
—< VJcosx<l for0O<a< 
V2 ~ ~ — = 


Consequently, by Theorem 1.2.13(b) with a=0, b= 4, m= 1 and M = 1, 


T 3 T 
ne cos xrdx < — 
3/2 =a = 


Plugging these expressions into a calculator gives us 


0.7404804898 < [ Jcos xzdx < 1.047197551 
0 


e OO @ 


a Itis not too hard to use Riemann sums and a computer to evaluate it numerically: 0.948025319.... 
b You know the graphs of sine and cosine, so you should be able to work this out without too much 


t difficulty. { 


1.2.3 Exercises 


Exercises — Stage 1 


1. For each of the following properties of definite integrals, draw a picture illus- 
trating the concept, interpreting definite integrals as areas under a curve. 
For simplicity, you may assume that a < c < b, and that f(x), g(x) give 
positive values. 


a | f(x) dz = 0, (Theorem 1.2.3, part (a)) 


b / ” F(x) dx = / eons / ” f(x)de, (Theorem 1.2.3, part (c)) 
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b 
a 


c / (f(z) + 9(x)) dz = / f(a) de +| g(x) dx, (Theorem 1.2.1, part 
(a)) 


b b 
If i cos xdx = sin b, then what is / cos xdx? 
0 a 


*. Decide whether each of the following statements is true or false. If false, 
provide a counterexample. If true, provide a brief justification. (Assume 
that f(x) and g(x) are continuous functions. ) 


‘ [tea = - f Hea. 


=D) 3 
b If f(a) is an odd function, then / HAR alee i f(a) da. 
2h 2 


cf 102) g(ajar =f ployte- [ g(aae 


4. Suppose we want to make a right Riemann sum with 100 intervals to approx- 


0 
imate [ f(x)dx, where f(x) is a function that gives only positive values. 
5 


a What is Ax? 
b Are the heights of our rectangles positive or negative? 
c Is our Riemann sum positive or negative? 


d Is the signed area under the curve y = f(x) from x = 0 to x = 5 positive 
or negative? 


Exercises —— Stage 2 
3 3 3 
5. x. Suppose i f(x)dx = —1 and : g(x) dx = 5. Evaluate i (6f(x) — 
2 2 2 
3g(x)) dx. 


6. x. If [ fda = 3 and [9 dz = —4, calculate [ (2f(x) + 39(x)) de. 


7. »*. The functions f(x) and g(x) obey 


[ teoae= [ tevar=2 
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8. In Question 1.1.8.45, Section 1.1, we found that 


: 1 1 
| V1— 2dr = “ s arccos(a) + gov — a? 
0 


when 0<a<l. 
Using this fact, evaluate the following: 


0 
a - V1—<2?dz, where -1<a<0 


1 
b / V1l—2x2dx, where0O<a<1 


2 
2 Evaluate |2a|da. 
=i 


a2 


b 
You may use the result from Example 1.2.6 that [ adx = yea" 


a 


5 
10. Evaluate / x|z|\dz. 


—5 


11. Suppose f(z) is an even function and i . What is 


iP fiajdz? : 


Exercises — Stage 3 


2 


12. x. Evaluate i (5 +vV4—-— 7) dz. 


—2 


+2012 sin x 


13. x. Evaluate 


_2012 log(3 + 2?) 


+2012 


14. x. Evaluate / x3 cos x dz. 
—2012 


6 
15. Evaluate (x — 3)? dz. 
0 
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16. We want to compute the area of an ellipse, (ax)? + (by)? = 1 for some (let’s 
say positive) constants a and b. 


a Solve the equation for the upper half of the ellipse. It should have the 
form: “y = =<" 


b Write an integral for the area of the upper half of the ellipse. Using 
properties of integrals, make the integrand look like the upper half of a 
circle. 


c Using geometry and your answer to part (b), find the area of the ellipse. 


17. Fill in the following table: the product of an (even/odd) function with an 
(even/odd) function is an (even/odd) function. You may assume that both 
functions are defined for all real numbers. 


even | odd 


18. Suppose f(z) is an odd function and g(z) is an even function, both defined at 
x = 0. What are the possible values of f(0) and g(0)? 


19. Suppose f(z) is a function defined on all real numbers that is both even and 
odd. What could f(x) be? 


20. Is the derivative of an even function even or odd? Is the derivative of an 


odd function even or odd? 


1.34 The Fundamental Theorem of Calculus 


1.3.1 » The Fundamental Theorem of Calculus 


We have spent quite a few pages (and lectures) talking about definite integrals, what 
they are (Definition 1.1.9), when they exist (Theorem 1.1.10), how to compute some 
special cases (Section 1.1.5), some ways to manipulate them (Theorem 1.2.1 and 1.2.3) 
and how to bound them (Theorem 1.2.13). Conspicuously missing from all of this has 
been a discussion of how to compute them in general. It is high time we rectified that. 

The single most important tool used to evaluate integrals is called “the fundamental 
theorem of calculus”. Its grand name is justified — it links the two branches of calculus 
by connecting derivatives to integrals. In so doing it also tells us how to compute 
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integrals. Very roughly speaking the derivative of an integral is the original function. 
This fact allows us to compute integrals using antiderivatives '. Of course “very rough” 
is not enough — let’s be precise. 


Theorem 1.3.1 Fundamental Theorem of Calculus. 


Let a < b and let f(x) be a function which is defined and continuous on |{a, }]. 


x 


e Part 1. Let F(x) = | f(t)dt for any z € [a,b]. Then the function F(x) 


is differentiable and further 


e Part 2. Let G(x) be any function which is defined and continuous on |a, }}. 
Further let G(x) be differentiable with G’(x) = f(z) for alla < x < b. Then 


/ f(x)dz = G(b) — G(a)_ or equivalently i G'(x)dx = G(b) — G(a) 


a 


Before we prove this theorem and look at a bunch of examples of its application, it 
is important that we recall one definition from differential calculus — antiderivatives. 
If F’(x) = f(a) on some interval, then F(x) is called an antiderivative of f(x) on that 
interval. So Part 2 of the the fundamental theorem of calculus tells us how to evaluate 
the definite integral of f(z) in terms of any of its antiderivatives — if G(x) is any 
antiderivative of f(a) then 


| His =CO)=Cla) 


The form i. G'(x) dx = G(b) — G(a) of the fundamental theorem relates the rate of 
change of G(«) over the interval a < x < b to the net change of G between x = a and 
x = b. For that reason, it is sometimes called the “net change theorem”. 

We'll start with a simple example. Then we'll see why the fundamental theorem is 
true and then we’ll do many more, and more involved, examples. 


Example 1.3.2. A first example. 


Consider the integral i xdx which we have explored previously in Example 1.2.6. 
e The integrand is f(x) = x. 


e We can readily verify that G(x) = = satisfies G’(~) = f(x) and so is an an- 
tiderivative of the integrand. 


1 You learned these near the end of your differential calculus course. Now is a good time to revise 
— but we’ll go over them here since they are so important in what follows. 
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e Part 2 of Theorem 1.3.1 then tells us that 


which is precisely the result we obtained (with more work) in Example 1.2.6. 


Example 1.3.2 


We do not give completely rigorous proofs of the two parts of the theorem — that 
is not really needed for this course. We just give the main ideas of the proofs so that 
you can understand why the theorem is true. 


Part 1. We wish to show that if 
F(z) = f (t)dt then Pie) = f(a) 


e Assume that F' is the above integral and then consider F’(x). By definition 


) _ B(a+h) — F(z) 
a h 


e To understand this limit, we interpret the terms F(x), F(a + h) as signed 
areas. To simplify this further, let’s only consider the case that f is always 
nonnegative and that h > 0. These restrictions are not hard to remove, but 
the proof ideas are a bit cleaner if we keep them in place. Then we have 


t 
t 


F(x +h) = the area of the region { (t,y) |a<t<a+h, O<y<f 
F(a) = the area of the region { (t,y) | 7 Bee a Csys7 


(t) } 
(t) } 
e Then the numerator 

F(x +h) — F(a) = the area of { (t,y) |a<t<a+h, 0<y< f(t) } 


This is just the more darkly shaded region in the figure 


a azcth 


e We will be taking the limit h — 0. So suppose that h is very small. Then, 
as truns from x to x+h, f(t) runs only over a very narrow range of values’, 


all close to f(x). 
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e So the darkly shaded region is almost a rectangle of width h and height f(x) 
and so has an area which is very close to f(x)h. Thus Poth) F@) is very 


close to f(z). 


e In the limit h — 0, oH becomes exactly f(x), which is precisely 
what we want. 


O 


e OSD @ 


a Notice that if f were discontinuous, then this might be false. 


We can make the above more rigorous using the Mean Value Theorem ” 


Part 2. We want to show that fi f (t)dt = G(b) —G(a). To do this we exploit 
the fact that the derivative of a constant is zero. 


e Let 
= 7 f(t)dt — G(x) + G(a) 


Then the result we wish to prove is that H(b) = 0. We will do this by 
showing that H(x) = 0 for all x between a and b. 


e We first show that H(x) is constant by computing its derivative: 


o=5 f fat- 5 6) +5 (Gla) 


Since G(a) is a constant, its derivative is 0 and by assumption the derivative 


of G(x) is just f(a), so 


=z | soat- Fe) 


Now Part 1 of the theorem tells us that this derivative is just f(x), so 


= f(x) — f(x) =0 
Hence A is constant. 


e To determine which constant we just compute H (a): 


= / " f(t)dt — Gla) + Gla) 


e © 
2 The MVT tells us that there is a number c between x and x +h so that F’(c) = oe 


Fleth)-F(@) But since F’(x%) = f(x), this tells us that Fleth)—F(#) = f(c) where c is trapped 
between «+h and x. Now when we take the limit as h > 0 we have that this number c is squeezed 
to x and the result follows. 
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-/ f (t)dt by Theorem 1.2.3(a) 


as required. 


O 


The simple example we did above (Example 1.3.2), demonstrates the application of 
part 2 of the fundamental theorem of calculus. Before we do more examples (and there 
will be many more over the coming sections) we should do some examples illustrating 
the use of part 1 of the fundamental theorem of calculus. Then we’ll move on to part 2. 


Example 1.3.3 “ft tdt. 


Consider the integral 5 tdt. We know how to evaluate this — it is just Example 1.3.2 
with a = 0, b= x. So we have two ways to compute the derivative. We can evaluate 
the integral and then take the derivative, or we can apply Part 1 of the fundamental 
theorem. We’ll do both, and check that the two answers are the same. 

First, Example 1.3.2 gives 


£ 2 
F(x) =F tdt = = 
0 


So of course F’(x) = x. Second, Part 1 of the fundamental theorem of calculus tells us 
that the derivative of F(x) is just the integrand. That is, Part 1 of the fundamental 


t theorem of calculus also gives F"(x) = x. f 


In the previous example we were able to evaluate the integral explicitly, so we did 
not need the fundamental theorem to determine its derivative. Here is an example that 
really does require the use of the fundamental theorem. 


Example 1.3.4 “fp edi 


We would like to find a te edt. In the previous example, we were able to compute 
the corresponding derivative in two ways — we could explicitly compute the integral 
and then differentiate the result, or we could apply part 1 of the fundamental theorem 
of calculus. In this example we do not know the integral explicitly. Indeed it is not 
possible to express ° the integral i e~* dt as a finite combination of standard functions 
such as polynomials, exponentials, trigonometric functions and so on. 

Despite this, we can find its derivative by just applying the first part of the fundamental 
theorem of calculus with f(t) = e~* and a = 0. That gives 


df? ». df? 
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= f(a) =e" 


e ® 

a The integral fis e~ dt is closely related to the “error function” which is an extremely important 
function in mathematics. While we cannot express this integral (or the error function) as a finite 
combination of polynomials, exponentials etc, we can express it as an infinite series de edt = 


3 5 k g2ktl 


ee eS ae + s +--+++4+(-1) Gera to But more on this in Chapter 3. 


5-2 
Example 1.3.4 


Let us ratchet up the complexity of the previous example — we can make the limits 
of the integral more complicated functions. So consider the previous example with the 
upper limit x replaced by 2”: 


Example 1.3.5 a f a dh 


Consider the integral fi edt. We would like to compute its derivative with respect 
to x using part 1 of the fundamental theorem of calculus. 

The fundamental theorem tells us how to compute the derivative of functions of the 
form f° f(t)dt but the integral at hand is not of the specified form because the upper 
limit we have is x’, rather than x, — so more care is required. Thankfully we can 
deal with this obstacle with only a little extra work. The trick is to define an auxiliary 
function by simply changing the upper limit to x. That is, define 


E(x) =) edt 
0 


Then the integral we want to work with is 


The derivative E’(x) can be found via part 1 of the fundamental theorem of calculus 
(as we did in Example 1.3.4) and is E’(x) = e~*’. We can then use this fact with the 
chain rule to compute the derivative we need: 


df= d 
— edt = —E(x?) use the chain rule 
dz Jo dx 


= 22 E'(x”) 
' — Irew™ 


What if both limits of integration are functions of 7? We can still make this work, 
but we have to split the integral using Theorem 1.2.3. 
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Example 1.3.6 a = edt. 


Consider the integral 


/ et dt 


As was the case in the previous example, we have to do a little pre-processing before 
we can apply the fundamental theorem. 

This time (by design), not only is the upper limit of integration x? rather than x, but 
the lower limit of integration also depends on x — this is different from the integral 
a f (t)dt in the fundamental theorem where the lower limit of integration is a constant. 
Fortunately we can use the basic properties of integrals (Theorem 1.2.3(b) and (c)) to 


2 
split [ *e- dt into pieces whose derivatives we already know. 
x 


2 2 


x 0 © 
/ edt = i; edit | edt by Theorem 1.2.3(c) 
x x 0 


2 


_ -{ efats f edt by Theorem 1.2.3(b) 
0 0 


With this pre-processing, both integrals are of the right form. Using what we have 
learned in the the previous two examples, 


d x 2 d i —f2 x —f? 
re —— t t 
=f ed ( / ed +f e€ «) 
i ag 
ee t— - 
whe rd a € 


f as 2xe* 


Before we start to work with part 2 of the fundamental theorem, we need a little 
terminology and notation. First some terminology — you may have seen this definition 
in your differential calculus course. 


Let f(z) and F(x) be functions. If F’(2) = f(x) on an interval, then we say that 
F(a) is an antiderivative of f(a) on that interval. 


As we saw above, an antiderivative of f(x) = x is F(x) = 27/2 — we can easily 
verify this by differentiation. Notice that «7/2 + 3 is also an antiderivative of x, as is 
x?/2+C for any constant C. This observation gives us the following simple lemma. 
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Lemma 1.3.8 


Let f(x) be a function and let F(x) be an antiderivative of f(x). Then F(x)+C 


is also an antiderivative for any constant C. Further, every antiderivative of f(z) 
must be of this form. 


Proof. There are two parts to the lemma and we prove each in turn. 


e Let F(x) be an antiderivative of f(x) and let C' be some constant. Then 


d d d 
= (F(x) +0) = = (F(a) += (0) 
= f(x) +0 


since the derivative of a constant is zero, and by definition the derivative of 
F(a) is just f(x). Thus F(x) + C is also an antiderivative of f(z). 


e Now let F(x) and G(x) both be antiderivatives of f(x) — we will show that 
G(x) = F(«)+C for some constant C’. To do this let H(x) = G(x) — F(z). 


Then 
d d d d 
pila) =z (Ge) - Fle) = 7 Ge) - FF (o) 
= f(x) — f(z) =0 


Since the derivative of H(a) is zero, H(x) must be a constant function °. 


Thus H(x) = G(x) — F(x) = C for some constant C and the result follows. 


O 


e OO @ 


a This follows from the Mean Value Theorem. Say H(a) were not constant, then there would 
be two numbers a < b so that H(a) # H(b). Then the MVT tells us that there is a number 
c between a and b so that H’(c) = Ae) ey Since both numerator and denominator are 
nonzero, we know the derivative at c is nonzero. But this would contradict the assumption 
that derivative of H is zero. Hence we cannot have a < b with H(a) 4 H(b) and so H(x) 


must be constant. 


Based on the above lemma we have the following definition. 


The “indefinite integral of f(a)” is denoted by { f(a)dx and should be regarded 
as the general antiderivative of f(z). In particular, if F(a) is an antiderivative of 
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| t@ac = F(2)+C 


where the C is an arbitrary constant. In this context, the constant C’ is also often 
called a “constant of integration”. 


Now we just need a tiny bit more notation. 


The symbol 


[ tee, 


denotes the change in an antiderivative of f(a) from x 
precisely, let F(a) be any antiderivative of f(x). Then 


| ree, 


Notice that this notation allows us to write part 2 of the fundamental theorem as 


[ tear = | tere 
= F(zx)|q = F(b) — F(a) 


b 
a 


Some texts also use an equivalent notation using square brackets: 


b b 
i f(z)de =[F(2)] = F() - F(@). 
You should be familiar with both notations. 

We'll soon develop some strategies for computing more complicated integrals. But 
for now, we’ll try a few integrals that are simple enough that we can just guess the 
answer. Of course, any antiderivative that we can guess we can also check — simply 
differentiate the guess and verify you get back to the original function: 


d 
= | fede = Fe) 


We do these examples in some detail to help us become comfortable finding indefinite 
integrals. 
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Example 1.3.11 Compute the definite integral i xdx. 


Compute the definite integral i xda. 


Solution: We have already seen, in Example 1.2.6, that ie ida = ve = 3 We shall 


now rederive that result using the fundamental theorem of calculus. 


e The main difficulty in this approach is finding the indefinite integral (an an- 
tiderivative) of x. That is, we need to find a function F(x) whose derivative is x. 
So think back to all the derivatives you computed last term * and try to remember 
a function whose derivative was something like x. 


e This shouldn’t be too hard — we recall that the derivatives of polynomials are 
polynomials. More precisely, we know that 


d n n—-1 
i =n 
dx 
So if we want to end up with just x = z', we need to take n = 2. However this 
gives us 
d . 
tr = le 
dx 


e This is pretty close to what we want except for the factor of 2. Since this is a 
constant we can just divide both sides by 2 to obtain: 


1 od i 

— a ae on which becomes 
dg _ 
dx 2 — 


which is exactly what we need. It tells us that x?/2 is an antiderivative of x. 


e Once one has an antiderivative, it is easy to compute the indefinite integral 
1 
rd: = rh +C 


as well as the definite integral: 


2 
1 

/ cdv = =x? 
: 2 


2 
since x?/2 is an antiderivative of x 


1 


a Of course, this assumes that you did your differential calculus course last term. If you did that 
course at a different time then please think back to that point in time. If it is long enough ago that 
you don’t quite remember when it was, then you should probably do some revision of derivatives 


t of simple functions before proceeding further. | 


67 


INTEGRATION 1.3 THE FUNDAMENTAL THEOREM OF CALCULUS 


While the previous example could be computed using signed areas, the following 
example would be very difficult to compute without using the fundamental theorem of 
calculus. 


Example 1.3.12 Compute fe sin da. 


Compute f? sin xd. 
Solution: 


e Once again, the crux of the solution is guessing the antiderivative of sin « — that 
is finding a function whose derivative is sin x. 


e The standard derivative that comes closest to sin x is 


— cosx = —sinz 


dx 


which is the derivative we want, multiplied by a factor of —1. 


e Just as we did in the previous example, we multiply this equation by a constant 
to remove this unwanted factor: 


(—1) - — cosx = (—1)- (-sinz) giving us 
z 


ap 6 7 008#) =sinz 


This tells us that — cos is an antiderivative of sin x. 


e Now it is straightforward to compute the integral: 


wT 


2 Le 
f sin rdxz = —cos2|¢ since — cos z is an antiderivative of sin x 
0 


* + cos 0 
= — cos — COS 
2 


=0+1=1 


LS 


Example 1.3.13 Compute f? sdex. 


Find fi . tdx. 
Solution: 


e Once again, the crux of the solution is guessing a function whose derivative is i, 


Our standard way to differentiate powers of x, namely 


d 


— 7” = n-1 
dx 
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doesn’t work in this case — since it would require us to pick n = 0 and this would 
give 


e Fortunately, we also know ° that 


£ ieee 


dx 


which is exactly the derivative we want. 


e We're now ready to compute the prescribed integral. 


2 
i 
/ —dz = log a|} since log x is an antiderivative of 1/x 
(. 2 
= log2 —log1 since log 1 = 0 
= log2 
e @ 


a Recall that in most mathematics courses (especially this one) we use log x without any indicated 
base to denote the natural logarithm — the logarithm base e. Many widely used computer 
languages, like Java, C, Python, MATLAB, ---, use log(x) to denote the logarithm base e too. 
But many texts also use Ina to denote the natural logarithm logx = log, x = Ina. The reader 
should be comfortable with all three notations for this function. They should also be aware that 
in different contexts — such as in chemistry or physics — it is common to use log x to denote the 
logarithm base 10, while in computer science often log x denotes the logarithm base 2. Context is 
key. 


Example 1.3.13 
Example 1.3.14 tae Adz. 


Find {7 4da. 


Solution: 


e As we saw in the last example, 


d 1 
—logr = — 
x 


dx 


and if we naively use this here, then we will obtain 


/. da = log(—1) — log(—2) 


2 


which makes no sense since the logarithm is only defined for positive numbers °. 
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e We can work around this problem using a slight variation of the logarithm — 
log |z]. 


o When x > 0, we know that |x| = x and so we have 


log |x| = logx differentiating gives us 


l perce es 
qz 08 lel = g, lose = -. 


o When x < 0 we have that |”| = —x and so 
log |x| = log(—) differentiating with the chain rule gives 


d d 
4 2) eet 
= log | = —log(—2) 


o Indeed, more generally we should write the indefinite integral of 1/z as 


1 
[oe = log|z|+C 
ie 


which is valid for all positive and negative x. It is, however, undefined at 
z= 0, 


e We're now ready to compute the prescribed integral. 


i —dax = log |x| 
2 wv 


= log| — 1| — log| — 2] = log1 — log2 


=i 
since log |z| is an antiderivative of 1/x 


—2 


I 
= — log 2 = log =. 
og 08 5 


a This is not entirely true — one can extend the definition of the logarithm to negative numbers, 


but to do so one needs to understand complex numbers which is a topic beyond the scope of this 
course. 


Example 1.3.14 


This next example raises a nasty issue that requires a little care. We know that 
the function 1/zx is not defined at = 0 — so can we integrate over an interval that 
contains x = 0 and still obtain an answer that makes sense? More generally can we 
integrate a function over an interval on which that function has discontinuities? 
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Example 1.3.15 fics de. 


Find ties dz. 

Solution: Beware that this is a particularly nasty example, which illustrates a booby 
trap hidden in the fundamental theorem of calculus. The booby trap explodes when 
the theorem is applied sloppily. 


e The sloppy solution starts, as our previous examples have, by finding an an- 
tiderivative of the integrand. In this case we know that 


di 1 
drx x? 


! ig an antiderivative of x~?. 


which means that —x 


e This suggests (if we proceed naively) that 


1 
1 

/ g "dx = —— 

—1 LD | 


since —1/z is an antiderivative of 1/2? 


Unfortunately, 


e At this point we should really start to be concerned. This answer cannot be 
correct. Our integrand, being a square, is positive everywhere. So our integral 
represents the area of a region above the x-axis and must be positive. 


e So what has gone wrong? The flaw in the computation is that the fundamental 
theorem of calculus, which says that 


eR Fe then / een eae 


is only applicable when F”’(x) exists and equals f(x) for all x between a and b. 


e In this case F’(x) = = does not exist for x = 0. So we cannot apply the 
fundamental theorem of calculus as we tried to above. 


An integral, like Vee 4dr, whose integrand is undefined somewhere in the domain 
of integration is called improper. We’ll give a more thorough treatment of improper 
integrals later in the text. For now, we’ll just say that the correct way to define (and 
evaluate) improper integrals is as a limit of well-defined approximating integrals. We 
shall later see that, not only is thas dx not negative, it is infinite. 
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Remark 1.3.16 For completeness we'll show how to evaluate this integral by sneaking 
up on the point of discontinuity in the interval of integration. As noted above, we will 
give a fuller explanation of such integrals later in the text. 


e Rather than evaluating the integral directly, we will approximate the integral 
using definite integrals on intervals that avoid the discontinuity. In the current 
example, the original domain of integration is -—1 < x < 1. The domains of 
integration of the approximating integrals exclude from [—1,1] small intervals 
around x = 0. 


e The shaded area in the figure below illustrates a typical approximating integral, 
whose domain of integration consists of the original domain of integration, |—1, 1], 
but with the interval |—t, T] excluded. 


—1l —tT 1 


The full domain of integration is only recovered in the limit t,T — 0. 


e For this example, the correct computation is 


rvel ae | es 
ik dz = lim ot + lim —dz 


<2 ot) 4 Se T30+ Jp x? 
at 1 
1 1 
—-| + lim |-- 
+ 
Z}_, 1T-0 © he 


| 
= te ((-3)-(-A)] ea (-D-Ca 


= 


| 
+ 
8 


e We can interpret this to mean that the signed area under the curve «~? between 
x = —1 and x = 1 is infinite. 


Example 1.3.16 
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The above examples have illustrated how we can use the fundamental theorem of 
calculus to convert knowledge of derivatives into knowledge of integrals. We are now in 
a position to easily build a table of integrals. Here is a short table of the most important 
derivatives that we know. 


F(a) 1 |e” sinx | cosx |tanz | e” | log,|a| | arcsinz | arctan ir 
f(z) = F’(x) | 0| na”! | cosx | —sinz | sec? x | e” | + a7 a 


wy 


Of course we know other derivatives, such as those of secx and cot x, however the 
ones listed above are arguably the most important ones. From this table (with a very 
little massaging) we can write down a short table of indefinite integrals. 


ar ade 
r+C 


—ir"t! + C provided that n # —1 


log, |z|+C 
e+C 
—cosz+C 
sinz+C 
tanz+C 


arcsin x + C 


arctanz + C 


Example 1.3.18 Using Theorem 1.3.17 to compute some integrals. 


Find the following integrals 
i fr e"dx 
it [qi 
iii fo (223 + 7x — 2)dx 


Solution: We can proceed with each of these as before — find the antiderivative and 
then apply the fundamental theorem. The third integral is a little more complicated, 
but we can split it up into monomials using Theorem 1.2.1 and do each separately. 


i An antiderivative of e* is just e”, so 
7 
| eae 
2 
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ii An antiderivative of as is arctan(x), so 


2 4 2 
/ dx = arctan(x) 


gl+x? _2 


= arctan(2) — arctan(—2) 


We can simplify this a little further by noting that arctan(x) is an odd function, 
so arctan(—2) = — arctan(2) and thus our integral is 


= 2 arctan(2) 


= 


iii We can proceed by splitting the integral using Theorem 1.2.1(d) 


3 3 3 3 
| (22° + 7x — 2)dz = i 2a°dax + i Txdz — | 2dz 
0 0 0 0 
3 3 3 
=2 | de +7 [ dz 2 [ dx: 
0 0 0 


and because we know that «4/4, x?/2, x are antiderivatives of x3, x, 1 respectively, 
this becomes 


81 7-9 
2 ah 
2 
81+63-12 132 
— —— = 66. 
2 2 


We can also just find the antiderivative of the whole polynomial by finding the 
antiderivatives of each term of the polynomial and then recombining them. This 
is equivalent to what we have done above, but perhaps a little neater: 


[x8 +12 -2)ax = +2 
: 2° 9 ; 
81 7-9 
as eee ey 
at 2 


Example 1.3.18 
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1.3.2 Exercises 


Exercises — Stage 1 Questions 11 through 14 are meant to help reinforce key ideas in 
the Fundamental Theorem of Calculus and its proof.So far, we have been able to guess 
many antiderivatives. Often, however, antiderivatives are very difficult to guess. In 
Questions 16 through 19, we will find some antiderivatives that might appear in a table 
of integrals. Coming up with the antiderivative might be quite difficult (strategies to do 
just that will form a large part of this semester), but verifying that your antiderivative 
is correct is as simple as differentiating. 


1. . Suppose that f(z) is a function and F(x) = e’~%) +1 is an antiderivative 


V5 
of f(a). Evaluate the definite integral / fle) da: 
1 


2. x». For the function f(x) = x?—sin 22, find its antiderivative F(x) that satisfies 
FO=L 


*. Decide whether each of the following statements is true or false. Provide 
a brief justification. 


a If f(x) is continuous on [1,7] and differentiable on (1,7), then 


i; f'() dx = f(m) — f(0). 


1 
True or false: an antiderivative of — is log(x?) (where by loga we mean 
op 


logarithm base e). 


6. Suppose F(x) = | sin(t*)dt. What is the instantaneous rate of change of 


7 
F(a) with respect to x? 


Suppose F(z) = i e'/'dt. What is the slope of the tangent line to y = 


. 
F(a) when x = 3? 
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8. Suppose F’(x) = f(x). Give two different antiderivatives of f(x). 
9. In Question 1.1.8.45, Section 1.1, we found that 


- 1 1 
} V1l—22dr = 7 = arccos(a@) + sev 1 —a?, 
0 


dfz 1 1 
Wer ee ie eee jal ee ea ee. 
a Verify that qa 13 ; arccos(a) + 50V 1 a \ Vl—a 


b Find a function F(x) that satisfies F’(x) = /1— x? and F'(0) =7. 


10. Evaluate the following integrals using the Fundamental Theorem of Calculus 
Part 2, or explain why it does not apply. 


Tv 

af cos xdz. 
i! 1 
Tv 

bf sec? xdx. 
—T. 


0 
1 

c | da. 
_9f£+1 


11. As in the proof of the Fundamental Theorem of Calculus, let F(x) = f f(#)dt. 
In the diagram below, shade the area corresponding to F(x +h) — F 


Y 


125 bet (a \-— i f(t)dt, where f(t) is shown in the graph below, and 0 < 
0 
pe 


a Is F'(0) positive, negative, or zero? 


b Where is F(x) increasing and where is it decreasing? 
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0 
13. Let G(z) = / f(t)dt, where f(t) is shown in the graph below, and 0 < x < 4. 


14. 


15. 


16. 


1%, 


a Is G(0) positive, negative, or zero? 


b Where is G(x) increasing and where is it decreasing? 


Let F(x) = / tdt. Using the definition of the derivative, find F’(x). 


Give a continuous function f(x) so that F(x) = i f(t)dt is a constant. 
0 


Evaluate and simplify 4 {zx log(ax) — x}, where a is some constant and log(z) 
is the logarithm base e. What antiderivative does this tell you? 


Evaluate and simplify “ {e” (23 — 3a? + 6x — 6)}. What antiderivative does 
this tell you? 
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18. Evaluate and simplify + {log |x + fa? + a?| }, where a is some constant. 
What antiderivative does this tell you? 


d 
19. Evaluate and simplify in { Ve(a +2) —alog (Ja +VJVat zy}, where a is 


some constant. What antiderivative does this tell you? 


Exercises —— Stage 2 


2 
20. Evaluate (x® + sin x) de. 
0 


42 


dx. 


21. x. Evaluate / 


1 


1 
22. Evaluate sar. 


1 
23. Evaluate {| ————d7z. 
7 Jf/2— x? 


24. Evaluate / tan? «dz. 
25. Evaluate / 3 sin x cos xdz. 


26. Evaluate / cos? «dz. 


27. x. If 
x 0 
F(z) -| log(2+sint)dt and G(y) -| log(2 + sin t) dt 
0 y 
find F’(%) and G’(Z). 


ere ete ee / 100(t? — 3¢ + 2)e~“dt. Find the interval(s) on which f 
1 


is increasing. 


COS Z 1 
lt Be) = ——— dt, find F’(a). 
* WF (e)= fo pat, find P(e) 


1+a4 
30. *. Compute f’(x) where f(z) = et dt. 
0 


31. *. Evaluate a / (t8 + sat}. 
dz | Ja 


78 


INTEGRATION 1.3 THE FUNDAMENTAL THEOREM OF CALCULUS 


3 


= t 
32. «*. Let F(z) = e ‘sin (F) dt. Calculate F’(1). 
0 


d Oo dé 
33. »*. Find =if cs} 


34. «. Find f(x) ifv?7=1+ [ f(t)dt. 
1 


ao. 421 gsin(ge) = | f(t) dt where f is a continuous function, find f(4). 
0 
: 0 


36. »*. Consider the function F(z) =) edi +f edt. 
0 = 


a Find F’(x). 


b Find the value of x for which F(x) takes its minimum value. 


37. «*. If F(x) is defined by F(x) = / e®™' dt, find F'(z). 


pt gs 


d —x 
. Evaluate — 
valuate | f 


39. x. Differentiate / Vsint dt for 0 < x < loga. 


3 ifx<3 
x ife>3 


5 
40. x. Evaluate / f(x) dz, where f(x) = 
1 


Exercises — Stage 3 


Al. +. If f’(1).=2 and f'(2) = 3, find [ ayy @ da: 
1 


42. x. A car traveling at 30 m/s applies its brakes at time t = 0, its velocity 
(in m/s) decreasing according to the formula u(t) = 30— 10t. How far does 
the car go before it stops? 


Qa—x? 


*. Compute f’(x) where f(x) = ih log (1 +e") dt. Does f(x) have an 
0 


absolute maximum? Explain. 


x?—Qa 
44, x. Find the minimum value of i Express your answer as an 
0 


14+ 
integral. 
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2 


45. +. Define the function F(x) = sin(vt) dt on the interval 0 < a < 4. On 
this interval, where does F(a) have a maximum? 
1 


46. x. Evaluate lim 
noo nN 


SS sin (=) by interpreting it as a limit of Riemann 
n 
j=l 


sums. 


n 
1 
A7. x. Use Riemann sums to evaluate the limit lim — Dy 


j=l ts 


48. Below is the graph of y = f(t), -5 <t <5. Define F(z) = | f(t)dt for 
0 
any x in [—5,5]. Sketch F(z). 


x41 
49. x. Define f(x) = ah e” dt. 
0 


a Find a formula for the derivative f’(2). (Your formula may include an 
integral sign.) 


b Find the equation of the tangent line to the graph of y = f(x) at x = —1. 
50. Two students calculate [ f(x)dx for some function f(z). 


e Student A calculates f f(x)dx = tan? z4+2+C 


e Student B calculates [ f(x)dz = sec? + 42+C 


e It is a fact that 2{tan? x} = f(r) —1 


Who ended up with the correct answer? 
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51. Let F( =| x’ sin(t)dt. 
0 


a Evaluate F'(3). 
b What is F’(x)? 


52. Let f(x) be an even function, defined everywhere, and let F(x) be an an- 
tiderivative of f(x). Is F(a) even, odd, or not necessarily either one? (You 
may use your answer from Section 1.2, Question 1.2.3.20. ) 


1.44 Substitution 


1.4.1 Substitution 


In the previous section we explored the fundamental theorem of calculus and the link 
it provides between definite integrals and antiderivatives. Indeed, integrals with simple 
integrands are usually evaluated via this link. In this section we start to explore methods 
for integrating more complicated integrals. We have already seen — via Theorem 1.2.1 
— that integrals interact very nicely with addition, subtraction and multiplication by 
constants: 


[ (Af(x) + Bg(x)) dx = Af seoyar+ Bf o(a)ae 


for A,B constants. By combining this with the list of indefinite integrals in Theo- 
rem 1.3.17, we can compute integrals of linear combinations of simple functions. For 
example 


4 4 4 4 
/ (e* —2sinax + 32°) dz = | e*dz — 2 | sin xdx + | ada 
1 1 1 1 


= (4 (-2).(-02)+82)[ 


and so on 


1 


Of course there are a great many functions that can be approached in this way, however 
there are some very simple examples that cannot. 


x 
d ae —____ 
[sncex) x [re L |= = a 


In each case the integrands are not linear combinations of simpler functions; in order 
to compute them we need to understand how integrals (and antiderivatives) interact 
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with compositions, products and quotients. We reached a very similar point in our 
differential calculus course where we understood the linearity of the derivative, 


d d d 
< (Af(a) + Bg(x)) = AF + BS 


but had not yet seen the chain, product and quotient rules ©. While we will develop 
tools to find the second and third integrals in later sections, we should really start with 
how to integrate compositions of functions. 

It is important to state up front, that in general one cannot write down the integral 
of the composition of two functions — even if those functions are simple. This is not 
because the integral does not exist. Rather it is because the integral cannot be written 
down as a finite combination of the standard functions we know. A very good example 
of this, which we encountered in Example 1.3.4, is the composition of e” and —x?. Even 
though we know 


1 


1 
[eae =e'+C and [-#ee = —32 +C 


there is no simple function that is equal to the indefinite integral 


fewer 


even though the indefinite integral exists. In this way integration is very different from 
differentiation. 

With that caveat out of the way, we can introduce the substitution rule. The 
substitution rule is obtained by antidifferentiating the chain rule. In some sense it is 
the chain rule in reverse. For completeness, let us restate the chain rule: 


Theorem 1.4.1 The chain rule. 


Let F'(u) and u(x) be differentiable functions and form their composition F'(u(z)). 
Then 


= 19 Ga) Sal ea) 


Equivalently, if y(z) = F(u(x)), then 


dy dP du 
dz du da’ 
Consider a function f(u), which has antiderivative F'(u). Then we know that 
fie au = f Pw ee eee: 
e @ 


1 If your memory of these rules is a little hazy then you really should go back and revise them before 
proceeding. You will definitely need a good grasp of the chain rule for what follows in this section. 
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Now take the above equation and substitute into it u = u(x) — i.e. replace the variable 
u with any (differentiable) function of x to get 


ow 


But now the right-hand side is a function of 7, so we can differentiate it with respect 
to x to get 


= F(u(z)) +C 


u=u(z) 


d / / 
=F (ule) = Fr(u(a)) -ul(@) 


This tells us that F'(u(x)) is an antiderivative of the function F’(u(x))-w'(x) = f(u(x))u’(x). 
Thus we know 


[ uo) -u'(a) dz = F(u(x)) +C = [re du 


u=u(z) 


This is the substitution rule for indefinite integrals. 


Theorem 1.4.2 The substitution rule — indefinite integral version. 


For any differentiable function u(z): 


J teeyut@ae = f fewjau 


u=u(z) 


In order to apply the substitution rule successfully we will have to write the integrand 
in the form f(u(x)) -u’(a). To do this we need to make a good choice of the function 
u(x); after that it is not hard to then find f(u) and u/(x). Unfortunately there is no 
one strategy for choosing u(x). This can make applying the substitution rule more art 
than science 7. Here we suggest two possible strategies for picking u(z): 


1 Factor the integrand and choose one of the factors to be u/(x). For this to work, 
you must be able to easily find the antiderivative of the chosen factor. The 
antiderivative will be u(z). 


2 Look for a factor in the integrand that is a function with an argument that is 
more complicated than just “x”. That factor will play the role of f (u(x)) Choose 
u(x) to be the complicated argument. 


Here are two examples which illustrate each of those strategies in turn. 
e OS @ 


2 Thankfully this does become easier with experience and we recommend that the reader read some 
examples and then practice a LOT. 
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Example 1.4.3 [ 9sin®(x) cos(x)dz. 


Consider the integral 


/ oenntee coutnda 


We want to massage this into the form of the integrand in the substitution rule — 
namely f(u(x))-u’(a). Our integrand can be written as the product of the two factors 


9sin®(x)- cos(zx) 
first factor second factor 


and we start by determining (or guessing) which factor plays the role of u’(xz). We can 
choose u/(x) = 9sin§(x) or u(x) = cos(2). 


e If we choose u/(x) = 9sin®(x), then antidifferentiating this to find u(z) is really not 
very easy. So it is perhaps better to investigate the other choice before proceeding 
further with this one. 


e If we choose u/(x) = cos(x), then we know (Theorem 1.3.17) that u(x) = sin(z). 
This also works nicely because it makes the other factor simplify quite a bit 
9sin®(x) = 9u. This looks like the right way to go. 


So we go with the second choice. Set u/(x) = cos(x), u(a) = sin(x), then 
[osx@ cos(x)dx = [wo -ul(x)dx 


= / 9uedu 


We are now left with the problem of antidifferentiating a monomial; this we can do 
with Theorem 1.3.17. 


by the substitution rule 


u=sin(zx) 


= (u9+C) 


u=sin(2) 


= sin?(x) +C 


Note that 9sin°(x)cos(x) is a function of 2. So our answer, which is the indefinite 
integral of 9 sin’(«) cos(x), must also be a function of x. This is why we have substituted 


t u = sin(z) in the last step of our solution — it makes our solution a function of «. } 
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Example 1.4.4 [ 3x? cos(#)da. 


Evaluate the integral 


/ 3x? cos(x?)dx 


Solution: Again we are going to use the substitution rule and helpfully our integrand 
is a product of two factors 


327 - cos(xz°) 
YY 


first factor second factor 


The second factor, cos (2°) is a function, namely cos, with a complicated argument, 
namely x°. So we try u(x) = 2°. Then wu/(x) = 3x7, which is the other factor in the 
integrand. So the integral becomes 


[oe cos(x*)dx = fo cos (u(a))da just swap order of factors 
= [oo (u(a)) ul (a) da by the substitution rule 
= fi cos(u)du 
= (sin(u) + C) using Theorem 1.3.17) 

u=03 


' = sin(z”) + 


One more — we'll use this to show how to use the substitution rule with definite 
integrals. 
Example 1.4.5 i e” sin(e”)dz. 


Compute 


1 
| e* sin (e”) daz. 
0 
Solution: Again we use the substitution rule. 


e The integrand is again the product of two factors and we can choose u/(x) = e” 
or u’(a) = sin(e”). 


e If we choose u/(a) = e” then u(x) = e* and the other factor becomes sin(u) — 
this looks promising. Notice that if we applied the other strategy of looking for a 
complicated argument then we would arrive at the same choice. 
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e So we try w(x) = e® and u(x) = e”. 
integration for a moment) 


e But what happened to the limits of integration? We can incorporate them now. 
We have just shown that the indefinite integral is — cos(e”), so by the fundamental 
theorem of calculus 


/ e* sin (e”)da = [ — cos (e*)], 
= —cos(e') — (— cos(e®)) 


= — cos(e) + cos(1) 


Example 1.4.5 


Theorem 1.4.2, the substitution rule for indefinite integrals, tells us that if F'(u) is 
any antiderivative for f(u), then F(u(x)) is an antiderivative for f(u(x))u'(x). So the 
fundamental theorem of calculus gives us 


= f(u) du since F'(u) is an antiderivative for f(u) 


and we have just found 


Theorem 1.4.6 The substitution rule — definite integral version. 


For any differentiable function u(z): 


[ fuente = f - flu) 


Notice that to get from the integral on the left hand side to the integral on the right 
hand side you 
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e substitute ? u(x) > u and u/(x)dx > du, 


e set the lower limit for the wu integral to the value of u (namely u(a)) that corre- 
sponds to the lower limit of the x integral (namely x = a), and 


e set the upper limit for the u integral to the value of u (namely u(b)) that corre- 
sponds to the upper limit of the x integral (namely x = 0). 


Also note that we now have two ways to evaluate definite integrals of the form a f (u(x)) wi (0 de: 


e We can find the indefinite integral [ f(u(z))u'(x) dx, using Theorem 1.4.2, and 
then evaluate the result between x = a and x = b. This is what was done in 
Example 1.4.5. 


e Or we can apply Theorem 1.4.2. This entails finding the indefinite integral 
J f(u) du and evaluating the result between u = u(a) and u = u(b). This is 
what we will do in the following example. 


Example 1.4.7 hs x? sin(x? + 1)dz. 


Compute 


1 
| x’ sin (x° + 1) dx 
0 


Solution: 


e In this example the integrand is already neatly factored into two pieces. While 
we could deploy either of our two strategies, it is perhaps easier in this case to 
choose u(x) by looking for a complicated argument. 


e The second factor of the integrand is sin Gs + 1), which is the function sin eval- 
uated at 73 +1. So set u(x) = 2? + 1, giving u/(x) = 3x? and f(u) = sin(u) 


e The first factor of the integrand is x? which is not quite u/(x), however we can 
easily massage the integrand into the required form by multiplying and dividing 
by 3: 


1 
x sin (a + 1) is 32” - sin (x° + Ly 
e We want this in the form of the substitution rule, so we do a little massaging: 


1 1 
| x’ sin eg + 1)dax = i ; - 3x7 - sin Ge + 1)da 
0 0 


3. A good way to remember this last step is that we replace t4 da by just dw — which looks like 
x 


we cancelled out the dx terms: wee = du. While using “cancel the dz” is a good mnemonic 


(memory aid), you should not think of the derivative ye as a fraction — you are not dividing du 


d 
by da. 
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1 
=; sin (a +1) - 327dax 
3 Jo 


by Theorem 1.2.1(c) 


e Now we are ready for the substitution rule: 


1 1 
al sin (x* + 1) -3a2dx = =| sin (x? +1): 3a? dx 
3 Jo tt — 


= _ f(u)du by the substitution rule 


Pr 
= =| sin(u)du since u(0) = 1 and u(1) = 2 
1 


= ; — cos(2) — (— cos(1))) 
cos(1) — cos(2) 
3 


Example 1.4.7 


There is another, and perhaps easier, way to view the manipulations in the previous 
example. Once you have chosen u(x) you 


e make the substitution u(x) > u, 


1 
e replace dx — ——du. 


u'(2) 


In so doing, we take the integral 


b u(b) 1 
f(u(z)) -u'(2)dz = f(u) -u'(x) -— du 
[ fue) wear = f f0e-W@) a5 
u(b) 
= f (u)du exactly the substitution rule 
u(a) 


but we do not have to manipulate the integrand so as to make u’(x) explicit. Let us 
redo the previous example by this approach. 
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Example 1.4.8 Example 1.4.7 revisited. 


Compute the integral 


1 
i x’ sin a + 1) dx 
0 
Solution: 


e We have already observed that one factor of the integrand is sin ae + 1), which 
is sin evaluated at x? + 1. Thus we try setting u(x) = 2° 4+ 1. 


° a makes u’(x) = 3x”, and we replace u(x) = x? +1— u and dr > waydu = 
i du: 
1 u(1) 1 
1)d 1 d 
[ esin(e? + 1)ax =}. fae Fae 
on 
= [sinc uz ada 
ae 
-{ 3 sin(u 


2 
3 =f sin(u)du 


t which is precisely the integral we found in Example 1.4.7. f 


Example 1.4.9 Some more substitutions. 


Compute the indefinite integrals 


[v= + 1ldxz and [etre 


Solution: 


e Starting with the first integral, we see that it is not too hard to spot the compli- 
cated argument. If we set u(x) = 2% + 1 then the integrand is just /u. 


e Hence we substitute 2x +1—- u and dx > way iu = Sdu: 
1 
[vue ldx = f vad 


1 
~ Med 
ic 5du 
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“(Gerd 


u=224+1 


= -(22 +1377 +0C 


e We can evaluate ~ second integral in much the same way. Set u(x) = 3x — 2 
and replace dx by > a@du = = zdu: 


“few fe; —du 
ie 
=! 
= 3 


ae 


Example 1.4.9 


This last example illustrates that substitution can be used to easily deal with argu- 
ments of the form az + ), i.e. that are linear functions of x, and suggests the following 
theorem. 


Theorem 1.4.10 


Let F'(u) be an antiderivative of f(u) and let a,b be constants. Then 


| tor b)ax = -F(axr+b)+C 


Proof. We can show this using the substitution rule. Let u(a) = ax + 6 so 
u(x) =a, then 


[flor bax = f Fw ) 
[twa 


1 
—_ ‘| f (u)du since a is a constant 
a 


i 
= —F(u) +C since F(u) is an antiderivative of f(u) 
a 


u=axr-+b 


—F(az+6)+C. 
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Now we can do the following example using the substitution rule or the above 
theorem: 


Example 1.4.11 I? cos(3a)da. 


Compute I cos(3x)dz. 


e In this example we should set u = 32, and substitute dr — aaydu = ydu. 
When we do this we also have to convert the limits of the integral: u(0) = 0 and 


u(m/2) = 37/2. This gives 


30 


/ ee / Fee Jed 
Z [Fin ah 


sin(37/2) — sin(0) 
7 3 
set 1 


3 3. 
e We can also do this example more directly using the above theorem. Since sin(z) is 


an antiderivative of cos(xz), Theorem 1.4.10 tells us that = is an antiderivative 
of cos(3x). Hence 


The rest of this section is just more examples of the substitution rule. We recom- 
mend that you after reading these that you practice many examples by yourself under 
exam conditions. 


Example 1.4.12 He x’ sin(1 — x?)dz. 


This integral looks a lot like that of Example 1.4.7. It makes sense to try u(x) = 1-2? 
since it is the argument of sin(1 — 7°). We 


e substitute u = 1— x? and 


1_du, 


e replace dx with way du er 
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e when x = 0, we have u = 1 — 0? = 1 and 
e when x = 1, we have u= 1-13 =0. 


So 


1 0 
1 
2 sin (1 — x?) -d =) 2 Si : d 
/ x’ sin (1 — 2°) - da x” sin(w) 3,2 du 


= dl 
-{ 3 sin(u)du. 


Note that the lower limit of the u-integral, namely 1, is larger than the upper limit, 
which is 0. There is absolutely nothing wrong with that. We can simply evaluate the 
u-integral in the normal way. Since — cos(w) is an antiderivative of sin(u): 


see 


3 oy 
_ cos(0) — cos(1) 
3 
_ 1- cos(1) 


3 


Example 1.4.12 


Example 1.4.13 i Garpsde. 


Compute i. aarp de. 
We could do this one using Theorem 1.4.10, but its not too hard to do without. We 
can think of the integrand as the function “one over a cube” with the argument 2x + 1. 
So it makes sense to substitute u = 2% +1. That is 

e set u= 2x+1 and 


e replace dx > aay = Sdu. 


e When x = 0, we have u=2x0+1=1 and 


e when x = 1, we have u=2xX1+1=3. 


t 1 an ae | 
[ aaye- | re 


So 
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WOlMO NIF NMIlRF KwleR 


Example 1.4.13 


Example 1.4.14 de Tarde. 


Evaluate ie a pubs 
Solution: 

e The integrand can be rewritten as x - ETE This second factor suggests that we 
should try setting u = 1 +2? — and so we interpret the second factor as the 
function “one over” evaluated at argument 1 + 2”. 


e With this choice we 


o setu=1427, 
o substitute dx > = du, and 


o translate the limits of integration: when x = 0, we have u = 1+ 0? = 1 and 
when x = 1, we have u= 1+ 1? =2. 


e The integral then becomes 


1 2 
1 

[ oa«-/ “du 
9 14+2? i O22 


2 
1 
= —du 
1 2u 
1 2 
= 5 [log lull; 
_ log2—log1 _ log2 
> 9 a 


Remember that we are using the notation “log” for the natural logarithm, i.e. the 
logarithm with base e. You might also see it written as “In x”, or with the base made 


{ explicit as “log, x”. 
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Example 1.4.15 fx? cos (at + 2)dz. 


Compute the integral fx? cos (a* + 2)dz. 
Solution: 


e The integrand is the product of cos evaluated at the argument x* + 2 times 2°, 


which aside from a factor of 4, is the derivative of the argument x* + 2. 


e Hence we set u = x* + 2 and then substitute dz > wiaydt = 


Lau. 


4x3 


e Before proceeding further, we should note that this is an indefinite integral so we 
don’t have to worry about the limits of integration. However we do need to make 
sure our answer is a function of « — we cannot leave it as a function of u. 


e With this choice of u, the integral then becomes 


1 
je cos (a* + 2)dr = 2 cos(u) 7 3du 


u=a4t+42 


sin(z* + 2)+C. 


te 
The next two examples are more involved and require more careful thinking. 
Example 1.4.16 f{/1+ 2? 2dz. 


Compute f V1+4 2? 2°da. 


e An obvious choice of u is the argument inside the square root. So substitute 
u=1+427 and dx > #du. 


e When we do this we obtain 
[vive ate = f vies? Za 
1 
= / 5 Vu -a’du 


Unlike all our previous examples, we have not cancelled out all of the x’s from 
the integrand. However before we do the integral with respect to u, the integrand 
must be expressed solely in terms of u — no z’s are allowed. (Look that integrand 
on the right hand side of Theorem 1.4.2.) 


94 


INTEGRATION 1.4 SUBSTITUTION 


e But all is not lost. We can rewrite the factor x? in terms of the variable u. We 
know that u = 1+.2?, so this means x? = u—1. Substituting this into our integral 


gives 
—— 1 
[viFe otae = [ova atdu 
1 
= f Sve (w= 1au 
1 
a >| (ue? —u"/?) du 
245 2) gas 
= (Gus a zu?) 3G) 
a) 3 u=224+1 
= =| 241)? — * («2 1)? +0. 
5 3 
Oof! 


e Don’t forget that you can always check the answer by differentiating: 


di (ls 5/2 dh pass 3/2 
alle Dae + 1)3/? 4 
a (gle? + 199 = 5a? + 199 + 6 


5 
oie elm 7 ae fl 
eae st 8/2) _ © ( 242 4 3)3/2 
da (Ec va ) da & ne ) 
= a are ae 372. 41/2 
= 25 5 (2 + 1) 3 2x 5 (x* + 1) 


which is the original integrand Vv. 


Example 1.4.16 
Example 1.4.17 f tanxda. 


Evaluate the indefinite integral { tan(x)dz. 
Solution: 


e At first glance there is nothing to manipulate here and so very little to go on. 
However we can rewrite tan as se , making the integral [ st dx. This gives 
us more to work with. 


co; 
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e Now think of the integrand as being the product — -sinx. This suggests that 
we set u = cosx and that we interpret the first factor as the function “one over” 
evaluated at u = cos2. 


e Substitute u = cosx and dx > ——du to give: 
sin x sinz 1 
dx = ——du 
COs © te SSNs | ce 
1 
= / ——du 
u U=COS L 
= —log|cosa|+C and if we want to go further 
1 
oi ee 
COS © 
= log|seca|+C. 


Example 1.4.17 


In all of the above substitution examples we expressed the new integration variable, 
u, as a function, u(x), of the old integration variable x. It is also possible to express 
the old integration variable, x, as a function, x(u), of the new integration variable u. 
We shall see examples of this in Section 1.9. 


1.4.2 Exercises 


Recall that we are using log x to denote the logarithm of x with base e. In other courses 
it is often denoted Inz. 


Exercises — Stage 1 


a True or False: [snle) Te dr = [sina = —cos(e”)+C 


u=e” 


1 1 
b True or False: | sine” )-e dr — i; sin(wu)du = 1 — cos(1) 
0 0 


2. Is the following reasoning sound? If not, fix it. 
Problem: Evaluate fo + 1)*dz. 


Work: We use the substitution wu = 27+ 1. Then: 


[cz + 1)*dz = [ea 
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3. Is the following reasoning sound? If not, fix it. 


% logt 
Problem: Evaluate / cB ae 
1 


Work: We use the substitution u = logt, so du = + dt. Then: 


“18 ] as 
| CONTE) 4 = / cos(u)du 
1 1 


= sin(a) — sin(1) = —sin(1). 
4. Is the following reasoning sound? If not, fix it. 
m/A4 
Problem: Evaluate i x tan(x*)dz. 
0 


Work: We begin with the substitution u = x”, du = 2xdz: 


m/A4 m/4 1 
| x tan(«)dx = | i tan(x”) - 2xdx 
0 0 


n?/16 1 
=) — tan udu 
0 2 


2 
1/7 8 sinu 
=5/ du 
2 Jo COS U 


Now we use the substitution v = cosu, dv = — sin udu: 


1 cos(1?/16) 1 
== aod 
ai v . 


os 0 


1 cos(m?/16) 1 
=-—-- / —dv 
2S v 


1 cos(72/16 
= =F [log li" 


= -5 (log (cos(/16)) = log(1)) 


= -5 log (cos(x?/16)) 


*. What is the integral that results when the substitution u = sin is 
a /2 


applied to the integral f(sinz) dx? 
0 
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6. Let f and g be functions that are continuous and differentiable everywhere. 
Simplify 


/ f'(g(w))g'(a)dx — f (g(2)). 
Exercises —— Stage 2 


1 
7. «. Use substitution to evaluate | ze" cos(e” ) da. 
0 


8 
8. «*. Let f(t) be any function for which / f(t) dt = 1. Calculate the integral 
1 


[ a Te de. 


4 


. Evaluate / ae ; 
» clones 


a/2 
11. x. Evaluate a 
9 i+sing 


a/2 
12. +. Evaluate i cosa (1+ sin? x) da. 
0 


3 
13... & Evaluate (Qc — l)e” "de. 
1 


. Evaluate / (eet 
4 


eVlog az 
—__—dr 
Yorn lor a 


15. Evaluate i 


Exercises — Stage 3 Questions 18 through 22 can be solved by substitution, but it 

may not be obvious which substitution will work. In general, when evaluating integrals, 

it is not always immediately clear which methods are appropriate. If this happens to 

you, don’t despair, and definitely don’t give up! Just guess a method and try it. Even 

if it fails, you’ll probably learn something that you can use to make a better guess. + 
2 


16. x. Calculate [ re” dex. 


—2 


e OS @ 


4 This is also pretty decent life advice. 
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n 


n * -2 
: De J 
17. x*. Calculate jim y 7) sin (1 + i): 
j=l 


ae 
Evaluate | amma 
0 U -+- 1 


19. Evaluate [vn'o dé. 


1 
Evaluate / ———d2zr 


1 
21. Evaluate | (1 — 2x)V1 — x2dax 
0 


Evaluate [ane log (cos x) dx 


n . 2 
; J J 
23. «*. Evaluate im > "2 COs (4). 
J= 


Using Riemann sums, prove that 


[ Onde = [teow 


1.54 Area between curves 


1.5.1 » Area between curves 


Before we continue our exploration of different methods for integrating functions, we 
have now have sufficient tools to examine some simple applications of definite integrals. 
One of the motivations for our definition of “integral” was the problem of finding the 
area between some curve and the z-axis for x running between two specified values. 
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[ fom 


is equal to the signed area between the the curve y = f(x), the x-axis, and the vertical 
lines x =a and xz = b. 

We found the area of this region by approximating it by the union of tall thin 
rectangles, and then found the exact area by taking the limit as the width of the 
approximating rectangles went to zero. We can use the same strategy to find areas of 
more complicated regions in the xy-plane. 

As a preview of the material to come, let f(x) > g(x) > 0 and a < 6b and suppose 
that we are interested in the area of the region 


Si={ (2,y) |a<2<b, g(x) <y< f(x) } 
that is sketched in the left hand figure below. 


| [ see 


More precisely 


a b 


We already know that ic f(x) da is the area of the region 
So = { (z,y) | Cigxb, 0S y= F(a) } 


sketched in the middle figure above and that if g(x) da is the area of the region 
Ss = { (x,y) | a<a2<b,0<y< g(x) } 


sketched in the right hand figure above. Now the region $j of the left hand figure can 
be constructed by taking the region S5 of center figure and removing from it the region 
S3 of the right hand figure. So the area of $1 is exactly 
b b b 
[ tear f ot2yar= f (F(2) - (2) ae 
This computation depended on the assumption that f(x) > g(a) and, in particular, 
that the curves y = g(x) and y = f(x) did not cross. If they do cross, as in this figure 
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then we have to be a lot more careful. The idea is to separate the domain of 
integration depending on where f(x) — g(x) changes sign — i.e. where the curves 
intersect. We will illustrate this in Example 1.5.5 below. 

Let us start with an example that makes the link to Riemann sums and definite 
integrals quite explicit. 


Example 1.5.1 The area between y = 4 — x? and y= 2. 


Find the area bounded by the curves y = 4— 27, y=2,c=—landz=1. 
Solution: 


e Before we do any calculus, it is a very good idea to make a sketch of the area 
in question. The curves y = x, x = —1 and x = 1 are all straight lines, while 
the curve y = 4 — 2? is a parabola whose apex is at (0,4) and then curves down 
(because of the minus sign in —x?) with z-intercepts at (+2,0). Putting these 
together gives 


Notice that the curves y = 4— 2x? and y = z intersect when 4 — x? = x, namely 
when ¢ = 5 (-1 ae 4 17) ~ 1.56, —2.56. Hence the curve y = 4—? lies above the 
line y = x for all -1<a2< 1. 


e We are to find the area of the shaded region. Each point (x,y) in this shaded 
region has -1 <4 <1 and x < y <4-—2?. When we were defining the integral 
(way back in Definition 1.1.9) we used a and 6 to denote the smallest and largest 
allowed values of x; let’s do that here too. Let’s also use B(x) to denote the 
bottom curve (i.e. to denote the smallest allowed value of y for a given x) and 
use T(x) to denote the top curve (i.e. to denote the largest allowed value of y for 
a given xz). So in this example 


a=-l b=1 B(z) == T(z) =4=-2° 


101 


INTEGRATION 1.5 AREA BETWEEN CURVES 


and the shaded region is 


{ (@,y)|a<a<b, Biz) <y<T(e) } 


e We use the same strategy as we used when defining the integral in Section 1.1.4: 


o Pick a natural number n (that we will later send to infinity), then 


o subdivide the region into n narrow slices, each of width Ax = ©. 


o For each i = 1,2,--- ,n, slice number 7 runs from x = 2;_; to © = 4;, and 
we approximate its area by the area of a rectangle. We pick a number 27 
between x7;_,; and x; and approximate the slice by a rectangle whose top is 
at y = T(x) and whose bottom is at y = B(2). 


o Thus the area of slice i is approximately [T(2?) — B(a})] Ax (as shown in 
the figure below). 


e So the Riemann sum approximation of the area is 


Area & » [T (x7) — B(aj) Ax 


i=1 


e By taking the limit as n > oo (i.e. taking the limit as the width of the rectangles 
goes to zero), we convert the Riemann sum into a definite integral (see Defini- 
tion 1.1.9) and at the same time our approximation of the area becomes the exact 
area: 


Jim = [T(x}) — B(a})| Ar = | [T(x) — B(a)] dx 


Riemann sum — integral 
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6 6 
19 25 
= 6 6 
44 22 
a oe 


Example 1.5.1 


Oof! Thankfully we generally do not need to go through the Riemann sum steps to 
get to the answer. Usually, provided we are careful to check where curves intersect and 
which curve lies above which, we can just jump straight to the integral 


Area = / [T(x) — B(x) ] dz. 


So let us redo the above example. 


Example 1.5.2. Example 1.5.1 revisited. 


Find the area bounded by the curves y = 4— 27, y= a,c =—landz=1. 
Solution: 


e We first sketch the region 
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and verify * that y = T(x) = 4 — 2? lies above the curve y = B(x) = x on the 
region -l<a<l. 


e The area between the curves is then 
b 
Neti ; [T(2) — B(x)]de 


-{ [4-2 — 2? }dax 


e e 
a We should do this by checking where the curves intersect; that is by solving T(#) = B(x) and 
seeing if any of the solutions lie in the range -—1 <4 <1. 


Example 1.5.2 
Example 1.5.3 The area between y = 2? and y = 6x — 22”. 


Find the area of the finite region bounded by y = x? and y = 6x2 — 22”. 

Solution: This is a little different from the previous question, since we are not given 
bounding lines x = a and x = b — instead we have to determine the minimum and 
maximum allowed values of x by determining where the curves intersect. Hence our 
very first task is to get a good idea of what the region looks like by sketching it. 


e Start by sketching the region: 
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o The curve y = 2? is a parabola. The point on this parabola with the smallest 
y-coordinate is (0,0). As |a| increases, y increases so the parabola opens 


upward. 
o The curve y = 62 — 22? = —2(a? — 3x) = —2(a — 3)? + 2 is also a parabola. 
The point on this parabola with the largest value of y has x = 3 (so that 


the negative term in —2(x — 3)? + 2 is zero). So the point with the largest 


2 
value of y is is (3, 2). As x moves away from 3 either to the right or to the 


left, y decreases. So the parabola opens downward. The parabola crosses 
the z-axis when 0 = 6x — 2x? = 2x(3 — x). That is, when x = 0 and z = 3. 


o The two parabolas intersect when x? = 6x — 227, or 
32” — 6x = 0 
32(x — 2) =0 
So there are two points of intersection, one being x = 0, y = 0? = 0 and the 
other being x = 2, y = 27 = 4. 
o The finite region between the curves lies between these two points of inter- 


section. 


This leads us to the sketch 


yor 


S 


e So on this region we have 0 < x < 2, the top curve is T(x) = 6x — 2? and the 
bottom curve is B(x) = x”. Hence the area is given by 


Mien ‘ IT(e) — B(x)]de 
= | (6x — 2x7) — (x) | dx 


0 
2 
-|/ [6a — 3x7] dax 
0 


Example 1.5.3 
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Find the area of the finite region bounded by y? = 2x + 6 and y= 2-1. 

Solution: We show two different solutions to this problem. The first takes the approach 
we have in Example 1.5.3 but leads to messy algebra. The second requires a little bit 
of thinking at the beginning but then is quite straightforward. Before we get to that 
we should start by by sketching the region. 


e The curve y? = 2x + 6, or equivalently x = sy" — 3 isa parabola. The point on 


this parabola with the smallest x-coordinate has y = 0 (so that the positive term 


in sy” — 3 is zero). So the point on this parabola with the smallest x-coordinate 


is (—3,0). As |y| increases, x increases so the parabola opens to the right. 
e The curve y = x—1 is a straight line of slope 1 that passes through x = 1, y = 0. 
e The two curves intersect when v =3=Y + 1, or 


y? —6 =2y+2 
y” —2y —8 =0 
(y+2)(y—4) =0 
So there are two points of intersection, one being y = 4, x = 4+ 1=5 and the 


other being y = —2, x = —2+1=-1. 


e Putting this all together gives us the sketch 


Y 


(—3, 0) 


(=1,~2) — 


joeed y* =22+6 


As noted above, we can find the area of this region by approximating it by a union of 
narrow vertical rectangles, as we did in Example 1.5.3 — though it is a little harder. 
The easy way is to approximate it by a union of narrow horizontal rectangles. Just for 
practice, here is the hard solution. The easy solution is after it. 

Harder solution: 


e As we have done previously, we approximate the region by a union of narrow 
vertical rectangles, each of width Ax. Two of those rectangles are illustrated in 
the sketch 
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y 
(5, 4) 
(—3, 0) 
4 6 
(—1, —2) — > 
y* =22+6 
y=xz-1 
e In this region, x runs from a = —3 to b = 5. The curve at the top of the region is 


y = T(x) = V20 +6 


The curve at the bottom of the region is more complicated. To the left of (—1, —2) 
the lower half of the parabola gives the bottom of the region while to the right of 
(—1,—2) the straight line gives the bottom of the region. So 


—V2xe+6 if —3<a<-1 

B(x) = 
g—1 if-l<z<5 

e Just as before, the area is still given by the formula is [T(x) — B(x)]dax, but to 


accommodate our B(x), we have to split up the domain of integration when we 
evaluate the integral. 


= i ~ [P(@) — Bla) de + y _[r(@) - B@)]az 


-{ [VIEF6 - (VFO ]de + f [VET -(w—1)]ae 


3 =1 


= 5 5 
=2/ Via 6dz + | vizr6— f (x — 1)dx 
= -1 =I 


e The third integral is straightforward, while we evaluate the first two via the 
substitution rule. In particular, set uw = 2% + 6 and replace dx —> Sdu. Also 
u(—3) = 0,u(—1) = 4, u(5) = 16. Hence 


‘lal. Fel, - [2-4 
= T — Se a 
22Jo Le 2l, L2 Ja 


107 


INTEGRATION 1.5 AREA BETWEEN CURVES 


= 5 [8-0] + 5 (64 -§] - (F-5)- G+) 
72 24 

Se 

= 18 


Oof! 


Easier solution: The easy way to determine the area of our region is to approximate 
by narrow horizontal rectangles, rather than narrow vertical rectangles. (Really we are 
just swapping the roles of x and y in this problem) 


e Look at our sketch of the region again — each point (z,y) in our region has 
—2<y<4and $(y?-6)<r<ytl. 


e Let’s use 


o c to denote the smallest allowed value of y, 
o d to denote the largest allowed value of y 


o L(y) (“L” stands for “left”) to denote the smallest allowed value of x, when 
the y-coordinate is y, and 


o R(y) (“R” stands for “right”) to denote the largest allowed value of x, when 
the y-coordinate is y. 


So, in this example, 
c=—2 d=4 L(y) = 5(v?- 6) Ry) =y+1 
and the shaded region is 
{ (ay) |e<y<d, Ly) <2 < Rly) } 


e Our strategy is now nearly the same as that used in Example 1.5.1: 


o Pick a natural number n (that we will later send to infinity), then 


o subdivide the interval c < y < d into n narrow subintervals, each of width 
Ay= fe Each subinterval cuts a thin horizontal slice from the region (see 
the figure below). 


o We approximate the area of slice number 7 by the area of a thin horizontal 
rectangle (indicated by the dark rectangle in the figure below). On this 
slice, the y-coordinate runs over a very narrow range. We pick a number y*, 
somewhere in that range. We approximate slice 7 by a rectangle whose left 
side is at « = L(y) and whose right side is at « = R(y;). 


o Thus the area of slice 7 is approximately [R(x}) — L(2})] Ay. 


v 
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x = L(y) = 3(y’ - 6) 


z= R(y)=yt+1 


e The desired area is 


n d 
Jim > ER?) - Let) Au= f (Rw) = Le)]ay 
i=1 c 
Riemann sum — integral 


= f lv +0) 40? -9)]ay 


= —1(64 — (-8)) + $(16 — 4) + 4(4 + 2) 
= —12+6+424 
= 18 


Example 1.5.4 


One last example. 


Example 1.5.5 Another area. 


if 
Find the area between the curves y = 5 and y = sin(x) with x running from 0 to $. 
Solution: This one is a little trickier since (as we shall see) the region is split into two 
pieces and we need to treat them separately. 


e Again we start by sketching the region. 
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y=1/v2 


! 
Tv 
4 


We want the shaded area. 


e Unlike our previous examples, the bounding curves y = A and y = sin(«) cross in 


the middle of the region of interest. They cross when y = B and sin(z) = y = Tor 


i.e. when x = re So 


=a 


2 and 


o to the left of = 7, the top boundary is part of the straight line y = 
the bottom boundary is part of the curve y = sin(z) 


o while to the right of x = 7, the top boundary is part of the curve y = sin(z) 
and the bottom boundary is part of the straight line y = wor 


e Thus the formulae for the top and bottom boundaries are 


+ if0<a< 
T(z)=4v2 
sin(s) ak >< aes 


We may compute the area of interest using our canned formula 


via BIA 


ee sin(y), 20s a < 
= Weeee 


via &IA 


Ance= / T(«) — B(x) ae 


but since the formulas for T(#) and B(x) change at the point x = 4, we must 
split the domain of the integral in two at that point °. 


e Our integral over the domain 0 < x < > is split into an integral over 0 <4 < 
and one over 7 <2 <5: 


uN 
4 


wa 


ee / IT (a) — B(x)|de 


Tw wT 


= f° [r@)- Be@ae + f° (re) - Beyaz 
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a Weare effectively computing the area of the region by computing the area of the two disjoint 
pieces separately. Alternatively, if we set f(x) = sin(a#) and g(x) = ret we can rewrite the 


integral Pi [T(x) — B(a)] dz as ii | f(a) — g()|dx. To see that the two integrals are the same, 


split the domain of integration where f(x) — g(x) changes sign. 
Example 1.5.5 
1.5.2 >» Exercises 


Exercises —— Stage 1 


1. We want to approximate the area between the graphs of y = cos x and y = sin x 
from « = 0 to x = 7 using a left Riemann sum with n = 4 rectangles. 


a On the graph below, sketch the four rectangles. 


b Calculate the Riemann approximation. 


2. We want to approximate the bounded area between the curves y = 


. 22 TX, 
arcsin { — } and y = > using n = 5 rectangles. 
1 


a Draw the five (vertical) rectangles on the picture below corresponding to 
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a right Riemann sum. 


b Draw five rectangles on the picture below we might use if we were using 
horizontal rectangles. 


y = arcsin (2) 


7 


mia 


*. Write down a definite integral that represents the finite area bounded 
3_7 and y = x for x > 0. Do not evaluate the integral 


by the curves y = x 
explicitly. 


4. x. Write down a definite integral that represents the area of the region bounded 
by the line y = “5 and the parabola y? = 6— ze Do not evaluate the integral 
explicitly. 

5. «. Write down a definite integral that represents the area of the finite plane 


region bounded by y? = 4az and x? = 4ay, where a > 0 is a constant. Do not 
evaluate the integral explicitly. 


*. Write down a definite integral that represents the area of the region 
bounded between the line x + 12y + 5 = 0 and the curve x = 4y?. Do not 


evaluate the integral explicitly. 


Exercises —— Stage 2 


1 
7. «. Find the area of the region bounded by the graph of f(x) = 


(2a — 4)? 


and the z-axis between x = 0 and x = 1. 


8. x. Find the area between the curves y = x and y = 3x —2”, by first identifying 
the points of intersection and then integrating. 
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9. 
10. 


«x. Calculate the area of the region enclosed by y = 2” and y = /z + 1. 


*. Find the area of the finite region bounded between the two curves y = 
/2cos(ma/4) and y = |z|. 


*. Find the area of the finite region that is bounded by the graphs of 


f(e) =a 22 el and) giz\— da. 


*. Find the area to the left of the y-axis and to the right of the curve 
2 
r=yt+y. 


Find the area of the finite region below y = V9 — x? and above both y = |a| 
and y = V1 — 2?. 


Exercises — Stage 3 


14. 


15. 


16. 


17. 


*. The graph below shows the region between y = 4+ 7sinaz and y = 4+ 
27 = 22. 


y =4+4 20 — 24 


y =4+7sin(z) 


SS 


Find the area of this region. 

*. Compute the area of the finite region bounded by the curves x = 0, x = 3, 
y=axt+2and y=2". 

«x. Find the total area between the curves y = 1/25 — x? and y = 32, on the 
intervalO <a <4. 


Find the area of the finite region below y = /9— x? and y = z, and above 


y= VJ/1-(«-1)?. 


Find the area of the finite region bounded by the curve y = x(x? — 4) and 


the line y = x — 2. 
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1.64 Volumes 


Another simple ! application of integration is computing volumes. We use the same 


strategy as we used to express areas of regions in two dimensions as integrals — ap- 
proximate the region by a union of small, simple pieces whose volume we can compute 
and then then take the limit as the “piece size” tends to zero. 

In many cases this will lead to “multivariable integrals” that are beyond our present 
scope 7. But there are some special cases in which this leads to integrals that we can 
handle. Here are some examples. 


Example 1.6.1 Cone. 


Find the volume of the circular cone of height h and radius r. 
Solution: Here is a sketch of the cone. 


Hb 


i 


We have called the vertical axis x, just so that we end up with a “dz” integral. 


e In what follows we will slice the cone into thin horizontal “pancakes”. In order to 
approximate the volume of those slices, we need to know the radius of the cone 
at a height x above its point. Consider the cross sections shown in the following 
figure. 


e OS @ 


1 Well — arguably the idea isn’t too complicated and is a continuation of the idea used to compute 
areas in the previous section. In practice this can be quite tricky as we shall see. 
2 Typically such integrals (and more) are covered in a third calculus course. 
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At full height h, the cone has radius r. If we cut the cone at height x, then by 
similar triangles (see the figure on the right) the radius will be ¢ -r. 


e Now think of cutting the cone into n thin horizontal “pancakes”. Each such 
pancake is approximately a squat cylinder of height Ax = 7 This is very similar 
to how we approximated the area under a curve by n tall thin rectangles. Just as 
we approximated the area under the curve by summing these rectangles, we can 
approximate the volume of the cone by summing the volumes of these cylinders. 
Here is a side view of the cone and one of the cylinders. 


e We follow the method we used in Example 1.5.1, except that our slices are now 
pancakes instead of rectangles. 


o Pick a natural number n (that we will later send to infinity), then 


o subdivide the cone into n thin pancakes, each of width Ax = A 


o For each 7 = 1,2,--- ,n, pancake number i runs from x = 2;_; = (t—1)- Az 
to « = x; = i- Az, and we approximate its volume by the volume of a 
squat cone. We pick a number x7 between x;_; and x; and approximate the 
pancake by a cylinder of height Az and radius Tip, 


~\2 
o Thus the volume of pancake 7 is approximately 7 (Er) Az (as shown in 


the figure above). 


e So the Riemann sum approximation of the volume is 


e By taking the limit as n — oo (i.e. taking the limit as the thickness of the 
pancakes goes to zero), we convert the Riemann sum into a definite integral (see 
Definition 1.1.9) and at the same time our approximation of the volume becomes 
the exact volume: 
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Our life * would be easier if we could avoid all this formal work with Riemann sums 
every time we encounter a new volume. So before we compute the above integral, let 
us redo the above calculation in a less formal manner. 


e Start again from the picture of the cone 


JS 
V/ 


and think of slicing it into thin pancakes, each of width dz. 


<x«— fF —> rf 


~< 
~< 
<— & 


e The pancake at height 2 above the point of the cone (which is the fraction 7 of 
the total height of the cone) has 


o radius ; -r (the fraction ¢ of the full radius, r) and so 


o cross-sectional area n(2r)’, 
o thickness dx — we have done something a little sneaky here, see the discus- 
sion below. 


o volume 7 ( fr) "dar 


As x runs from 0 to h, the total volume is 
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In this second computation we are using a time-saving trick. As we saw in the formal 
computation above, what we really need to do is pick a natural number n, slice the 
cone into n pancakes each of thickness Ax = u and then take the limit as n > oo. This 
led to the Riemann sum 


n « \2 h 2 
=e (Fr) Ar which becomes | 1 (=r) dx 


So knowing that we will replace 


when we take the limit, we have just skipped the intermediate steps. While this is not 
entirely rigorous, it can be made so, and does save us a lot of algebra. 


a At least the bits of it involving integrals. 


Example 1.6.1 
Example 1.6.2 Sphere. 


Find the volume of the sphere of radius r. 
Solution: We'll find the volume of the part of the sphere in the first octant *, sketched 
below. Then we’ll multiply by 8. 


e To compute the volume, 


ib 
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ety? += 9? 


(, Vr? — 2?, 0) 


x 


we slice it up into thin vertical “pancakes” (just as we did in the previous example). 


e Each pancake is one quarter of a thin circular disk. The pancake a distance x 
from the yz-plane is shown in the sketch above. The radius of that pancake is the 
distance from the dot shown in the figure to the x-axis, i.e. the y-coordinate of 
the dot. To get the coordinates of the dot, observe that 


o it lies the xy-plane, and so has z-coordinate zero, and that 


o it also lies on the sphere, so that its coordinates obey x? + y? + 27 = r?. 


Since z= 0 andy > 0, y= Vr? — 2?. 
e So the pancake at distance x from the yz-plane has 


o thickness ? dx and 
o radius Vr? — x? 
: 2 
© cross-sectional area in(v re — | and hence 


o volume 2 (r? = xu*)dax 


e As x runs from 0 to r, the total volume of the part of the sphere in the first octant 
is 


and the total volume of the whole sphere is eight times that, which is Sars, as 


expected. 
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a The first octant is the set of all points (x,y, z) with > 0, y >0 and z>0. 

b Yet again what we really do is pick a natural number n, slice the octant of the sphere into n 
pancakes each of thickness Av = 7 and then take the limit n — oo. In the integral Az is replaced 
by dx. Knowing that this is what is going to happen, we again just skip a few steps. 


Example 1.6.2 
Example 1.6.3 Revolving a region. 


The region between the lines y = 3, y= 5, x = 0 and x = 4 is rotated around the line 
y = 2. Find the volume of the region swept out. 
Solution: As with most of these problems, we should start by sketching the problem. 


y=9d 
y=3 
z=0 r=4 


e Consider the region and slice it into thin vertical strips of width dz. 


e Now we are to rotate this region about the line y = 2. Imagine looking straight 
down the axis of rotation, y = 2, end on. The symbol in the figure above just to 
the right of the end the line y = 2 is supposed to represent your eye *. Here is 
what you see as the rotation takes place. 
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e Upon rotation about the line y = 2 our strip sweeps out a “washer” 


o whose cross-section is a disk of radius 5 — 2 = 3 from which a disk of radius 
3 —2=1 has been removed so that it has a 


© cross-sectional area of 73? — 71” = 87 anda 
o thickness dz and hence a 


o volume 87 dz. 


e As our leftmost strip is at « = 0 and our rightmost strip is at x = 4, the total 
4 
Volume = | Sarda = (87)(4) = 327 
0 


Notice that we could also reach this answer by writing the volume as the difference of 
two cylinders. 


e The outer cylinder has radius (5 — 2) and length 4. This has volume 


Vee Sar Sar 4 Sor, 
e The inner cylinder has radius (3 — 2) and length 4. This has volume 
Vane ar laa AS a, 
e The volume we want is the difference of these two, namely 
Vien Viren = 02 


e OS @ 


a Okay okay... We missed the pupil. I’m sure there is a pun in there somewhere. 


Example 1.6.3 
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Let us turn up the difficulty a little on this last example. 


Example 1.6.4 Revolving again. 


The region between the curve y = \/z, and the lines y = 0, x = 0 and x = 4 is rotated 
around the line y = 0. Find the volume of the region swept out. 
Solution: We can approach this in much the same way as the previous example. 


e Consider the region and cut it into thin vertical strips of width dz. 


e When we rotate the region about the line y = 0, each strip sweeps out a thin 
pancake 


o whose cross-section is a disk of radius \/x with a 


2— 7x anda 


© cross-sectional area of 7(./z) 
o thickness dx and hence a 


o volume mada. 


e As our leftmost strip is at 2 = 0 and our rightmost strip is at x = 4, the total 


4 me 
Volume =i, redx = [52"| = 8r 


t 0 0 f 


In the last example we considered rotating a region around the x-axis. Let us do 
the same but rotating around the y-axis. 
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Example 1.6.5 Revolving yet again. 


The region between the curve y = \/z, and the lines y = 0, « = 0 and x = 4 is rotated 
around the line x = 0. Find the volume of the region swept out. 
Solution: 


e We will cut the region into horizontal slices, so we should write x as a function of 
y. That is, the region is bounded by x = y?, x = 4, y = 0 and y = 2. 


e Now slice the region into thin horizontal strips of width dy. 


e When we rotate the region about the line x = 0, each strip sweeps out a thin 
washer 
o whose inner radius is y? and outer radius is 4, and 
o thickness is dy and hence 


o has volume z(r2,,, — 72,)dy = 7(16 — y*)dy. 


out 


e As our bottommost strip is at y = 0 and our topmost strip is at y = 2, the total 


2 327 ~—- 128 
Volume = i n(16 — y*)dy = [16ry — =| = 327 — cal =. 


{ 0 0 i) 5 { 


There is another way ° to do this one which we show at the end of this section. 


Example 1.6.6 Pyramid. 


Find the volume of the pyramid which has height h and whose base is a square of side 
b. 

Solution: Here is a sketch of the part of the pyramid that is in the first octant; we 
display only this portion to make the diagrams simpler. 


3 The method is not a core part of the course and should be considered optional. 
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Note that this diagram shows only 1 quarter of the whole pyramid. 


e To compute its volume, we slice it up into thin horizontal “square pancakes”. A 
typical pancake also appears in the sketch above. 


h-z 


o The pancake at height z is the fraction 


the pyramid to its base. 


of the distance from the peak of 


o So the full pancake * at height z is a square of side AZ, As a check, note 
that when z = h the pancake has side “—"b = 0, and when z = 0 the pancake 


h 
has side h-8p = 0. 


o So the pancake has cross-sectional area (=0)° and thickness ’ dz and hence 


o volume (45 )'dz. 


e The volume of the whole pyramid (not just the part of the pyramid in the first 


octant) is 
h h—%.x2 b2 h A 
[( . b) dam Fy f (h—2)Pde 


Now use the substitution rule with t = (h — z),dz — —dt 
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a Note that this is the full pancake, not just the part in the first octant. 
b Weare again using our Riemann sum avoiding trick. 


Example 1.6.6 


Let’s ramp up the difficulty a little. 


Example 1.6.7 Napkin Ring. 


Suppose you make two napkin rings * by drilling holes with different diameters through 
two wooden balls. One ball has radius r and the other radius R with r < R. You 
choose the diameter of the holes so that both napkin rings have the same height, 2h. 
See the figure below. 


OT ——_ 
2h 

an > 

Which ? ring has more wood in it? 


Solution: We'll compute the volume of the napkin ring with radius R. We can then 
obtain the volume of the napkin ring of radius r, by just replacing R +> r in the result. 


e To compute the volume of the napkin ring of radius R, we slice it up into thin 
horizontal “pancakes”. Here is a sketch of the part of the napkin ring in the first 
octant showing a typical pancake. 
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(0, VR? — h?, h) 


(0, VR? — 22, z) 


e The coordinates of the two points marked in the yz-plane of that figure are found 
by remembering that 
o the equation of the sphere is x? + y? + 27 = R?. 
o The two points have y > 0 and are in the yz-plane, so that x = 0 for them. 
So y = VR? — 2?. 
o In particular, at the top of the napkin ring z = h, so that y = VR? — h?. 


e The pancake at height z, shown in the sketch, is a “washer” — a circular disk 
with a circular hole cut in its center. 


o The outer radius of the washer is WR? — z? and 
o the inner radius of the washer is \/ R? — h?. So the 


© cross-sectional area of the washer is 
m(v7 R? — 2)" —a(v RB? - h2)° = m(h? — 2”) 
e The pancake at height z 


o has thickness dz and 
© cross-sectional area 7(h? — z”) and hence 
o volume m(h? — z7)dz. 


e Since z runs from —h to +h, the total volume of wood in the napkin ring of radius 


Ris 
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eas 
Tv 
= 3h 


This volume is independent of R. Hence the napkin ring of radius r contains precisely 
the same volume of wood as the napkin ring of radius R! 


a Handy things to have (when combined with cloth napkins) if your parents are coming to dinner 
and you want to convince them that you are “taking care of yourself”. 
b A good question to ask to distract your parents from the fact you are serving frozen burritos. 


Example 1.6.7 


Example 1.6.8 Notch. 


A 45° notch is cut to the centre of a cylindrical log having radius 20cm. One plane face 
of the notch is perpendicular to the axis of the log. See the sketch below. What volume 
of wood was removed? 


DD 


Solution: We show two solutions to this problem which are of comparable difficulty. 
The difference lies in the shape of the pancakes we use to slice up the volume. In 
solution 1 we cut rectangular pancakes parallel to the yz-plane and in solution 2 we 
slice triangular pancakes parallel to the xz-plane. 

Solution 1: 


e Concentrate on the notch. Rotate it around so that the plane face lies in the 
xy-plane. 


e Then slice the notch into vertical rectangles (parallel to the yz-plane) as in the 
figure on the left below. 
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A y A 
x 20 


[AT 


(x, —Y; 0) 


e The cylindrical log had radius 20cm. So the circular part of the boundary of the 
base of the notch has equation x? + y* = 207. (We’re putting the origin of the 
xy-plane at the centre of the circle.) If our coordinate system is such that x is 
constant on each slice, then 


o the base of the slice is the line segment from (x,—y,0) to (x,+y,0) where 
y = V 20? — x? so that 
o the slice has width 2y = 2\/20? — x? and 


o height x (since the upper face of the notch is at 45° to the base — see the 
side view sketched in the figure on the right above). 


o So the slice has cross-sectional area 27/20? — x?. 


e On the base of the notch x runs from 0 to 20 so the volume of the notch is 
20 
V= / 2xrvV 202 — x2dx 
0 


Make the change of variables u = 20? — x? (don’t forget to change dz > —sdu): 


0 
a —J/udu 


202 
Hal, 
~ L 3/2 J a0e 
2 
_ 2593 _ 16,000 
3 3 


Solution 2: 


e Concentrate of the notch. Rotate it around so that its base lies in the xy-plane 
with the skinny edge along the y-axis. 
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e Slice the notch into triangles parallel to the xz-plane as in the figure on the left 
below. In the figure below, the triangle happens to lie in a plane where y is 


negative. 
| 45° 


e The cylindrical log had radius 20cm. So the circular part of the boundary of the 
base of the notch has equation x? + y? = 20°. Our coordinate system is such that 
y is constant on each slice, so that 


o the base of the triangle is the line segment from (0,y,0) to (a, y,0) where 


XL = \/20? — y? so that 
o the triangle has base x = \/20? — y? and 


o height x = ,/20? — y? (since the upper face of the notch is at 45° to the base 
— see the side view sketched in the figure on the right above). 


o So the slice has cross-sectional area 5 (4/20? — y?) 


e On the base of the notch y runs from —20 to 20, so the volume of the notch is 


1 20 
vas | (20 s)ay 


20 
20 
=a (20? — y*)dy 
0 
3520 
y 
= [202 a 
y 3 J0 
7 2.403 _ 16,000 
ae 8 


Example 1.6.8 
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1.6.1 Optional — Cylindrical shells 


Let us return to Example 1.6.5 in which we rotate a region around the y-axis. Here 
we show another solution to this problem which is obtained by slicing the region into 
vertical strips. When rotated about the y-axis, each such strip sweeps out a thin 
cylindrical shell. Hence the name of this approach (and this subsection). 


Example 1.6.9 Revolving yet again. 


The region between the curve y = \/z, and the lines y = 0, « = 0 and x = 4 is rotated 
around the line x = 0. Find the volume of the region swept out. 
Solution: 


e Consider the region and cut it into thin vertical strips of width dz. 


e When we rotate the region about the line y = 0, each strip sweeps out a thin 
cylindrical shell 


o whose radius is 2, 
o height is ,/x, and 
o thickness is dz and hence 


o has volume 27 x radius x height x thickness = 2a2°/?dx. 


e As our leftmost strip is at « = 0 and our rightmost strip is at x = 4, the total 


: 4 A 128 
Volume = i Qraldx = eo] Ss 32 = = 
0 0 


t which (thankfully) agrees with our previous computation. { 
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1.6.2 Exercises 


Exercises —— Stage 1 


1. 


Consider a right circular cone. 


XN 


What shape are horizontal cross-sections? Are the vertical cross-sections the 
same? 


Two potters start with a block of clay h units tall, and identical square 
cookie cutters. They form columns by pushing the square cookie cutter 
straight down over the clay, so that its cross-section is the same square as 
the cookie cutter. Potter A pushes their cookie cutter down while their 
clay block is sitting motionless on a table; Potter B pushes their cookie 
cutter down while their clay block is rotating on a potter’s wheel, so their 
column looks twisted. Which column has greater volume? 


~ 


Column A Column B 


Let R be the region bounded above by the graph of y = f(a) shown below and 
bounded below by the z-axis, from x = 0 to x = 6. Sketch the washers that 
are formed by rotating R about the y-axis. In your sketch, label all the radii 
in terms of y, and label the thickness. 
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A. 


«x. Write down definite integrals that represent the following quantities. Do 
not evaluate the integrals explicitly. 


a The volume of the solid obtained by rotating around the x—axis the region 
between the x-axis and y = /x e* for 0 <a<3. 


b The volume of the solid obtained by revolving the region bounded by the 
curves y = x? and y = x + 2 about the line z = 3. 


*. Write down definite integrals that represent the following quantities. 
Do not evaluate the integrals explicitly. 


a The volume of the solid obtained by rotating the finite plane region 
bounded by the curves y = 1 — x? and y = 4 — 42? about the line 
.—— 


b The volume of the solid obtained by rotating the finite plane region 
bounded by the curve y = x? — 1 and the line y = 0 about the line 
i sae 


*x. Write down a definite integral that represents the volume of the solid 
obtained by rotating around the line y = —1 the region between the curves 
y =x? and y =8— 2’. Do not evaluate the integrals explicitly. 

A tetrahedron is a three-dimensional shape with four faces, each of which is an 
equilateral triangle. (You might have seen this shape as a 4-sided die; think 
of a pyramid with a triangular base.) Using the methods from this section, 
calculate the volume of a tetrahedron with side-length @. You may assume 


without proof that the height of a tetrahedron with side-length @ is 26 


a” 
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Exercises —— Stage 2 


8. 


10. 


11. 


13. 


*. Let a > 0 be a constant. Let R be the finite region bounded by the 


graph of y=1+ Jae® , the line y = 1, and the line x = a. Using vertical 
slices, find the volume generated when R is rotated about the line y = 1. 


*. Find the volume of the solid generated by rotating the finite region bounded 
by y = 1/z and 3z + 3y = 10 about the z-axis. 


*. Let R be the region inside the circle x? + (y — 2)? = 1. Let S' be the solid 
obtained by rotating R about the x-axis. 


a Write down an integral representing the volume of S. 


b Evaluate the integral you wrote down in part (a). 


*. The region R is the portion of the first quadrant which is below the parabola 
y” = 8x and above the hyperbola y? — x? = 15. 


a Sketch the region R. 


b Find the volume of the solid obtained by revolving R about the x axis. 


«x. The region R is bounded by y = logz, y = 0, x = 1 and x = 2. (Recall 
that we are using log x to denote the logarithm of x with base e. In other 
courses it is often denoted In z.) 


a Sketch the region R. 


b Find the volume of the solid obtained by revolving this region about 
the y axis. 


*. The finite region between the curves y = cos($) and y = 2? — 7” is rotated 
about the line y = —7”. Using vertical slices (disks and/or washers), find the 
volume of the resulting solid. 


*. The solid V is 2 meters high and has square horizontal cross sections. 
The length of the side of the square cross section at height x meters above 


the base is es m. Find the volume of this solid. 


15. 


*. Consider a solid whose base is the finite portion of the xy—plane bounded 
by the curves y = x? and y = 8 — x”. The cross-sections perpendicular to the 
x-axis are squares with one side in the xy—plane. Compute the volume of this 
solid. 


x. A frustrum of a right circular cone (as shown below) has height h. Its 


base is a circular disc with radius 4 and its top is a circular disc with radius 
2. Calculate the volume of the frustrum. 
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Exercises — Stage 3 


17. The shape of the earth is often approximated by an oblate spheroid, rather 
than a sphere. An oblate spheroid is formed by rotating an ellipse about its 
minor axis (its shortest diameter). 


a Find the volume of the oblate spheroid obtained by rotating the upper 
(positive) half of the ellipse (ax)? + (by)? = 1 about the x-axis, where a 
and b are positive constants with a > b. 


b Suppose ° the earth has radius at the equator of 6378.137 km, and radius 
at the poles of 6356.752 km. If we model the earth as an oblate spheroid 
formed by rotating the upper half of the ellipse (ax)? + (by)? = 1 about 
the x-axis, what are a and b? 


c What is the volume of this model of the earth? (Use a calculator.) 


d Suppose we had calculated the volume of the earth by modelling it as a 
sphere with radius 6378.137 km. What would our absolute and relative 
errors be, compared to our oblate spheroid calculation? 


e OS @ 


a Earth Fact Sheet, NASA, accessed 2 July 2017 


18. x. Let R be the bounded region that lies between the curve y = 4 — (2 — 1)? 
and the line y= 2 +1. 


a Sketch R and find its area. 


b Write down a definite integral giving the volume of the region obtained 
by rotating R about the line y = 5. Do not evaluate this integral. 


19. *. Let R= {(a,y) : (e—1)?+y? <landa?+(y—1)? <1}. 
a Sketch R and find its area. 


b If R rotates around the y-axis, what volume is generated? 
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20. *. Let R be the plane region bounded by x Ly O-and 
y =cV1+<2?, where c > 0 is a constant. 


a Find the volume V, of the solid obtained by revolving R about the 
taxis. 


b Find the volume V2 of the solid obtained by revolving R about the 
y-axis. 


c If V; = Vo, what is the value of c? 


21. x. The graph below shows the region between y = 4+ 7sinx and y = 4+ 
27 — 22. 


y=44 20 — 22 


y =4+4 rsin(z) 


The region is rotated about the line y = —1. Express in terms of definite 
integrals the volume of the resulting solid. Do not evaluate the integrals. 


On a particular, highly homogeneous * planet, we observe that the density 
of the atmosphere h kilometres above the surface is given by the equation 
(3) ele xg where c is the density on the planet’s surface. 


a What is the mass of the atmosphere contained in a vertical column 
with radius one metre, sixty kilometres high? 


000c7 


3 
b What height should a column be to contain log? kilograms of air? 
) 


e OO @ 


This is clearly a simplified model: air density changes all the time, and depends on 
lots of complicated factors aside from altitude. However, the equation we’re using 
is not so far off from an idealized model of the earth’s atmosphere, taken from 
Pressure and the Gas Laws by H.P. Schmid, accessed 3 July 2017. 
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1.74 Integration by parts 


1.7.1 Integration by parts 


The fundamental theorem of calculus tells us that it is very easy to integrate a derivative. 
In particular, we know that 


/ < (PG\de= rac 


We can exploit this in order to develop another rule for integration — in particular a 
rule to help us integrate products of simpler function such as 


i. ze’ dx 


In so doing we will arrive at a method called “integration by parts”. 
To do this we start with the product rule and integrate. Recall that the product 
rule says 


Integrating this gives 
i [u'(x) v(x) + u(x) v'(x)|da = [a function whose derivative is u'v + wv'] + C 
= u(x)u(2) +C 


Now this, by itself, is not terribly useful. In order to apply it we need to have a function 
whose integrand is a sum of products that is in exactly this form u/(x)u(x) + u(x)v'(z). 
This is far too specialised. 

However if we tease this apart a little: 


[ve + u(x) v'(x)]dx = [YO drt f u(x) uv (x) dx 


Bring one of the integrals to the left-hand side 


u(x)u(x) - fv @)vayac = fw u (x)dax 


Swap left and right sides 


In this form we take the integral of one product and express it in terms of the integral 
of a different product. If we express it like that, it doesn’t seem too useful. However, if 
the second integral is easier, then this process helps us. 

Let us do a simple example before explaining this more generally. 


135 


INTEGRATION 1.7 INTEGRATION BY PARTS 


Example 1.7.1 f xe*da. 


Compute the integral / ee dg. 


Solution: 


e We start by taking the equation above 
[uw uv (x)dx = u(x)v(x) — [e@u@eac 


e Now set u(x) = x and v'(#) = e*. How did we know how to make this choice? 
We will explain some strategies later. For now, let us just accept this choice and 
keep going. 


e In order to use the formula we need to know u’(az) and v(x). In this case it is 
quite straightforward: u/(x) = 1 and v(x) = e”. 


e Plug everything into the formula: 


[vctae = re” — [eae 


So our original more difficult integral has been turned into a question of computing 
an easy one. 


= re" —e + C 
e We can check our answer by differentiating: 


d 
a 00 ee eee 


by product rule 
= re” as required. 


The process we have used in the above example is called “integration by parts”. 
When our integrand is a product we try to write it as u(x)v'(x) — we need to choose 
one factor to be u(x) and the other to be v'(x). We then compute u’(x) and v(x) and 
then apply the following theorem: 


Theorem 1.7.2 Integration by parts. 


Let u(x) and v(x) be continuously differentiable. Then 
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If we write dv for v'(x)dx and du for u/(x)dx (as the substitution rule suggests), 


[vdosuv— fod 


then the formula becomes 


The application of this formula is known as integration by parts. 
The corresponding statement for definite integrals is 


Integration by parts is not as easy to apply as the product rule for derivatives. This 
is because it relies on us 


1 judiciously choosing u(x) and v’(x), then 


2 computing u’(x) and v(x) — which requires us to antidifferentiate vu'(z), and 
finally 


3 that the integral [ u’(x)v(x)dz is easier than the integral we started with. 


Notice that any antiderivative of v'(x) will do. All antiderivatives of u'(a) are of the 
form v(x) + A with A a constant. Putting this into the integration by parts formula 
gives 


[e@v'@ae = u(x) (v(a) + A) — feo (u(x) + A) dx 
= u(x)u(xz) + Au(x) — |e @u@ae — Af u(c)de 


u(x)u(x) — [i @u@ax +C 


So that constant A will always cancel out. 

In most applications (but not all) our integrand will be a product of two factors 
so we have two choices for u(x) and v'(a#). Typically one of these choices will be 
“good” (in that it results in a simpler integral) while the other will be “bad” (we cannot 
antidifferentiate our choice of v'(a) or the resulting integral is harder). Let us illustrate 
what we mean by returning to our previous example. 


Example 1.7.3 [ xe*dx — again. 


Our integrand is the product of two factors 


x and € 
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This gives us two obvious choices of u and v’: 


isc) Sx v(aSe 
u(x) = e* Cea 


We should explore both choices: 
1. If take u(x) = x and v'(az) = e”. We then quickly compute 
a (n= and ule) =e 


which means we will need to integrate (in the right-hand side of the integration 


by parts formula) 

|e @u@ae = ph -e* dx 
which looks straightforward. This is a good indication that this is the right choice 
of u(x) and v'(z). 


2. But before we do that, we should also explore the other choice, namely u(x) = e” 
and v'(a) = x. This implies that 


1 
ie and On) = 5t 


which means we need to integrate 


/ FOC cae | a? ede. 


This is at least as hard as the integral we started with. Hence we should try the 
first choice. 


With our choice made, we integrate by parts to get 
| ectae = re” — [eae 
= re" —e" ++C. 
The above reasoning is a very typical workflow when using integration by parts. 
Integration by parts is often used 
e to eliminate factors of « from an integrand like xe” by using that ay = 1 and 


e to eliminate a log x from an integrand by using that = log x = 4 and 
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e to eliminate inverse trig functions, like arctan x, from an integrand by using that, 


for example, a arctan 7 = ao 
Example 1.7.4 / xsinxdx. 


Solution: 
e Again we have a product of two factors giving us two possible choices. 
1 If we choose u(x) = x and u'(#) = sin x, then we get 
a (Z)=4 and u(x) = —cosxz 
which is looking promising. 


2 On the other hand if we choose u(x) = sin and v'(x) = x, then we have 


ti (2) = Coss and on) = 5% 


which is looking worse — we’d need to integrate [ San” cos xda. 


e So we stick with the first choice. Plugging u(x) = x, v(a#) = — cos into integra- 
tion by parts gives us 


J esinade = woos — f'1-(—coscaz 


=-xcosr+sina+C 
e Again we can check our answer by differentiating: 


d 
a (-xcosz+sinz+C) =—cosxr+zsinx+cosz+0 
x 


= xsinz/ 


Once we have practised this a bit we do not really need to write as much. Let us solve 
it again, but showing only what we need to. 
Solution: 


e We use integration by parts to solve the integral. 


e Set u(#) = 2 and v'(x) =sinz. Then w(x) = 1 and v(x”) = —cosz, and 


[ vsinads = —xcosx + [cosas 
' =—xcosx+sinzx+C. 


It is pretty standard practice to reduce the notation even further in these problems. As 
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noted above, many people write the integration by parts formula as 


[rcv =ue— fod 


where du, dv are shorthand for u’(#)dz, v'(x)dx. Let us write up the previous example 
using this notation. 


Example 1.7.5 f xsinxdx yet again. 


Solution: Using integration by parts, we set u = x and dv = sinadz. This makes 
du = ldz and v = —cosa. Consequently 


[ esinade a [rae 
=w— f vdu 


= —xrcosx + [os xrdx 


=-—xcosx+sinz+C 


You can see that this is a very neat way to write up these problems and we will continue 
t using this shorthand in the examples that follow below. f 


We can also use integration by parts to eliminate higher powers of 7. We just need 
to apply the method more than once. 


Example 1.7.6 f{ xe*dz. 


Solution: 


e Let wu =x? and dv = e*dz. This then gives du = 2rdz and v = e”, and 


[eed = xe" — [reetae 


e So we have reduced the problem of computing the original integral to one of 
integrating 27e*. We know how to do this — just integrate by parts again: 


[eae = ge" — [rretae set u = 2x,dv = e*dx 
= ge" — (20e" = [reer) since du = 2dzx,v = e* 
= ge” — Qre* + 2e7 + C 
e We can, if needed, check our answer by differentiating: 


< (x?e* — Qre* + 2e* + C) 
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= (x?e* + 2re*) — (2re” + 2e”) + 2c” + 0 


= y7e7/ 


A similar iterated application of integration by parts will work for integrals 
[Pro (Ae*” + Bsin(bax) + Ccos(cx)) dx 


where P(x) is a polynomial and A, B,C,a, b,c are constants. 


Example 1.7.6 


Now let us look at integrands containing logarithms. We don’t know the antideriva- 
tive of log x, but we can eliminate log x from an integrand by using integration by parts 
with wu = logx. Remember log x = log, x = In. 


Example 1.7.7 [ xlog xdz. 


Solution: 
e We have two choices for u and dv. 


1 Set u = x and du = logrdz. This gives du = dz but v is hard to compute 
— we haven’t done it yet °. Before we go further along this path, we should 
look to see what happens with the other choice. 


2 Set u = logsz and du = xdz. This gives du = dx and v = 5a”, and we have 


to integrate 
1 1 
peau= fo jets 
x 2 


e So we proceed with the second choice. 


1 1 
| tose = 5t log x = f joc 


1 1 
= 5e log x — 7 +C 


which is easy. 


e We can check our answer quickly: 


d 3 2 24 
q,(qme-[+C)=2met+ 5-5 +0=2lnz 


f a  Wewill soon. { 
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Example 1.7.8 f log xdz. 


It is not immediately obvious that one should use integration by parts to compute the 


integral 
i log xdx 


since the integrand is not a product. But we should persevere — indeed this is a 
situation where our shorter notation helps to clarify how to proceed. 
Solution: 


e In the previous example we saw that we could remove the factor log x by setting 
u = log and using integration by parts. Let us try repeating this. When we make 
this choice, we are then forced to take du = dx — that is we choose v'(x) = 1. 
Once we have made this sneaky move everything follows quite directly. 


e We then have du = dx and v = x, and the integration by parts formula gives us 


1 
preeds=cloge — f > -vdz 
=sloge— f ide 
=zrlogxr-—x+C 


e As always, it is a good idea to check our result by verifying that the derivative of 
the answer really is the integrand. 


d 1 
—(xlnx—2x+C) =Inz+2-—-14+0=Inz 
dx x 


The same method works almost exactly to compute the antiderivatives of arcsin(zx) 
and arctan(x): 


Example 1.7.9 f arctan(x)dz and f arcsin(«)dz. 


Compute the antiderivatives of the inverse sine and inverse tangent functions. 
Solution: 


e Again neither of these integrands are products, but that is no impediment. In 
both cases we set du = dz (ie v(x) = 1) and choose v(x) = a. 


e For inverse tan we choose u = arctan(x), so du = cade: 


[ exotan(e)ae = rarctan(z) — fe da 


‘1+2? 
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now use substitution rule with w(x) = 1+ 27, w'(x) = 2 


= rarctan(z) — i whey. “a 


2 
1 1 
= rarctan(x) — 5 wie 
= rarctan(x) — 5 log jw) +C 
= rarctan(z) — ; log |1+ 27/+C but 1+ 2? > 0, so 
= rarctan(x) — ; log(1+27)+C 


. . . . i . Lot 1 3 
e Similarly for inverse sine we choose u = arcsin() so du = Fade: 


x 
J sxcsin()da = xarcsin(xr) — / dr 
V1—2? 


Now use substitution rule with w(x) = 1 — x?,w'(x) = —2r 


ee) 
= xarcsin(x) — i; ) ew da 


1 
= xarcsin(x) + a fotPew 


1 
= xarcsin(x) + alae os @: 


= rarcsin(x) + V1—22+C 


e Both can be checked quite quickly by differentiating — but we leave that as an 
exercise for the reader. 


Example 1.7.9 


There are many other examples we could do, but we'll finish with a tricky one. 


Example 1.7.10 f e” sin xdx. 


Solution: Let us attempt this one a little naively and then we’ll come back and do it 
more carefully (and successfully). 


e We can choose either u = e*, dv = sinxdz or the other way around. 


1. Let u = e*, dv = sinadx. Then du = e*dx and v = — cosa. This gives 


he sin x = —e”* cost f e* cosedz 
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So we are left with an integrand that is very similar to the one we started 
with. What about the other choice? 


2. Let u=sinz,dv = e*dz. Then du = cosadz and v = e*. This gives 


[esine=ersine— | e*cosade 


So we are again left with an integrand that is very similar to the one we 
started with. 


e How do we proceed? — It turns out to be easier if you do both f e*sinxdx and 
J e* cosxdz simultaneously. We do so in the next example. 


Example 1.7.10 
Example 1.7.11 fe e* sinxdz and f e* cos xdz. 


This time we’re going to do the two integrals 


b b 
n= | e” sin rdx h= | e” cos xdx 
a a 


at more or less the same time. 


e First 
b b 
i= / e* sinzdz = if udu 
a a 
Choose u = e*, du = sinzdz, so v = — cosx,du = e*dx 
b b 
= | - e cos. +f e” cos xdx 
a a 


We have not found J, but we have related it to I». 
b 
i= | - e* cos 2| + I 


e Now start over with Jp. 


b b 
= [ c*cosndr = | udu 


Choose u = e*, du = cos xdz, so v = sinz, du = e*dx 


b b 
= le" sin x] — i e* sin xdx 
a a 


Once again, we have not found Jy but we have related it back to J;. 
b 
In = le* sin. —T, 


a 
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e So summarising, we have 


b b 
i= | — €* cos 2| + Ip In, = le" sina —-I, 
a a 
e So now, substitute the expression for J) from the second equation into the first 
equation to get 
b 
i= | — e* cose + e* sin2| —-i, 


a 
b 


1 
which implies I= 5 G ( sin x — cos x)| 
If we substitute the other way around we get 
b 
In = le" sina + €” cos 2| —Ip 


a 
b 


1 
which implies h= 5 le* ( sin x + Cos 2)| 


b 
/ e’ sin rdz = 
a 
b 
/ e* cos xdx = 
a 


e This also says, for example, that se ( sin © — cos x) is an antiderivative of e” sin x 
so that 


That is, 


je*(sin — cos x)| , 
a 


b 


le ele 


le" ( sin © + cos x)| 


a 


1 
fe sin rdx = 50 (sina — cos 2) +C 


e Note that we can always check whether or not this is correct. It is correct if and 
only if the derivative of the right hand side is e” sin. Here goes. By the product 
rule 

a 
dar 


= sle ( sin 2 — cos 2) +e (cosa + sinzx)| =e sinz 


[5e%(sine — cos x) + c| 


which is the desired derivative. 


e There is another way to find { e” sinzdx and f e* cos xdx that, in contrast to the 
above computations, doesn’t involve any trickery. But it does require the use of 
complex numbers and so is beyond the scope of this course. The secret is to use 
that sing = “=~ and cosx = © **~,, where i is the square root of —1 of the 


2i 
Example 1.7.11 


complex number system. See Example B.2.6. 
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1.7.2 Exercises 


Exercises — Stage 1 


The method of integration by substitution comes from the rule for differ- 


entiation. 
The method of integration by parts comes from the rule for differentiation. 


2. Suppose you want to evaluate an integral using integration by parts. You 
choose part of your integrand to be u, and part to be dv. The part chosen as 
u will be: (differentiated, antidifferentiated). The part chosen as dv will be: 
(differentiated, antidifferentiated). 


3. Let f(x) and g(x) be differentiable functions. Using the quotient rule for 
f'(2), 

xs 
g(x) 


differentiation, give an equivalent expression to $ 


Suppose we want to use integration by parts to evaluate / u(x)-vu'(x)dx for 


some differentiable functions u and v. We need to find an antiderivative of 
u'(x), but there are infinitely many choices. Show that every antiderivative 
of u(x) gives an equivalent final answer. 


5. Suppose you want to evaluate / f(x)dx using integration by parts. Explain 


why du = f(x)dz, u = 1 is generally a bad choice. 
Note: compare this to Example 1.7.8, where we chose u = f(x), du = ldz. 


Exercises — Stage 2 


. Evaluate ‘| vlog x ae. 


l 
7.  -*. Evaluate [Be 
x 


. Evaluate | xsinz da. 
0 


Tw 


2 
9. x. Evaluate x cos x dx. 
0 


10. Evaluate f 2e"dr 
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i, 


Evaluate ; log? eda. 


Evaluate i) x’ sin xda. 


13. 


14. 


15. 


16. 


Evaluate [oe — 5t + 6) log tdt. 
Evaluate / JseV*ds. 
Evaluate / log? xdx. 


Evaluate i Qre® HH da. 


*. Evaluate / arccos y dy. 


Exercises — Stage 3 


18. 


*. Evaluate / Ay arctan(2y) dy. 


Evaluate / x’ arctan xdx. 


20. 


21. 


22. 


Evaluate iu e*/? cos(2r)de. 
Evaluate / sin(log x)da. 
Evaluate / QP riot da. 


Evaluate / Ce sin 2a ydae 


24. 


25. 


Evaluate [owe 


*. A reduction formula. 


a Derive the reduction formula 
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m/2 
b Calculate | sin’ (x) dz. 
0 


26. x. Let R be the part of the first quadrant that lies below the curve y = arctan x 
and between the lines x = 0 and x = 1. 


a Sketch the region R and determine its area. 


b Find the volume of the solid obtained by rotating R about the y-axis. 


27. x. Let R be the region between the curves T(x) = \/re®” and B(x) = /z(1+ 
2x) on the interval 0 < x < 3. (It is true that T(2) > B(x) for allO < x <3.) 
Compute the volume of the solid formed by rotating R about the x-axis. 


ee ety (Ov (2 and) (2), Calctlate [ fi (/E\ de, 


ee dig 
29. Evaluate li a ag =| en 
raluate fin > (Zs )e 


— 


1.84 ‘Trigonometric Integrals 


Integrals of polynomials of the trigonometric functions sinx, cosx, tan and so on, are 
generally evaluated by using a combination of simple substitutions and trigonometric 
identities. There are of course a very large number ! of trigonometric identities, but 
usually we use only a handful of them. The most important three are: 


Equation 1.8.1 


sin? x + cos?z = 1 


Equation 1.8.2 


sin(2x) = 2sinx cos x 


1 The more pedantic reader could construct an infinite list of them. 
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Equation 1.8.3 


cos(2x) = cos? x — sin? x 
= 2cos?x-1 


=1-2sin?x 


Notice that the last two lines of Equation 1.8.3 follow from the first line by replacing 
either sin? x or cos?z using Equation 1.8.1. It is also useful to rewrite these last two 
lines: 


Equation 1.8.4 


Equation 1.8.5 


1 + cos(2z) 


cos t= 
Z 


These last two are particularly useful since they allow us to rewrite higher powers 
of sine and cosine in terms of lower powers. For example: 


i see) 2 


sin*(x) = by Equation 1.8.4 


2 
Ut — 
= — — —cos(2x) + — cos*(2x) use Equation 1.8.5 
4.3 Faia aki 
do it again 
1 1 1 
=a 5 cos(2x) + 3 (1 + cos(4x)) 


3. ot 1 
=a 5 cos(2x) + 3 cos(4r) 


So while it was hard to integrate sin*(z) directly, the final expression is quite straight- 
forward (with a little substitution rule). 

There are many such tricks for integrating powers of trigonometric functions. Here 
we concentrate on two families 


/ sin” x cos” xdx and tan™ x sec” xdx 
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for integer n,m. The details of the technique depend on the parity of n and m — that 
is, whether n and m are even or odd numbers. 


1.8.1 > Integrating [ sin” x cos” xdx 


1.8.1.1” One of n and m is odd 


Consider the integral f sin? xcosxdx. We can integrate this by substituting u = sin x 
and du = cos xdz. This gives 


[ow x cos xdxz = [ea 


1 1 
= y+ C= —=sinexr+C 
3 3 


This method can be used whenever n is an odd integer. 
e Substitute u = sing and du = cosadz. 


e This leaves an even power of cosines — convert them using cos? x = 1 — sin? x = 
1—w?. 


Here is an example. 


Example 1.8.6 _f sin? x cos? xdz. 


Start by factoring off one power of cosx to combine with dz to get cos xdx = du. 


sin? x cos? dx = | sin? x cos? x cosxdx set u = sinz 
AS Ae 
=u2 =1 U2 =—du 


Of course if m is an odd integer we can use the same strategy with the roles of 
sinx and cosa exchanged. That is, we substitute w = cosx, du = —sinadz and 
sin? ¢ = 1 — cos? 4 = 1 — u?. 
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1.8.1.2» Both n and m are even 


If m and n are both even, the strategy is to use the trig identities 1.8.4 and 1.8.5 to get 
back to the m or n odd case. This is typically more laborious than the previous case 
we studied. Here are a couple of examples that arise quite commonly in applications. 


Example 1.8.7 [ cos? xdx. 


By 1.8.5 
1 1 1 
[cs ede = >| [1 + cos(2x)]dax = 5 E + . sin(2r)| +C 


Example 1.8.8 | cos* xdx. 


First we'll prepare the integrand cos* x for easy integration by applying 1.8.5 a couple 
times. We have already used 1.8.5 once to get 


cos? x = —[1 + cos(2z)| 


1 
2 


Squaring it gives 


1 1 1 1 
cos? 7 = a [1 + cos(2)]° =o + 9 cos(2a) + FI cos*(22) 


Now by 1.8.5 a second time 


1 1 11 4 
cos’ x = — + =cos(2x) + — a 


4 2 4 2 
3. 1 1 
=e + 5 cos(2x) + 3 cos(4x) 


Now it’s easy to integrate 


1 1 
[costa = 5 [a+ 5 | costae) + = | cos(da)ae 


3 i 1 
= -x+ -sin(2z) + —sin(4z) +C 


t 8 4 32 f 


Example 1.8.9 [ cos? xsin? xdz. 


Here we apply both 1.8.4 and 1.8.5. 


/ cos’ x sin? dx = : / [1 + cos(2zx)] [1 — cos(2x)] dx 
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— i/ [1 — cos?(2x)] da 


We can then apply 1.8.5 again 


= i/ [1 — ; (1 + cos(4z)) | da 
= =| [1 — cos(4z)] da 


1 1 

= 3° — a5 sin(4z) + C 

Oof! We could also have done this one using 1.8.2 to write the integrand as sin?(2z) 
and then used 1.8.4 to write it in terms of cos(4z). 


Example 1.8.9 
Example 1.8.10 ("cos ada and {> sin? «de. 


Of course we can compute the definite integral le cos? dx by using the antiderivative 
for cos? that we found in Example 1.8.7. But here is a trickier way to evaluate 
that integral, and also the integral ie sin? xdx at the same time, very quickly without 
needing the antiderivative of Example 1.8.7. 

Solution: 


e Observe that ie cos? dz and le sin? xd are equal because they represent the 
same area — look at the graphs below — the darkly shaded regions in the two 
graphs have the same area and the lightly shaded regions in the two graphs have 
the same area. 


e Consequently, 


| cos” var = f sin? dx = | sin? de + cos? ad] 
0 0 0 0 


| [ sin? x + cos” a] dx 
0 
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Example 1.8.10 


1.8.2 » Integrating [ tan x sec” xdx 


The strategy for dealing with these integrals is similar to the strategy that we used to 
evaluate integrals of the form f sin” x cos” xdx and again depends on the parity of the 
exponents n and m. It uses ” 


2 
—tanx = sec? x —secx = secx tanz 1+tan? x = sec x 


dx dx 


We split the methods for integrating { tan” x sec” xdx into 5 cases which we list below. 
These will become much more clear after an example (or two). 


1 When m is odd and any n — rewrite the integrand in terms of sin and cos: 


(=*) '( 1 
dx 
COS & COs & 


tan” x sec” xdx 


sin’ + . 
= —  sinadzr 
cos? > 
and then substitute u = cosx, du = —sinzdz, sin? x = 1 — cos? = 1 — u?. See 


Examples 1.8.11 and 1.8.12. 


2 Alternatively, if m is odd and n > 1 move one factor of secx tan to the side 
so that you can see sec x tan xdzx in the integral, and substitute u = secx, du = 
secx tanxdx and tan? x = sec? z — 1 = u? — 1. See Example 1.8.13. 


3 If n is even with n > 2, move one factor of sec? x to the side so that you can see 
sec? xdx in the integral, and substitute u = tanz, du = sec? xdzx and sec? x = 
1+ tan? 2 =1+4u?. See Example 1.8.14. 


4 When m is even and n = 0 — that is the integrand is just an even power of tangent 
— we can still use the u = tan substitution, after using tan? = sec? x — 1 
(possibly more than once) to create a sec? x. See Example 1.8.16. 


5 This leaves the case n odd and m even. There are strategies like those above for 
treating this case. But they are more complicated and also involve more tricks 
(that basically have to be memorized). Examples using them are provided in 


2 You will need to memorise the derivatives of tangent and secant. However there is no need to 
memorise 1 + tan? 2 = sec? x. To derive it very quickly just divide sin? 2 + cos? x = 1 by cos? x. 
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the optional section entitled “Integrating sec x, csc x, sec? x and csc? x”, below. A 


more straight forward strategy uses another technique called “partial fractions”. 
We shall return to this strategy after we have learned about partial fractions. See 
Example 1.10.5 and 1.10.6 in Section 1.10. 


1.8.2.1” m is odd — odd power of tangent 


In this case we rewrite the integrand in terms of sine and cosine and then substitute 


u=cosx,du = —sinzdz. 
Example 1.8.11 f tan zdz. 
Solution: 
e Write the integrand tanz = — sin x. 
e Now substitute u = cosx, du = —sin x dz just as we did in treating integrands of 


the form sin™ x cos" x with m odd. 


1 
[rnzae = / sin x dx substitute wu = cos x 
COs & 
1 
= | —-(-I1)du 
fro 
= —log|u| +C 
= — log |cosz|+C can also write in terms of secant 


= log |cos z|~' + C = log |secx| + C 


Example 1.8.12 f tan? xdz. 


Solution: 
: : ints 
e Write the integrand tan? vz = ©; sin z. 
COS” & 
e Again substitute u = cosx, du = —sinxdz. We rewrite the remaining even 


powers of sinz using sin? x = 1 — cos?x = 1— w?. 


e Hence 


sin? x 
tan? adr = sin x dx substitute u = cos x 
cos? @ 


= [pau 


ue 


ee! 
“2” = log |u| +C 
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1 ae 
= +log|cosz]+C rewrite in terms of secant 
2608" 2 


1 
=> sec” x — log |sec x| + C 
Example 1.8.12 


1.8.2.2” m is odd and n > 1 — odd power of tangent and at least one secant 


Here we collect a factor of tan x sec x and then substitute u = sec x and du = sec x tan xdz. 
We can then rewrite any remaining even powers of tanz in terms of sec x using tan? 7 = 
sec?x —l=u?—-1. 


Example 1.8.13 f tan® x sec* xdz. 


Solution: 


e Start by factoring off one copy of secxtanz and combine it with dx to form 
sec x tan xdzx, which will be du. 


e Now substitute u =secx, du = secxtanxdz and tan? x = sec? x —1 = u? — 1. 


e This gives 


: tan? x sect rdx = / tan? xz sec? x secx tan «dx 
a Ge 
u2—1 : 


ur du 
= / [u? — LJuPdu 
ue ut 
=—-—4C 
6 4 a 
1 


1 
= —sec® x — —sec*r +C 


t 6 4 


1.8.2.3” n> 2 is even — a positive even power of secant 


In the previous case we substituted u = sec x, while in this case we substitute u = tan x. 
When we do this we write du = sec? xdx and then rewrite any remaining even powers 
of seca as powers of tan x using sec?x =1+tan?z7 =1+u?. 
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Example 1.8.14 f[ sect xdz. 


Solution: 


e Factor off one copy of sec? x and combine it with dz to form sec? rdx, which will 


be du. 


e Then substitute u = tan z, du = sec? xdx and rewrite any remaining even powers 
of sec x as powers of tanx = u using sec?x = 1+tan?27=1+u?. 


sect adx = | sec? x sec? xdx 
=O" hee.” 


1+u2 du 


= f i+ wldu 
3 
U 

=U a nS 


1 
= tang + 5 tan*x +C 


Example 1.8.15 f tan® zsec* xdx — redux. 


Solution: Let us revisit this example using this slightly different approach. 


e This gives 


e Factor off one copy of sec? x and combine it with dx to form sec? xdz, which will 


be du. 


e Then substitute u = tanz, du = sec? dx and rewrite any remaining even powers 
of sec x as powers of tan x = u using sec?x = 1+ tan?” = 1+ u?. 


e This gives 


: tan® x sec* adx = / tan® x sec” x sec? xdx 


us 1+u2 du 

= f (uo + u5lau 

wt a8 
=—+—4+0C 

Lv gt 

ry aoe ee 
= —tan* x +-—tan’ x 

4 6 


e This is not quite the same as the answer we got above in Example 1.8.13. However 
we can show they are (nearly) equivalent. To do so we substitute v = seca and 
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tan? + = sec? x —1= 77-1: 


1 1 

ge aa) s Ce il) 

1 1 

gv — 8u° + 80° — 1) + F(v" — 2u° + 1) 
Oe Oe oD ne ed 

ee 2 2-76) 4 A 

v® v4 oe ae 

6 4 4 6 

1 


6 i 4 
= —sec © — —sec x + —. 


6 4 He 


So while z tan® x + ; tant x x z sec’ x _ ;sec* x, they only differ by a constant. 
Hence both are valid antiderivatives of tan® x sec‘ x. 


Example 1.8.15 


1.8.2.4» m is even and n = 0 — even powers of tangent 


We integrate this by setting u = tanz. For this to work we need to pull one factor 
of sec? x to one side to form du = sec? xdx. To find this factor of sec? x we (perhaps 
repeatedly) apply the identity tan? x = sec? x — 1. 


Example 1.8.16 { tan* «dz. 


Solution: 


e There is no sec? x term present, so we try to create it from tan’ x by using tan? x = 


sec? x — 1. 


tan* x = tan? x- tan? x 


= tan? a[ sec? od 1] 


= tan? xrsec? x — tan? x 
—— 


sec? x—1 


= tan? xsec? x — sec? x +1 


e Now we can substitute wu = tanz, du = sec? xdz. 


[ox adx = [ove sec? vela— f ec’ rda+ f dz 


u2 du du 
feu faut fac 


157 


INTEGRATION 1.8 TRIGONOMETRIC INTEGRALS 


a 
=Z-uts+C 


t 3 
a S oem ean a 6 


Example 1.8.16 
Example 1.8.17 f tan® dz. 


Solution: Let us try the same approach. 


e First pull out a factor of tan? x to create a sec? x factor: 
tan? x = tan® x - tan? x 

= tan®x- [ sec? x — 1] 
= tan® x sec” x — tan® x 

The first term is now ready to be integrated, but we need to reapply the method 

to the second term: 
= tan® sec”? x — tan‘ 2 - [ sec? x 1 
= tan® x sec” x — tan‘ x sec? x + tan* x do it again 
= tan® sec”? x — tan’ xsec* x + tan’ x - [ sec? Ye 1] 


= tan® x sec? x — tan’ x sec? x + tan? x sec? x — tan? x and again 


= tan® x sec? x — tan* x sec? x + tan? x sec? x — [ sec? L- 1] 


e Hence 


i tan’ xda: 


= / tan® x sec? x — tan* x sec? x + tan? x sec? x — sec? x + 1] dx 


[tan® x —tan* x + tan? x — 1] sec? da + fe 


[bi-ute2 taut e+e 


7 5 3 
eee Ae, 

7. 5 3 

1 7 i 5 i 3 
=; tan *— = tan e+, tan x—tanxr+2+C 


Indeed this example suggests that for integer k > 0: 


1 1 
[att cde Ta tan?*>! (¢) = ——~ gan ?® 9 pe aes 
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This last example also shows how we might integrate an odd power of tangent: 


Example 1.8.18 f tan’ 2. 


Solution: We follow the same steps 


e Pull out a factor of tan? x to create a factor of sec? x: 


tan’ x = tan’ x: tan? x 
= tan’ x - [ sec? x — 1] 
= tan’ xsec* x — tan’ zs do it again 
= tan’ x sec? x — tan’ x - [ sec? x = 1] 
= tan’ xsec” x — tan? x sec? x + tan® x and again 
= tan’ x sec? x — tan? xsec? x + tanz [ sec? x — 1] 


= tan’ xsec? x — tan® x sec? x +tanx sec? x —tanx 


e Now we can substitute wu = tanz and du = sec? xdz and also use the result from 
Example 1.8.11 to take care of the last term: 


/ tan’ eda = / [ tan” x sec” x — tan? x sec” x + tan x sec” a| dx 
— i tan cdx 
Now factor out the common sec? x term and integrate tanx via Example 1.8.11 


= : [ tan® x —tan?z + tan 2] sec rdz — log|secx|+C 


) [u? — u® + u]du — log | sec x] + C 


ue ut Yu? 
— eee ea 


C 
aes og | sec x| + 


1 1 
g tan? x — z tant ec + 5 tan’ x — log |secr| +C 


This example suggests that for integer k > 0: 


1 1 
fro ta = oF tan?*(x) — en tan? g +... 


1 
— 5 tan” x + (—1)* log|sec2| + C 


Of course we have not considered integrals involving powers of cot x and csc x. But 
they can be treated in much the same way as tan x and sec x were. 
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1.8.3 Optional — Integrating sec x, csc x, sec® x and csc? x 


As noted above, when n is odd and m is even, one can use similar strategies as to 
the previous cases. However the computations are often more involved and more tricks 
need to be deployed. For this reason we make this section optional — the computations 
are definitely non-trivial. Rather than trying to construct a coherent “method” for this 
case, we instead give some examples to give the idea of what to expect. 


Example 1.8.19  secadx — by trickery. 


Solution: There is a very sneaky trick to compute this integral’. 


e The standard trick for this integral is to multiply the integrand by 1 = “¢#+*"= 


sec x+tan © 


secx+tanz sec? x + seca tan x 


sec xr = secx = 
sec x + tan x sec xz + tan x 


e Notice now that the numerator of this expression is exactly the derivative its 


denominator. Hence we can substitute u = secx + tanz and du = (secxz tana + 
sec? xr) da. 


e Hence 


secx +tanx sec? x + sec x tan x 
secxdx = | secx —————_dz = dx 
secx +tanx sec x + tan x 


1 
= foe 
u 
= log |u| +C 
= log|secx + tanz|+C 


e The above trick appears both totally unguessable and very hard to remember. 
Fortunately, there is a simple way? to recover the trick. Here it is. 
o The goal is to guess a function whose derivative is sec x. 


o So get out a table of derivatives and look for functions whose derivatives at 
least contain sec x. There are two: 


—tanx = sec? x 


dx 


—secxv = tanz secxv 


dx 
o Notice that if we add these together we get 
ap (secu + tan 2) = (secx + tan x) sec r => 
x 
“(sec x + tan x) 


sec x + tan x 


= Sec © 
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o We’ve done it! The right hand side is secx and the left hand side is the 
derivative of log |sec x + tan z]. 


a The integral of secant played an important role in constructing accurate Mercator projection 
maps of the earth. See https://en.wikipedia.org/wiki/Integral_of the secant function and 
https: //arxiv.org/pdf/2204.11187.pdf. The method for evaluating the integral that is being pre- 
sented in this example was invented by the Scottish mathematician James Gregory in 1668. There 
are also a number of other methods. See the previous two references. 

b We thank Serban Raianu for bringing this to our attention. 


Example 1.8.19 


There is another method for integrating [sec xdz, that is more tedious, but more 
straight forward. In particular, it does not involve a memorized trick. We first use the 
substitution u = sinz, du = cosxdz, together with cos? x = 1 — sin? x = 1 — u?. This 
converts the integral into 


1 d 
[sccoar = [ re 
cos © cos? £ 

-/ du 
— f Ju 


The integrand 1. is a rational function, i.e. a ratio of two polynomials. There is 
a procedure, called the method of partial fractions, that may be used to integrate 
any rational function. We shall learn about it in Section 1.10 “Partial Fractions”. The 
detailed evaluation of the integral f seca dr = [ “4 by the method of partial fractions 
is presented in Example 1.10.5 below. 

In addition, there is a standard trick for evaluating [ 
going through the whole partial fractions algorithm. 


Example 1.8.20 { secadx — by more trickery. 


Solution: We have already seen that 


uU=sin & 


du 
wu 


iz that allows us to avoid 


u=sin x 
The trick uses the obervations that 
1 — Itu-u _ 1 uU 


© i ae lu —s- 1—-w2 


e = has antiderivative —log(1 — u) (for u < 1) 


e The derivative “(1 —u’) = —2u of the denominator of -* is the same, up to a 


factor of —2, as the numerator of ~*y. So we can easily evaluate the integral of 
<a by substituting vy = 1— u?, dv = —2udu. 


du 
[<s -/= 
1-— wu? v 


1 
= ~5 lost —w)+C 


v=1—u2 


161 


INTEGRATION 1.8 TRIGONOMETRIC INTEGRALS 


Combining these observations gives 


du 1 us 
[ secade 7 i 7 [/ ee 


= | — log(1 —u)+ 5 log( —u") +C] 


Uu=sin & 


1 
= —log(1—sinx) + 5 log(1 — sin? x) +C 


1 1 
—log(1 — sinz) + 5 log(1 — sina) + 5 log(t +sinz)+C 
Ly 1+ sin z 


ne 


Example 1.8.20 


Example 1.8.20 has given the answer 


1 1 i 
[scowa = — log ae LC 
2 1l—sinz 


which appears to be different than the answer in Example 1.8.19. But they are really 
the same since 


l+sing  (1+sinz)* — (1+sinz)? 


1—sinz 1—sin? x cos? x 
1. 148i 1, (1+sinz)? ing +1 

os + sina _l, (1+singz)? _ sin + | = log | tan x + seca 
2 "“l-sinxg 2 cos? x COS © 


Oof! 


Example 1.8.21 { cscada — by the u = tan 5 substitution. 


Solution: The integral [ csc rdxz may also be evaluated by both the methods above. 
That is either 


e by multiplying the integrand by a cleverly chosen 1 = “*=*“* and then substi- 


cot x—csc x 


tuting u = cot x — cscz, du = (— csc? x + csc x cot x) dz, or 


e by substituting u = cosz, du = —sinxdr to give f cscadx = — f =“ and then 
using the method of partial fractions. 
These two methods give the answers 
i 1+ cos & 
[ escwd = log] cot x - esea| +0 = - log + C (x) 
2 1—cos2# 


In this example, we shall evaluate { csc rdax by yet a third method, which can be used 
to integrate rational functions ° of sin and cos. 
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e This method uses the substitution 


2 


Taw du 


x 
a = 2arctan u ie. u= tan 5 and dz = 


— a half-angle substitution. 


e To express sin x and cos x in terms of u, we first use the double angle trig identities 
(Equations 1.8.2 and 1.8.3 with «++ $) to express sin x and cos x in terms of sin $ 
and cos 5: 


. 2 x 
sin x = 2sin = cos = 
2, 2 


gv ot 
cos £ = cos* — — sin* — 
2 2 


e We then use the triangle 


V1+u? ‘i 


to express sin 5 and cos 5 in terms of u. The bottom and right hand sides of the 
triangle have been chosen so that tan > = u. This tells us that 


: u a 1 
sh. => cos — = 


2 VJY1l+u? 2 VJY1+u? 


e This in turn implies that: 


: es x U 1 2u 
sin x = 2sin — cos — = 2 — 
202 Vl+wvit+u 1+ 
sa it u’ 1-w? 


eee ae = 
COS Y = COS 5° 6 Tage [#92 tee 
Oof! 


e Let’s use this substitution to evaluate a) csc x dz. 


1 1 7 2 1 
[oscear = | - d= | il du= f Adu 
sin x Qu 14+4u? U 


= log |u| + C = log| tan 5] +0 


To see that this answer is really the same as that in (x), note that 


cost—1  - —2sin*(x/2) tan 2 


ta — — — 
cle aaa sin x 2sin(x/2) cos(#/2) 2 
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a A rational function of sinz and cosz is a ratio with both the numerator and denominator being 
finite sums of terms of the form asin™ x cos" x, where a is a constant and m and n are positive 
integers. 


Example 1.8.21 
Example 1.8.22 [ sec? xda — by trickery. 


Solution: The standard trick used to evaluate { sec? xdx is integration by parts. 
e Set u=secx, dv = sec? xdx. Hence du = secxtanxdzx, v = tanzx and 


sec’ adx = | seca sec? xdx 
Sen ea 
uU 


du 


=secx tanx— / tanz secxtanxdzx 
RB “a SYE—r-_—-/ SY 


u v v du 


e Since tan? x + 1 = sec? x, we have tan? x = sec? x — 1 and 
[sx xdz =secx tanz — [ie x — sec a]dx 


=secx tanz + log|secx + tanz|+C— [sc xdx 
where we used f secadz = log|secx + tanz| + C, which we saw in Example 
1.3.19. 


e Now moving the /{ sec* xdx from the right hand side to the left hand side 


2 f sec! nde = sec tans + log|secx + tans] + C and so 


1 i 
[sect eae = 9 sect tans + 5 log|sec x + tan a] +C 


t for a new arbitrary constant C (which is just one half the old one). f 


The integral [ sec* dz can also be evaluated by two other methods. 


e Substitute u = sinz, du = cosxdz to convert [ sec? rdz into [ aa? and evaluate 
the latter using the method of partial fractions. This is done in Example 1.10.6 
in Section 1.10. 


e Use the u = tan 5 substitution. We use this method to evaluate fac adx in 


Example 1.8.23, below. 
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Solution: Let us use the half-angle substitution that we introduced in Example 1.8.21. 


e In this method we set 


x 2 ; Qu La 
u=tan > oe Warr ee cos = 7G 


e The integral then becomes 


1 
[estear = | aun 
sin? x 
-/{(¢t*) 2 
fC) 2m 
Qu 1+u? 


=;/[— tu 

4 

Lye 

Le alae | 

=71 = og |ul -+—?-+C 

1 

= ={ - cot” = + 4log | tan 5 | + tan? =} + C 


Oof! 


e This is a perfectly acceptable answer. But if you don’t like the 5’s, they may be 
eliminated by using 


5a 5x sin’ z cos? g 
tan* ~ — cot = Ae = oe 
2 2 cos* 5 sin* = 
2 
4c 4x 
_ sin” 5 — cos” 5 
_ : 22 2x 
sin* 5 cos* 5 
en ae 22 22 22 
_ (sin 5 008 =) (sin 5 + cos x) 
sin? £ cos? = 
sin? £ — cos? £ . ae ei 
= —5 . since sin“ = + cos’ = = 1 
sin’ 2 cos? 2 2 2 
2 2 
— cos x 
= 7; by 1.8.2 and 1.8.3 
q sl xv 
and 
x sing sin? £ 
tan — = = zi = 
COS 5 SI 5 COS 5 
$(1 — cos 2] 
= 2 by 1.8.2 and 1.8.3 
= sin x 


So we may also write 


1 1 
[sot eds = cot x esc x + 5 log | ese x — cot a +C 
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That last optional section was a little scary — let’s get back to something a little 
easier. 


1.8.4 Exercises 


Recall that we are using log x to denote the logarithm of x with base e. In other courses 
it is often denoted Inz. 


Exercises —— Stage 1 


m/A4 
Suppose you want to evaluate sin x cos” «dx using the substitution 


0 
u = cosa. Which of the following need to be true for your substitution to 
work? 


a n must be even 

b n must be odd 

c n must be an integer 
d n must be positive 


e ncan be any real number 


2. Evaluate / sec” x tan xdx, where n is a strictly positive integer. 


3. Derive the identity tan? 2 + 1 = sec? x from the easier-to-remember identity 
sin? x + cos* x = 1. 


Exercises —— Stage 2 Questions 4 through 10 deal with powers of sines and cosines. 
Review Section 1.8.1 in the notes for integration strategies. Questions 12 through 21 deal 
with powers of tangents and secants. Review Section 1.8.2 in the notes for strategies. 


4. »x*. Evaluate ‘i cos? x dz. 


5. »*. Evaluate | cos’ x dx. 
0 


6. «*. Evaluate / sin®° t cos? t dt. 


3 
sin 
7. Evaluate / 
cos 
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8. 


9. 


n/3 
Evaluate | sin’ xdz. 
0 


Evaluate / sin? xd. 


sin!? x cos dz. 


Evaluate 


Evaluate | tan x sec? daz. 


*. Evaluate i} tan? x sec? x da. 


*. Evaluate / sec’ x tan* x dz. 


14. 


15. 


16. 


17. 


18. 


20. 


21. 


Evaluate / tan? x sec! ada. 
Evaluate | tan® x sec? xdz. 
tan’ x sec? rdz. 


Evaluate 


Evaluate / tan? xdz. 


a ada. 


Evaluate 


Evaluate i} tan? x seco" xdx. 


0 


Evaluate [ tan® x sec! rdz. 
0 


Evaluate / tan xv/sec dx. 


Evaluate / sec® 6 tan’ dé. 


Exercises — Stage 3 
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23. »*. A reduction formula. 


a Let n be a positive integer with n > 2. Derive the reduction formula 


aa 


/ Henne ge / on ale 


n—-1 


w/4 
b Calculate | cam (ence, 
0 


Evaluate i! tan? x cos’ xdx. 


1 
25. Evaluat —- 
valuate 28 


Evaluate | cot xdz. 


27. Evaluate | e* sin(e”) cos(e”)da. 


28. Evaluate | sin(cos x) sin? xdz. 


x sin x cos xdx. 


Evaluate 


—a| — — ie 


1.94 ‘Trigonometric Substitution 


1.9.1 » Trigonometric Substitution 


In this section we discuss substitutions that simplify integrals containing square roots 
of the form 


2 _ x2 Va? + x? Vax? — a?. 


When the integrand contains one of these square roots, then we can use trigonometric 
substitutions to eliminate them. That is, we substitute 


a 


x =asinu or x =atanu or w= asecu 


168 


INTEGRATION 1.9 TRIGONOMETRIC SUBSTITUTION 


and then use trigonometric identities 
sin?@+cos?6=1 and 1+tan?@=sec?6 
to simplify the result. To be more precise, we can 


e climinate Va? — x? from an integrand by substituting x = asin u to give 
Va? — x? = Va? — a? sin? u = Va? cos? u = |acosu| 
e climinate Va? + x? from an integrand by substituting x = atan u to give 


Va?4+a22 = Va? +a? tan? u = Va? sec? u = |asec ul 


e eliminate x? — a? from an integrand by substituting x = asec u to give 


Vx? — a? = Va? sec? u — a? = Va? tan? u = |atanu| 


Be very careful with signs and absolute values when using this substitution. See 
Example 1.9.6. 


When we have used substitutions before, we usually gave the new integration vari- 
able, u, as a function of the old integration variable x. Here we are doing the reverse — 
we are giving the old integration variable, x, in terms of the new integration variable 
u. We may do so, as long as we may invert to get u as a function of 2. For example, 
with x = asinu, we may take u = arcsin =. This is a good time for you to review the 
definitions of arcsin@, arctan@ and arcsec @. See Section 2.12, “Inverse Functions”, of 
the CLP-1 text. 

As a warm-up, consider the area of a quarter of the unit circle. 


Example 1.9.1 Quarter of the unit circle. 


Compute the area of the unit circle lying in the first quadrant. 
Solution: We know that the answer is 7, but we can also compute this as an integral 
— we saw this way back in Example 1.1.16: 


1 
area = | V1 —22dzr 
0 


e To simplify the integrand we substitute x = sinu. With this choice = = cosu 
and so dx = cos udu. 


e We also need to translate the limits of integration and it is perhaps easiest to do 
this by writing wu as a function of x — namely u(x) = arcsinz. Hence u(0) = 0 


and u(1) = $. 


e Hence the integral becomes 


1 3 
7 V1—2x2dzr = | V1-—sin? u- cos udu 
0 0 
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us 
2 
= V cos? u- cos udu 
0 
x 


ae 
= cos* udu 
0 


Notice that here we have used that the positive square root Vcos? u = | cos u| = 
cos u because cos(u) > 0 for 0 <u < §. 


e To go further we use the techniques of Section 1.8. 


1+ cos2u 


1 x 
2 
i V1 —22dz = | cos” udu and since cos? u = 5 
0 0 


1 


=— im + cos(2u))du 


1 1 


ee jee sin 0 
aN 2 2 
Example 1.9.1 
2 
Example 1.9.2 /[ Frode. 


Solution: We proceed much as we did in the previous example. 


e To simplify the integrand we substitute x = sinu. With this choice a = cosu 


and so dx = cosudu. Also note that w= arcsin x. 


e The integral becomes 


x? sin? u 
FSS le = | SSS 608 udu 
vl—aZ i=—siw 
sin? u 
- cos udu 


7 Vv Cos? u 


e To proceed further we need to get rid of the square-root. Since u = arcsin x has 
domain —1 < x < 1 and range —} <u < 5, it follows that cosu > 0 (since cosine 
is non-negative on these inputs). Hence 


V cos? u = Cos U when — 
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e So our integral now becomes 


2 a) 
x sin u 
/ ———-dz = | —— - cos udu 


V1— 2x? Vv cos? u 
sin? u 
— - cos udu 


COS U 


= / sin? udu 


1 
= fo — cos 2u)du by Equation 1.8.4 


i 
=5-7sindu+C 


i} 
3 arcsin © — Z sin(2 arcsin x) + C 


e We can simplify this further using a double-angle identity. Recall that u = arcsin x 
and that « = sinu. Then 


sin 2u = 2sin ucosu 


We can replace cos u using cos? u = 1—sin* u. Taking a square-root of this formula 


gives cosu = +.\/1—sin*u. We need the positive branch here since cosu > 0 
when —5 <u < $ (which is exactly the range of arcsin x). Continuing along: 


sin2u = 2sinu: Vl — sin? u 
= 2¢V1— x2? 


Thus our solution is 


1 

arcsin x — Z sin(2 arcsinxz) +C 
1 

arcsin x — atv =9" eo 


Example 1.9.2 


The above two example illustrate the main steps of the approach. The next example 
is similar, but with more complicated limits of integration. 


Ae 
/ dx 
V1 — x2? 


Dol rR wl] re 
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Example 1.9.3 f" Vr? — x?dz. 


Let’s find the area of the shaded region in the sketch below. 


y 


We'll set up the integral using vertical strips. The strip in the figure has width dx and 
height Vr? — x?. So the area is given by the integral 


: 
area = / Vr2 — 22dx 
a 


Which is very similar to the previous example. 
Solution: 


e To evaluate the integral we substitute 


dx 
£=2(u)=7 sind dr = — du =r cogudy 
du 
It is also helpful to write u as a function of x — namely u = arcsin =. 
e The integral runs from x = a to x = r. These correspond to 


ow 1 
u(r) = arcsin - = arcsinl = 7 
r 


u(a) = arcsin © which does not simplify further 
r 


e The integral then becomes 


r x 
2 
| Vr? — x2dxz = / Vr? —r? sin? u-rcosudu 
a ( 


arcsin(a/r) 
us 
2 2 +2 
= r-V1—sin* u- cosudu 
arcsin(a/r) 


Tw 
5 
= V cos? u- cos udu 


arcsin(a/r) 


To proceed further (as we did in Examples 1.9.1 and 1.9.2) we need to think about 
whether cos u is positive or negative. 
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e Since a (as shown in the diagram) satisfies 0 < a < r, we know that u(a) lies 
between arcsin(0) = 0 and arcsin(1) = 5. Hence the variable u lies between 0 and 
5, and on this range cosu > 0. This allows us get rid of the square-root: 


V cos? u = | cos u| = cos u 


e Putting this fact into our integral we get 


r x 
————————— 2 
/ Vr2 — 2dr =a) V cos? u - cos udu 
a arcsin(a/r) 
as 


2 
=r / cos” udu 
arcsin(a/r) 


Recall the identity cos? u = “ices 2u from Section 1.8 


2 75 


= / (1 + cos 2u)du 
2 arcsin(a/r) 


=5 4 5sin@u) 


NIA 


arcsin(a/r) 


1 1 
= (Z + a sin 7 — arcsin(a/r) — 5 sin(2 aresin(a/r)) 


7 : E 
a2 (Z — arcsin(a/r) — 5 sin(2 ancsin(a/r))) 
Oof! But there is a little further to go before we are done. 


e We can again simplify the term sin(2 arcsin(a/r)) using a double angle identity. 
Set 6 = arcsin(a/r). Then @ is the angle in the triangle on the right below. By 
the double angle formula for sin(20) (Equation 1.8.2) 

sin(20) = 2sin@ cos6 
a 


r Tr 


e So finally the area is 


Tr 
area = / Vr2 — x2dx 
a 
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r? (a I ; 
= — | ~ —arcsin(a/r) — = sin(2 arcsin(a/r)) 
2 \2 2 
ar. ¢ infor) (jae 
= — — —arcsin(a/r) — =Vr? — 
y aresin(a 5 a 


e This is a relatively complicated formula, but we can make some “reasonableness” 
checks, by looking at special values of a. 


o If a=0 the shaded region, in the figure at the beginning of this example, is 
exactly one quarter of a disk of radius r and so has area amr’. Substituting 


a = 0 into our answer does indeed give inr?, 


o At the other extreme, if a = r, the shaded region disappears completely 
and so has area 0. Subbing a = r into our answer does indeed give 0, since 


arcsin 1 = 3: 


Example 1.9.3 


Example 1.9.4 f" avr? — x?dz. 


The integral fr xv r? — x?dx looks a lot like the integral we just did in the previous 
3 examples. It can also be evaluated using the trigonometric substitution x = rsinu 
— but that is unnecessarily complicated. Just because you have now learned how to 
use trigonometric substitution * doesn’t mean that you should forget everything you 
learned before. 

Solution: This integral is much more easily evaluated using the simple substitution 


u=r?— 2x. 


e Set u=r? — 2”. Then du = —2zdz, and so 


a 0 
/ aVr2 — 2dr = Ju = 


r2—@2 


1 yp! 0 
Fe scg 


[r? _ a?] 3/2 


a To paraphrase the Law of the Instrument, possibly Mark Twain and definitely some psychologists, 


when you have a shiny new hammer, everything looks like a nail. | 


Enough sines and cosines — let us try a tangent substitution. 
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Example 1.9.5 S wee 


Solution: As per our guidelines at the start of this section, the presence of the square 
root term V3? 4+ 2? tells us to substitute 7 = 3 tan uw. 


e Substitute 
x= 3tanu dx = 3sec? udu 


This allows us to remove the square root: 
V9+a22 = /94 Itan?u = 3/14 tan? u = 3Vsec? u = 3] sec ul 


e Hence our integral becomes 


3 sec? u 


/ da / q 
—_—_—— eC U 
x2/9 + x? 9 tan? u - 3] sec ul 


e To remove the absolute value we must consider the range of values of u in the 
integral. Since x = 3tanu we have u = arctan(x/3). The range ° of arctangent is 
—5 < arctan < § and so u = arctan(«/3) will always like between —5 and +5. 
Hence cos u will always be positive, which in turn implies that | sec ul = sec wu. 


e Using this fact our integral becomes: 


/ dx _ / 3 sec? u du 
a2J/9+a2 J 27 tan? ulsecul 
1 sec U ; 
=- 5 du since secu > 0 
9 / tan’ u 


e Rewrite this in terms of sine and cosine 


dx 1 / sec u q 
= u 
rf/o+nr2 9 tan?u 
i 1 cos? u 1 f cosu 
= ; ag ‘i 
s fom ay ;| = . 


Now we can use the substitution rule with y = sinu and dy = cos udu 
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e The original integral was a function of x, so we still have to rewrite sin u in terms 
of z. Remember that x = 3tanwu or u = arctan(a/3). So u is the angle shown in 
the triangle below and we can read off the triangle that 


x 
V9+ x2? 
dx V9+ x? 


sinu = 


Pape ae 
Vote 
x 
3 
: ; 


a To be pedantic, we mean the range of the “standard” arctangent function or its “principle value”. 
One can define other arctangent functions with different ranges. 


Example 1.9.5 
2 
Example 1.9.6 / Jen ae. 


Solution: This one requires a secant substitution, but otherwise is very similar to 
those above. 


e Set x = secu and dx = secutanudu. Then 


x sec? u 
———dx = | ——————— sec utan udu 
Jxr2—1 sec? u — 1 
tan u . 
= [x uw: ————du since tan? u = sec? u —1 


e As before we need to consider the range of u values in order to determine the sign 
of tanu. Notice that the integrand is only defined when either x < —1 or x > 1; 
thus we should treat the cases x < —1 and x > 1 separately. Let us assume that 
x > 1 and we will come back to the case x < —1 at the end of the example. 


TT 


When «x > 1, our u = arcsec takes values in (0,5). This follows since when 
0<u< 45, we have 0 < cosu < 1 and so secu > 1. Further, when 0 < u < $, we 
have tanu > 0. Thus | tanu| = tan u. 
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e Back to our integral, when x > 1: 


[= 1 / tan u tanu | 
c= | secku- u 
Vx? — | tan u| 


= [sc udu since tanu > 0 
This is exactly Example 1.8.22 


1 1 
= 5 secu tan u + 5 log |secu + tan u| +C 


e Since we started with a function of x we need to finish with one. We know that 
secu = x and then we can use trig identities 


tan? u = sec?u—1l=27-—1 so tanu= +V2?—-1 
but we know 
tanu > 0 so tanu= Vx? —1 


Thus 


c= so 1+-— slog |e + Va? —1| + C 


\ a= 


e The above holds when x > 1. We can confirm that it is also true when x < —1 
by showing the right-hand side is a valid antiderivative of the integrand. To do 
so we must differentiate our answer. Notice that we do not need to consider the 
sign of x + Vx? — 1 when we differentiate since we have already seen that 


“tog | 
— log |z| = 

dz © 
when either x < 0 or x > 0. So the following computation applies to both x« > 1 
and « < —1. The expressions become quite long so we differentiate each term 
separately: 


a. 
dx 8 


1 x 
g+v2?-1 fis | 
| r+Va2-1 x2 —1 


i z+vVa2?7-1 
c+V/x2?-1 Vx? — 1 
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g2—1 


Putting things together then gives us 


~|5 Ele 1+-— | log | + Va? — Le 
ie 


= — + |(n? -1) +2? +1] +0 
2/22 —1 
Pe 
ze? —1 


This tells us that our answer for x > 1 is also valid when x < —1 and so 


a 1+- 5 log |r + VF = Me 


ge 
dx 
/ Vx? —1 ~ 2 
when x < —1 and when z > 1. 


In this example, we were lucky. The answer that we derived for x > 1 happened to be 
also valid for « < —1. This does not always happen with the x = a secu substitution. 
When it doesn’t, we have to apply separate x > a and x < —a analyses that are very 
similar to our x > 1 analysis above. Of course that doubles the tedium. So in the CLP- 
2 problem book, we will not pose questions that require separate x > a and x < —a 
computations. 


Example 1.9.6 


The method, as we have demonstrated it above, works when our integrand contains 
the square root of very specific families of quadratic polynomials. In fact, the same 
method works for more general quadratic polynomials — all we need to do is complete 
the square ! 


Example 1.9.7 ie vines a= da. 


This time we have an integral with a square root in the integrand, but the argument 
of the square root, while a quadratic function of x, is not in one of the standard forms 
Va? — x2, Va? + 2?, Vx? — a?. The reason that it is not in one of those forms is that 
the argument, 2? — 27 — 3, contains a term , namely —2z that is of degree one in x. So 
we try to manipulate it into one of the standard forms by completing the square. 
Solution: 


e We first rewrite the quadratic polynomial x? — 2x7 — 3 in the form (x — a)? + 6 for 


1 If you have not heard of “completing the square” don’t worry. It is not a difficult method and 
it will only take you a few moments to learn. It refers to rewriting a quadratic polynomial 
P(x) = ax? + bx +c as P(x) = a(x +d)? +e for new constants d, e. 
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some constants a,b. The easiest way to do this is to expand both expressions and 
compare coefficients of x: 


o =I =—3 =(2—a)? +b= (2? = 2ax+ a7) +6 


So — if we choose —2a = —2 (so the coefficients of x! match) and a? + b = — 
(so the coefficients of x° match), then both expressions are equal. Hence we set 
a= 1 and b= -—4. That is 


x? —22—-3=(r4—1)?-4 
Many of you may have seen this method when learning to sketch parabolas. 


e Once this is done we can convert the square root of the integrand into a standard 
form by making the simple substitution y = x — 1. Here goes 


[ Vx val 2e-3, 


x-1 


“[ a 


xr-1 


2 y 
a i V4sec? u — 4 
0 


with y= x—1,dy=dz 


2secutan udu with y = 2secu 
2sSec u 


and dy = 2secu tan udu 


Notice that we could also do this in fewer steps by setting (x — 1) = 2secu, dx = 
2sec u tan udu. 


e To get the limits of integration we used that 


o the value of u that corresponds to y = 2 obeys 2 = y = 2secu = => or 
cosu = 1, so that wu = 0 works and 
o the value of u that corresponds to y = 4 obeys 4 = y = 2secu = —~ or 


cos U = 5, so that wu = 3 works. 


e Now returning to the evaluation of the integral, we simplify and continue. 


° VPM 3 
-{" 2vV/sec2u—1 tanudu 


a/3 
= 2 | tan? udu since sec? u = 1+ tan? u 
0 


In taking the square root of sec? u — 1 = tan? u we used that tanu > 0 on the 
rangeQO<u< a 


r/3 
= 2 | [ sec? u _ 1]du since sec? u = 14+ tan? u, again 
0 
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Example 1.9.7 


1.9.2 Exercises 


Recall that we are using log x to denote the logarithm of x with base e. In other courses 
it is often denoted Inz. 


Exercises — Stage 1 


*. For each of the following integrals, choose the substitution that is most 
beneficial for evaluating the integral. 


/ Qn? i 
a0 ede 
/ 9x? — 16 


23 


a 
V1 — 42? = 


‘ festa Pas 


b 


2. For each of the following integrals, choose a trigonometric substitution that 
will eliminate the roots. 


1 
BY — 
Vu? —4r+1 


Gas 
i / Spempaews 2 


if 1 

c dx 
/4n? + 62 + 10 

d [ve — xdz 


3. In each part of this question, assume 6 is an angle in the interval [0, 7/2). 


1 
a li sind? = 50° what is cos@ ? 


b If tan@ = 7, what is csc 0 ? 
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Vx—1 
2 


c If sec# = , what is tan@ ? 


4. Simplify the following expressions. 


a sin (arccos (4)) 


b sin (arctan ( 


c sec (arcsin (./2)) 


Exercises —— Stage 2 


1 
5. *. Evaluate laa 


4 
1 
6.  *. Evaluate | ETT dx. Your answer may not contain inverse trigono- 
0 (4+ 27) 
metric functions. 


5/2 dz 
0 V 25 — x2 


*. Evaluate 


dx 
*. Evaluate / ————., You may use that [sca dx = log|seca + 
Va? +25 
tan 2| +C. 
ctl 
9. Evaluate | ————— dz. 
V 2x? + Ax 
dx 
10. *. Evaluate | ——————. 
z?/22 +16 
d 
11. «*. Evaluate / a= for x > 3. Do not include any inverse trigonometric 
xen? — 


functions in your answer. 


m/4 
*. (a) Show that i cos* 6d0 = (8 + 37) /32. 
1 d 
a5 


(b) Evaluate ‘D @ame 


m/12 1523 
13. Evaluat dz. 
vatnate f (22 + 9—a2)52" 


14. x. Evaluate [vi — x? dz. 
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15. «*. Evaluate dx for x > z. 


/ f25x2 — 4 
Hn 


V17 3 
16. Evaluate / ————_ dz. 
Vio Va? —1 
d 
*. Evaluate / ee 
V3 — 2x — x? 
1 
Evaluate / dx for x > 2. 
(Qx — 3)3/4a? — 127 + 8 
1 a2 
19. Evaluate / (a? + 1s” 


You may use that [ sec rdx = log | secx + tanz| + C. 


1 
Evaluate i (a? +1)? 


Exercises —— Stage 3 
2 


ee. 
Vax? —27+2 


1 1 
You may assume without proof that / sec? 6dé = 5 See étané + 5 log | sec 6 + 
tan 6] +C. 


21. Evaluate / 


1 
Evaluate i! ———-dr. 
V/ 3x? + 5a 


You may use that f secrdz = log|secx + tanz|+C. 


1 2)3/2 
23. Evaluate ee 


csc O|+C. 


dz. You may use the fact that } csc 0d0 = log | cot 6 — 


Below is the graph of the ellipse ee + (2) = 1. Find the area of the 


shaded region using the ideas from this section. 
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26. Let f(2) = aos 
—£ 


5) and let R be the region between f(a) and the x-axis over 
the interval [—$, 3]. 
a Find the area of R. 
b Find the volume of the solid formed by rotating R about the x-axis. 
26. Evaluate J/1l+etdx. You may use the antiderivative i: cescOd0 = 
log | cot 0 — csc | + C. 


Consider the following work. 


il it 
fate | yurge le wing = sind dr = costa 
cos 6 
= dé 
LS 


= is sec 6d0 


= log |sec 6 + tan @| + C Example 1.8.19 


using the triangle below 


l+az 


a Differentiate log 
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| cs 
w—2 


l+2 


V1 — 2x? 


el 
b True or false: | 4dr = iow 


c Was the work in the question correct? Explain. 


a Suppose we are evaluating an integral that contains the term Va? — 2?, 
where a is a positive constant, and we use the substitution « = asin wu 
(with inverse u = arcsin(xz/a)), so that 


Va? — x2 = Va? cos? u = |acos ul 
Under what circumstances is |acosu| 4 acosu? 


b Suppose we are evaluating an integral that contains the term Va? + 2?, 
where a is a positive constant, and we use the substitution « = atanu 
(with inverse u = arctan(z/a)), so that 


Va? + x2 = Va? sec? u = |asec ul 
Under what circumstances is |asec u| 4 asec u? 


c Suppose we are evaluating an integral that contains the term Vx? — a?, 
where a is a positive constant, and we use the substitution x = asecu 
(with inverse u = arcsec(x/a) = arccos(a/x)), so that 


Va? —a? = Va? tan? u = |atan u| 


Under what circumstances is |atan u| € atan u? 


1.104 Partial Fractions 


Partial fractions is the name given to a technique of integration that may be used 
to integrate any rational function '. We already know how to integrate some simple 
rational functions 

[oe = log|z|+C | we = arctan(x) + C 
Combining these with the substitution rule, we can integrate similar but more compli- 
cated rational functions: 


1 1 1 1 2x 
—dzr = — log |2 3} +C — dz = ——=arct —— C 
[ss . 5 Me |20 + i |s=m . = qareemn (3) 4 


1 Recall that a rational function is the ratio of two polynomials. 
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By summing such terms together we can integrate yet more complicated forms 


1 1 ‘ 
fleas dx = = + log la + 1] + log|e — 1] +C 


However we are not (typically) presented with a rational function nicely decomposed 
into neat little pieces. It is far more likely that the rational function will be written as 
the ratio of two polynomials. For example: 


ee 
[she 


In this specific example it is not hard to confirm that 


1 L tee e= Urea) ake 
Te a= (x + 1)(x —- 1) gt] 


al eee eee eee 
gai ft ee ea 


2 
z 
= 7 + log|a + 1] + log|z—1]+¢ 


and hence 


Of course going in this direction (from a sum of terms to a single rational function) 
is straightforward. To be useful we need to understand how to do this in reverse: 
decompose a given rational function into a sum of simpler pieces that we can integrate. 

Suppose that N(x) and D(x) are polynomials. The basic strategy is to write ae 
as a sum of very simple, easy to integrate rational functions, namely 


1 polynomials — we shall see below that these are needed when the degree ? of 
N(a) is equal to or strictly bigger than the degree of D(x), and 


2 rational functions of the particularly simple form att and 


3 rational functions of the form Cotas 


We already know how to integrate the first two forms, and we’ll see how to integrate 
the third form in the near future. 
To begin to explore this method of decomposition, let us go back to the example we 
just saw 
i 1 . ee Die 1) ea Detect 1) ae 


ee (x + 1)(x — 1) gt 1 


The technique that we will use is based on two observations: 


1 The denominators on the left-hand side are the factors of the denominator x?—1 = 
(x — 1)(a+ 1) on the right-hand side. 


2 The degree of a polynomial is the largest power of x. For example, the degree of 27° +42?+6r+8 
is three. 
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2 Use P(x) to denote the polynomial on the left hand side, and then use N(x) and 
D(a) to denote the numerator and denominator of the right hand side. That is 
Poa) =s N(a)=a°4+2 D(z) =a? —1, 


Then the degree of N(a) is the sum of the degrees of P(#) and D(x). This is 
because the highest degree term in N(x) is x3, which comes from multiplying 
P(x) by D(x), as we see in 


P(2) D(a) 
— 
a 3 
| 1 | 1 _‘«# (e¢+1)(@—-1)+@-1)+@+1)_« +2 
gr+1 2-1 (x + 1)(x — 1) x? —1 


More generally, the presence of a polynomial on the left hand side is signalled on 
the right hand side by the fact that the degree of the numerator is at least as 
large as the degree of the denominator. 


1.10.1 » Partial fraction decomposition examples 


Rather than writing up the technique — known as the partial fraction decomposition 
— in full generality, we will instead illustrate it through a sequence of examples. 


Example 1.10.1 f - dz. 


eam oe 


In this example, we integrate ae = aeeee 


Solution: 


e Step 1. We first check to see if a polynomial P(x) is needed. To do so, we check 
to see if the degree of the numerator, N(x), is strictly smaller than the degree of 
the denominator D(x). In this example, the numerator, x —3, has degree one and 
that is indeed strictly smaller than the degree of the denominator, x? — 3x + 2, 
which is two. In this case “ we do not need to extract a polynomial P(x) and we 
move on to step 2. 


e Step 2. The second step is to factor the denominator 
x? — 32+2= (x —1)(x— 2) 


In this example it is quite easy, but in future examples (and quite possibly in your 
homework, quizzes and exam) you will have to work harder to factor the denom- 
inator. In Appendix A.16 we have written up some simple tricks for factoring 
polynomials. We will illustrate them in Example 1.10.3 below. 


e Step 3. The third step is to write in the form 


a 
x—3 _ A B 
ge = BO ge Sp HO 
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for some constants A and B. More generally, if the denominator consists of n 
different linear factors, then we decompose the ratio as 
Ay Ay Ay, 


rational function = = 4+ — Be ascii tite 
linear factor 1 linear factor 2 — ' linear factor n 


To proceed we need to determine the values of the constants A, B and there are 
several different methods to do so. Here are two methods 


e Step 8 — Algebra Method. This approach has the benefit of being conceptually 
clearer and easier, but the downside is that it is more tedious. 


To determine the values of the constants A, B, we put ° the right-hand side back 
over the common denominator (x — 1)(x — 2). 


xr—3 A B Alg=2) Ble = 1) 


x2 —3n+2 2-1 2-2 (x — 1)(x — 2) 


The fraction on the far left is the same as the fraction on the far right if and only 
if their numerators are the same. 


x—-3=A(e¢ —2)+ B(x -1) 


Write the right hand side as a polynomial in standard form (i.e. collect up all x 
terms and all constant terms) 


x—3=(A+B)xr+(-2A—-B) 


For these two polynomials to be the same, the coefficient of « on the left hand 
side and the coefficient of x on the right hand side must be the same. Similarly 
the coefficients of x° (i.e. the constant terms) must match. This gives us a system 
of two equations. 


A+B=1 —2A—B=-3 
in the two unknowns A, B. We can solve this system by 
o using the first equation, namely A+ B = 1, to determine A in terms of B: 
A=1-B 


o Substituting this into the remaining equation eliminates the A from second 
equation, leaving one equation in the one unknown B, which can then be 
solved for B: 


-2A-B=-3 substitute A=1—B 
—2(1-B)-B=-3 clean up 
—2+B=-3 so B=-1 
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o Once we know B, we can substitute it back into A= 1 — B to get A. 
A=1-B=1-(-1)=2 
Hence 


xr—3 _ 2 1 
v2—3r+2 ar-1 2-2 


e Step 3 — Sneaky Method. This takes a little more work to understand, but it is 
more efficient than the algebra method. 


We wish to find A and B for which 
xr—3 A B 


(z—l1(x—-2) 2-1 z—-2 


Note that the denominator on the left hand side has been written in factored 
form. 


o To determine A, we multiply both sides of the equation by A’s denominator, 
which is x — 1, 


g—-2 G22 
and then we completely eliminate B from the equation by evaluating at 
x =1. This value of x is chosen to make x — 1 = 0. 
x—3 (c-1)B 1-3 
——— = 


=A 
D2 ts a G2 


C3 y (c-—1)B 


a=1 
o To determine B, we multiply both sides of the equation by B’s denominator, 
which is x — 2, 
zr-3 (#-2)A 


= 1B 
x-1 x-1 


and then we completely eliminate A from the equation by evaluating at 
x = 2. This value of x is chosen to make x — 2 = 0. 
2-3 


B= Bal ~=-1 
ra 


r=2 
Hence we have (the thankfully consistent answer) 
T= 2 1 
e—32+2 2-1 2-2 
Notice that no matter which method we use to find the constants we can easily 
check our answer by summing the terms back together: 


2 ke . Qa=2)— te 1) 
p= e=o (x — 2)(z — 1) 
_2a-4—aF1 zr—3 


e—3a44+2 22-3442 
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e Step 4. The final step is to integrate. 


/ se de= f a d+ {az 
av? — 3x7 +2 xa—1 x —2 


= 2log |x — 1| — log|a — 2|+C 


a Weill soon get to an example (Example 1.10.2 in fact) in which the numerator degree is at least 
as large as the denominator degree — in that situation we have to extract a polynomial P(x) 
before we can move on to step 2. 

b That is, we take the decomposed form and sum it back together. 


Example 1.10.1 


Perhaps the first thing that you notice is that this process takes quite a few steps °. 
However no single step is all that complicated; it only takes practice. With that said, 
let’s do another, slightly more complicated, one. 


a3 — v2 L— 
Example 1.10.2 Se tg de. 


In this example, we integrate a = 


Solution: 


3x3 —8024+4a—1 
xv? —32+2 


e Step 1. We first check to see if the degree of the numerator N(x) is strictly 
smaller than the degree of the denominator D(x). In this example, the numerator, 
3a° — 8x? + 42 — 1, has degree three and the denominator, x? — 3x + 2, has degree 
two. As 3 > 2, we have to implement the first step. 


The goal of the first step is to write ey in the form 
NO) _ pry 4 RO) 
D(x) D(x) 


with P(x) being a polynomial and R(x) being a polynomial of degree strictly 
smaller than the degree of D(a). The right hand side is oe so we have 
to express the numerator in the form N(x) = P(x)D(«x) + R(x), with P(x) and 
R(x) being polynomials and with the degree of R being strictly smaller than the 
degree of D. P(x)D(x) is a sum of expressions of the form ax" D(x). We want 
to pull as many expressions of this form as possible out of the numerator N(x), 


leaving only a low degree remainder R(x). 


We do this using long division — the same long division you learned in school, 
but with the base 10 replaced by x. 


e OOD @ 


3 Though, in fairness, we did step 3 twice — and that is the most tedious bit... Actually — 
sometimes factoring the denominator can be quite challenging. We’ll consider this issue in more 
detail shortly. 
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o We start by observing that to get from the highest degree term in the de- 
nominator (x*) to the highest degree term in the numerator (3x), we have 
to multiply it by 3x. So we write, 


32 
a? — 3x + 2| 3a3— 827+ 4¢—1 


In the above expression, the denominator is on the left, the numerator is on 
the right and 32 is written above the highest order term of the numerator. 
Always put lower powers of x to the right of higher powers of x — this 
mirrors how you do long division with numbers; lower powers of ten sit to 
the right of higher powers of ten. 


o Now we subtract 3x times the denominator, x?—3x+2, which is 3x?—9x?+62, 
from the numerator. 


3X 
a? — 3x + 2|3a3— 8a7+ 4¢—1 
3x3 — 9x? + 6x <— 3a(x? — 3x +2) 


v?—- 2e-1 


o This has left a remainder of 7? —22—1. To get from the highest degree term 
in the denominator (x*) to the highest degree term in the remainder (27), 
we have to multiply by 1. So we write, 


32+ 1 
x? — 32 +2|323- 822+ 4r- 1 
323 — On? + 6x 
x*— 2a-1 


o Now we subtract 1 times the denominator, x? — 3x + 2, which is x? — 37 +2, 
from the remainder. 


32+ 1 
a? — 3x + 2|3a3— 8a7+ 4¢—1 
323 — 9x? + 6x <— 3a(x? — 34 +2) 
a — Doe = 
a?— 32+2 <— 1(x?- 3242) 
xr—3 


o This leaves a remainder of x —3. Because the remainder has degree 1, which 
is smaller than the degree of the denominator (being degree 2), we stop. 


o In this example, when we subtracted 32(x? — 3x + 2) and 1(2? — 3x +2) from 
3a° — 8x7 + 4¢ — 1 we ended up with x — 3. That is, 


32° — 8a"? +4 =1 — B82(c? —32+2) — 12? — 32+ 2) 
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== 3 
or, collecting the two terms proportional to (x? — 3x 4+ 2) 
32° — 827 +427 —-1 — (82+ 1)(2” — 32 +2) = eo 


Moving the (3x + 1)(x? — 3x2 + 2) to the right hand side and dividing the 
whole equation by x? — 3x2 + 2 gives 
323 — 827 +42 -1 r—3 


=e 1 ea eee 
xv? — 37 +2 ans Tae 


And we can easily check this expression just by summing the two terms on 
the right-hand side. 
We have written the integrand in the form a = P(x)+ ae 
R(x) strictly smaller than the degree of D(x), which is what we wanted. Observe 
that R(x) is the final remainder of the long division procedure and P(x) is at the 
top of the long division computation. This is the end of Step 1. Oof! You should 


definitely practice this step. 


, with the degree of 


32+ 1 P(z) 
D(x)—>2? — 3¢ + 2[3a3— 827+ 42 —1 <— N(x) 
3x3 — 927+ 6x <— 3z- D(z) 
g*— 24-1 <«— N(x) —32- D(z) 
x*— 34+2 <—1- D(z) 
xz—3 <— R(z) = N(az) — (3844+ 1)D(z) 


e Step 2. The second step is to factor the denominator 
x? — 3x +2 = (4 —1)(2 — 2) 
We already did this in Example 1.10.1. 


e Step 3. The third step is to write was in the form 


xr—3 A B 


e—32+2 2-1 ' ¢—2 


for some constants A and B. We already did this in Example 1.10.1. We found 
A=2and B= -1. 


e Step 4. The final step is to integrate. 


—— 


d 
xv? —3r+4+2 v 
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2 —1 


5) 
= 50 + 2@ + 2log|x — 1] — log |x —2|+C 


You can see that the integration step is quite quick — almost all the work is in preparing 
the integrand. 


Example 1.10.2 


Here is a very solid example. It is quite long and the steps are involved. However 
please persist. No single step is too difficult. 


x4+45a3+16074262+22 
Example 1.10.3 i x3 43202+7¢+5 dar. 


In this example, we integrate 


N(«) _ x445a3+162?+262+22 
: D(a) ; 
Solution: 


23432247245 


e Step 1. Again, we start by comparing the degrees of the numerator and denom- 
inator. In this example, the numerator, x* + 5x7? + 16x? + 26x + 22, has degree 
four and the denominator, x? + 3x7 + 7x +5, has degree three. As 4 > 3, we must 


execute the first step, which is to write ae in the form 
Ne R 
@) _ py 4 RO) 
D(x) D(x) 


with P(x) being a polynomial and R(x) being a polynomial of degree strictly 
smaller than the degree of D(x). This step is accomplished by long division, just 
as we did in Example 1.10.2. We’ll go through the whole process in detail again. 


Actually — before you read on ahead, please have a go at the long division. It is 
good practice. 


o We start by observing that to get from the highest degree term in the de- 
nominator (x?) to the highest degree term in the numerator (x*), we have 
to multiply by x. So we write, 


x 
e+ 327+ 7r +5 a*+529+1627+26r+ 22 


o Now we subtract x times the denominator x? + 32? + 7x +5, which is x4 + 
3x3 + 7x? + 52, from the numerator. 


x 
a? + 30? + Tx + 5 |x4+5254+1627+262+22 
x+3a3+ Txt+ 5a <— a(x? + 3x7 + 7z +5) 
203+ 9x7+212+22 
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o The remainder was 27° + 9x2? + 217 + 22. To get from the highest degree 
term in the denominator (x) to the highest degree term in the remainder 
(27°), we have to multiply by 2. So we write, 


r+ 2 
e+ 3274+ 72 +5 o4+523+16224+262+22 
v*+3a3+ Tx2+ 5x 
Qxr°+ 9x?+212+22 


o Now we subtract 2 times the denominator x° + 32? + 7z +5, which is 2x? + 
6x? + 14x + 10, from the remainder. 


a+ 2 


a + 3a? + Tx + 5 a+ 5a3+1602+260+22 
v*+3a3+ 72+ Sar «<— 2(23 + 327 + 74 +5) 


2x3+ 9x2+21¢+22 
2x3+ 622+142+10 <— 2(2? + 3x? + 7x + 5) 


3x?+ 7r+12 


o This leaves a remainder of 3x? + 77 +12. Because the remainder has degree 
2, which is smaller than the degree of the denominator, which is 3, we stop. 


o In this example, when we subtracted x(x? + 32? + 7x +5) and 2(2° + 327 + 
7x + 5) from x* + 5x? + 16x? + 26x + 22 we ended up with 32? + 7x + 12. 
That is, 


og be? + 16n? + 26¢+22 — 2(e* +327 + Tr +5) 
— 2(x° + 3x? + 7x + 5) 


= 3x7 + 7x +12 
or, collecting the two terms proportional to (x? + 32? + 7x +5) we get 


ao’ + 5a3 + 16x? + 262 +22 — (x +2)(2? + 32? + 7x +5) 
= 827+7r4+12 


Moving the (x + 2)(a? + 3x7 + 7x + 5) to the right hand side and dividing 
the whole equation by x? + 327 + 7x + 5 gives 


* + 5a + 16”? + 26x + 22 94 Se tie +12 
=X ! 
Mie ey ia ee x3 + 3474+ Tz +5 


This is of the form a = P(x) + nae with the degree of R(x) strictly smaller 
than the degree of D(x), which is what we wanted. Observe, once again, that 
R(x) is the final remainder of the long division procedure and P(x) is at the top 


of the long division computation. 


193 


INTEGRATION 1.10 PARTIAL FRACTIONS 


gt+ 2< P(a) 
a? + 3a? + Tr +5 ot+5a°4+1627+262+22 
v*+323+ 7x2+ 5a 
203+ 9x?+214¢+22 
203+ 6x?+142+10 
322+ Txz+12 <— R(x) 


e Step 2. The second step is to factor the denominator D(x) = x? + 327 + 7x +5. 
In the “real world” factorisation of polynomials is often very hard. Fortunately 
“this is not the “real world” and there is a trick available to help us find this 
factorisation. The reader should take some time to look at Appendix A.16 before 
proceeding. 


o The trick exploits the fact that most polynomials that appear in homework 
assignments and on tests have integer coefficients and some integer roots. 
Any integer root of a polynomial that has integer coefficients, like D(x) = 
x +32?+ 7x +5, must divide the constant term of the polynomial exactly. 
Why this is true is explained ’ in Appendix A.16. 


o So any integer root of 77+327+7x+5 must divide 5 exactly. Thus the only 
integers which can be roots of D(x) are +1 and £5. Of course, not all of 
these give roots of the polynomial — in fact there is no guarantee that any 
of them will be. We have to test each one. 


o To test if +1 is a root, we sub x = 1 into D(z): 
D(1) = 12 +3(1)? + 7(1) +5 = 16 
As D(1) £0, 1 is not a root of D(z). 
o To test if —1 is a root, we sub it into D(z): 
D(-1) = (-1)? + 3(-1)? + 7(-1) +5 = -1+3-7+5=0 


As D(-1) = 0, —1 is a root of D(x). As —1 is a root of D(z), (x — 
(—1)) = («+ 1) must factor D(x) exactly. We can factor the (x + 1) out of 
D(x) = x3? + 3x? + 7x +5 by long division once again. 

o Dividing D(x) by (a + 1) gives: 


v?+ Qa+ 5 
x+1 |23+3a?+7rt 5 
e+ x 


<—2?(x +1) 
2074+ 7r+5 
Qe2+2e 89x _24(x + 1) 


52+ 5 
5a+5 <— 5(x+1) 


0 
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This time, when we subtracted x?(x + 1) and 2x(x + 1) and 5(a + 1) from 
x + 3x7 + 7x +5 we ended up with 0 — as we knew would happen, because 
we knew that «+1 divides x? + 3x7 + 7z +5 exactly. Hence 


me +32? +7e+5 — a(a+1) — I(x+1) -— 5@+1) = 0 


or 


e+ 32? +7e+5 = 22(a4+1) + 2a(e+1) + B(x +1) 
or 
a + 30° 4+ Te +5 = (2? +27 4+5)(2 +1) 


o It isn’t quite time to stop yet; we should attempt to factor the quadratic 
factor, x? + 2x +5. We can use the quadratic formula ° to find the roots of 
e* +20 +5: 


b+ J@—4ac -2+V4—-20_ 24+ /—16 


2a 2 2 


Since this expression contains the square root of a negative number the 
equation x? + 2x + 5 = 0 has no real solutions; without the use of complex 
numbers, x? + 27 +5 cannot be factored. 


We have reached the end of step 2. At this point we have 


xv* + 5x3 + 16x? + 26x + 22 , 3a? + 7x +12 
= 2x4 
Fa a Fi a (x + 1)(x? + 2x + 5) 


e Step 3. The third step is to write ents in the form 


327 + 72 +12 A Br+C 


-+ 
(c+ 1)(a?+27+5) wtl 2#*%4+27+5 


for some constants A, B and C. 


Note that the numerator, Bx+C' of the second term on the right hand side is not 
just a constant. It is of degree one, which is exactly one smaller than the degree 
of the denominator, 7? +27 +5. More generally, if the denominator consists of n 
different linear factors and m different quadratic factors, then we decompose the 
ratio as 

Ay A Ay, 


rational function = 


| 
linear factor 1 linear factor 2 — linear factor n 


Bua t+C, Box + Co 


| | ee te eos 
' quadratic factor 1 | quadratic factor 2 — 
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Byt+ Cm 
quadratic factor m 


To determine the values of the constants A, B, C, we put the right hand side 
back over the common denominator (x + 1)(x? + 2x +5). 


327 + 7x +12 A BrtcCc 


(c+1)(a?+27+5) wvtl 2%4+2r+5 
A(x? + 22 +5) + (Bx +C)(x +1) 
(o> L)(a* + 23 4-5) 


The fraction on the far left is the same as the fraction on the far right if and only 
if their numerators are the same. 


32° + 7a +12 = A(a? + 27 +5)+(Brt+C)(x#+1) 


Again, as in Example 1.10.1, there are a couple of different ways to determine the 
values of A, B and C’ from this equation. 


e Step 3 — Algebra Method. The conceptually clearest procedure is to write the 
right hand side as a polynomial in standard form (i.e. collect up all x? terms, all 
x terms and all constant terms) 


32° + 7x +12 = (A+ B)x? + (2A+B4+C)x+(5A+C) 


For these two polynomials to be the same, the coefficient of x? on the left hand 
side and the coefficient of x? on the right hand side must be the same. Similarly 
the coefficients of z! must match and the coefficients of 2° must match. 


This gives us a system of three equations 
A+B=3 2A+B+C=7 5SA+C = 12 
in the three unknowns A, B,C’. We can solve this system by 


o using the first equation, namely A + B = 3, to determine A in terms of B: 
A=3-B. 


o Substituting A = 3— B into the remaining two equations eliminates the A’s 
from these two equations, leaving two equations in the two unknowns B and 


C. 
A=3-—B 2A+B+C=7 5A+C= 12 
=> eB ee = 7 5(3- B)+C=12 
> —BG=1 -§5B+C=-3 


o Now we can use the equation —B + C = 1, to determine B in terms of C: 
B=C-1. 
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o Substituting this into the remaining equation eliminates the B’s leaving an 
equation in the one unknown C’,, which is easy to solve. 


B=C-1 SB AC —23 
= iGO 3 
—4C = -8 


=> 
o So C = 2, and then B= C —1 =1, and then A= 3-— B= 2. Hence 
3a? + Tx + 12 2 g+2 


(c+1)(a2?+27+5) wvtl 2%4+2r+5 


e Step 3 — Sneaky Method. While the above method is transparent, it is rather 


tedious. It is arguably better to use the second, sneakier and more efficient, 


procedure. In order for 


3a? + 7x +12 = A(z? +22 +5) + (Be +C)(x+1) 


the equation must hold for all values of x. 


o In particular, it must be true for ¢ = —1. When x = —1, the factor (x + 1) 
multiplying Bx+C is exactly zero. So B and C disappear from the equation, 
leaving us with an easy equation to solve for A: 


See Tee 12 
z=—-1 xr=—1 


>8§=4A=>> A=2 


o Sub this value of A back in and simplify. 


82° + Ta +12 = Oe" +2645) + (Br+ C)lia +1) 
g? + 3a -+2=(Br+C)(¢+1) 
Since (x + 1) is a factor on the right hand side, it must also be a factor on 


the left hand side. 


(c+ 2)(2 +1) = (Br+C)(x+4+1) 
= (e+2)=(Br+r?) =| B=1,C=2 


So again we find that 


302+70+12 2 | xt? 
(c+1)(a?+27+5) w+1 9 2? +2245 


Thus our integrand can be written as 


et + 5a? + 1627 + 262+ 22 2 x+2 
=a+24 | 


x3 + 3a2+ 77 +5 “etl 2242745 
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e Step 4. Now we can finally integrate! The first two pieces are easy. 


1 2 
[e+ 2)de = 52? +20 | ppt = Poel +1 


(We’re leaving the arbitrary constant to the end of the computation.) 
The final piece is a little harder. The idea is to complete the square ¢ in the 
denominator 
w+ 2 _ G2 
e+2r+5  (2+1)?+4 


and then make a change of variables to make the fraction look like apr . In this 
case . 
L+2 _1 £+2 
(c+1)?+4 4(44)2+1 


so we make the change of variables y = ae dy = e g=2y > 1.dg=2ay 


| +2 a= +2 a 
(c+1)?+4 4 (44)? 41 


1 f (Qy-1)+2 1 f2y4+1 
al ye +1 - >| 


Yy 1 1 
= d d 
[a yt5 faa y 


Both integrals are easily evaluated, using the substitution u = y? +1, du = 2y dy 
for the first. 


y 1 du 1 1 
/ dy I; 5 og |u| 5 og(y" + 1) 


y2+1 2 
1 xr+1)\2 
= xls |(-) +1] 
5 108 5 + 
a 1 q 1 ; 1 t (=**) 
= = —-ar nh = —-ar | SS 
5 eat 5 arctan y 5 arcta 5 


That’s finally it. Putting all of the pieces together 


v3 + 3224+ 74 +5 - 2 
1 1\2 1 1 
shia (222) + ban (2) + 


e OS 


44+50°+1627+26x + 22 1 
— x°+20z% + x24 2n + Qlog |x +1 


One does not typically think of mathematics assignments or exams as nice kind places... The 


a 
polynomials that appear in the “real world” are not so forgiving. Nature, red in tooth and claw 
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— to quote Tennyson inappropriately (especially when this author doesn’t know any other words 
from the poem). 

b Appendix A.16 contains several simple tricks for factoring polynomials. We recommend that you 
have a look at them. 


c To be precise, the quadratic equation ax? + br +c = 0 has solutions 2 = —2=¥2—4ae erage The term 
b? — 4ac is called the discriminant and it tells us about the number of solutions. If the discriminant 
is positive then there are two real solutions. When it is zero, there is a single solution. And if it 
is negative, there is no real solutions (you need complex numbers to say more than this). 

d This same idea arose in Section 1.9. Given a quadratic written as Q(x) = ax? + bx + ¢ rewrite it 
as Q(x) = a(x +d)? +e. We can determine d and e by expanding and comparing coefficients of 
x: ax +br+c = a(x? + 2dr +d?) +e = ax? + 2dax + (e+ ad”). Hence d = b/2a and e = c—ad?. 


Example 1.10.3 


The best thing after working through a few a nice long examples is to do another 
nice long example — it is excellent practice +. We recommend that the reader attempt 
the problem before reading through our solution. 


3 2), 
Example 1.10.4 [ Ae eer de. 


In this example, we integrate 


N(@) _ 403 +423024452427 
D(x) 8+5a2+4+8r4+4 * 


e Step 1. The degree of the numerator N(x) is equal to the degree of the denomi- 


nator D(x), so the first step to write a in the form 
N R 
2) _ py Re) 
D(x) D(x) 


with P(x) being a polynomial (which should be of degree 0, i.e. just a constant) 
and R(x) being a polynomial of degree strictly smaller than the degree of D(z). 
By long division 


4 


a? + 5a? + 84 + 4/403 + 2327 + 452 + 27 
Ax? + 2027 + 322 + 16 


327 + 132 +11 


sO 


Ag? 4. 239" 2. Ag 4-27 _ ge ioe 
e+ 5a24+8r+4 | 3+ 52+ 84+4 


4 At the risk of quoting Nietzsche, “That which does not kill us makes us stronger.” Though this 
author always preferred the logically equivalent contrapositive — “That which does not make 
us stronger will kill us.” However no one is likely to be injured by practicing partial fractions or 
looking up quotes on Wikipedia. Its also a good excuse to remind yourself of what a contrapositive 
is — though we will likely look at them again when we get to sequences and series. 
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e Step 2. The second step is to factorise D(x) = x? + 5x? + 8x +4. 


o To start, we’ll try and guess an integer root. Any integer root of D(x) must 
divide the constant term, 4, exactly. Only +1, +2, +4 can be integer roots 
of x? + 5a? + 82 + 4. 


o We test to see if +1 are roots. 


D(1) = (1)? + 5(1)? + 8(1) +4 40 => x =1 is not a root 
D(=1).= (—1)? +5(=1)7+8(—1)+4=0 > g =—1 is a root 


So (x +1) must divide x? + 52? + 82 + 4 exactly. 


o By long division 


x?+4ar+ 4 
a+1|49+5a?+82+4 
ge+ x? 
A4x?+82+4 
A4g?+4a 
47+4 
4r+4 


0 


sO 


gp 57° +82 44S @ 1)? + 4244) 
= (1+ 1)(x+ 2)(a 4+ 2) 


o Notice that we could have instead checked whether or not +2 are roots 


D(2) = (2)° + 5(2)? + 8(2) +4 40 => x =2 is not a root 
D(-—2) = (—2)?+5(—2)?+8(—2)+4 = 0 > £ = —2 is a root 


We now know that both —1 and —2 are roots of x? + 52? + 84 +4 and 
hence both (x + 1) and (ax + 2) are factors of x? + 54? + 82 + 4. Because 
x +5x2+82 +4 is of degree three and the coefficient of x? is 1, we must have 
x + 5a? + 8r4+4=(x+1)(x+2)(x +a) for some constant a. Multiplying 
out the right hand side shows that the constant term is 2a. So 2a = 4 and 
a=, 


This is the end of step 2. We now know that 


4a? + 230? 4+ 452 +27 _ ips 327 ++ 1382+11 
o4+5a24+8r+4 —— (x+1)(r+2)? 
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e Step 3. The third step is to write jee in the form 


3o7+18e+11_ A | BO 
(e+1)\(x+2)2 «+1 «2+2° (4 +2) 


for some constants A, B and C. 


Note that there are two terms on the right hand arising from the factor (x + 2)?. 
One has denominator (x +2) and one has denominator (x + 2). More generally, 
for each factor (2 + a)” in the denominator of the rational function on the left 
hand side, we include 


A a A» | | Ay, 
rta (#£+a)? 


l l (x A a)" 
in the partial fraction decomposition on the right hand side °. 


To determine the values of the constants A, B, C, we put the right hand side 
back over the common denominator (x + 1)(x + 2)’. 


3027+ 13¢+11 A B co 
G=2DGl2? e251" 220 exo 
A(x + 2)? + B(x + 1)(x +2) + C(x+1) 
(x + 1)(a+ 2)? 


The fraction on the far left is the same as the fraction on the far right if and only 
if their numerators are the same. 


32? + 182 +11 = A(x + 2)? + B(x +:1)(x2 +2) 4+ C(x +1) 


As in the previous examples, there are a couple of different ways to determine the 
values of A, B and C from this equation. 


e Step 3 — Algebra Method. The conceptually clearest procedure is to write the 
right hand side as a polynomial in standard form (i.e. collect up all x? terms, all 
x terms and all constant terms) 


30° + 18@-+11=(A+ B)e? + (4A+38+C)r+ 4442840) 


For these two polynomials to be the same, the coefficient of x? on the left hand 
side and the coefficient of x? on the right hand side must be the same. Similarly 
the coefficients of x! and the coefficients of x° (ie. the constant terms) must 
match. This gives us a system of three equations, 


A+B=3 4A+3B+C=13 4A+2B+C=11 


in the three unknowns A, B,C’. We can solve this system by 
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o using the first equation, namely A + B = 3, to determine A in terms of B: 
A=3-B. 


o Substituting this into the remaining equations eliminates the A, leaving two 
equations in the two unknown B,C. 


4(33-B)+3B+C=13 4(3-B)4+2B+C=11 
or 
-B+C=1 —2B+C=-1 


o We can now solve the first of these equations, namely —B+C = 1, for B in 
terms of C, giving B=C-—1. 


o Substituting this into the last equation, namely —2B+C = —1, gives —2(C— 
1) + C = —1 which is easily solved to give 


o C=8, and then B=C—1=2andthen A=3-—-B=1. 


Hence 
Ag? + 232? 45a +27 _ 3a? + 132+ 11 
m+522+8c+4 (x + 1)(x + 2) 
ere a Oe: 


a+1°2+2° (x+2) 


e Step 3 — Sneaky Method. The second, sneakier, method for finding A, B and C’ 
exploits the fact that 32? + 1382 + 11 = A(x + 2)? + B(x +1)(x@+ 2) + C(x+1) 
must be true for all values of x. In particular, it must be true for « = —1. When 
x = —1, the factor (2 + 1) multiplying B and C is exactly zero. So B and C 
disappear from the equation, leaving us with an easy equation to solve for A: 


3a? + 1344+ 11 


z=-1 r=—1 
S11 A 
Sub this value of A back in and simplify. 
327 + 132 + 11 = (1)(2@ + 2)? + Bla +:1)(2 +2) + C(x +1) 


90° 4 0e-- 7 = Ba + 1)\(e@+2)+Ce4 
= (¢B+2B+C)(#£+1) 


Since (« +1) is a factor on the right hand side, it must also be a factor on the 
left hand side. 


(Qe + 7)(e+1) =(#B+2B+C)\(4£+1) 


=> (22+7)=(¢B+2B4+C) 
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For the coefficients of x to match, B must be 2. For the constant terms to match, 
2B+C must be 7, so C must be 3. Hence we again have 


4° 4230? +45¢+27 ,  3a7+13¢+11 
e4+5a24+8r+4 (x + 1)(x + 2) 
ee ee 


a+12+2' (x+2) 


e Step 4. The final step is to integrate 


fae 
z+ 5x2 + 84+4 


1 2 3 
— |4 | da 4 
[sae aw lo x loa 


3 
= 4x + log |z + 1] + 2log|az + 2} - ——+C 
e+2 


a This is justified in the (optional) subsection “Justification of the Partial Fraction Decompositions” 
below. 


Example 1.10.4 


The method of partial fractions is not just confined to the problem of integrating 
rational functions. There are other integrals — such as { secadz and | sec? rdx — 
that can be transformed (via substitutions) into integrals of rational functions. We 
encountered both of these integrals in Sections 1.8 and 1.9 on trigonometric integrals 
and substitutions. 


Example 1.10.5 [sec ada. 


Solution: In this example, we integrate sec x. It is not yet clear what this integral has 
to do with partial fractions. To get to a partial fractions computation, we first make 
one of our old substitutions. 


1 
/ sec rdx = i ay massage the expression a little 
COS & 
COS & 
= / sue substitute u = sinx, du = cos xdx 
cos? x 
du 
--fs4 and use cos? = 1—sin?x =1—w 
Ge =) 


1 


So we now have to integrate >—\, which is a rational function of u, and so is perfect 


for partial fractions. 


e Step 1. The degree of the numerator, 1, is zero, which is strictly smaller than the 
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degree of the denominator, u? — 1, which is two. So the first step is skipped. 
e Step 2. The second step is to factor the denominator: 
w—1l=(u-1)(ut1) 
e Step 3. The third step is to write <4 in the form 
1 1 A B 


w—l (u—N(u+l) u-1l u+l 


for some constants A and B. 


e Step 3 — Sneaky Method. 
o Multiply through by the denominator to get 
1=A(u+1)+ Biu-1) 
This equation must be true for all wu. 


o If we now set u = 1 then we eliminate B from the equation leaving us with 


1 
= 2A soA=-. 
2 
o Similarly, if we set uw = —1 then we eliminate A, leaving 
1 
1=-2B which implies B = 5: 
We have now found that A = x, B= —, S{e) 
Be | 1 1 
w—1 2Qlu-1 u4ll 
e It is always a good idea to check our work. 
Diced 02 cao). 1 J 
u-1l util (u—1)(u+1) (u—1)(u+1) 
e Step 4. The final step is to integrate. 
du Seca 
secrdz = — | —-— after substitution 
ee 
1 du du foie 
=— rtial fractions 
at Op mea ee 
1 1 
= ~gloglu— 1+ 5 loglut+ +e 
1 1 
aaa log | sin(a) — 1] + a log | sin(z) + 1]+C rearrange a little 
1 1+sinaz 
=-—lo - 
2 te> Sine 


Notice that since —1 < sinxz < 1, we are free to drop the absolute values in the 


last line if we wish. 
Example 1.10.5 
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Another example in the same spirit, though a touch harder. Again, we saw this 
problem in Section 1.8 and 1.9. 


Example 1.10.6 f sec? xdz. 


Solution: 


e We'll start by converting it into the integral of a rational function using the 
substitution u = sinz, du = cosaxdz. 


1 
/ sec? ada = / 3, de massage this a little 
cos? x 
COs & ; 
= / qe replace cos? x = 1— sin? x = 1—u? 
cos? x 


_ / cos xdx 
[1 — sin? a 

_ du 

a / [1 = u?)? 


e We could now find the partial fraction decomposition of the integrand oe by 
executing the usual four steps. But it is easier to use 
1 ol 1 1 | 
w—1l 2Qlu-1 util 


which we worked out in Example 1.10.5 above. 


e Squaring this gives 
1 “| 1 _ 1 i 
[1 = wy 4AlLu-—1 ut 1 

1 1 2 1 

tp aaen e 
(u — 1) (u—1)(wt1) (ut+1) 

“| 1 1 1 1 | 

( 


u—1)2 u-1- wl Gay 


. bow BT. ae 
where we have again used 35 = 5 [4 aa in the last step. 


e It only remains to do the integrals and simplify. 


1 1 1 1 1 
3 dr = _ 
[sc aed al er. i a aan 


1 1 1 
= =| - = log|u — 1) + log ju + 1] - —] + 
aq 7 oglu A + log|u + 1] - 


group carefully 


ae ae 


= 1| = log ju — 1)| 
yak ae z [log lu + 1 og|u—1|;}+C 
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sum carefully 


1 2u 1 util 
~~ Aut —1 | zie Pc 
clean up 
1 ou 1 ue 1 
“qn? 7°8| 4 re 
put u= sina 
_ ising eae sinz+1 LC 
2cos*z 4 sinx —1 


Example 1.10.6 


1.10.2 » The form of partial fraction decompositions 


In the examples above we used the partial fractions method to decompose rational 
functions into easily integrated pieces. Each of those examples was quite involved and 
we had to spend quite a bit of time factoring and doing long division. The key step 
in each of the computations was Step 3 — in that step we decomposed the rational 
function a (or AO) for which the degree of the numerator is strictly smaller than 
the degree of the denominator, into a sum of particularly simple rational functions, like 
“.. We did not, however, give a systematic description of those decompositions. 

In this subsection we fill that gap by describing the general ° form of partial fraction 
decompositions. The justification of these forms is not part of the course, but the inter- 
ested reader is invited to read the next (optional) subsection where such justification is 


given. In the following it is assumed that 


e N(x) and D(x) are polynomials with the degree of N(x) strictly smaller than the 
degree of D(x). 


e K is a constant. 


@ a1, 4, °**, a; are all different numbers. 
em, M2, °°-, M;, and nj, Ne, +++, Ng are all strictly positive integers. 
exrtbata, ce t+bhrt+oe, -:-, 27 +b,r +c, are all different. 


5 Well — not the completely general form, in the sense that we are not allowing the use of complex 
numbers. As a result we have to use both linear and quadratic factors in the denominator. If we 
could use complex numbers we would be able to restrict ourselves to linear factors. 
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1.10.2.1> Simple linear factor case 


If the denominator D(x) = K(x — a;)(x — ag)--- (a — a;) is a product of j different 
linear factors, then 


Equation 1.10.7 


We can then integrate each term 


/ Z dz = Alog |x —al/+C. 
ra 


1.10.2.2>» General linear factor case 
If the denominator D(x) = K(a — ay)"™'(x — ag)" +--+ (a —a;)'™ then 


Claim 1.10.8 


<4 G=20" (c—a)™ (x —a)™ 
ae By? ae Be 
(x —a)™ 


which is a polynomial whose degree, m — 1, is strictly smaller than that of the denom- 
inator (c — a)”. But the form of Equation 1.10.8 is preferable because it is easier to 
integrate. 


/ A dz = Alog |x —a|+C 
r-a 
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A 1 
ou =— : a provided k > 1. 


1.10.2.3>» Simple linear and quadratic factor case 


If D(x) = K(x — a1) ---(% — aj) (a? + bya +c) +++ (a? + dpe + cy) then 


Claim 1.10.9 


Byx + Ch 


i 
P= Oy. Bae De 4 icy 


Note that the numerator of each term on the right hand side has degree one smaller 
than the degree of the denominator. 
The quadratic terms ate <. are integrated in a two-step process that is best illus- 
trated with a simple example (see also Example 1.10.3 above). 


Example 1.10.10 J ead. 


Solution: 


e Start by completing the square in the denominator: 


x? +4¢ +13 = (2+2)?+9 and thus 
20+7 | 267 
g+4¢4+13 (242)? +32 


e Now set y = (4 + 2)/3, dy = sda, or equivalently x = 3y — 2,dx = 3dy: 


| Qe +7 w= f e+ a. 
g+47+13°° J (x+2)2 43? 


6y-—4+4+7 
/BS y 


_ / 6y+3 q 
By2+1)~ 
2y+1 
ye 
Notice that we chose 3 in y = (a + 2)/3 precisely to transform the denominator 
into the form y? + 1. 


e Now almost always the numerator will be a linear polynomial of y and we decom- 
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pose as follows 
22+ 7 2y+1 
/ + Fk / vies a 
x? +47 +13 yeti 


2y 1 
= d ec 
[x y+ faa y 


= log |y* + 1| + arctany + C 


o\* 2 
= log (S) + 1} + arctan (S) aan: 


Example 1.10.10 


1.10.2.4>» Optional — General linear and quadratic factor case 


If D(x) = K(x —a,)™ +++ (a — aj) (a? + byw + c1)™ + ++ (a? + bye + cK) 


Claim 1.10.11 


N(x) _ Aji At rn 


Aji 


D(z) z—-a («-apP | («—ay)™ 
Aj 


| Aj,2 aaa _ Aims 

L— a; (x — a;)? (x — a,;)™ 

Biyae > Cia ; Byot+Cy9 — By Cig a. 
etbhate (2? +b)2+¢)? © (x2 + bya +.c,)™ © 
Beit Ops Brot + Ck ia ob a Giicag 

w+ bya + cp, (a? + byw + cy)? _ (x? + byw + cy)"* 


We have already seen how to integrate the simple and general linear terms, and the 
simple quadratic terms. Integrating general quadratic terms is not so straightforward. 


dx 
Example 1.10.12 | gear 


This example is not so easy, so it should definitely be considered optional. 


Solution: In what follows write 


(a? + 12 
e When n = 1 we know that 


d 
[sa = arctanz+C 
x 
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e Now assume that n > 1, then 


2 ig8 
fape-/Geee sneaky 


So we can write J, in terms of J,_; and this second integral. 


e We can use integration by parts to compute the second integral: 


a a 20 
is a ee k 
laa x i GES x sneaky 
We set u = 2/2 and dv = Garde, which gives du = sda and v = —-— : 


z- You can check v by differentiating. Integration by parts gives 


1 
@+h= 
x 22 
eee eee | 
/ 2° @+pr 


x dx 
n= 1a? +14 | renceene! 
x 1 


me : Des 

2(n —1)(z2 +1)? ° A%n—1) "7 
e Now put everything together: 
1 

I,= | ———-d 
j @+1 
i 1 I 
Se nS Dee ele: Ina Ty 
2n—3 x 


3-1)" * ee + 1 


e We can then use this recurrence to write down J,, for the first few n: 


1 x 
a ean ema he e 
1 x 
= aia a OTe nm 
3 x 
eg A(x? + 1)2 
3 32 T 
= g arctan £ Sa? +1) | ia? +1 tC 
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5 x 
R= he 
6°" 6(a? +13 
ie ee ay 
= — arctan v 
16 16(22+1)  24(x2 +1)?" 6(22 +153 


and so forth. You can see why partial fraction questions involving denominators 
with repeated quadratic factors do not often appear on exams. 


Example 1.10.12 


1.10.3 » Optional — Justification of the partial fraction decomposi- 
tions 


We will now see the justification for the form of the partial fraction decompositions. 
We will only consider the case in which the denominator has only linear factors. The 
arguments when there are quadratic factors too are similar °. 


1.10.3.1> Simple linear factor case 


In the most common partial fraction decomposition, we split up 


into a sum of the form 


Z—-a &—aq 
We now show that this decomposition can always be achieved, under the assumptions 
that the a;’s are all different and N(x) is a polynomial of degree at most d— 1. To do 
so, we shall repeatedly apply the following Lemma. 


Lemma 1.10.13 


Let N(x) and D(x) be polynomials of degree n and d respectively, with n < d. 
Suppose that a is NOT a zero of D(x). Then there is a polynomial P() of degree 


p< dand a number A such that 


6 In fact, quadratic factors are completely avoidable because, if we use complex numbers, then 
every polynomial can be written as a product of linear factors. This is the fundamental theorem 
of algebra. 
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Proof. 


e To save writing, let z = x—a. We then write N(z) = N(z +a) and 
D(z) = D(z+a), which are again polynomials of degree n and d respectively. 
We also know that D(0) = D(a) 40. 


e In order to complete the proof we need to find a polynomial P (z) of degree 
p< dand a number A such that 


N(2) _ Pl) A_ Plz)z + AD(z) 
z D(z) 2 


or equivalently, such that 


P(z)z + AD(z) = N(z). 


e Now look at the polynomial on the left hand side. Every term in P(z)z, 
has at least one power of z. So the constant term on the left hand side is 
exactly the constant term in AD(z), which is equal to AD(0). The constant 
term on the right hand side is equal to N(0). So the ears terms on the 


left and right hand sides are the same if we choose A = =~. Recall that 
D(0) cannot be zero, so A is well defined. 


e Now move AD(z) to the right hand side. 
P(z)z = N(z) — AD(z) 


The constant terms in N(z) and AD(z) are the same, so the right hand side 
contains no constant term and the right hand side is of the form Nj(z)z for 
some polynomial Nj(z). 


e Since N(z) is of degree at most d and AD(z) is of degree exactly d, N, isa 
polynomial of degree d— 1. It now suffices to choose P(z) = Nj(z). 


Now back to 


Apply Lemma 1.10.13, with D(x) = (a — ag) x --- x (a — ag) and a = ay. It says 


N(z) Ay Pie) 
(w—a,)x---X(e@—ag) 2—a, (x—ay) X--- x (2 —a4) 


for some polynomial P of degree at most d — 2 and some number Aj. 
Apply Lemma 1.10.13 a second time, with D(x) = (4-3) x--- x (v—aa), N(x) = 
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P(a) and a= ay. It says 


P(x) Aa Q(z) 


(~@ — ag) X +++ X (4 — ag) 20” eee Oa 


for some polynomial Q of degree at most d— 3 and some number Ag. 
At this stage, we know that 


N(a) Ay Ag Q(z) 


(x — a ) X +++ X (4 — ag) Teo Ga. =a ae 


If we just keep going, repeatedly applying Lemma 1, we eventually end up with 


as required. 


1.10.3.2>» The general case with linear factors 


Now consider splitting 


N(z) 
(x —a,)™ X +++ xX (@ — aq)" 


into a sum of the form 7 


Ai Aine 


L— ay, (x — a,)™ 


oe 


Jeect 
XL — da (x — ag)"4 


We now show that this decomposition can always be achieved, under the assumptions 
that the a,’s are all different and N(x) is a polynomial of degree at most nj+---+na—1. 
To do so, we shall repeatedly apply the following Lemma. 


Lemma 1.10.14 


Let N(a) and D(x) be polynomials of degree n and d respectively, with n < d+m. 
Suppose that ais NOT a zero of D(x). Then there is a polynomial P(x) of degree 


p<dand numbers A), ---, A, such that 


7 — If we allow ourselves to use complex numbers as roots, this is the general case. We don’t need to 
consider quadratic (or higher) factors since all polynomials can be written as products of linear 
factors with complex coefficients. 
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Proof. 


e As we did in the proof of the previous lemma, we write z = x — a. Then 
N(z) = N(z+a) and D(z) = D(z +a) are polynomials of degree n and d 


respectively, D(0) = D(a) 4 0. 


e In order to complete the proof we have to find a polynomial P (z) of degree 


p< dand numbers Aj, --- , Am such that 
N(z) _ Plz) , Ar, Ao | Ae 
Diz)zm Diz) oz 
PQ) Ag? DG) Ag? Dee ALD) 
7 D(z) 2™ 


or equivalently, such that 


P(z)z™ + Ayz™ D(z) + Aoz™ ?D(z) +++ + Am12D(z) + AmD(z) 


= N(z) 


e Now look at the polynomial on the left hand side. Every single term on the 
left hand side, except for the very last one, AmD(z), has at least one power 
of z. So the constant term on the left hand side is exactly the constant term 
in A,,D(z), which is equal to A,,D(0). The constant term on the right hand 
side is equal to N(0). So the constant terms on the left and right hand sides 
are the same if we choose A, = Boe Recall that D(0) 4 0 so Am is well 
defined. 


e Now move A,,D(z) to the right hand side. 
P@)2” + Ape” D(z) + Age™ 7D) + 4 An zD@) 
= N(z) — AmD(z) 


The constant terms in N(z) and A,,D(z) are the same, so the right hand 
side contains no constant term and the right hand side is of the form N,(z)z 
with N, a polynomial of degree at most d+ m — 2. (Recall that N is of 
degree at most d+ m— 1 and D is of degree at most d.) Divide the whole 
equation by z to get 


Pag 4 Aje™ 2 D(a) Ase Dis) 4s + A, DZ) = (2), 


e Now, we can repeat the previous argument. The constant term on the left 

hand side, which is exactly equal to A,,_;D(0) matches the constant term 
Ni (0) 
DO) ° 


on the right hand side, which is equal to N,(0) if we choose Am—1 = 
With this choice of A,,_1 


P(z)z™-1 + Ayz™ ? D(z) + Aoz™ 3 D(z) + +++ + Am2zD(z) 
= Ni(z) — Am—1D(z) = No(z)z 


with N> a polynomial of degree at most d+m—3. Divide by z and continue. 
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e After m steps like this, we end up with 


P(z)z = Nm-1(2) — Ai D(z) 


Nm—1(0) 


after having chosen A, = —% 70) 


e There is no constant term on the right side so that Nm—1(z) — A1D(z) 
is of the form N,,(z)z with Nm a polynomial of degree d— 1. Choosing 
P(z) = Nm(z) completes the proof. 


O 


Now back to 
N(x) 


(x —a,)"™ X +++ X (aw — aq)" 


Apply Lemma 1.10.14, with D(x) = (x — ag)™ x --- x (© — ag)™, M=n, and a =a). 


It says 
N(@) 
(a — a,)™ X +++ X (a — ag)4 
= Ait i Aig eee Aim Pie) 
Z-a, (x-—a,)? (c—a)™ — (a — ag)" X +++ X (a — ag)” 


Apply Lemma 1.10.14 a second time, with D(x) = (# — a3s)"* x --+ x (a — ag)™, 
N(x) = P(x), m = ng and a = ay. And so on. Eventually, we end up with 


A Bin A Hey 
J pe | pe [Sg dina 


Lay, (x — a,)™ L— aq (x — ag)" 


which is exactly what we were trying to show. 


1.10.3.3>" Really Optional — The Fully General Case 


We are now going to see that, in general, if N(a) and D(z) are polynomials with the 
degree of N being strictly smaller than the degree of D (which we’ll denote deg(N) < 
deg(D)) and if 


D(a) = K(w — a1)" ---(w — a)" (a? + bra +c)" ---(a? + Bue + cu)" — () 


(with b? — 4c < 0 for all 1 < €< k so that no quadratic factor can be written as a 
product of linear factors with real coefficients) then there are real numbers A; ;, B;,;, 
Ci; such that 


N(z) _ Ai Ai — Aim 


D(z) «—a,) (w—ay)? (o=ai)™ 
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Agit | 
Z—a;  («—a;)? (x — aj)™ 

By ix + Ci By 2% + Cia oe al Beit + Cis ee 
etbhate (22 +b2+e)?  ° (2? +be+e)™ | 
Byit + Ce Bot + Che wipidls Dif ite Ch ye 
wet bho +c, (a? + byw + cy)? (x? + byw + cy)" 


Aj, fos isos Ajam; 
l 


This was Equation 1.10.11. We start with two simpler results, that we’ll use repeatedly 
to get Equation 1.10.11. In the first simpler result, we consider the fraction aN 
with P(x), Qi(x) and Q(x) being polynomials with real coefficients and we are going 
to assume that when P(x), Qi(x) and Qo(x) are factored as in (x), no two of them have 
a common linear or quadratic factor. As an example, no two of 


P(x) = 2(a — 3)(x — 4)(a? + 3a + 3) 
Qi(x) = 2(@ — 1)(2? + 2a + 2) 
Qo(x) = 2(x — 2)(x? + 2x + 3) 
have such a common factor. But, for 
P(x) = 2(x — 3)(2 —4)(2? +241) 
Qi(z) = 2(@ — 1)(2? + 22 +2) 
2 


P(x) and Q2(x) have the common factor x? + 2+ 1. 


Lemma 1.10.15 


Let P(x), Qi(x) and Qo(x) be polynomials with real coefficients and with 
deg(P) < deg(QiQ2). Assume that no two of P(x), Qi(x) and Qo(x) have a 
common linear or quadratic factor. Then there are polynomials P,, P: with 


deg(P1) < deg(@1), deg(P2) < deg(Qz2), and 


Qi(xz)Qe(z)  Qi(x) — Qa(z) 


Proof. We are to find polynomials P; and Py that obey 
P(x) = Pi(x) Qa(x) + Po(x) Qi(2) 
Actually, we are going to find polynomials p; and pz that obey 


Pi(t) Qi(x) + po(x) Qa(x) = C (**) 


for some nonzero constant C’, and then just multiply (««) by aca To find py, 


py and C' we are going to use something called the Euclidean algorithm. It is 
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an algorithm” that is used to efficiently find the greatest common divisors of two 
numbers. Because Q;(x) and Q(x) have no common factors of degree 1 or 2, 
their ** greatest common divisor” has degree 0, i.e. is a constant. 


Qi(z) 


e The first step is to apply long division to Ona) 10 find polynomials no(z) 


and ro(a) such that 


Q(z) 
Qo(z) 


or, equivalently, 


Q(x) = n(x) Qo(x) + ro(z) with deg(r9) < deg(Q2) 


ro(x) 


Q2(z) 


= no(x) + with deg(7r0) < deg(Q2) 


e The second step is to apply long division to wae) to find polynomials n; (x) 


and r() such that 


Qo(x) = n1(x) ro(z) + 71(x) with deg(r,) < deg(rg) or r(x) = 0 


e The third step (assuming that r(x) was not zero) is to apply long division 


"®) to find polynomials n2(x) and r(x) such that 


to Ae) 


ro(x) = no(x) ry (x) + ro(ax) with deg(r2) < deg(r1) or ro(x) =0 


e And so on. 


As the degree of the remainder r;(a) decreases by at least one each time 7 is 
increased by one, the above iteration has to terminate with some ry.1(x) = 0. 
That is, we choose ¢ to be index of the last nonzero remainder. Here is a summary 
of all of the long division steps. 


Q(x) = no(x) Qo(x) + ro(z) with deg(ro) < deg(Q2) 
Qo(x) = n(x) ro(x) + 171(z) with deg(r,) < deg(ro) 
ro(x) = no(x) ri(x) + ro(z) with deg(r2) < deg(r1) 
r(x) = n3(x) ro(x) + 13(z) with deg(r3) < deg(r2) 


re_2(x) = ne(x) re-1(x) + re(z) with deg(re) < deg(re-1) 


e41(X) re(@) + re41 (2) with re,; =0 


Now we are going to take a closer look at all of the different remainders that we 
have generated. 


e From first long division step, namely Qi(x”) = no(x) Qo(x) + ro(a) we have 
that the remainder 


ro(x) = Qi(x) — no(x) Qo(z) 
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e From the second long division step, namely Qo(x) = ni(x) ro(a) + 71(x) we 
have that the remainder 


ri(x) = Qo(x) — n(x) ro(x) = Qo(x) — ni (x) [Qi (2) — No(x) Q2(z)| 
= A, (x) Qi(x) + Bi(x) Qo(z) 
with A;(z) = —n,(x) and By(x) = 1+ no(x) n1(z). 


e From the third long division step (assuming that r(x) was not zero), namely 
ro(@) = no(x) r(x) + r(x), we have that the remainder 


r2(@) = r(x) — no(x) ri(z) 
i(a) — no(x) Qo(a)| — n2(x) [Ar(x) Qi(x) + Bi(x) Qo(a)| 
(x) Qi(x) + Ba(x) Qa(z) 


with Ao(x) = 1 — no(x) Ai(x) and Bo(x) = —no(x) — no(x) By(a). 


= [@ 
= 


e And so on. Continuing in this way, we conclude that the final nonzero 
remainder rp(x) = Ag(x) Qi(x) + Be(x) Qo(x) for some polynomials Ay and 
By. 


Now the last nonzero remainder r(x) has to be a nonzero constant C' because 
e it is nonzero by the definition of r,(x) and 
e if r¢(x) were a polynomial of degree at least one, then 


o r¢(x) would be a factor of rp_1(x) because re_i1(x) = neyi(x) re(w) and 


(x) 
o re(x) would be a factor of re_2(x) because rp_2(x) = ne(x) re_i(x) + 
re(x) and 
o re(x) would be a factor of rp_3(x) because rp_3(x) = ne_1(X) re-2(@) + 
re_1(x) and 
fe) and 


o re(x) would be a factor of r1(x) because r; (x) = 13(x) ro(x) + r3(zx) 
and 


o rg(x) would be a factor of ro(x) because ro(x) = no(x) 11 (x) + re(x) 
and 
o re(x) would be a factor of Qo(x) because Qo(x) = n(x) ro(x) + 11 (x) 
and 


o ro(x) would be a factor of Q:(x) because Q1(x) = no(x) Qo(x) + ro(zx) 


e so that r¢(x) would be a common factor for Q;(#) and Q2(x), in contradic- 
tion to the hypothesis that no two of P(x), Qi(x) and Q(x) have a common 
linear or quadratic factor. 


218 


INTEGRATION 1.10 PARTIAL FRACTIONS 


We now have that A,(x) Qi(x) + Be(x) Qo(x) = re(x) = C. Multiplying by Pa) 
gives 
Pi(a) | Pola) P(a) 


P,(x) Qi(x) + Py(x) Qo(x) = P(x) or Qi (2) me Q2(xr) : Qi(x) Q2(z) 


with P(x) = Peau) and P,(x) = Pe) Belz) We’re not quite done, because there 
is still the danger that deg(P,) > deg(Q1) or deg(P,) > deg(Q2). To deal with 


that possibility, we long divide a and call the remainder P, (2). 
Pi(2) Mae wildete\edeos 
Q(z) Q(z) ee ate 
Therefore we have that 
P(t) _ A) y P(x) 
Aw) Qe) ~ Ale) ** * ae) 
_ Pilz) ‘ 2(x) + N(x)Qo(x) 
Q(x) Q2(z) 
Denoting P:(x) = P,(x) + N(x)Q2(x) gives OO: = an + oe and since deg(P,) < 


deg(Q1), the only thing left to prove is that deg(P:) < deg(Q2). We assume that 
deg(P2) > deg(Q2) and look for a contradiction. We have 


deg(P2Q1) => deg(Q1Q2) > deg(P,Q2) 
—= deg(P) = deg(P:Q2 + P2Q1) = deg(P2Q1) = deg(QiQ2) 


which contradicts the hypothesis that deg(P) < deg(Q1Q2) and the proof is com- 
plete. 


O 


a It appears in Euclid’s Elements, which was written about 300 BC, and it was probably 
known even before that. 


For the second of the two simpler results, that we’ll shortly use repeatedly to get 
Equation 1.10.11, we consider an ea 


Lemma 1.10.16 


Let m > 2 be an integer, and let Q(x) be either x —a or 27+ br +c, with a, b and 


c being real numbers. Let P(x) be a polynomial with real coefficients, which does 
not contain Q(x) as a factor, and with deg(P) < deg(Q™) = mdeg(Q). Then, 
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for each 1 <i < m, there is a polynomial P; with deg(P;) < deg(Q) or P; = 0, 
such that 


P(r) _ Pala) Pr-u(B) 


aay" Qa) > FT OGym 


In particular, if Q(x) = x — a, then each P;(x) is just a constant Aj, and if 
Q(x) = 2? + br +c, then each P,(x) is a polynomial B;x + C; of degree at most 
one. 


Proof. We simply repeatedly use long divison to get 


P(c) P(e) 1 {ito 22 a 


Q(z)" Q(z) Q(z)" O(z) yr 
= r(x) n(x) 1 
Q(a)™ — Q(z) Q(a)m-? 
_ r1(z) eee To(x) 1 
Qe)" + Oo) f Oar 
ri(x) 2(x) N(x) 1 


_ r1(z) ro(x) - Tot) Recoley 1 
~ Qa * Qa * O@ Ge) A 
_ r(x) To(x) Pm=2() | 
Va Qe Q(x)3 
Traiei(2) 1 

peer low 
_ ri(z) ro(x) _ (if). Tea) Mile) 
Om" Om TF OG 7 Om? 7 Om 


By the rules of long division every deg(r;) < deg(Q). It is also true that the final 
numerator, 2,1, has deg(nm_1) < deg(Q) — that is, we kept dividing by Q until 
the degree of the quotient was less than the degree of Q. To see this, note that 
deg(P) < mdeg(Q) and 


deg(n1) = deg(P) — deg(Q) 
deg(n2) = deg(n,) — deg(Q) = deg(P) — 2 deg(Q) 


deg(Mm_1) = deg(Mm_2) — deg(Q) = deg(P) — (m — 1) deg(Q) 
< mdeg(Q) — (m — 1) deg(Q) 
= deg(Q) 
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So, if deg(Q) = 1, then r1,r2,..., m—1, Mm-1 are all real numbers, and if deg(Q) = 
2, then 71, 72,...,%m—1, %m-_1 all have degree at most one. 


O 


We are now in a position to get Equation 1.10.11. We use (x) to factor® D(x) = 
(x — ay)" Q(x) and use Lemma 1.10.15 to get 


D(z) (w—a)™Q2(z)  (z-a1)™ ~ Qa(zx) 


get 


N(x) P,(x) Po(x) = Ai Ai2 - Airing Ee) 
Day Gaal GG oa Geaar”  “@=o™ "Oa 


We continue working on ane in this way, pulling off of the denominator one (x — a;)'™ 
or one (x? + ba + ¢;)"' at a time, until we exhaust all of the factors in the denominator 
D(a). 


1.10.4 » Exercises 


Recall that we are using log x to denote the logarithm of x with base e. In other courses 
it is often denoted Inz. 


Exercises —— Stage 1 


Below are the graphs of four different quadratic functions. For each 
quadratic function, decide whether it is: (i) irreducible, (ii) the product of 
two distinct linear factors, or (iii) the product of a repeated linear factor 
(and possibly a constant). 


y 


8 This is assuming that there is at least one linear factor. If not, we factor D(x) = (x? + bya + 
C1)" Q2(x) instead. 
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*. Write out the general form of the partial-fractions decomposition 
3 
Nae, 


of = ee) You need not determine the values of any of the 
coefficients. 


3.  »*. Find the coefficient of in the partial fraction decomposition of 


323 — 27? + 11 
x?(x — 1)(a? + 3) 


4 bod 


Re-write the following rational functions as the sum of a polynomial and 
a rational function whose numerator has a strictly smaller degree than its 
denominator. (Remember our method of partial fraction decomposition of 
a rational function only works when the degree of the numerator is strictly 
smaller than the degree of the denominator.) 


ay) dee 
ee+1 
15772 347 As = 2H) 
522+ 274+ 8 


Oe Ope = 12 =e We 0) 
C 
202 +5 


a 


b 


5. Factor the following polynomials into linear and irreducible factors. 
a 523 — 32? — 10x +6 
b 24 — 32? —5 
c x4 — 4x3 — 10x? — 1lx —6 


d Qa* + 19%* — 9? — 522+ 15 
6. Here is a fact: 


Suppose we have a rational function with a repeated linear factor 
(az + b)" in the denominator, and the degree of the numerator is 
strictly less than the degree of the denominator. In the partial 
fraction decomposition, we can replace the terms 


A Ay A3 Ay 


266 Ge ” e+ 9 (1) 


with the single term 


By + Box + Bsa? SF Ga Ex * 
(ax +b)” 


and still be guaranteed to find a solution. 
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Why do we use the sum in (1), rather than the single term in (2), in partial 
fraction decomposition? 


Exercises —— Stage 2 


dx 
c+ xr 


2 
7.  -*. Evaluate / 
1 


1 
8. »*. Calculate /=e® 
al ae 


12 4 
. Calculate / sane dz. 


x — 3)(%? + 1) 


10. x. Evaluate the following indefinite integral using partial fraction: 


Fea) = fj ae 


x — 2)(x? + 4) 
—13 
11. x*. Evaluate Se 
rw-—x—6 
5 1 
oe Evaluate f° o S ie 


gz? —1 


2 
ae 
Evaluate i pee aaa 


Ag? A Ag 9 
14. Evaluate ca aca di da. 
4x4 + x? 


2 1 Dip — | 
15. Evaluate fal 
vt — 2x3 + 7? 


Gn. = Ae iy 
Evaluate i Ro eo aoeEE qo: 


10x? + 247 + 8 
ai 
2x3 + 1llv?+6r+5 


1 
17. Evaluate | 
0 


Exercises —— Stage 3 In Questions 18 and 19, we use partial fraction to find the 
antiderivatives of two important functions: cosecant, and cosecant cubed.The purpose 
of performing a partial fraction decomposition is to manipulate an integrand into a form 
that is easily integrable. These “easily integrable” forms are rational functions whose 
denominator is a power of a linear function, or of an irreducible quadratic function. In 
Questions 20 through 23, we explore the integration of rational functions whose denom- 
inators involve irreducible quadratics.In Questions 24 through 26, we use substitution 
to turn a non-rational integrand into a rational integrand, then evaluate the resulting 
integral using partial fraction. Till now, the partial fraction problems you’ve seen have 
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all looked largely the same, but keep in mind that a partial fraction decomposition can 
be a small step in a larger problem. 


18. 


19. 


Using the method of Example 1.10.5, integrate i csc ada. 


Using the method of Example 1.10.6, integrate / esc? ada. 


ae (——— 
Valuate 
4 x* + 523 + 10x? 


21. 


22. 


23. 


3 z—3 
Evaluate / (= oe + cm i) dz. 
1 
Evaluate / (see 


3x24+1 3x 
Evaluate / (30 -++ Pas + G+ =] dx. 


Evaluate / con’ dé 


3sin6+cos?6—3 — 


25. 


26. 


27. 


28. 


29. 


1 
Evaluate a ae dt : 


Evaluate / V1+e*dz using partial fraction. 


*. The region R is the portion of the first quadrant where 3 < x < 4 and 


1 
0<y< ——__—. 
ae ae 


a Sketch the region R. 


b Determine the volume of the solid obtained by revolving R around the 
U-axis. 


c Determine the volume of the solid obtained by revolving R around the 
y-axis. 
4 


Find the area of the finite region bounded by the curves y = reo y= 
i 


2 1 
= -—; and 2=— 3. 


x(a +1) 4 


Let F(c)= f aos 
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a Give a formula for F(x) that does not involve an integral. 


b Find F’(c). 


1.114 Numerical Integration 


By now the reader will have come to appreciate that integration is generally quite a 
bit more difficult than differentiation. There are a great many simple-looking integrals, 
such as [ e~* da, that are either very difficult or even impossible to express in terms of 
standard functions '. Such integrals are not merely mathematical curiosities, but arise 
very naturally in many contexts. For example, the error function 


2 i 
erf(z) = nal e* dt 


is extremely important in many areas of mathematics, and also in many practical 
applications of statistics. 

In such applications we need to be able to evaluate this integral (and many others) 
at a given numerical value of x. In this section we turn to the problem of how to 
find (approximate) numerical values for integrals, without having to evaluate them 
algebraically. To develop these methods we return to Riemann sums and our geometric 
interpretation of the definite integral as the signed area. 

We start by describing (and applying) three simple algorithms for generating, nu- 
merically, approximate values for the definite integral ft f(x) da. In each algorithm, 
we begin in much the same way as we approached Riemann sums. 


e We first select an integer n > 0, called the “number of steps”. 


e We then divide the interval of integration, a < x < b, into n equal subintervals, 
each of length Ax = oe The first subinterval runs from x) = a to 7} = a+ Az. 


The second runs from x, to v2 = a+ 2Az, and so on. The last runs from 
Cy24 = b= Ar to-2z, =. 


e OO @ 


1 We apologise for being a little sloppy here — but we just want to say that it can be very hard 
or even impossible to write some integrals as some finite sized expression involving polynomials, 
exponentials, logarithms and trigonometric functions. We don’t want to get into a discussion of 
computability, though that is a very interesting topic. 
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y = f(z) 


4 x 
@=2Xpo T Lq 3 °° In-1 Ln =b 


This splits the original integral into n pieces: 


b v1 x2 In 
[ toa f Flajdc+ f Flayde+ + f fiajvde 
a xO X1 Tn-1 
Each subintegral i . f(x) dx is approximated by the area of a simple geometric figure. 
= 
The three algorithms we consider approximate the area by rectangles, trapezoids and 
parabolas (respectively). 


pi) | | | eee 


: Nica 
f(aj-)f 


rectangle trapezoid parabola 
midpoint rule trapezoidal rule Simpson’s rule 


We will explain these rules in detail below, but we give a brief overview here: 


1 The midpoint rule approximates each subintegral by the area of a rectangle of 
height given by the value of the function at the midpoint of the subinterval 


i Flajde = f (a) Ag 


This is illustrated in the leftmost figure above. 
2 The trapezoidal rule approximates each subintegral by the area of a trapezoid 
with vertices at (xj, 0), (xj, f(%j-1)), (xj, f(;)), (xj, 0): 
1 


[flea = 5 Fley1) + a) Ae 


The trapezoid is illustrated in the middle figure above. We shall derive the formula 
for the area shortly. 
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3 Simpson’s rule approximates two adjacent subintegrals by the area under a parabola 
that passes through the points (7;-1, f(wj-1)), (vj, f(vj)) and (aj41, f(xj41)): 


Tj+1 1 
[7 Flea 5 Fen) + AF 5) + Fle] At 
The parabola is illustrated in the right hand figure above. We shall derive the 


formula for the area shortly. 


In what follows we need to refer to the midpoint between x;_; and x; very fre- 
quently. To save on writing (and typing) we introduce the notation 


p= 5 (tj-1 + 24). 


1.11.1 » The midpoint rule 


The integral ae f(x) dx represents the area between the curve y = f(x) and the z- 
axis with x running from x;_; to z;. The width of this region is x; — x;_; = Av. The 
height varies over the different values that f(x) takes as x runs from xj_1 to xj. 

The midpoint rule approximates this area by the area of a rectangle of width x; — 
x;-1 = Ax and height f(Z;) which is the exact height at the midpoint of the range 
covered by 2. 


~ 


F(a;)—,. f (@ 


a on 


f (aj) 


Lj-1 Xj Lj-1 x; Xj 


The area of the approximating rectangle is f(z;)Az, and the midpoint rule approx- 
imates each subintegral by 


| feae~ Fa)ax. 


Applying this approximation to each subinterval and summing gives us the following 
approximation of the full integral: 


[serar= [rears [reyare + [ peoyar 


22f 


INTEGRATION 1.11 


NUMERICAL INTEGRATION 


me f(%1)Ax + f(%)Avt+---+ f(En)Ax 


So notice that the approximation is the sum of the function evaluated at the midpoint 
of each interval and then multiplied by Ax. Our other approximations will have similar 


forms. 
In summary: 


Equation 1.11.2 The midpoint rule. 


The midpoint rule approximation is 


i “fle) dx w [f(s) + FG) +--+ $@n)] Ae 


and 


where Ax = a 


Toe mathe go] at 2Ar 


Lo+L1 
2 


t1+2%2 


t= 2 


XQ = Ln—-1 = 


Ln—1 — b— Ax 


Ln-2t8n-1 


2 


Example 1.11.3 ie ae da. 


We approximate the above integral using the midpoint rule with n = 8 step. 


Solution: 


e First we set up all the x-values that we will need. Note that a = 0,b=1, Ax = : 


and 
to—0 =< t=? t= § tg=8=1 
Consequently 
h=% ig=% i=% ig=7 
e We now apply Equation 1.11.2 to the integrand f(a) = oe 
f(#1) J (®2) F(@n—1) f(@n) 
1 —_a ON — 
| 4 q 4 ss 4 dey 4 - 4 A 
——. dz & -+ x 
q Le 1+ 7? 1423 1472 142% 
= 4 a 4 4 4 4 
lt+gq@ 145 148 145 144 
4 4 4 1 
! 11? 132 ! 15? | 8 
a ie ee 
= [3.98444 + 3.86415 + 3.64413 + 3.35738 + 3.03858+ 
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2.71618 + 2.40941 + 2.12890] - 
= 3.1429 
where we have rounded to four decimal places. 
e In this case we can compute the integral exactly (which is one of the reasons it 


was chosen as a first example): 


1 4 1 
| —dx = 4arctanz| =7 
) 1 + x? 0 


e So the error in the approximation generated by eight steps of the midpoint rule 
is 


[3.1429 — | = 0.0013 


e The relative error is then 


: = 1429 — 
|approximate — exact| _ [3.1429 — 7 = 0.0004 


exact 


That is the error is 0.0004 times the actual value of the integral. 
e We can write this as a percentage error by multiplying it by 100 


|approximate — exact| 


= 0.04% 


percentage error = 100 x 
exact 


That is, the error is about 0.04% of the exact value. 


Example 1.11.3 


The midpoint rule gives us quite good estimates of the integral without too much 
work — though it is perhaps a little tedious to do by hand 7. Of course, it would be 
very helpful to quantify what we mean by “good” in this context and that requires us 
to discuss errors. 


Suppose that a is an approximation to A. This approximation has 


e absolute error |A — a| and 


|A~a| 


e relative error TA] and 


e percentage error 1005" 


e OS @ 


2 Thankfully it is very easy to write a program to apply the midpoint rule. 
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We will discuss errors further in Section 1.11.4 below. 


Example 1.11.5 i sin x da. 


As a second example, we apply the midpoint rule with n = 8 steps to the above integral. 


e We again start by setting up all the z-values that we will need. So a =0, b= 7, 
Az = 5 and 


=z _ _ 240 _ Tr — 8m _ 
Lo = 0 =F to = = vee c= i= 3ST 
Consequently, 
za =, — 30 ae =, — 130 =, — 15m 
a= 16 r2 = 16 u7 = 6 v3 = 16 


e Now apply Equation 1.11.2 to the integrand f(x) = sinz: 


| sina dx & | sin(71) + sin(Z) + +++ + sin(ts) | Ac 
0 


= | sin(Z) + sin(22) + sin(2) + sin(%) + sin(22)4 


sin( +2) + sin(#) + sin(2)| 


= [0.1951 + 0.5556 + 0.8315 + 0.9808 + 0.9808+ 


0.8315 + 0.5556 + 0.1951 | x 0.3927 
= 5.1260 x 0.3927 = 2.013 


e Again, we have chosen this example so that we can compare it against the exact 
value: 


| sin rdx = | cose], = —cosm+cos0 = 2. 
0 


e So with eight steps of the midpoint rule we achieved 


absolute error = |2.013 — 2| = 0.013 


2.013 — 2 
relative error = Boi 2 = 0.0065 


2.013 — 2 
percentage error = 100 x pon = 0.65% 


With little work we have managed to estimate the integral to within 1% of its 


{ true value. 
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1.11.2 » The trapezoidal rule 


Consider again the area represented by the integral fe : f(x) da. The trapezoidal rule 
= 


3 (unsurprisingly) approximates this area by a trapezoid * whose vertices lie at 


(aay 0); (Dyas Fei) cee i) and (5, 0). 


F(t), fe) 


faa) f(t.) 


Lj-1 0 Vj Lj-1 0 Lj 


The trapezoidal approximation of the integral ea f(x) dz is the shaded region in 
the figure on the right above. It has width x;—2,_1 = Az. Its left hand side has height 
f(xj-1) and its right hand side has height f(x;). 

As the figure below shows, the area of a trapezoid is its width times its average 


height. 
- 

y 
- 

area (r — £)w/2 
: area (r + £)w/2 

area lw 

£ 


W 


So the trapezoidal rule approximates each subintegral by 
x; 
mw f(xj—-1) +f (25) 
/ f(z)dz x Set Ag 
Uj-1 


Applying this approximation to each subinterval and then summing the result gives us 
the following approximation of the full integral 


[se Jar= fo 7x Jat fo f(x) dx+- i ie 


f(£o tf) Ag + f(a tf (22) Ag Ti ed Sk f(tn- Wt Hn) A x 


3 This method is also called the “trapezoid rule” and “trapezium rule”. 
4 A trapezoid is a four sided polygon, like a rectangle. But, unlike a rectangle, the top and bottom 
of a trapezoid need not be parallel. 
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= [5 F lao) + Fen) + Flea) +--+ Flea) + 5F (en) | Az 


So notice that the approximation has a very similar form to the midpoint rule, excepting 
that 


e we evaluate the function at the z,’s rather than at the midpoints, and 


e we multiply the value of the function at the endpoints xo, 7, by 5. 


In summary: 


Equation 1.11.6 The trapezoidal rule. 


The trapezoidal rule approximation is 


= flare) + far) + f(a) +--+ fl@n1) 


2 


%=at+Ar, re =a+2Az, 


To compare and contrast we apply the trapezoidal rule to the examples we did above 
with the midpoint rule. 


Example 1.11.7 vi aw dx — using the trapezoidal rule. 


Solution: We proceed very similarly to Example 1.11.3 and again use n = 8 steps. 


e We again have i O=— 28 I0S1 Az =1 and 
rp = 0 Hi=% tg=4 etess tr=i tg =2=1 


e Applying the trapezoidal rule, Equation 1.11.6, gives 


(ao) f(#1) f(@n-1) f (tn) 
1 — — 
| 4 q 1 4 4 ue 4 od 4 in 
——__—_ a) t rete t G 
9 1+2? 21+a2 14+? l+a2 2 1+22 
_fi_4 , 4 . 4 | 
“(2140 ite 12% 143, 
4 4 4 1 4 a2 4 F 
12°14) 138 248 “214818 


i 
= E x 4+ 3.939 + 3.765 + 3.507 


i. 44 
+ 3.2 + 2.876 + 2.56 + 2.266 + 5 x 2| - 
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= 3.139 
to three decimal places. 


e The exact value of the integral is still 7. So the error in the approximation 
generated by eight steps of the trapezoidal rule is |3.139 — z| = 0.0026, which is 
109 Bal y, = 0.08% of the exact answer. Notice that this is roughly twice the 
error that we achieved using the midpoint rule in Example 1.11.3. 


Example 1.11.7 


Let us also redo Example 1.11.5 using the trapezoidal rule. 


Example 1.11.8 So sin x dz — using the trapezoidal rule. 


Solution: We proceed very similarly to Example 1.11.5 and again use n = 8 steps. 


e We again have a =0, b= 7, Av = 3 and 


Lop = 0 w= 3 ar bibs a7 = i= 25 
e Applying the trapezoidal rule, Equation 1.11.6, gives 


. 1 1 
| sinxdx & E sin(%) + sin(a,) +--- + sin(#7) + a sin(rg)| Ax 
0 


a ee a ee a 7, 
g 7 SINS r Si = r SI r Sin 3 


1 
= sin 0 + sin 
2 


1 
:.. 67 : | TK : 8/7 
+ sin 8 + sin 8 Te aE 


1 
= E x0 + 0.3827 + 0.7071 + 0.9239 + 1.0000 + 0.9239+ 


1 
0.7071 + 0.3827 + 5x 0| x 0.3927 
= 5.0274 x 0.3927 = 1.974 


e The exact answer is is sin x dx = — cos x| = 2. So with eight steps of the trape- 
0 


zoidal rule we achieved 109 42 = 1.3% accuracy. Again this is approximately 


t twice the error we achieved in Example 1.11.5 using the midpoint rule. f 


These two examples suggest that the midpoint rule is more accurate than the trape- 
zoidal rule. Indeed, this observation is born out by a rigorous analysis of the error — 
see Section 1.11.4. 
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1.11.3  Simpson’s Rule 


When we use the trapezoidal rule we approximate the area dees f(x)dx by the area 
between the x-axis and a straight line that runs from (a;_1, f(xj-1)) to (a;, f(x;)) — 
that is, we approximate the function f(a) on this interval by a linear function that 
agrees with the function at each endpoint. An obvious way to extend this — just 
as we did when extending linear approximations to quadratic approximations in our 
differential calculus course — is to approximate the function with a quadratic. This is 
precisely what Simpson’s ° rule does. 

Simpson’s rule approximates the integral over two neighbouring subintervals by the 
area between a parabola and the z-axis. In order to describe this parabola we need 3 
distinct points (which is why we approximate two subintegrals at a time). That is, we 


approximate 
[ teace | “fade = | Faas 


by the area bounded by the parabola that passes through the three points (xo, f(2o)), 
(v1, f(x1)) and (x2, f(x2)), the x-axis and the vertical lines x = xp and x = 22. 


(1, f (01)) Zal@ F(@2)) 


(xo, f (2o)) 


Zo LY Xa 


We repeat this on the next pair of subintervals and approximate i f(x) dx by the 
area between the x-axis and the part of a parabola with x2 < x < x4. This parabola 
passes through the three points (x2, f(z2)), (x3, f (3)) and (x4, f(aa)). And so on. 
Because Simpson’s rule does the approximation two slices at a time, n must be even. 

To derive Simpson’s rule formula, we first find the equation of the parabola that 
passes through the three points (xo, f(zo)), (x1, f (21) and (x2, f (x2). Then we find 
the area between the z-axis and the part of that parabola with v9 < x < x. To simplify 
this computation consider a parabola passing through the points (—h, y_1), (0, yo) and 
(h, y1) : 

Write the equation of the parabola as 


y= Ax?+Bat+C 
Then the area between it and the x-axis with x running from —h to h is 


h A B : 
} [Ax? + Br + C]dx = | =a? + —2?+Cr 


e OO @ 


5 Simpson’s rule is named after the 18th century English mathematician Thomas Simpson, despite 
its use a century earlier by the German mathematician and astronomer Johannes Kepler. In many 
German texts the rule is often called Kepler’s rule. 
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2A 
= at -9Ch it is helpful to write it as 


= z (2Ah? + 6C) 


Now, the the three points (—h, y_1), (0,yo) and (h, y1) lie on this parabola if and 
only if 


Ah? — Bh+C=y-1 at (—h, y_1) 
C = yo at (0, yo) 
Ah? + Bh+C=y at (h, yi) 


Adding the first and third equations together gives us 
2Ah?+(B-B)h+2C=y14+ 
To this we add four times the middle equation 
2Ah? + 6C = y_1+4yo +. 


This means that 


h 

area = / [ Ax? + Bat Cl dx'= - (2Ah? + 6C) 

-h 
h 


Spy Ags 
3 (y-1 yo + y1) 


Note that here 
e / is one half of the length of the x-interval under consideration 


e y_; is the height of the parabola at the left hand end of the interval under con- 
sideration 


e yo is the height of the parabola at the middle point of the interval under consid- 
eration 


e y; is the height of the parabola at the right hand end of the interval under con- 
sideration 


So Simpson’s rule approximates 
J fapae pel flee) + af ler) + Flea) 
a) 


and 


/ "ay ae @ RE GBA ee) 


and so on. Summing these all together gives: 


[rears f reoacs [rayars [react f feyar 
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= SELF (wo) + 4f(e1) + f(2)] + Lf (2) + 4f (as) + F(24)] 
+ S2[f (xs) + 4f (as) + f(we)] + --- + S[P (ene) + 4F (@n-1) + F (an) 


= | Flao)+ 4f(w1)+ 2f wa) + Af (2) + 2f (ea) +--+ 2f (tna) + 4F (na) + flen)] 8 


In summary 


Equation 1.11.9 Simpson’s rule. 


The Simpson’s rule approximation is 


J tle)ae ~ [4le0) + AF os) + 2F (02) + Af (a) + 2F 4) + 


Petal 25 eee ale) oie Tz) ae 
where n is even and 


to= CQ, Cij=atAr, go=—ap2Aq. 


Notice that Simpson’s rule requires essentially no more work than the trapezoidal 
rule. In both rules we must evaluate f(a) at © = %,21,°++ ,&p, but we add those terms 
multiplied by different constants °. 

Let’s put it to work on our two running examples. 


Example 1.11.10 i ee dz — using Simpson’s rule. 


Solution: We proceed almost identically to Example 1.11.7 and again use n = 8 steps. 
e We have the same A, a,b, %o,--- ,%, aS Example 1.11.7. 


e Applying Equation 1.11.9 gives 


4 ee ee 1 
145 148 148 148]8x3 


= 4+4 x 3.938461538+2 x 3.764705882+4 x 3.5068493154+2 x 3.2 


6 There is an easy generalisation of Simpson’s rule that uses cubics instead of parabolas. It is known 
as Simpson’s second rule and Simpson’s 3 tule. While one can push this approach further (using 
quartics, quintics etc), it can sometimes lead to larger errors — the interested reader should look 
up Runge’s phenomenon. 
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1 
+4 x 2.876404494 + 2 x 2.56 + 4 x 2.265486726 + 2 axa 


= 3.14159250 


to eight decimal places. 


e This agrees with a (the exact value of the integral) to six decimal places. So 
the error in the approximation generated by eight steps of Simpson’s rule is 
|3.14159250 — 7] = 1.5 x 10-7, which is 1008+40-"ly, — 5 x 10-6% of the 
exact answer. 


Example 1.11.10 


It is striking that the absolute error approximating with Simpson’s rule is so much 
smaller than the error from the midpoint and trapezoidal rules. 


midpoint error = 0.0013 
trapezoid error = 0.0026 
Simpson error = 0.00000015 


Buoyed by this success, we will also redo Example 1.11.8 using Simpson’s rule. 


Example 1.11.11 Je sin x dx — Simpson’s rule. 


Solution: We proceed almost identically to Example 1.11.8 and again use n = 8 steps. 
e We have the same A, a,b, 2,--- , 2, aS Example 1.11.7. 


e Applying Equation 1.11.9 gives 


Tv 
| sin x dx 
0 


py | sin (0) + Asin(x,) + 2sin(r2) + ---+4sin(ax7) + sin(rs)| As 


=  sin(0) + Asin(Z) + 2sin(22) + 4sin(32) + 2sin(42) 


+ 4sin(22) + 2sin(S2) + 4sin(Z2) 4 sin(&)| fa 
= jo +4 x 0.382683 +2 x 0.707107 +4 x 0.923880 +2 x 1.0 


+4 x 0.923880 + 2 x 0.707107 + 4 x 0.382683 + 0| aa 


= 15.280932 x 0.130900 
= 2.00027 


e With only eight steps of Simpson’s rule we achieved 100 20002T—2 = 0.014% accu- 


t racy. f 
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Again we contrast the error we achieved with the other two rules: 


midpoint error = 0.013 
trapezoid error = 0.026 
Simpson error = 0.00027 


This completes our derivation of the midpoint, trapezoidal and Simpson’s rules for 
approximating the values of definite integrals. So far we have not attempted to see how 
efficient and how accurate the algorithms are in general. That’s our next task. 


1.11.4 ® Three Simple Numerical Integrators — Error Behaviour 


Now we are armed with our three (relatively simple) methods for numerical integration 
we should give thought to how practical they might be in the real world *. Two obvious 
considerations when deciding whether or not a given algorithm is of any practical value 
are 


a the amount of computational effort required to execute the algorithm and 


b the accuracy that this computational effort yields. 


For algorithms like our simple integrators, the bulk of the computational effort usually 
goes into evaluating the function f(x). The number of evaluations of f(x) required 
for n steps of the midpoint rule is n, while the number required for n steps of the 
trapezoidal and Simpson’s rules is n+ 1. So all three of our rules require essentially the 
same amount of effort — one evaluation of f(x) per step. 

To get a first impression of the error behaviour of these methods, we apply them to 
a problem whose answer we know exactly: 


Tv 
. rT 
| sinz dx = —cos | —e 
0 


To be a little more precise, we would like to understand how the errors of the three 
methods change as we increase the effort we put in (as measured by the number of 
steps n). The following table lists the error in the approximate value for this number 
generated by our three rules applied with three different choices of n. It also lists the 
number of evaluations of f required to compute the approximation. 


Midpoint Trapezoidal Simpson’s 
n error # evals | error # evals | error # evals 
10 8.2 x 10-3 | 10 1,6 %10-* | 11 1110-4 | 11 
100 | 8.2 x 10-° | 100 1.6% 10-* || 101 1110 | 101 
1000 | 8.2 x 10~” | 1000 1.6 x 10-® | 1001 11x 10 | 1001 


Observe that 


7 Indeed, even beyond the “real world” of many applications in first year calculus texts, some of 
the methods we have described are used by actual people (such as ship builders, engineers and 
surveyors) to estimate areas and volumes of actual objects! 
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e Using 101 evaluations of f worth of Simpson’s rule gives an error 75 times smaller 
than 1000 evaluations of f worth of the midpoint rule. 


e The trapezoidal rule error with n steps is about twice the midpoint rule error 


with n steps. 


e With the midpoint rule, increasing the number of steps by a factor of 10 appears 
to reduce the error by about a factor of 100 = 10? = n?. 


e With the trapezoidal rule, increasing the number of steps by a factor of 10 appears 
to reduce the error by about a factor of 10? = n?. 


e With Simpson’s rule, increasing the number of steps by a factor of 10 appears to 
reduce the error by about a factor of 104 = n‘. 


So it looks like 


b b 

1 

approx value of - f(x) dz given by n midpoint steps ~ i) f(a)dz+ Kus 
a a n 
b b 1 

approx value of i f(x) da given by n trapezoidal steps» | fiajdet Kee 
a a n 

b b l 

approx value of | f(x) dz given by n Simpson’s steps ~ i) f(a) det Bip et 
a a n 


with some constants Ky, Ky and Kg. It also seems that Kp & 2Ky,. 
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trapezoidal rule 
y = 0.7253 — 2.0008 x 


\ Simpson’s rule 


midpoint rule \ y = 0.35 — 4.03 x 
\ 


—26- y= -—0.2706 — 2.00112 
28. \ 
y = logs en \ 
\ 
\ 


" 
y = log, en \ 


Figure 1.11.12: A log-log plot of the error in the n step approximation to 


| sin x da. 
0 


To test these conjectures for the behaviour of the errors we apply our three rules 
with about ten different choices of n of the form n = 2” with m integer. Figure 1.11.12 
contains two graphs of the results. The left-hand plot shows the results for the midpoint 
and trapezoidal rules and the right-hand plot shows the results for Simpson’s rule. 

For each rule we are expecting (based on our conjectures above) that the error 


€, = |exact value — approximate value| 


with n steps is (roughly) of the form 


1 
eu 


for some constants K and k. We would like to test if this is really the case, by graphing 
Y =e, against X = n and seeing if the graph “looks right”. But it is not easy to tell 
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whether or not a given curve really is Y = * for some specific k, by just looking at it. 


However, your eye is pretty good at determining whether or not a graph is a straight 
line. Fortunately, there is a little trick that turns the curve Y = into a straight line 
—no matter what k is. 
Instead of plotting Y against X, we plot log Y against log X. This transformation 
K 


8 works because when Y = a 


K 
Xk 


log Y = log K — klogX 


So plotting y = log Y against « = log X gives the straight line y = log K — kx, which 
has slope —k and y-intercept log kK. 

The three graphs in Figure 1.11.12 plot y = log, e, against x = log, n for our three 
rules. Note that we have chosen to use logarithms ? with this “unusual base” because 
it makes it very clear how much the error is improved if we double the number of 
steps used. To be more precise — one unit step along the x-axis represents changing 
n+ 2n. For example, applying Simpson’s rule with n = 2+ steps results in an error 
of 0000166, so the point (« = log,2* = 4,y = log, 0000166 = “8S — —15.8) 
has been included on the graph. Doubling the effort used — that is, doubling the 
number of steps to n = 2°— results in an error of 0.00000103. So, the data point 
(x = log, 2° =5 , y = log, 0.00000103 = BOC0ovol0s — —19.9) lies on the graph. Note 
that the x-coordinates of these points differ by 1 unit. 

For each of the three sets of data points, a straight line has also been plotted 
“through” the data points. A procedure called linear regression !° has been used to 
decide precisely which straight line to plot. It provides a formula for the slope and 
y-intercept of the straight line which “best fits” any given set of data points. From the 
three lines, it sure looks like k = 2 for the midpoint and trapezoidal rules and k = 4 for 
Simpson’s rule. It also looks like the ratio between the value of K for the trapezoidal 
rule, namely K = 2°-7253, and the value of K for the midpoint rule, namely K = 27°77 | 
is pretty closé to 2: 20789 /2-820e = p0.2eer 

The intuition, about the error behaviour, that we have just developed is in fact 
correct — provided the integrand f(x) is reasonably smooth. To be more precise 


Theorem 1.11.18 Numerical integration errors. 


Assume that |f"(a)| < M for alla <a <b. Then 


the total error introduced by the midpoint rule is bounded by 


e OO @ 


8 There is a variant of this trick that works even when you don’t know the answer to the integral 
ahead of time. Suppose that you suspect that the approximation satisfies WM, = A+ K aa where 
A is the exact value of the integral and suppose that you don’t know the values of A, K and 
k. Then M,, — Mo, = KA. - K nye = K(1 _ ae) oe so plotting y = log(M, — M2,,) against 
x = logn gives the straight line y = log [K(1 = x) — ke. 

9 Now is a good time for a quick revision of logarithms — see “Whirlwind review of logarithms” in 
Section 2.7 of the CLP-1 text. 

10 Linear regression is not part of this course as its derivation requires some multivariable calculus. 
It is a very standard technique in statistics. 
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and 


the total error introduced by the trapezoidal rule is bounded by D 


b 
when approximating / f(x)dx. Further, if |f(x)| < L for all a < x < b, then 


L (b-—a)? 


the total error introduced by Simpson’s rule is bounded by 180 i 
n 


The first of these error bounds in proven in the following (optional) section. Here 
are some examples which illustrate how they are used. First let us check that the above 
result is consistent with our data in Figure 1.11.12 


Example 1.11.14 Midpoint rule error approximating i sin x da. 


e The integral A sinzdxz has b—a=T. 
e The second derivative of the integrand satisfies 


d2 
fe sin x& 


=|-sinz| <1 


So we take M = 1. 
e So the error, e,,, introduced when n steps are used is bounded by 
M (b—a)3 
24 
7 w 1 
— 24 n2 


7 1 
~ 1.2975 


n2 


e The data in the graph in Figure 1.11.12 gives 


i 1 
~ 9—-2706 = 
len] & 2-7 — = 0.835 


1 
=. 


In a typical application we would be asked to evaluate a given integral to some 
specified accuracy. For example, if you are manufacturer and your machinery can only 
cut materials to an accuracy of a” of a millimeter, there is no point in making design 
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: : th sain 
specifications more accurate than a of a millimeter. 


Example 1.11.15 How many steps for a given accuracy? 


Suppose, for example, that we wish to use the midpoint rule to evaluate ° 


tf 2 
| e” dx 
0 


to within an accuracy of 107°. 
Solution: 


e The integral has a = 0 and b=1. 
e The first two derivatives of the integrand are 


d 


2 


i = aie and 

e 

d? d 

ae = a — 2xe-*”) =e" 4 dete = 2(20? — The” 
x a 


e As x runs from 0 to 1, 2x” — 1 increases from —1 to 1, so that 
069s i bri) 21, 6" a1 bor Te" |= 2 


So we take M = 2. 


The error introduced by the n step midpoint rule is at most 


M (b-a)3 
Ss = 
24 n? 
2(1-0)8 1 
< = 
— 24 n? 12n? 


We need this error to be smaller than 10~® so 


1 
€n < Pre < 10° and so 
Dn? S10" clean up 
2s, 10° 
n> Tae 83333.3 square root both sides 
n > 288.7 


So 289 steps of the midpoint rule will do the job. 


e In fact n = 289 results in an error of about 3.7 x 107". 


a This is our favourite running example of an integral that cannot be evaluated algebraically — we 


t need to use numerical methods. | 
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That seems like far too much work, and the trapezoidal rule will have twice the 
error. So we should look at Simpson’s rule. 


Example 1.11.16 How many steps using Simpson’s rule? 


Suppose now that we wish evaluate if e-* dx to within an accuracy of 10~° — but 
now using Simpson’s rule. How many steps should we use? 
Solution: 


e Again we have a = 0,b= 1. 


e We then need to bound ce on the domain of integration, 0 < x7 < 1. 


d3 ae d 2 92 ae 2 a 

ane = ap (2 (2# —lje* } = 82e™ — 4x (2x? — Le 
= 4(-227 + 3x)e7 

d* os 

ae = = {4\ —2x° + 3xr)e ot 


= 4(—62? + 3)e~* — 8a(—2x? + 32)e™™ 
= 4(4a* — 122? + 3)e7 


e Now, for any x, e~” <1. Also, for0<a2<1, 


O0< x, crea so 
3.<4a*4+3<7 and 
1) = 194? <0 adding these together gives 


HOA = 19s 47 


Consequently, |4a4 — 12x? + 3] is bounded by 9 and so 


—l<4x9 = 36 


So take L = 36. 


e The error introduced by the n step Simpson’s rule is at most 


L (ba)? 
180 n4 
36 (1-0) 1 
—180 nt — 5nt 


e In order for this error to be no more than 10~° we require n to satisfy 


1 
€n < Sad <0? and so 
n 
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5n* > 10° 
n* > 200000 take fourth root 
n > 21.15 


So 22 steps of Simpson’s rule will do the job. 


e n= 22 steps actually results in an error of 3.5 x 1078. The reason that we get an 
error so much smaller than we need is that we have overestimated the number of 
steps required. This, in turn, occurred because we made quite a rough bound of 


_ i (x)| < 36. If we are more careful then we will get a slightly smaller n. It 


actually turns out ° that you only need n = 10 to approximate within 10~°. 


a The authors tested this empirically. 


Example 1.11.16 


1.11.5 Optional — An error bound for the midpoint rule 


We now try develop some understanding as to why we got the above experimental 
results. We start with the error generated by a single step of the midpoint rule. That 
is, the error introduced by the approximation 


/ f(x) dz = f(z)Az where Ar = %1—2%, X= POFEI 
xo 


To do this we are going to need to apply integration by parts in a sneaky way. Let 
us start by considering '§ a subinterval a < x < 6 and let’s call the width of the 
subinterval 2q so that 6 = a+ 2q. If we were to now apply the midpoint rule to this 
subinterval, then we would write 


B 
7 f(a)de © 2q- flat) =af lata) +af(6-4) 


since the interval has width 2q and the midpoint is a+ q = 8 — q. 
The sneaky trick we will employ is to write 


B a+q B 
/ i Ade= | fla)de+ [| f(a)de 
a a B-q 
and then examine each of the integrals on the right-hand side (using integration by 
parts) and show that they are each of the form 


at+q 
/ f(x)dxz = qf(a@+q) + small error term 


e OS @ 


11 We chose this interval so that we didn’t have lots of subscripts floating around in the algebra. 
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B 
f(a)dx = qf(8 — q) + small error term 
B-q 


Let us apply integration by parts to fe" fla)dx — with u = f(z),du = dz so 
du = f’(x)dx and we will make the slightly non-standard choice of v = x — a: 


at+q wey at+q 
[ teewe=[le-apeye— fea) faz 
=aflata)— fea) $'(ojaz 
Notice that the first term on the right-hand side is the term we need, and that our 
non-standard choice of v allowed us to avoid introducing an f(a) term. 
Now integrate by parts again using u = f’(x),dv = (a —a)dz, so du= f"(x),v = 
2 


(xa) 


[tear = atlatay— [w= a fayaa 
= afar [(2S™ ra] + PES pear 
=aftata—Fpto+a+ [ES preyar 


To obtain a similar expression for the other integral, we repeat the above steps and 
obtain: 


B 2 B (» — 6)? 
falar = af(8-a) +5 f8-a+ [So 


B-q B-q 2 
Now add together these two expressions 
2 


at+q B 
/ f(x)da + bs f(z)dx =qf(at+q)+af(B-a+ + (f'(6-49) —fila+q) 


+ ie cs oy" F(x)da | i: ee BY" f(a)da 


—q 


Then since a+ q = 8 —q we can combine the integrals on the left-hand side and 
eliminate some terms from the right-hand side: 


at+q ( 


Q =e)" an gee 
i flajax = 2af(a +a) + f 5 t" (ada +f ( p) f"(a)dx 


Rearrange this expression a little and take absolute values 


en (x > wae is 


| ‘F@ie2 2afla+a) < 


i. CF prada 


—q 
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where we have also made use of the triangle inequality '*. By assumption | f”(x)| <M 
on the interval a < x < B, so 


[fear -2at 0 +0) <u f CAO) 1 5) 3 («-6),, 


9 a 
Mq _ M(B-a)’ 


3 24 


where we have used g = ae in the last step. 


Thus on any interval 7; < © < 44, =2j,+ Az 


/ ~ f(a)de — Acf (= Haut) | < V (an) 


Putting everything together we see that the error using the midpoint rule is bounded 
by 


f(w)dx — [f(@1) + F(@2) +++ + F(@n)] Ax 


x 


” $\de = Antes 


= f(a)da — Aa f(%1)} +---+ 
xO In—-1 
M (b-a\* M(b—a)3 
Z = 3 = 
nx —(Az) nx or 7 ) 5dn? 


as required. 
A very similar analysis shows that, as was stated in Theorem 1.11.13 above, 


M (b—a)? 
e the total error introduced by the trapezoidal rule is bounded by a 4) ; 
n 


‘ ‘ : , M (b-a)° 
e the total error introduced by Simpson’s rule is bounded by 180 i 
n 


1.11.6 Exercises 


Recall that we are using log x to denote the logarithm of « with base e. In other courses 
it is often denoted Inz. 


Exercises — Stage 1 


Suppose we approximate an object to have volume 1.5m?, when its exact 


volume is 1.387m?. Give the relative error, absolute error, and percent 
error of our approximation. 


e OO @ 


12 The triangle inequality says that for any real numbers x, y |2 + y| < |a| + ly. 
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10 
2. Consider approximating | f(x)dx, where f(x) is the function in the graph 
2 


below. 


a Draw the rectangles associated with the midpoint rule approximation 
and n = 4. 


b Draw the trapezoids associated with the trapezoidal rule approximation 
and n= 4, 


You don’t have to give an approximation. 


i 7 
Let f(z) = aa -- gr — 327. 


a Find a reasonable value M such that |f”(x)| < M for alll <a <6. 


b Find a reasonable value L such that |f@(x)| < L for all 1 < x <6. 


4. Let f(x) =xsinx+2cosa. Find a reasonable value M such that |f"(x)| <M 
for all -3 < a < 2. 


Ue 


Consider the quantity A = i cos xdx. 


7115: 


a Find the upper bound on the error using Simpson’s rule with n = 4 
to approximate A using Theorem 1.11.13 in the text. 


b Find the Simpson’s rule approximation of A using n = 4. 


c What is the (actual) absolute error in the Simpson’s rule approxima- 
tion of A with n = 4? 


6. Give a function f(x) such that: 


e f"(x) <3 for every x in [0,1], and 
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1 
e the error using the trapezoidal rule approximating | f(x)dz with n = 2 
0 


intervals is exactly 6: 
7. Suppose my mother is under 100 years old, and I am under 200 years old. “ 


Who is older? 


a We're going somewhere with this. 


a True or False: for fixed positive constants M, n, a, and 6, with b> a, 


M (b-a)3 Zz M (b—a)3 
24 2 —~ 12 n2 


b True or False: for a function f(a) and fixed constants n, a, and b, with b > 
a, the n-interval midpoint approximation of [5 f(x)dz is more accurate 


than the n-interval trapezoidal approximation. 


9. x. Decide whether the following statement is true or false. If false, provide 
a counterexample. If true, provide a brief justification. 


When f(x) is positive and concave up, any trapezoidal rule 
b 


approximation for i f(x) dz will be an upper estimate for 
b a 
[ tea 


10. Give a polynomial f(x) with the property that the Simpson’s rule approxima- 
b 
tion of / f(x)dz is exact for all a, b, and n. 


Exercises — Stage 2 Questions 11 and 12 ask you to approximate a given integral 
using the formulas in Equations 1.11.2, 1.11.6, and 1.11.9 in the text.Questions 13 
though 17 ask you to approximate a quantity based on observed data.In Questions 18 
through 24, we practice finding error bounds for our approximations. 


30 
1 
11. Write out all three approximations of i ai with n = 6. (That is: 
ie 


midpoint, trapezoidal, and Simpson’s.) You do not need to simplify your 
answers. 
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12. x. Find the midpoint rule approximation to | sin zdz with n = 3. 
0 


13. »*. The solid V is 40 cm high and the horizontal cross sections are circular 
disks. The table below gives the diameters of the cross sections in centimeters 
at 10 cm intervals. Use the trapezoidal rule to estimate the volume of V. 


height 0 | 10] 20 | 30 | 40 
diameter | 24/}16]10/]6 | 4 


14. x. A 6 metre long cedar log has cross sections that are approximately circular. 
The diameters of the log, measured at one metre intervals, are given below: 


metres from left end of log | 0 1 | 2 3 4 
diameter in metres 12 | 1) 0.8) 0.8) 10) -1 | 12 


Use Simpson’s Rule to estimate the volume of the log. 

15. «. The circumference of an 8 metre high tree at different heights above the 
ground is given in the table below. Assume that all horizontal cross-sections 
of the tree are circular disks. 


height (metres) 0 |2 |4 |6 |8 
circumference (metres) | 1.2 | 1.1 | 1.3 | 0.9 | 0.2 


Use Simpson’s rule to approximate the volume of the tree. 


*. By measuring the areas enclosed by contours on a topographic map, a 
geologist determines the cross sectional areas A in m? of a 60 m high hill. 
The table below gives the cross sectional area A(h) at various heights h. 
The volume of the hill is V = f,” A(h) dh. 


h | 0 10 20 30 40 
A | 10,200 | 9,200 | 8,000 | 7,100 


a If the geologist uses the Trapezoidal Rule to estimate the volume of 
the hill, what will be their estimate, to the nearest 1,000m?? 


b What will be the geologist’s estimate of the volume of the hill if they 
use Simpson’s Rule instead of the Trapezoidal Rule? 


17. *. The graph below applies to both parts (a) and (b). 
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18. 


20. 


a Use the Trapezoidal Rule, with n = 4, to estimate the area under the 
graph between x = 2 and x = 6. Simplify your answer completely. 


b Use Simpson’s Rule, with n = 4, to estimate the area under the graph 
between x = 2 and x = 6. 


1 
*. The integral / sin(«”) dz is estimated using the Midpoint Rule with 1000 
= 


intervals. Show that the absolute error in this approximation is at most 2-10~°. 
You may use the fact that when approximating i f(x) dx with the Midpoint 
Rule using n points, the absolute value of the error is at most M(b—a)?/24n? 


when |f”(x)| < M for all x € [a, 0). 


*. The total error using the midpoint rule with n subintervals to ap- 
M(b— a)? 

proximate the integral of f(a) over [a,b] is bounded by a ee if 
n 


le (2) Mi forall << b: 
1 


Using this bound, if the integral / 2x4 dx is approximated using the mid- 


= 
point rule with 60 subintervals, what is the largest possible error between 
the approximation Mgg and the true value of the integral? 


2 
*. Both parts of this question concern the integral J = | (x — 3)° dz. 
0 


1.11 NUMERICAL INTEGRATION 


a Write down the Simpson’s Rule approximation to J with n = 6. Leave 
your answer in calculator-ready form. 


b Which method of approximating J results in a smaller error bound: the 
Midpoint Rule with n = 100 intervals, or Simpson’s Rule with n = 10 
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intervals? You may use the formulas 


M(b-a)? 
24n? 


L(b— a)? 


Ey| < 
| m| < 180n4 ’ 


and |Es| < 


where M is an upper bound for |f”(x)| and L is an upper bound for 
|f(x)|, and Ey, and Eg are the absolute errors arising from the mid- 
point rule and Simpson’s rule, respectively. 


5 
1 
21. x. Find a bound for the error in approximating / —dz using Simpson’s rule 
i 2 


with n = 4. Do not write down the Simpson’s rule approximation 54. 
In general the error in approximating i f(x)dx using Simpson’s rule with n 


L(b- b— 
HOD any! where Ax = “ and L > |f(2x)| for 


steps is bounded by 
ala<a<ob. 


*. Find a bound for the error in approximating 


il 
| (e°?* + 32%) dx 
0 


using Simpson’s rule with n = 6. Do not write down the Simpson’s rule 


approximation S,,. 
In general, the error in approximating ib f(x)dz using Simpson’s rule with 
L(b — b— 

Ca) (Az)* where Ax = “and L > \f (x)| 


: ee) 
n steps is bounded by 130 = 


forala<a<b. 


2 
23. x. Let iy (1/ax) da. 
1 


a Write down the trapezoidal approximation 7) for J. You do not need to 
simplify your answer. 


b Write down the Simpson’s approximation S, for J. You do not need to 
simplify your answer. 


c Without computing J, find an upper bound for |J — S4|. You may use 
the fact that if |f(x)| < L on the interval [a, 6], then the error in using 
S, to approximate Fi f(x) da has absolute value less than or equal to 
L(b — a)? /180n?*. 
24. *. A function s(x) satisfies s(0) = 1.00664, 5s(2) = 1.00543, s(4) = 1.00435, 
s(6) = 1.00331, s(8) = 1.00233. Also, it is known to satisfy |s (x) < —_— 
for 0 < x < 8 and all positive integers k. 


a Find the best Trapezoidal Rule and Simpson’s Rule approximations that 
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8 
you can for [ = | s(a)da. 
0 


b Determine the maximum possible sizes of errors in the approximations 
you gave in part (a). Recall that if a function f(x) satisfies | {© (x)| < Ky 
on [a, 6], then 


_ kalb- 


a)? K4(b— a)? 
< Dn? and <a 


b 
/ P(a)de — Sn) Seana 


25. »*. Consider the trapezoidal rule for making numerical approximations to 
M(b—a)? 

= Pi 
where |f°(a)| = 4 tora =< 7b. lf —2— 7" (2) = Otor |< 7 = 4 find a 
value of n to guarantee the trapezoidal rule will give an approximation for 


4 
/ f(x)dx with absolute error, |E7|, less than 0.001. 
1 


[ seae-1, 


b 
f(x)dx. The error for the trapezoidal rule satisfies |E7| < 


Exercises — Stage 3 
26. *. A swimming pool has the shape shown in the figure below. The vertical 
cross-sections of the pool are semi-circular disks. The distances in feet across 
the pool are given in the figure at 2-foot intervals along the sixteen—foot length 
of the pool. Use Simpson’s Rule to estimate the volume of the pool. 


27. »*. A piece of wire 1m long with radius 1mm is made in such a way that 
the density varies in its cross-section, but is radially symmetric (that is, 
the local density g(r) in kg/m* depends only on the distance r in mm from 
the centre of the wire). Take as given that the total mass W of the wire in 
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kg is given by 


1 
W= 2mi0-® f rg(r) dr 
0 


Data from the manufacturer is given below: 


0 [1/4 J1/2 | 3/4 
g(r) | 8051 | 8100 | 8144 | 8170 


a Find the best Trapezoidal Rule approximation that you can for W 
based on the data in the table. 


b Suppose that it is known that |g/(r)| < 200 and |g’(r)| < 150 for all 
values of r. Determine the maximum possible size of the error in the 
approximation you gave in part (a). Recall that if a function f(z) 
satisfies | f”(a)| < M on [a, 6], then 


M(b—a)? 


|I —T,,| < 
12n? 


where [ = ie f(x) dz and Ti), is the Trapezoidal Rule approximation 
to J using n subintervals. 


2 
1 

28. +. Simpson’s rule can be used to approximate log 2, since log 2 = i — dz. 
1 & 


a Use Simpson’s rule with 6 subintervals to approximate log 2. 


b How many subintervals are required in order to guarantee that the 
absolute error is less than 0.00001? 


Note that if FE, is the error using n subintervals, then |F,| < 
L(b— a)? 

nt 
derivative of the function being integrated and a and 6 are the end 
points of the interval. 


where L is the maximum absolute value of the fourth 


2 
29. *. Let l= | cos(xz?)dzx and let 9, be the Simpson’s rule approximation to I 


using n subintervals. 
a Estimate the maximum absolute error in using Sg to approximate J. 
b How large should n be in order to ensure that |J — S,,| < 0.0001? 
Note: The graph of f”"(x), where f(x) = cos(x?), is shown below. The abso- 
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lute error in the Simpson’s rule approximation is bounded by 
| f’"(x)| < LZ on the interval |a, }]. 


—300 


30. x. Define a function f(x) and an integral I by 


2 


fa) = f sin(V2) dt, r= f nat 


Estimate how many subdivisions are needed to calculate J to five decimal 

places of accuracy using the trapezoidal rule. 

M(b— a)? 
127? 

M is the maximum absolute value of the second derivative of the function being 

integrated and a and 6 are the limits of integration. 


Note that if E,, is the error using n subintervals, then |E,,| < , where 


31. Let f(x) be a function * with f" (xr) = ne 
o 


a Show that |f”(a)| < 1 whenever z is in the interval [0, 1]. 
b Find the maximum value of | f”(x)| over the interval [0, 1]. 


c Assuming M = 1, how many intervals should you use to approximate 


1 
| f(x)dzx to within 10~°? 
0 


d Using the value of M you found in (b), how many intervals should you 


i 
use to approximate | f(x)dzx to within 10~°? 
0 


a For example, f(x) = $23 — $a? + (1+2) log |a +1] will do, but you don’t need to know 


what f(x) is for this problem. 
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32. Approximate the function log x with a rational function by approximating 


the integral zat using Simpson’s rule. Your rational function f(z) 


1 
should approximate log x with an error of not more than 0.1 for any x in 
the interval [1, 3]. 


33. Using an approximation of the area under the curve , show that the 


eal 
constant arctan 2 is in the interval E + 0.321, - + 0.323]. 
d‘ 1 24 5 4 10 2 1 
You may assume use without proof that a Vie _ ( 7 zy i, +1) 


You may use a calculator, but only to add, subtract, multiply, and divide. 


1.124 Improper Integrals 


1.12.1 Definitions 


To this point we have only considered nicely behaved integrals i f(x)dz. Though the 
algebra involved in some of our examples was quite difficult, all the integrals had 


e finite limits of integration a and b, and 


e a bounded integrand f(x) (and in fact continuous except possibly for finitely 
many jump discontinuities). 


Not all integrals we need to study are quite so nice. 


An integral having either an infinite limit of integration or an unbounded inte- 
grand is called an improper integral. 


Two examples are 


lee) 1 
| on and ca 
0 


14+ 2? 0 «(UW 


The first has an infinite domain of integration and the integrand of the second tends 
to oo as x approaches the left end of the domain of integration. We’ll start with an 
example that illustrates the traps that you can fall into if you treat such integrals 
sloppily. Then we'll see how to treat them carefully. 
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Example 1.12.2 i 4sdex. 


Consider the integral 
1 
1 
1 v 


If we “do” this integral completely naively then we get 


1 I 
1 
1 v —1\_, 
_ 1 —l 
al. <elh 
=-2 


which is wrong *. In fact, the answer is ridiculous. The integrand 4 > 0, so the 


ge 
integral has to be positive. 
The flaw in the argument is that the fundamental theorem of calculus, which says that 


if F(x) = f(a) then [? f(x) dx = F(b) — F(a) 


is applicable only when F’(x) exists and equals f(x) for all a < x < b. In this case 
fg) = 45 does not exist for x = 0. The given integral is improper. We'll see later 
that the correct answer is +00. 


a Very wrong. But it is not an example of “not even wrong” — which is a phrase attributed to the 
physicist Wolfgang Pauli who was known for his harsh critiques of sloppy arguments. The phrase 
is typically used to describe arguments that are so incoherent that not only can one not prove 
they are true, but they lack enough coherence to be able to show they are false. The interested 


f reader should do a little searchengineing and look at the concept of falisfyability. { 


Let us put this example to one side for a moment and turn to the integral ite = on 


In this case, the integrand is bounded but the domain of integration extends to +oo. 
We can evaluate this integral by sneaking up on it. We compute it on a bounded domain 
of integration, like i and then take the limit R — oo. 


da 
a l1l+a?2? 


a R me 


Let us put this into practice: 
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Example 1.12.3 J, - is. 


Solution: 


e Since the domain extends to +00 we first integrate on a finite domain 


[ dx i 
= arctan & 
_ Ae 


= arctan R — arctana 


R 


a 


e We then take the limit as R > +too: 
I dx ; R dz 
—— = lim 
g ita? Roof, 142? 


= lim [ arctan R— arctan al 
Roo 


= t 
= — — arctand. 
eS ___————CCCCSS 


To be more precise, we actually formally define an integral with an infinite domain 
as the limit of the integral with a finite domain as we take one or more of the limits of 
integration to infinity. 


a If the integral ie f(x)dz exists for all R > a, then 


ia ice da im "Fle \da 
when the limit exists (and is finite). 


b If the integral i f(x)dx exists for all r < b, then 


b 
fide — lind Pile )dax 


p62) 
when the limit exists (and is finite). 


c If the integral ie f (x)dz exists for all r < R, then 


LOO) 


(oe) R 
i Ped — lm lite Jae + fim. f ae lige 


when both limits exist (and are fie Any c can be used. 


When the limit(s) exist, the integral is said to be convergent. Otherwise it is said 
to be divergent. 
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We must also be able to treat an integral like i de that has a finite domain of 
integration but whose integrand is unbounded near one limit of integration | Our ap- 
proach is similar — we sneak up on the problem. We compute the integral on a smaller 
domain, such as ci de with t > 0, and then take the limit t > 0+. 


Example 1.12.5 i sd. 


Solution: 


e Since the integrand is unbounded near x = 0, we integrate on the smaller domain 


t<a<1l1witht>0: 
1 
1 
| —dax = log |z| 
oe 


e We then take the limit as t — 0+ to obtain 


1 
= —log|t| 
t 


a A 
| —dz = lim —dz = lim — log |t| = +00 
0 XL toot 


x to0t Jy 
t Thus this integral diverges to +00. f 
ee 


t | ss 


Indeed, we define integrals with unbounded integrands via this process: 


a If the integral I f(x)dz exists for all a < t < 6, then 


[ t@w-= lim [ feo 


toa+ 


when the limit exists (and is finite). 


e OO @ 


1 = This will, in turn, allow us to deal with integrals whose integrand is unbounded somewhere inside 
the domain of integration. 
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b If the integral ie f(ax)dzx exists for all a < T < b, then 


[ (da = jim [ f(x)da 


when the limit exists (and is finite). 


© leva —¢ —>, li the miesral- f. f@) dx and (eR x)dx exist for all 
aT <eandic< 7% <b, then 


b ae 
[ fea i im he jar + jim fear 


when both limit exist (and are finite). 


When the limit(s) exist, the integral is said to be convergent. Otherwise it is said 
to be divergent. 


Notice that (c) is used when the integrand is unbounded at some point in the middle 
of the domain of integration, such as was the case in our original example 


A quick computation shows that this integral diverges to +00 


same | ade 
/ 3d = lim de lim Ue 
1 # a>0- J_4 & b0F J, 2 
. 1 
= lim i= + lim F-1 
a—>0- a b0+ | b 


More generally, if an integral has more than one “source of impropriety” (for example 
an infinite domain of integration and an integrand with an unbounded integrand or 
multiple infinite discontinuities) then you split it up into a sum of integrals with a 
single “source of impropriety” in each. For the integral, as a whole, to converge every 
term in that sum has to converge. 

For example 


Example 1.12.7 j bon 


(a—2) x? ° 


Consider the integral 


[ome 


e The domain of integration that extends to both +oo and —oo. 
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e The integrand is singular (i.e. becomes infinite) at « = 2 and at 7 = 0. 


e So we would write the integral as 


— — “hee 


where 


o ais any number strictly less than 0, 
o bis any number strictly between 0 and 2, and 
o cis any number strictly bigger than 2. 
So, for example, take a = —1,b=1,c=3. 
e When we examine the right-hand side we see that 
o the first integral has domain of integration extending to —oo 


o the second integral has an integrand that becomes unbounded as x — 0-, 


o the third integral has an integrand that becomes unbounded as x > 0+, 


[e) 


the fourth integral has an integrand that becomes unbounded as x > 2-, 
o the fifth integral has an integrand that becomes unbounded as x — 2+, and 


o the last integral has domain of integration extending to +oo. 


e Each of these integrals can then be expressed as a limit of an integral on a small 
domain. 


Example 1.12.7 


1.12.2 » Examples 


With the more formal definitions out of the way, we are now ready for some (important) 
examples. 


Example 1.12.8 {rs de with p> 0. 


Solution: 


e Fix any p > 0. 


CO da 
xP 


e The domain of the integral if extends to +00 and the integrand + — is contin- 
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uous and bounded on the whole domain. 


e So we write this integral as the limit 


[s R da 
— = lim — 
1 


uP Roo fy xP 


e The antiderivative of 1/x? changes when p = 1, so we will split the problem into 


three cases, p > 1, p=landp< 1. 


e When p> 1, 


1 


Ri? —-1 
=. hana 
Roo l|— Pp 
| 
l-p p-Il 
since 1—p <0. 
e Similarly when p < 1 we have 
Pode R da _ RrP-i 
— = lim — = lim ———— 
1 oP Roo J, xP Roe |l—p 


because 1 — p > 0 and the term R'? diverges to +00. 


e Finally when p = 1 
R 
d 
/ Bap log |R| — log1 = log R 
ae 


Then taking the limit as R — oo gives us 


Pag 
; “= lim log |R| = +00. 
1 gyP Roo 


e So summarising, we have 


[ dz _ J divergent ifp<1 
1 _— ifp>1 


eP 
p-1 
Example 1.12.8 
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Example 1.12.9 if. de with p > 0. 


Solution: 
e Again fix any p > 0. 


e The domain of integration of the integral ts ie is finite, but the integrand = 


becomes unbounded as x approaches the left end, 0, of the domain of integration. 


e So we write this integral as 


1 dx ; dx 
— = lim ae 
7 2? t30+ J, xP 


e Again, the antiderivative changes at p = 1, so we split the problem into three 
cases. 


e When p > 1 we have 
me 1 


t me 1 D 
1—th? 
ae 
Since 1 — p < 0 when we take the limit as t + 0 the term t!? diverges to +00 
and we obtain 
de... Tg? 


— = lim ———_ = +0 
9 cP txot 1l—p 


e When p = 1 we similarly obtain 


1 dx : 1 dx 
— = lim == 
0 « to0+ J, 2X 


= Hp, (lost) 
e Finally, when p < 1 we have 
1 dx : 1 dx 
— = lim vo 
0 xP t30T t xP 
_ 1-H 1 
= lim = 


since 1 — p> 0. 


e In summary 


1 1 . 
o a divergent ifp>1 


eee eee a 
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Example 1.12.10 i de with p > 0. 
Solution: 


e Yet again fix p > 0. 


e This time the domain of integration of the integral i de extends to +00, and in 
addition the integrand 4 becomes unbounded as x approaches the left end, 0, of 
the domain of integration. 


e So we split the domain in two — given our last two examples, the obvious place 


to cut is at x = 1: 
de Vda ° dx 
0 cP go xP 1 xP 


e We saw, in Example 1.12.9, that the first integral diverged whenever p > 1, and 
we also saw, in Example 1.12.8, that the second integral diverged whenever p < 1. 


e So the integral ie ae diverges for all values of p. 


Example 1.12.11 He a 


This is a pretty subtle example. Look at the sketch below: 


y 


This suggests that the signed area to the left of the y-axis should exactly cancel the 
area to the right of the y-axis making the value of the integral Fae de exactly zero. 
But both of the integrals 
1 dz ' da 1 
t 


: : : 1 
= lim — = lim [log | = lim log — = +00 
a 2 t0+ J, 2 t30+ t>0+ t 
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° de edz T 
— = lim — = lim [log x] 
_1 & T-0-— _1 & T>0- | 


= lim log|T| =— 
ee 

diverge so i de diverges. Don’t make the mistake of thinking that co — co = 0. It ts 

undefined. And it is undefined for good reason. 

For example, we have just seen that the area to the right of the y-axis is 


; 1 dx 
lim — 
t>0+ t Hb 


and that the area to the left of the y-axis is (substitute —7t for T above) 


; —Tt dz 
lim — = —0o 


If co — co = 0, the following limit should be 0. 


; | dx [- =] 
lim —-+ — 
t30+ | J, 2 ia & 


. 1 
Jim [og Fs + log | — 7t\| 


= lim, [log : i log(7#)| 


t>0- 


= lim | — log + log7 + log] = lim log7 
+ t-0+ 


t0- 


log 7 


This appears to give oo — co = log7. Of course the number 7 was picked at random. 
You can make oo — oo be any number at all, by making a suitable replacement for 7. 


Example 1.12.11 
Example 1.12.12 Example 1.12.2 revisited. 


The careful computation of the integral of Example 1.12.2 is 


i 4 Ty 1 
—dxr= lim —da-+ lim —dax 
-1 v2 —0- 1 i t>0+ J 
147 1)! 
= lim |--| + lim |- =| 
T-0- ae es t0+ LIt 
= 00 + CO 


t Hence the integral diverges to +00. f 
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Example 1.12.13 {~ 


oo me 
Since 
R dz RO T 
lim = lim Jarctanz} = lim arctanR = — 
Roo Jo 14+ x? R-00 0 R-00 2 
° dz 0 | T 
lim ——— = lim Jarctanz) = lim —arctanr = — 
r+—oO J, 1+ 42 T—>—00 r T——0o 2 


| The integral i 4 ae converges and takes the value 7. ! 


Example 1.12.14 When does ih converge? 


ae oP 


For what values of p does { converge? 


Solution: 


anes ye 


e For x > e, the denominator x(log x)? is never zero. So the integrand is bounded 
on the entire domain of integration and this integral is improper only because the 
domain of integration extends to +oo and we proceed as usual. 


e We have 
[ da ; = da ee 
——— = lim ee use substitution 
e x«(logr)P Roof, x(logx)? 
log R d 
= lim iad with u = logz,du = = 
Roo Jy UP r 
a |(log RY” —~i] ifp41 
= lim P 
Re | log (log R) it p= 1 


1 z 


_ hae ios | 


In this last step we have used similar logic that that used in Example 1.12.8, but 


t with R replaced by log R. f 
Example 1.12.15 The gamma function. 


The gamma function I(x) is defined by the improper integral 


I(t) -| ae “de 
0 
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We shall now compute I'(n) for all natural numbers n. 


e To get started, we'll compute 


oe) R R 
eye | e “dx = lim e- "de =: lim | - e*| = 
0 


Roo 0 Roo 


e Then compute 


LQ i ceo de 
0 
R 
= him te de 
Row Jo 
Use integration by parts with u = 2,dv = e-*dz, so v = —e"*, du = dz 
R R 
= lim: —xe "| + i) ode 
R-0oo (0) 0 
R 
= lim | —xe" — e*| 
R-0o 0 


= 


For the last equality, we used that lim xe~* = 0. 
xL—>0O 


e Now we move on to general n, using the same type of computation as we just 
used to evaluate [(2). For any natural number n, 


Tin+1)= | ee ds 
0 


R 
= lim eee de 
Rox Jo 
Again integrate by parts with u = x”, dv = e~*dz, so v = —e-*, du = na” 'dx 


= lim | —a"e”* 
Roo 


R R 
+ | nat te*de 
0 0 


R 
= lim nf a” te "dr 
0 


Roo 


=n (a) 
To get to the third row, we used that lim x"e~* = 0. 
xL—>CO 


e Now that we know I'(2) = 1 and P(n+1) = nI'(n), for all n € N, we can compute 
all of the [(n)’s. 


T(2)=1 
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(3) =1(2+ 1) =20(2) =2-1 
(4) =1(3 +1) =3F(3) =3-2-1 
T(5) =1(4+1) =49(4) =4-3-2-1 


I(n) = (n—-1)-(n—2)---4-3-2-1=(n—-1)! 
That is, the factorial is just ° the Gamma function shifted by one. 


a The Gamma function is far more important than just a generalisation of the factorial. It appears 
all over mathematics, physics, statistics and beyond. It has all sorts of interesting properties and 
its definition can be extended from natural numbers n to all numbers excluding 0, —1, —2, —3,--- 


For example, one can show that (1 — z)['(z) = 
Example 1.12.15 


sin 7wz* 


1.12.3 Convergence Tests for Improper Integrals 


It is very common to encounter integrals that are too complicated to evaluate explicitly. 
Numerical approximation schemes, evaluated by computer, are often used instead (see 
Section 1.11). You want to be sure that at least the integral converges before feeding 
it into a computer 7. Fortunately it is usually possible to determine whether or not an 
improper integral converges even when you cannot evaluate it explicitly. 


Remark 1.12.16 For pedagogical purposes, we are going to concentrate on the prob- 
lem of determining whether or not an integral i f(x)dx converges, when f(z) has no 
singularities for z > a. Recall that the first step in analyzing any improper integral is to 
write it as a sum of integrals each of has only a single “source of impropriety” — either 
a domain of integration that extends to +00, or a domain of integration that extends to 
—oo, or an integrand which is singular at one end of the domain of integration. So we 
are now going to consider only the first of these three possibilities. But the techniques 
that we are about to see have obvious analogues for the other two possibilities. 


Now let’s start. Imagine that we have an improper integral ie f(x)dz, that f(x) 
has no singularities for x > a and that f(#) is complicated enough that we cannot 
evaluate the integral explicitly °. The idea is find another improper integral ine g(x)dx 


e with g(x) simple enough that we can evaluate the integral A g(x)dx explicitly, 
or at least determine easily whether or not ti g(x)dx converges, and 


2 Applying numerical integration methods to a divergent integral may result in perfectly reasonably 
looking but very wrong answers. 


3 You could, for example, think of something like our running example [~ edt. 
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e with g(x) behaving enough like f(x) for large x that the integral [* f(x)dzx 
converges if and only if ie g(x)dx converges. 


So far, this is a pretty vague strategy. Here is a theorem which starts to make it more 
precise. 


Theorem 1.12.17 Comparison. 


Let a be areal number. Let f and g be functions that are defined and continuous 
for all x > a and assume that g(x) > 0 for all x >a. 


a If |f(x)| < g(x) for all x > a and if [ g(x)dx converges then f f(x)dz 
also converges. 


b If f(x) > g(a) for all « > a and if {™ g(x)da diverges then [ f(x)dax also 
diverges. 


We will not prove this theorem, but, hopefully, the following supporting arguments 
should at least appear reasonable to you. Consider the figure below: 


g(x) (eee 


~ 


e If {-° g(x)dx converges, then the area of 
{ (x, y) | o> i, UL Ys oe) } is finite. 
When |f(x)| < g(a), the region 
{ (x,y) | a >a, 0<y<|f(x)| } is contained inside { (x,y) | a> a, 0< ys g@)} 
and so must also have finite area. Consequently the areas of both the regions 
{ (zy) |z 2a, O<y< f(z) } and { (z,y) | >, f(z) <y <0} 


are finite too *. 


e OS @ 


4 We have separated the regions in which f(x) is positive and negative, because the integral 
J-* f(x)da represents the signed area of the union of { (a,y) | o> a, 0 y < 7) } and 


{ (ay) | @ >a, Ha) Sy <0 }. 
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e If [° g(x)dx diverges, then the area of 
{ (x, y) | ea, 0S y= Ge) } is infinite. 
When f(x) > g(x), the region 
{ (x,y) | z >a, 0<y< f(x) } contains the region { (z, y) | a>a,0<y <= g(a) } 


and so also has infinite area. 


Example 1.12.18 7° e7® da. 


We cannot evaluate the integral fi eda explicitly °, however we would still like to 
understand if it is finite or not — does it converge or diverge? 
Solution: We will use Theorem 1.12.17 to answer the question. 


e So we want to find another integral that we can compute and that we can compare 
to i e~*' dx. To do so we pick an integrand that looks like e~®, but whose 
indefinite integral we know — such as e~”. 


e When x > 1, we have x? > x and hence ee < e*. Thus we can use Theo- 


rem 1.12.17 to compare 
/ e~” dx with / e “dx 
1 1 


e The integral 


— oo 1 
R 
= lim | -e "| 
Roo L 
= lim ioe —e# =e! 
Roo 


converges. 


e So, by Theorem 1.12.17, with a = 1, f(x) = e~™ and g(x) = e~*, the integral 
a eda converges too (it is approximately equal to 0.1394). 


a It has been the subject of many remarks and footnotes. { 
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Example 1.12.19 ie e-* da. 


Solution: 


e The integral Abas e~® dx is quite similar to the integral i. e-* dx of Example 
1.12.18. But we cannot just repeat the argument of Example 1.12.18 because it 
is not true that e~* <e* when0O<2< 1. 


e In fact, for0 <2 <1,22<2xs0 that e™ >e-*. 


e However the difference between the current example and Example 1.12.18 is 


lee) lee) 1 
/ ede -f ede -|/ ede 
1/2 1 1/2 


which is clearly a well defined finite number (its actually about 0.286). It is 
important to note that we are being a little sloppy by taking the difference of two 
integrals like this — we are assuming that both integrals converge. More on this 
below. 

e So we would expect that fs e~* dx should be the sum of the proper integral 


integral ie e~* dx and the convergent integral ie e~*’ dx and so should be a 
convergent integral. This is indeed the case. The Theorem below provides the 


t justification. f 


Theorem 1.12.20 


Let a and c be real numbers with a < c and let the function f(x) be continuous 


for all x > a. Then the improper integral i f(x) dx converges if and only if the 
improper integral ee f(x) dx converges. 


Proof. By definition the improper integral te f(x)dx converges if and only 
if the limit 


jim [soe = jim fe f(a)dz + Fede] 
= [roar + jim. [roa 


exists and is finite. (Remember that, in computing the limit, i f(«x)dz is a finite 
constant independent of R and so can be pulled out of the limit.) But that is the 
case if and only if the limit imr_,. je f(ax)dzx exists and is finite, which in turn 
is the case if and only if the integral i f(x)dx converges. 
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O 


Example 1.12.21 Does i v2 dr converge? 


x2+a 


Does the integral fie v2 dy converge or diverge? 
Solution: 


vet 


Our first task is to identify the potential sources of impropriety for this integral. 


The domain of integration extends to +oo, but we must also check to see if the 
integrand contains any singularities. On the domain of integration x > 1 so the 
denominator is never zero and the integrand is continuous. So the only problem 
is at +00. 


Our second task is to develop some intuition “. As the only problem is that the 
domain of integration extends to infinity, whether or not the integral converges 
will be determined by the behavior of the integrand for very large «x. 


When wz is very large, x? is much much larger than x (which we can write as 
x? > x) so that the denominator x? + x ~ x? and the integrand 


vive _ 1 


e+e gp? g8/? 


By Example 1.12.8, with p = 3, the integral fia Sn converges. So we would 


expect that ie Side converges too. 


Our final task is to verify that our intuition is correct. To do so, we want to apply 
part (a) of Theorem 1.12.17 with f(z) = nae and g(x) being <5, or possibly 
some constant times Pee That is, we need to show that for all x > 1 (i.e. on the 
domain of integration) 


ee ee 


getag — 3/2 


for some constant A. Let’s try this. 
Since x > 1 we know that 
e+e > x 


Now take the reciprocal of both sides: 


1 2 1 
get+an 2 


Multiply both sides by \/x (which is always positive, so the sign of the inequality 
does not change) 


vi vE_ 1 


setae gt 8/2 
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e So Theorem 1.12.17(a) and Example 1.12.8, with p = 3 do indeed show that the 


. [oe] 
integral i edz converges. 


a This takes practice, practice and more practice. At the risk of alliteration — please perform plenty 
of practice problems . 


Example 1.12.21 


Notice that in this last example we managed to show that the integral exists by finding 
an integrand that behaved the same way for large x. Our intuition then had to be 
bolstered with some careful inequalities to apply the comparison Theorem 1.12.17. 
It would be nice to avoid this last step and be able jump from the intuition to the 
conclusion without messing around with inequalities. Thankfully there is a variant of 
Theorem 1.12.17 that is often easier to apply and that also fits well with the sort of 
intuition that we developed to solve Example 1.12.21. 

A key phrase in the previous paragraph is “behaves the same way for large x”. A 
good way to formalise this expression — “f(x) behaves like g(x) for large x” — is to 
require that the limit 


lim I(x) 


exists and is a finite nonzero number. 
x00 g(x) 


Suppose that this is the case and call the limit ZL 4 0. Then 


e the ratio fe must approach L as x tends to +00. 


e So when z is very large — say x > B, for some big number B — we must have 
that 


L<7-—<2L foralzr>B 


Equivalently, f(x) lies between £9(x) and 2Lg(z), for all x > B. 


e Consequently, the integral of f(x) converges if and only if the integral of g(x) 
converges, by Theorems 1.12.17 and 1.12.20. 


These considerations lead to the following variant of Theorem 1.12.17. 


Theorem 1.12.22 Limiting comparison. 


Let —oo < a < oo. Let f and g be functions that are defined and continuous for 
all x > a and assume that g(x) > 0 for all x > a. 


a If [* g(x)dx converges and the limit 


lim 
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exists, then [* f(x)dx converges. 


b If f-~ g(x)dx diverges and the limit 


exists and is nonzero, then [~~ f(x) diverges. 


Note that in (b) the limit must exist and be nonzero, while in (a) we only require 
that the limit exists (it can be zero). 


Here is an example of how Theorem 1.12.22 is used. 


Example 1.12.23 i EHSin® yy, 


e~? 442 


x+sina 
Does the integral / Pe SNe ae converge or diverge? 
1 €*+2 

Solution: 


e Our first task is to identify the potential sources of impropriety for this integral. 


e The domain of integration extends to +oo. On the domain of integration the 
denominator is never zero so the integrand is continuous. Thus the only problem 
is at +00. 


e Our second task is to develop some intuition about the behavior of the integrand 
for very large x. A good way to start is to think about the size of each term when 
x becomes big. 


e When z is very large: 


oe * < x”, so that the denominator e~* + x? = x”, and 


o |sinz| <1<-a, so that the numerator x + sinz ¥ x, and 


at+sing ~~, « 1 


e-t+4a2 ~ g2 — x 


o the integrand 


Notice that we are using A < B to mean that “A is much much smaller than B”. 
Similarly A >> B means “A is much much bigger than B”. We don’t really need 
to be too precise about its meaning beyond this in the present context. 


xo+sin x 
e~*+22 


e Now, since | i de diverges, we would expect ii dx to diverge too. 


e Our final task is to verify that our intuition is correct. To do so, we set 


_ £+sne 1 


f(«) = 


e-* + x? x 
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and compute 


=. Je) _ «@+sing 1 
lim —~ = lim —~+-—- 
woo g xr) too Ef + 2 x 
kin (1+sinz/x)x 
z—ro0 (e—* /a? + 1)x? 
=A 1+sinz/z 
a—oo e~* /~? +1 
1 


e Since f° g(x)dx = f° & diverges, by Example 1.12.8 with p = 1, Theorem 
1.12.22(b) now tells us that [7° f(z)dx = f° S2"45dzr diverges too. 


e- t+? 
Example 1.12.23 


1.12.4 Exercises 


Exercises — Stage 1 


b 
1. For which values of 6 is the integral | dx improper? 
0 


zg? —1 


b 
1 
For which values of 6 is the integral i wa improper? 
pe 


Below are the graphs y = f(x) and y = g(x). Suppose | f(x)dax con- 
0 


(oe) 


verges, and i; g(x)da diverges. Assuming the graphs continue on as 


0 
shown as x — oo, which graph is f(x), and which is g(x)? 
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4. x. Decide whether the following statement is true or false. If false, provide a 
counterexample. If true, provide a brief justification. (Assume that f(x) and 
g(x) are continuous functions.) 
if f(x) dax converges and g(x) > f(x) > 0 for all x, then | g(x) da 
coliverges. : 

1 lo) . (oe) 
5. Let f(x) = e~* and g(x) = ——. Note f, f(x)dax converges while [,” g(x)dx 
% 


+1 
diverges. 


For each of the functions h(a) described below, decide whether f>~ h(a)da 


converges or diverges, or whether there isn’t enough information to decide. 
Justify your decision. 


a h(x), continuous and defined for all x > 0, h(x) < f 
b h(a), continuous and defined for all 7 > 0, f(x) <h 


c h(x), continuous and defined for all x > 0, —2f(x) < h(x) < f(z). 


Exercises —— Stage 2 


nee 

z 
6. x. Evaluate the integral | eat dz or state that it diverges. 
Tae 


2 


7. »*. Determine whether the integral / dz is convergent or divergent. 


1 
-2 («+ 1)48 
If it is convergent, find its value. 


8. «*. Does the improper integral / dx converge? Justify your an- 
i 


1 
V4xr?2 — x 


Swer. 


dx 
ete 


converge or diverge? Justify your claim. 


9. x. Does the integral [ 
0 
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10. Does the integral / cos xdx converge or diverge? If it converges, evaluate it. 


—co 


co 
Does the integral i sin xdx converge or diverge? If it converges, evaluate 


—co 


Ths 


oo 4 3 

—5 2x —7 

12. Evaluate | : : sulle dz, or state that it diverges. 
10 gs dr 8 


10 al 
Evaluate i —+.—__———dy, or state that it diverges. 
0 


zx? — 1127 +10 


14. «*. Determine (with justification!) which of the following applies to the integral 
+oo r 
da: 
[. z2+1 


++oo r 
i / eo diverges 


+00 +00 
ii / . aq converges but / 7 Pai dx diverges 
eo q d / veel ap 4 
iii —_——dz converges, as does —+—_ | dx 
oo V2 +1 es oo |v?2t1 


Remark: these options, respectively, are that the integral diverges, converges 
conditionally, and converges absolutely. You'll see this terminology used for 
series in Section 3.4.1. 

°° | sin z| 
15. »*. Decide whether J = —.——~ dz converges or diverges. Justify. 
> 24 qi 

Gea | 


a) dx converge or diverge? 
LA+2 


16. x*. Does the integral r1/3( 


Exercises — Stage 3 


1 
17. We craft a tall, vuvuzela-shaped solid by rotating the line y = — from 
2 


x =a to x =1 about the y-axis, where a is some constant between 0 and 
1. 
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18. 


—1 


True or false: No matter how large a constant M is, there is some value 
of a that makes a solid with volume larger than MV. 


= ok 
*. What is the largest value of q for which the integral / a dx diverges? 
i # 


For which values of p does the integral | eas converge? 
ne eae We 


20. 


21. 


gb 
Evaluate | aio or state that it diverges. 
, _ 


poe ee a (Get geen yea): . 
oes e ln egra. v converge or 1- 
oshVJjzl Sle-l Vlx-2| 


verge? 


Evaluate | e “sin xdz, or state that it diverges. 
0 


23. 


lee) in’ x 


*. Is the integral | S 5 dx convergent or divergent? Explain why. 
0 x 


ne £ 
Does the integral | ———d yr converge or diverge? 
9 e +x 2 2 


25. 


t —2£ 


*. Let M,,, be the Midpoint Rule approximation for dx with n equal 


0 
subintervals. Find a value of ¢ and a value of n such that M,,; differs from 
Jo de by at most 10~. Recall that the error E,, introduced when the 
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Midpoint Rule is used with n subintervals obeys 


M(b— a)? 


E,| < 
|En| < 24n? 


where M is the maximum absolute value of the second derivative of the inte- 
grand and a and 0 are the end points of the interval of integration. 


26. Suppose f(z) is continuous for all real numbers, and / f(x)dx converges. 
1 


= 
a If f(x) is odd, does / f(x)dx converge or diverge, or is there not 


enough information to decide? 


b If f(a) is even, does f(x)dax converge or diverge, or is there not 


enough information to decide? 


27. ‘True or false: 21 
There is some real number x, with x > 1, such that | —dt = 1. 
9 € 


1.134 More Integration Examples 


»> Exercises 


Recall that we are using log x to denote the logarithm of « with base e. In other courses 


it is often denoted Inz. 


Exercises —— Stage 1 
1. Match the integration method to a common kind of integrand it’s used to 


antidifferentiate. 


) a function multiplied by its derivative 
I) | a polynomial times an exponential 
HI) | a rational function 

IV) | the square root of a quadratic function 


Exercises —— Stage 2 
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10. 


11. 


a /2 
Evaluate : sin’ x cos? xdz. 
0 


Evaluate / V3 — 5x2dz. 


Sr —] 
Evaluate | 2 dx. 
0 


—2 
Evaluate pee paren dx 


2 
Evaluate / x” log xdx. 
1 


x 
*. Evaluate |z = dx. 


*x. Evaluate the following integrals. 
4 
a | —_*_ dr 
0 V9+2? 
2 


n/ 
b i cos? x sin? xdzxr 
0 


C / x log x dx 
1 


«x. Evaluate the following integrals. 


a /2 
a | xsinx dx 
0 


a /2 
b i cos’ x dx 
0 


«x. Evaluate the following integrals. 
2 
a | serds 
0 
it 
b i ds 
0 V1+2? 


1 
2 Av 
4 
ef (22—1D(a2+1)°" 


*. Calculate the following integrals. 


3 
a | V9 — x? dx 
0 
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1 
b i log(1 + a?) dx 
0 


¢ | earesa” 


. 4 = . 3 4 . 2 @ 1 . 6 
12. Evaluate f= ie ime a AU cos 6dé. 


sin? @ — 5sin@ + 6 
13. »*. Evaluate the following integrals. Show your work. 


t 
af sin?(2x) cos?(2x) dx 
0 


Nolo 


dx 


b Jory 


eae 


d | vavctana dx 


14. x. Evaluate the following integrals. 


m/A4 

a i: sin?(2x) cos(2xr) dx 
0 

b [vi — x? dz 


r+ 
c eS. dx 


15. »*. Calculate the following integrals. 


af e “ sin(2x) dx 
0 


V2 1 
b Sere, 
| Qo 


1 
c | x log(1 + x”) dx 
0 


2 1 
af @—1%@—2)" 


16. x. Evaluate the following integrals. 


a [vtosz dx 
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. / (x —1)dax 
v?+4¢r+5 
/ dx 
Cc —— eee 
a? —da +3 


4 / xv? dx 
1+ x6 


17. «*. Evaluate the following integrals. 


1 
a | arctan x da. 
0 


2x —1 
b ———_——— dz. 
(== i 
18. x. 
2 


x 
a Evaluate lear. 


b Evaluate / cos’x sin*x dx. 


™ cosx 
19. Evaluate / dz. 
a/2 VSM x 


20. +. Evaluate the following integrals. 


/ exyess" 
a e 
(e* + 1)(e* — 3) 
4 9? —4de +4 
— dr 
9 V12+4+ 4¢ — x? 
21. x. Evaluate these integrals. 


sin? x 
a 5 dx 
cos? © 


2 4 

XL 
ay ae cee 
| =o - 


22. Evaluate [even Tae. 


2_ 9 
23. Evaluate f Yar 
x 


You may use that [ sec rdx = log|secx + tanz| + C. 


m/4 
24. Evaluate i, sec’ x tan? x dz. 
0 
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327 +4 6 
25. Evaluate f A ae. 
(x + 1)3 


1 
26. Evaluate i ————- dz. 
gtat+il 


27. Evaluate [sinccosatan adn. 
1 
28. Evaluate / ———dz. 
e+ 


29. Evaluate fez? arcsin rd. 


Exercises — Stage 3 


a /2 
30. Evaluate | vcost + 1 dt. 
0 


mil 
31. Evaluate / Deve ay, 
L 


1 


Oe pane 


32. Evaluate f a 
01 log(cos x) 


33. *. Evaluate these integrals. 


a J sintoga) da 


: 1 
b ——_—— d 
i, x —5e+6 


34. «*. Evaluate (with justification). 
3 
a | (cx + 1)V9— x? dx 
0 
4r +8 
b d 
/ (x — 2)(a? +4) 
+00 1 
cf uw 
ee ln al 


35. Evaluate f ZZ dz. 
1-2 


1 
36. Evaluate ere dr. 
0 


37. Bvaluate [ —* ae 
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38. Evaluate [Re 
cos? © 


You may use that [ sec rdz = log|secx + tanz|+C. 


39. Evaluate [ee +a)"dxz, where a and n are constants. 


AO. Evaluate f arctan(1?)dr 
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In the previous chapter we defined the definite integral, based on its interpretation as 
the area of a region in the xy-plane. We also developed a bunch of theory to help us 
work with integrals. This abstract definition, and the associated theory, turns out to 
be extremely useful simply because "areas of regions in the xy-plane" appear in a huge 
number of different settings, many of which seem superficially not to involve "areas of 
regions in the xy-plane". Here are some examples. 


e The work involved in moving a particle or in pumping a fluid out of a reservoir. 
See section 2.1. 


The average value of a function. See section 2.2. 


The center of mass of an object. See section 2.3. 
e The time dependence of temperature. See section 2.4. 
e Radiocarbon dating. See section 2.4. 


Let us start with the first of these examples. 


2.14 Work 


2.1.1 > Work 


While computing areas and volumes are nice mathematical applications of integration 
we can also use integration to compute quantities of importance in physics and statistics. 
One such quantity is work. Work is a way of quantifying the amount of energy that is 


285 


APPLICATIONS OF INTEGRATION 2.1 WORK 


required to act against a force '. In SI ? metric units the force F has units newtons 
(which are kilogram-metres per second squared), x has units metres and the work W has 


units joules (which are newton-metres or kilogram-metres squared per second squared). 


The work done by a force F(x) in moving an object from x = a to x = b is 


w= [ F(ae 


In particular, if the force is a constant, F’, independent of x, the work is F’-(b—a). 


Here is some motivation for this definition. Consider a particle of mass m moving 
along the x-axis. Let the position of the particle at time t be x(t). The particle starts 
at position a at time a, moves to the right, finishing at position b > a at time 6. While 
the particle moves, it is subject to a position-dependent force F'(x). Then Newton’s 
law of motion ? says * that force is mass times acceleration 

d*a 
maa |) = F(x(t)) 
Now consider our definition of work above. It tells us that the work done in moving 
the particle from « =a to x = bis 


w= [F(a 


However, we know the position as a function of time, so we can substitute 7 = x(t), 
dx = “dt (using Theorem 1.4.6) and rewrite the above integral: 


w= [ Fajae= freon) Sat 


=a 


Using Newton’s second law we can rewrite our integrand: 


_ — 
~ | ae dt 


e <Oo> @ 


1 For example — if your expensive closed-source textbook has fallen on the floor, work quantifies 
the amount of energy required to lift the object from the floor acting against the force of gravity. 

2 Sl is short for “le systéme international d’unités” which is French for “the international system of 
units’. It is the most recent internationally sanctioned version of the metric system, published 
in 1960. It aims to establish sensible units of measurement (no cubic furlongs per hogshead- 
Fahrenheit). It defines seven base units — metre (length), kilogram (mass), second (time), kelvin 
(temperature), ampere (electric current), mole (quantity of substance) and candela (luminous 
intensity). From these one can then establish derived units — such as metres per second for 
velocity and speed. 

3 Specifically, the second of Newton’s three law of motion. These were first published in 1687 in his 
“Philosophize Naturalis Principia Mathematica”. 

4 It actually says something more graceful in Latin - Mutationem motus proportionalem esse vi 
motrici impressae, et fieri secundum lineam rectam qua vis illa imprimitur. Or — The alteration 
of motion is ever proportional to the motive force impressed; and is made in the line in which that 
force is impressed. It is amazing what you can find on the internet. 
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What happened here? By the chain rule, for any function f(t): 
d /1 3 ; 
—{=7(t =fit t). 
¢ (540) = 1070 


In the above computation we have used this fact with f(t) = v(t). Now using the 
fundamental theorem of calculus (Theorem 1.3.1 part 2), we have 


Pa 01 ge 


By definition, the function smo(t)? is the kinetic energy ° of the particle at time t. So 
the work W of Definition 2.1.1 is the change in kinetic energy from the time the particle 
was at x =a to the time it was at x = b. 


Example 2.1.2 Hooke’s Law. 


Imagine that a spring lies along the z-axis. The left hand end is fixed to a wall, but 
the right hand end lies freely at x = 0. So the spring is at its “natural length”. 


k 
Se 
xr=0 


e Now suppose that we wish to stretch out the spring so that its right hand end is 
ab =i, 


e Hooke’s Law “ says that when a (linear) spring is stretched (or compressed) by 
x units beyond its natural length, it exerts a force of magnitude kx, where the 
constant k is the spring constant of that spring. 


e In our case, once we have stretched the spring by x units to the right, the spring 
will be trying to pull back the right hand end by applying a force of magnitude 
ka directed to the left. 


e OO @ 


5 This is not a physics text so we will not be too precise. Roughly speaking, kinetic energy is the 
energy an object possesses due to it being in motion, as opposed to potential energy, which is the 
energy of the object due to its position in a force field. Leibniz and Bernoulli determined that 
kinetic energy is proportional to the square of the velocity, while the modern term “kinetic energy” 
was first used by Lord Kelvin (back while he was still William Thompson). 
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e For us to continue stretching the spring we will have to apply a compensating 
force of magnitude kx directed to the right. That is, we have to apply the force 


Fe) Saha: 
e So to stretch a spring by L units from its natural length we have to supply the 
work 
. 1 
W = | kadx = <kL? 
0 2 
e @ 


a Robert Hooke (1635-1703) was an English contemporary of Isaac Newton (1643-1727). It was in 
a 1676 letter to Hooke that Newton wrote “If I have seen further it is by standing on the shoulders 
of Giants.” There is some thought that this was sarcasm and Newton was actually making fun of 
Hooke, who had a spinal deformity. However at that time Hooke and Newton were still friends. 
Several years later they did have a somewhat public falling-out over some of Newton’s work on 
optics. 


Example 2.1.2 
Example 2.1.3 Spring. 


A spring has a natural length of 0.1m. If a 12N force is needed to keep it stretched to 
a length of 0.12m, how much work is required to stretch it from 0.12m to 0.15m? 
Solution: In order to answer this question we will need to determine the spring con- 
stant and then integrate the appropriate function. 


e Our first task is to determine the spring constant k. We are told that when the 
spring is stretched to a length of 0.12m, i.e. to a length of 0.12 — 0.1 = 0.02m 
beyond its natural length, then the spring generates a force of magnitude 12N. 


e Hooke’s law states that the force exerted by the spring, when it is stretched by x 
units, has magnitude kz, so 


ee iy ee eee thus 


100 
k, = 600. 


e So to stretch the spring 


o from a length of 0.12m, i.e. a length of « = 0.12 — 0.1 = 0.02m beyond its 
natural length, 


o to a length of 0.15m, i.e. a length of x = 0.15 — 0.1 = 0.05m beyond its 
natural length, 


takes work 
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= 300(0.05? — 0.027) 
= 0.63) 


Example 2.1.3 
Example 2.1.4 Pumping Out a Reservoir. 


A cylindrical reservoir * of height h and radius r is filled with a fluid of density p. We 
would like to know how much work is required to pump all of the fluid out the top of 


the reservoir. 
L <f> 
d 
Hb 
kA 
v 
Y 
ee ed 


Solution: We are going to tackle this problem by applying the standard integral 
calculus “slice into small pieces” strategy. This is how we computed areas and volumes 
— slice the problem into small pieces, work out how much each piece contributes, and 
then add up the contributions using an integral. 


<— a> > 


e Start by slicing the reservoir (or rather the fluid inside it) into thin, horizontal, 
cylindrical pancakes, as in the figure above. We proceed by determining how 
much work is required to pump out this pancake volume of fluid °. 


e Each pancake is a squat cylinder with thickness dx and circular cross section of 
radius r and area wr”. Hence it has volume mr?dz and mass p x mr7dz. 


e Near the surface of the Earth gravity exerts a downward force of mg on a body 
of mass m. The constant g = 9.8m/sec? is called the standard acceleration due to 
gravity ©. For us to raise the pancake we have to apply a compensating upward 
force of mg, which, for our pancake, is 


F = gp x mr’da 
e To remove the pancake at height « from the reservoir we need to raise it to height 


h. So we have to lift it a distance h — x using the force F = mpgr7dz, which takes 
work mpgr? (h — x) dz. 
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e The total work to empty the whole reservoir is 


WwW 


h h 
| nm pgr'(h —x)dx =nogr? f (h — x)dx 
0 0 


e If we measure lengths in metres and mass in kilograms, then this quantity has 
units of Joules. If we instead used feet and pounds“ then this would have units 
of “foot-pounds”. One foot-pound is equal to 1.355817... Joules. 


a We could assign units to these measurements — such as metres for the lengths h and r, and 
kilograms per cubic metre for the density p. 

b = Potential for a bad “work out how much work out” pun here. 

c This quantity is not actually constant — it varies slightly across the surface of earth depending 
on local density, height above sea-level and centrifugal force from the earth’s rotation. It is, for 
example, slightly higher in Oslo and slightly lower in Singapore. It is actually defined to be 9.80665 
m/sec? by the International Organisation for Standardization. 

d_ It is extremely mysterious to the authors why a person would do science or engineering in imperial 
units. One of the authors still has nightmares about having had to do so as a student. 


Example 2.1.4 
Example 2.1.5 Escape Velocity. 


Suppose that you shoot a probe straight up from the surface of the Earth — at what 
initial speed must the probe move in order to escape Earth’s gravity? 

Solution: We determine this by computing how much work must be done in order to 
escape Earth’s gravity. If we assume that all of this work comes from the probe’s initial 
kinetic energy, then we can establish the minimum initial velocity required. 


e The work done by gravity when a mass moves from the surface of the Earth to a 
height h above the surface is 


W = / ” P(a)de 


where F'(a) is the gravitational force acting on the mass at height x above the 
Earth’s surface. 


e The gravitational force * of the Earth acting on a particle of mass m at a height 


x above the surface of the Earth is 
GMm 


| rican 
(R+<2)?’ 
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where G is the gravitational constant, MM is the mass of the Earth and R is the 
radius of the Earth. Note that R+-< is the distance from the object to the centre 
of the Earth. Additionally, note that this force is negative because gravity acts 
downward. 


e So the work done by gravity on the probe, as it travels from the surface of the 
Earth to a height h, is 


h GMm 
w=-f (Rene 


h 
1 
eee, 5 a 
G mf eae 


A quick application of the substitution rule with u = R-+ x gives 


u(h) 
uo) U 
1 u=R+h 
=-GMm = 
U u=R 
_ GMm GMm 
 R+h R 


e So if the probe completely escapes the Earth and travels all the way to h = ov, 
gravity does work 
i EE m GMm GMm 
im — = ———_ 
hoo lR+h Nae i 


te from the probe. 


The minus sign means that gravity has removed energy 


e To finish the problem we need one more assumption. Let us assume that all of 
this energy comes from the probe’s initial kinetic energy and that the probe is 
not fitted with any sort of rocket engine. Hence the initial kinetic energy smu" 
(coming from an initial velocity v) must be at least as large as the work computed 
above. That is we need 


1 i». GMm 
gw a R which rearranges to give 
2GM 
v > 4/—— 
a R 


e The right hand side of this inequality, ,/ 26M is called the escape velocity. 


a Newton published his inverse square law of universal gravitation in his Principia in 1687. His 
law states that the gravitational force between two masses m, and mz is F = —G™4y where 
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r is the distance separating the (centres of the) masses and G = 6.674 x 10-!'Nm?/kg? is the 
gravitational constant. Notice that r measures the separation between the centres of the masses 
not the distance between the surfaces of the objects. Also, do not confuse G with g — standard 
acceleration due to gravity. The first measurement of G was performed by Henry Cavendish in 
1798 — the interested reader should look up the “Cavendish experiment” for details of this very 
impressive work. 


Example 2.1.5 
Example 2.1.6 Lifting a Cable. 


A 10-metre-long cable of mass 5kg is used to lift a bucket of water, with mass 8kg, out 
of a well. Find the work done. 
Solution: Denote by y the height of the bucket above the top of the water in the well. 
So the bucket is raised from y = 0 to y = 10. The cable has mass density 0.5kg/m. So 
when the bucket is at height y, 


e the cable that remains to be lifted has mass 0.5(10 — y) kg and 


e the remaining cable and water is subject to a downward gravitational force of 
magnitude [0.5(10 — y) + 8]g = [13 — 4]g, where g = 9.8 m/sec”. 


So to raise the bucket from height y to height y + dy we need to apply a compensating 
upward force of [13 — “Ng through distance dy. This takes work [13 — 4] gdy. So the 
total work required is 


10 y y? 10 
| [13 = 3| gdy = 9 sy = 4 = [130 — 25] g = 105g = 1029 J 


t 0 0 f 
2.1.2 » Exercises 


Exercises —— Stage 1 


1. Find the work (in joules) required to lift a 3-gram block of matter a height of 
10 centimetres against the force of gravity (with g = 9.8 m/sec’). 


A rock exerts a force of 1 N on the ground where it sits due to gravity. Use 
g = 9.8 m/sec”. 


What is the mass of the rock? 
How much work (in joules) does it take to lift that rock one metre in the 
air? 
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3. Consider the equation 
b 
W= / F(z)dz 


where x is measured in metres and F(x) is measured in kilogram-metres per 
second squared (newtons). 
For some large n, we might approximate 


where Ax = * and z; is some number in the interval [a+ (i—1)Az,a+iAq]. 


(This is just the general form of a Riemann sum). 
a What are the units of Ax? 
b What are the units of F'(2;)? 
c Using your answers above, what are the units of W? 


Remark: we already know the units of W from the text, but the Riemann sum 
illustrates why they make sense arising from this particular integral. 


smoot 
Suppose f(x) has units ——————., and z is measured in barns “. What 
megaFonzie 


are the units of the quantity ie Files ealrene 


For this problem, it doesn’t matter what the units measure, but a smoot is a silly 
measure of length; a megaFonzie is an apocryphal measure of coolness; and a barn 
is a humorous (but actually used) measure of area. For explanations (and enter- 
tainment) see https://en.wikipedia.org/wiki/List_of_humorous_units_ 
of_measurement and https://en.wikipedia.org/wiki/List_of_unusual_ 
units_of_measurement (accessed 27 July 2017). 


5. You want to weigh your luggage before a flight. You don’t have a scale or 
balance, but you do have a heavy-duty spring from your local engineering- 
supply store. You nail it to your wall, marking where the bottom hangs. You 
hang a one-litre bag of water (with mass one kilogram) from the spring, and 
observe that the spring stretches 1 cm. Where on the wall should you mark 
the bottom of the spring corresponding to a hanging mass of 10kg? 
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< bottom of unloaded spring 


< bottom of spring with 10kg mass 


You may assume that the spring obeys Hooke’s law. 


The work done by a force in moving an object from position x = 1 tox = b 
is W(b) = —b? + 6b? — 9b+4 for any b in [1,3]. At what position x in [1,3] 


is the force the strongest? 


Exercises — Stage 2 Questions 9 through 16 offer practice on two broad types of 
calculations covered in the text: lifting things against gravity, and stretching springs. 
You may make the same physical assumptions as in the text: that is, springs follow 
Hooke’s law, and the acceleration due to gravity is a constant —9.8 metres per second 
squared.For Questions 18 and 19, use the principle (introduced after Definition 2.1.1 
and utilized in Example 2.1.5) that the work done on a particle by a force over a distance 
is equal to the change in kinetic energy of that particle. 


7. *. A variable force F(x) = “— Newtons moves an object along a straight line 
when it is a distance of x meters from the origin. If the work done in moving 
the object from « = 1 meters to x = 16 meters is 18 joules, what is the value 
of a? Don’t worry about the units of a. 


A tube of air is fitted with a plunger that compresses the air as it is pushed 
in. If the natural length of the tube of air is 4, when the plunger has been 
pushed x metres past its natural position, the force exerted by the air is 
7; N, where c is a positive constant (depending on the particulars of the 
tube of air) and x < @. 
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a What are the units of c? 


b How much work does it take to push the plunger from 1 metre past 
its natural position to 1.5 metres past its natural position? (You may 
assume ¢ > 1.5.) 


9. 


I. 


13. 


14. 


*. Find the work (in joules) required to stretch a string 10 cm beyond equi- 
librium, if its spring constant is k = 50 N/m. 


*. A force of 10 N (newtons) is required to hold a spring stretched 5 
cm beyond its natural length. How much work, in joules (J), is done in 
stretching the spring from its natural length to 50 cm beyond its natural 
length? 


*. A 5-metre-long cable of mass 8 kg is used to lift a bucket off the ground. 
How much work is needed to raise the entire cable to height 5 m? Ignore 
the mass of the bucket and its contents. 


A tank 1 metre high has pentagonal cross sections of area 3 m? and is filled 
with water. How much work does it take to pump out all the water? 
You may assume the density of water is 1 ke per 1000 cm?. 


Xe 


«x. A sculpture, shaped like a pyramid 3m high sitting on the ground, has been 
made by stacking smaller and smaller (very thin) iron plates on top of one 
another. The iron plate at height z m above ground level is a square whose 
side length is (3—z) m. All of the iron plates started on the floor of a basement 
2 m below ground level. 

Write down an integral that represents the work, in joules, it took to move all 
of the iron from its starting position to its present position. Do not evaluate 
the integral. (You can use 9.8 m/s? for the acceleration due to gravity and 
8000 kg/m? for the density of iron.) 

Suppose a spring extends 5 cm past its natural length when one kilogram is 
hung from its end. How much work is done to extend the spring from 5 cm 
past its natural length to 7 cm past its natural length? 
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Ten kilograms of firewood are hoisted on a rope up a height of 4 metres to 
a second-floor deck. If the total work done is 400 joules, what is the mass 


of the 4 metres of rope? 
You may assume that the rope has the same density all the way along. 


16. 


17. 


18. 


A 5 kg weight is attached to the middle of a 10-metre long rope, which dangles 
out a window. The rope alone has mass 1 kg. How much work does it take to 
pull the entire rope in through the window, together with the weight? 


A box is dragged along the floor. Friction exerts a force in the opposite direc- 
tion of motion from the box, and that force is equal to pp x m x g, where ju is 
a constant, m is the mass of the box and g is the acceleration due to gravity. 
You may assume g = 9.8 m/sec”. 


a How much work is done dragging a box of mass 10 kg along the floor for 
three metres if 4 = 0.4? 


b Suppose the box contains a volatile substance that rapidly evaporates. 
You pull the box at a constant rate of 1 m/sec for three seconds, and 
the mass of the box at ¢ seconds (0 < t < 3) is (10 — Vt) kilograms. If 
pt = 0.4, how much work is done pulling the box for three seconds? 

A ball of mass 1 kg is attached to a spring, and the spring is attached to a 
table. The ball moves with some initial velocity, and the spring slows it down. 
At its farthest, the spring stretches 10 cm past its natural length. If the spring 
constant is 5 N/m, what was the initial velocity of the ball? 


CU) 


——— 


You may assume that the ball starts moving with initial velocity vg, and that 
the only force slowing it down is the spring. You may also assume that the 
spring started out at its natural length, it follows Hooke’s law, and when it is 
stretched its farthest, the velocity of the ball is 0 m/sec. 


A mild-mannered university professor who is definitely not a spy notices 
that when their car is on the ground, it is 2 cm shorter than when it is on 
a jack. (That is: when the car is on a jack, its struts are at their natural 
length; when on the ground, the weight of the car causes the struts to 
compress 2 cm.) The university professor calculates that if they were to 


jump a local neighborhood drawbridge, their car would fall to the ground 
with a speed of 4 m/sec. If the car can sag 20 cm before important parts 
scrape the ground, and the car has mass 2000 kg unoccupied (2100 kg with 
the professor inside), can the professor, who is certainly not involved in 
international intrigue, safely jump the bridge? 

Assume the car falls vertically, the struts obey Hooke’s law, and the work 
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done by the struts is equal to the change in kinetic energy of the car + 


professor. Use 9.8 m/sec? for the acceleration due to gravity. 


Exercises — Stage 3 


20. A disposable paper cup has the shape of a right circular cone with radius 5 


23. 


cm and height 15 cm, and is completely filled with water. How much work is 
done sucking all the water out of the cone with a straw? 


J 


You may assume that 1 m® of water has mass 1000 kilograms, the acceleration 
due to gravity is —9.8 m/sec”, and that the water moves as high up as the very 
top of the cup and no higher. 


*. A spherical tank of radius 3 metres is half-full of water. It has a spout 
of length 1 metre sticking up from the top of the tank. Find the work 
required to pump all of the water in the tank out the spout. The density of 
water is 1000 kilograms per cubic metre. The acceleration due to gravity 
is 9.8 metres per second squared. 


A 5-metre cable is pulled out of a deep hole, where it was dangling straight 
down. The cable has density p(x) = (10—2) kg/m, where z is the distance 
from the bottom end of the rope. (So, the bottom of the cable is denser 
than the top.) How much work is done pulling the cable out of the hole? 


A rectangular tank is fitted with a plunger that can raise and lower the water 
level by decreasing and increasing the length of its base, as in the diagrams 
below. The tank has base width 1 m (which does not change) and contains 3 
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m® of water. 


3m 


The force of the water acting on any tiny piece of the plunger is PA, where P 
is the pressure of the water, and dA is the area of the tiny piece. The pressure 
varies with the depth of the piece (below the surface of the water). Specifically, 
P = cD, where D is the depth of the tiny piece and c is a constant, in this 
case c = 9800 N/m’. 


a If the length of the base is 3 m, give the force of the water on the entire 
plunger. (You can do this with an integral: it’s the sum of the force on 
all the tiny pieces of the plunger.) 


b If the length of the base is x m, give the force of the water on the entire 
plunger. 


c Give the work required to move the plunger in so that the base length 
changes from 3 m to 1 m. 


A leaky bucket picks up 5 L of water from a well, but drips out 1 L every 
ten seconds. If the bucket was hauled up 5 metres at a constant speed of 
1 metre every two seconds, how much work was done? 


Assume the rope and bucket have negligible mass and one litre of water 
has 1 kg mass, and use 9.8 m/sec? for the acceleration due to gravity. 


25. 


The force of gravity between two objects, one of mass m, and another of mass 


mim 

fp, Fo = CS where r is the distance between them and G is the 
r 

gravitational constant. 


2 
How much work is required to separate the earth and the moon far enough 
apart that the gravitational attraction between them is negligible? 

Assume the mass of the earth is 6 x 1074 kg and the mass of the moon is 
7 x 10”? kg, and that they are currently 400000 km away from each other. 
Also, assume G = 6.7 x 107!! te. and the only force acting on the earth 
and moon is the gravity between them. 


True or false: the work done pulling up a dangling cable of length @ and 
mass m (with uniform density) is the same as the work done lifting up a 


ball of mass m a height of ¢/2. 
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27. 


28. 


A tank one metre high is filled with watery mud that has settled to be denser 
at the bottom than at the top. 

At height h metres above the bottom of the tank, the cross-section of the 
tank has the shape of the finite region bounded by the two curves y = x? and 
y = 2—h—3z?. At height h metres above the bottom of the tank, the density 
of the liquid is 1000./2 — h kilograms per cubic metre. 

How much work is done to pump all the liquid out of the tank? 

You may assume the acceleration due to gravity is 9.8 m/sec’. 


An hourglass is 0.2 m tall and shaped such that that y metres above or below 
its vertical centre it has a radius of y? + 0.01 m. 

It is exactly half-full of sand, which has mass M = : kilograms. 

How much work is done on the sand by quickly flipping the hourglass over? 


a 


Assume that the work done is only moving against gravity, with g = 9.8 
m/sec”, and the sand has uniform density. Also assume that at the instant the 
hourglass is flipped over, the sand has not yet begun to fall, as in the picture 
above. 


Suppose at position xz a particle experiences a force of F(x) = V1 — 24 N. 


Approximate the work done moving the particle from x = 0 to x = 1/2, 
accurate to within 0.01 J. 
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2.24 Averages 


Another frequent ! application of integration is computing averages and other statistical 
quantities. We will not spend too much time on this topic — that is best left to a proper 
course in statistics — however, we will demonstrate the application of integration to 
the problem of computing averages. 

Let us start with the definition ? of the average of a finite set of numbers. 


The average (mean) of a set of n numbers yj, yo, --:, Yn is 


Be ae Pe ae ie 
n 


Yave = Y= (y) 


The notations Yave, y and (y) are all commonly used to represent the average. 


Now suppose that we want to take the average of a function f(x) with x running 
continuously from a to b. How do we even define what that means? A natural approach 
is to 


e select, for each natural number n, a sample of n, more or less uniformly dis- 
tributed, values of « between a and b, 


e take the average of the values of f at the selected points, 


e and then take the limit as n tends to infinity. 


Unsurprisingly, this process looks very much like how we computed areas and volumes 
previously. So let’s get to it. 


1 Awful pun. The two main approaches to statistics are frequentism and Bayesianism; the latter 
named after Bayes’ Theorem which is, in turn, named for Reverend Thomas Bayes. While this 
(both the approaches to statistics and their history and naming) is a very interesting and quite 
philosophical topic, it is beyond the scope of this course. The interested reader has plenty of 
interesting reading here to interest them. 

2 Weare being a little loose here with the distinction between mean and average. To be much more 
pedantic — the average is the arithmetic mean. Other interesting “means” are the geometric and 
harmonic means: 


. ; 1 
arithmetic mean = — (yi + yo +-+++ Yn) 
n 


1 
n 


geometric mean = (y1 - y2-+* Yn) 


E ( 1.4 1 )| + 
harmonic mean = ae nats 
mAY Ye Yn 


All of these quantities, along with the median and mode, are ways to measure the typical value of 
a set of numbers. They all have advantages and disadvantages — another interesting topic beyond 
the scope of this course, but plenty of fodder for the interested reader and their favourite search 
engine. But let us put pedantry (and beyond-the-scope-of-the-course-reading) aside and just use 
the terms average and mean interchangeably for our purposes here. 
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e First fix any natural number n. 


e Subdivide the interval a < x < b into n equal subintervals, each of width Ar = 
b= 
a 

e The subinterval number 7 runs from x;_; to x7; with 7; = a+ je, 

e Select, for each 1 <i <n, one value of x from subinterval number 7 and call it 
Ee HOt eS B. 


e The average value of f at the selected points is 


Le 1 b-a 
= a “A 1 Ar = 
- ze f (x7) ae >. f(t.) x since Ar 


n 


giving us a Riemann sum. 


Now when we take the limit n — oo we get exactly fa ft f(x)dx. That’s why we define 


Let f(a) be an integrable function defined on the interval a < x < b. The average 
value of f on that interval is 


b 
fon = F= (f= f f(a)dz 


Consider the case when f(x) is positive. Then rewriting Definition 2.2.2 as 


fave (b— a) = f° f(a)dax y y = f(z) 
dé _ 


a b 


gives us a link between the average value and the area under the curve. The right- 
hand side is the area of the region 


{(x,y) |a<a<b, O<yK< f(x) } 


while the left-hand side can be seen as the area of a rectangle of width b—a and height 
fave. Since these areas must be the same, we interpret faye as the height of the rectangle 
which has the same width and the same area as {(z, y) | axgeb. Vk y<Flz) }. 

Let us start with a couple of simple examples and then work our way up to harder 
ones. 
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Example 2.2.3 An easy warm-up. 


Let f(x) = 2 and g(x) = 2? and compute their average values over 1 < x < 5. 
Solution: We can just plug things into the definition. 


5 


ave — >| d 
3 5] Ros 
le]. 
de De 
1 24 
= —(25-—1) = — 
3! ) 8 


as we might expect. And then 


ee 
ave — d 
g if ec 


“Bl 

ae ean 

7 | (195 i 124 

ea, 12 
31 


Something a little more trigonometric 


Example 2.2.4 Average of sine. 


Find the average value of sin(x) over 0 <a < §. 
Solution: Again, we just need the definition. 


average = 


lI 
| 
re 
| 
ie) 
1 36 
— 
8 
eet 
je | 


We could keep going... But better to do some more substantial examples. 
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Example 2.2.5 Average velocity. 


Let x(t) be the position at time t of a car moving along the x-axis. The velocity of the 
car at time t is the derivative v(t) = 2'(t). The average velocity of the car over the time 
interval a <t< bis 


1 b 
= t)dt 
igs | ve 


1 b 
= —| x’ (t)dt 


Bice 
a a) = 2a) by the fundamental theorem of calculus. 


b-a 


The numerator in this formula is just the displacement (net distance travelled — if 
x(t) > 0, it’s the distance travelled) between time a and time b and the denominator 
is just the time it took. 

Notice that this is exactly the formula we used way back at the start of your differential 
calculus class to help introduce the idea of the derivative. Of course this is a very 
circuitous way to get to this formula — but it is reassuring that we get the same 


{ answer. j 


A very physics example. 


Example 2.2.6 Peak vs RMS voltage. 


When you plug a light bulb into a socket ° and turn it on, it is subjected to a voltage 
V(t) = Vosin(wt — 6) 
where 
e VY = 170 volts, 


e w = 27 x 60 (which corresponds to 60 cycles per second °) and 


e the constant 6 is an (unimportant) phase. It just shifts the time at which the 
voltage is zero 


The voltage Vo is the “peak voltage” — the maximum value the voltage takes over time. 
More typically we quote the “root mean square” voltage © (or RMS-voltage). In this 
example we explain the difference, but to simplify the calculations, let us simplify the 
voltage function and just use 


V(t) = Vosin(t) 
Since the voltage is a sine-function, it takes both positive and negative values. If we 
take its simple average over 1 period then we get 


1 2a 
Vave = —a/ Vo sin(t)dt 
0 Jo 


27 — 
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This is clearly not a good indication of the typical voltage. 

What we actually want here is a measure of how far the voltage is from zero. Now we 
could do this by taking the average of |V(t)|, but this is a little harder to work with. 
Instead we take the average of the square @ of the voltage (so it is always positive) and 
then take the square root at the end. That is 


1 20 
Vims = V (t)2dt 

rath (t) 
1 20 

=4/— 2 sin? (t)dt 
al Vj sin“ (t)d 
ae 

=,/—2 t)dt 

a sin“ (t)d 


This is called the “root mean square” voltage. 

Though we do know how to integrate sine and cosine, we don’t (yet) know how to 
integrate their squares. A quick look at double-angle formulas ° gives us a way to 
eliminate the square: 


1- 20 
cos(20) = 1—2sin?@ => sin?@ = ra 0es(?6) 
Using this we manipulate our integrand a little more: 
a aa 
Verne = = (= 2t) )dt 
1 5d = e0s(28) 


So if the peak voltage is 170 volts then the RMS voltage is a es 120.2. 
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a A normal household socket delivers alternating current, rather than the direct current USB sup- 
plies. At the risk of yet another “the interested reader” suggestion — the how and why household 
plugs supply AC current is another worthwhile and interesting digression from studying integra- 
tion. The interested reader should look up the “War of Currents”. The diligent and interested 
reader should bookmark this, finish the section and come back to it later. 

b Some countries supply power at 50 cycles per second. Japan actually supplies both — 50 cycles 
in the east of the country and 60 in the west. 

c This example was written in North America where the standard voltage supplied to homes is 120 
volts. Most of the rest of the world supplies homes with 240 volts. The main reason for this 
difference is the development of the light bulb. The USA electrified earlier when the best voltage 
for bulb technology was 110 volts. As time went on, bulb technology improved and countries that 
electrified later took advantage of this (and the cheaper transmission costs that come with higher 
voltage) and standardised at 240 volts. So many digressions in this section! 

d_ For a finite set of numbers one can compute the “quadratic mean” which is another way to 
generalise the notion of the average: 


1 
quadratic mean = / (y2Z +ye+---+y?) 
n 


e A quick glance at Appendix A.14 will refresh your memory. 


Example 2.2.6 


Continuing this very physics example: 


Example 2.2.7 Peak vs RMS voltage — continued. 


Let us take our same light bulb with voltage (after it is plugged in) given by 
V(t) = Vosin(wt — 6) 
where 
e VY is the peak voltage, 
e w = 27 x 60, and 
e the constant 6 is an (unimportant) phase. 


If the light bulb is “100 watts”, then what is its resistance? 
To answer this question we need the following facts from physics. 


e If the light bulb has resistance R ohms, this causes, by Ohm’s law, a current of 


I(t) = ZV 


(amps) to flow through the light bulb. 


e The current J is the number of units of charge moving through the bulb per unit 
time. 
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e The voltage is the energy required to move one unit of charge through the bulb. 
e The power is the energy used by the bulb per unit time and is measured in watts. 
So the power is the product of the current times the voltage and, so 


P(t) = I(t)V(t) = a = “0 sin?(wt — 6) 


The average power used over the time interval a < t < b is 


+, [ poa= = in? (wt — 6)dt 
b-a J, ~ R(b—a) 7 Z 


Notice that this is almost exactly the form we had in the previous example when 
computing the root mean square voltage. 
Again we simplify the integrand using the identity 


Page — 


1 — cos(20) 


cos(20) =1—2sin?@ => sin?@= 5; 
So 


b Ve b 
mal P(t)dt = ea [1 — cos(2wt — 26) | dt 


Ve ( _ sin(2wt — 2) q 


Pats = 


~ 2R(b— a) Ww Ia 
_ Ve pecs sin(2wb — 26) | sin(2wa — 26) 
~ 2R(b—a) Qu) DG 


VW Vv 
~ 2R 4wR(b—a) 


[ sin(2wb — 26) — sin(2wa — 26)| 


In the limit as the length of the time interval b — a tends to infinity, this converges to 
2 
Yo The resistance R of a “100 watt bulb” obeys 


Ve V2 
aa that ey 
aR 00 so tha 500 


We finish this example off with two side remarks. 


e If we translate the peak voltage to the root mean square voltage using 
Yo = Vis * V2 


then we have 
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e If we were using direct voltage rather than alternating current then the compu- 
tation is much simpler. The voltage and current are constants, so 


Peay xt but J = V/R by Ohm’s law 
V2 
= 


So if we have a direct current giving voltage equal to the root mean square voltage, 


then we would expend the same power. 
Example 2.2.7 


2.2.1 ® Optional — Return to the mean value theorem 


Here is another application of the Definition 2.2.2 of the average value of a function 
on an interval. The following theorem can be thought of as an analogue of the mean 
value theorem (which was covered in your differential calculus class) but for integrals. 
The theorem says that a continuous function f(x) must be exactly equal to its average 
value for some x. For example, if you went for a drive along the x-axis and you were 
at x(a) at time a and at x(b) at time b, then your velocity x/(t) had to be exactly your 
average velocity Ee) at some time ¢ between a and b. In particular, if your average 
velocity was greater than the speed limit, you were definitely speeding at some point 
during the trip. This is, of course, no great. surprise’. 


Theorem 2.2.8 Mean Value Theorem for Integrals. 


Let f(x) be a continuous function on the interval a < x < b. Then there is some 
c obeying a < c < b such that 


1 


saa | foar= feo or / f(a)dx = f(0) (b— a) 


Proof. We will apply the mean value theorem (Theorem 2.13.4 in the CLP-1 
text) to the function 


P= / " f(t) at 


e OO @ 


3 There are many unsurprising things that are true, but there are also many unsurprising things 
that surprisingly turn out to be false. Mathematicians like to prove things - surprising or not. 
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By the part 1 of the fundamental theorem of calculus (Theorem 1.3.1), F’(x) = 
f(x), so the mean value theorem says that there is a a < c < b with 


In the next section, we will encounter an application in which we want to take the 
average value of a function f(x), but in doing so we want some values of x to count 
more than other values of x. That is, we want to weight some «’s more than other 2’s. 
To do so, we choose a “weight function” w(x) > 0 with w(x) larger for more important 
x’s. Then we define the weighted average of f as follows. 


Let f(x) and w(x) be integrable functions defined on the interval a < x < 6 with 
w(x) > 0 for alla < x < b and with fo w(a) dx > 0. The average value of f on 
that interval, weighted by w, is 


ie f (x) w(x) dx 
w(x) dx 


We typically refer to this simply as the weighted average of f. 


Here are a few remarks concerning this definition. 


e The definition has been rigged so that, if f(#) = 1 for all x, then the weighted 
average of f is 1, no matter what weight function w(z) is used. 


e If the weight function w(a#) = C for some constant C > 0 then the weighted 
average 


ft f(x) w(x) dz 2 f. f(z) Cdz 7 ie f(z) dz 
[2 w(x) dx f- Cade b—a 
is just the usual average. 
e For any function w(x) > 0 and any a < b, we have f? w(2) dx > 0. But for the 


definition of weighted average to make sense, we need to be able to divide by 
fo w(a) dx. So we need [2 w(a) de #0. 


The next theorem says that a continuous function f(a) must be equal to its weighted 
average at some point 2. 
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Theorem 2.2.10 Mean Value Theorem for Weighted Integrals. 


Let f(x) and w(x) be continuous functions on the interval a < x < b. Assume 
that w(x) > 0 for all a < x < b. Then there is some c obeying a < c < b such 
that 


f. f(z) w(x) dx = 
f? w(a) mE 


a 


fo [ few ar = so f wleyae 


Proof. We will apply the generalised mean value theorem (Theorem 3.4.38 
in the CLP-1 text) to 


F(a) = [ f(t) w(t)dt Giz) = [ w(t)dt 


By the part 1 of the fundamental theorem of calculus (Theorem 1.3.1), F’(x) = 
f(x)w(x) and G(x) = w(x), so the generalised mean value theorem says that 
there isaa<c< b with 


po = FO. —FO-FO@ _ Se FO) wl)at — [2 ful) ae 
G'(c) G(b) — G(a) fow(t)at _ [7 w(t)at 
_ fof) w(t) dt 
° w(t) dt 


a 


Example 2.2.11 


In this example, we will take a number of weighted averages of the simple function 
f(x) = x over the simple interval a= 1<a2<2=b. As x increases from 1 to 2, the 
function f(x) increases linearly from 1 to 2. So it is no shock that the ordinary average 
of f is exactly its middle value: 


if Y 1 . 3 
= —_ td¢t = — 
[toa ae, dt 5 


Pick any natural number N > 1 and consider the weight function wy(x) = 2%. Note 
that wy(a) increases as x increases. So wy(x) weights bigger x’s more than it weights 
smaller x’s. In particular wy weights the point x = 2 by a factor of 2% (which is 
greater than | and grows to infinity as N grows to infinity) more than it weights the 
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point x = 1. The weighted average of f is 


Jof()wn (tat _ freat _ Fy N41 28 ~1 


f- w(t) dt fPevde Rat N+2 24] 
27 1.555 ifN=1 
sx — 1.607 ifN=2 
_ |) BE =1653 if N=3 
— «) 8 1694 if N= 4 
1.889 if N = 16 
1.992 if N = 256 


As we would expect, the wy-weighted average is between 1.5 (which is the ordinary, 
unweighted, average) and 2 (which is the biggest value of f in the interval) and grows 
as N grows. The limit as N — oo of the wy-weighted average is 


NAL or = 7 » eas Or ao 
im = lim 
Noo N+2 QN+1 — J] Noo N+2 QN+1 — J] 


1 1 
ees ht - 55] 2 | ay 
=2 


Example 2.2.11 
Example 2.2.12 


Here is an example which shows what can go wrong with Theorem 2.2.10 if we allow 
the weight function w(x) to change sign. Let a = —0.99 and b= 1. Let 


weh= ‘ if >0 


—l1 ifx<0 
x ix>0 

C| = 
Hz) ‘ ifx <0 


Then 


NO et 


[eue@ars [rave 
[ears fae f ae=1-099=001 


As cruns from a to b, f(c) th 


a 


w(x) dx = 0.01f(c) runs from 0 to 0.01 and, in particular, 


never takes a value anywhere near i f(z) w(x)dx = 4. There is no c value which 


f works. j 
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2.2.2 » Exercises 


Recall that we are using log x to denote the logarithm of 2 with base e. In other courses 
it is often denoted Inz. 


Exercises —— Stage 1 


Below is the graph of a function y = f(x). Its average value on the interval 
[0,5] is A. Draw a rectangle on the graph with area ie i cable 


Y 


2. Suppose a car travels for 5 hours in a straight line, with an average velocity of 
100 kph. How far did the car travel? 


3. <A force F(x) acts on an object from position x = a metres to position x = b 
metres, for a total of W joules of work. What was the average force on the 
object? 

4. Suppose we want to approximate the average value of the function f(x) on 
the interval [a,b]. To do this, we cut the interval [a, b] into n pieces, then take 
n samples by finding the function’s output at the left endpoint of each piece, 
starting with a. Then, we average those n samples. (In the example below, 
t= A.) 


y average these y-values 


a Using n samples, what is the distance between two consecutive sample 
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points x; and x41? 
b Assuming n > 4, what is the x-coordinate of the fourth sample? 
c Assuming n > 4, what is the y-value of the fourth sample? 


d Write the approximation of the average value of f(x) over the interval 
[a, b] using sigma notation. 


5. Suppose f(x) and g(x) are functions that are defined for all numbers in 
the interval [0, 10). 


a If f(a) < g(x) for all x in [0,10], then is the average value of f(x) is 
less than or equal to the average value of g(x) on the interval [0, 10], 
or is there not enough information to tell? 


b Suppose f(x) < g(x) for all x in [0.01,10]. Is the average value of 
f(a) less than or equal to the average value of g(x) over the interval 
[(0, 10], or is there not enough information to tell? 


6. Suppose f is an odd function, defined for all real numbers. What is the average 
of f on the interval [—10, 10]? 


Exercises — Stage 2 For Questions 16 through 18, let the root mean square of f(z) 


1 b 
on [a,b] be Vics / f?(x) da. This is the formula used in Example 2.2.6 in the text. 


*. Find the average value of f(x) = sin(5x) + 1 over the interval —7/2 < 
on) 2: 


8. »*. Find the average value of the function y = x? log x on the interval 1 < x < e. 
9. x». Find the average value of the function f(x) = 3cos?x + 2cos?x on the 
interval 0 < x < 5. 


10. *. Let & be a positive constant. Find the average value of the function 
f(x) = sin(kz) on the interval 0 < x < m/k. 


*. The temperature in Celsius in a 3 m long rod at a point « metres from 
the left end of the rod is given by the function T(x) = %,. Determine 
the average temperature in the rod. 


16—2?° 


log x 
2, oe on the interval 


12. *. What is the average value of the function f(z) 
(1, e]? 


13. x. Find the average value of f(x) = cos*(x) over 0 < x < 27. 
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14. The carbon dioxide concentration in the air at a particular location over 
one year is approximated by C(t) = 400 + 50 cos (47) + 200 cos (57) 
parts per million, where ¢ is measured in hours. 


a What is the average carbon dioxide concentration for that location 
for that year? 


b What is the average over the first day? 


c Suppose measurements were only made at noon every day: that is, 


when t = 12 + 24n, where n is any whole number between 0 and 


(12+4+24n) 
ees 


50cos (7 + 27n) = 50cosm = —50. So, the approximation for the 
concentration of carbon dioxide in the atmosphere might be given as 


364. Then the daily variation would cease: 50 cos 


t 
N(t) = 350 + 200 —— 
( ) + cos (a) ppm 


What is the relative error in the yearly average concentration of car- 
bon dioxide involved in using N(t), instead of C(t)? 


You may assume a day has exactly 24 hours, and a year has exactly 8760 
hours. 


15. Let S be the solid formed by rotating the parabola y = x? from x = 0 to x = 2 
about the x-axis. 


a What is the average area of the circular cross-sections of S? Call this 
value A. 


b What is the volume of S'? 


c What is the volume of a cylinder with circular cross-sectional area A and 
length 2? 


het f(a — 2. 


a Calculate the average of f(x) over [—3, 3]. 


b Calculate the root mean square of f(a) over [—3, 3]. 


17. Calculate the root mean square of f(a”) = tan over [-, 4). 


18. A force acts on a spring, and the spring stretches and contracts. The distance 
beyond its natural length at time ¢ is f(t) = sin (t7) cm, where t is measured 
in seconds. The spring constant is 3 N/cm. 


a What is the force exerted by the spring at time t, if it obeys Hooke’s 
law? 
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b Find the average of the force exerted by the spring from t = 0 to t = 6. 


c Find the root mean square of the force exerted by the spring from t = 0 
tof =, 


Exercises — Stage 3 


19. x. A car travels two hours without stopping. The driver records the car’s 
speed every 20 minutes, as indicated in the table below: 


time in hours | 0 | 1/3 | 2/3} 1 | 4/3 | 5/3 
speed in km/hr | 50 | 70 | 80 | 55] 60 | 80 


a Use the trapezoidal rule to estimate the total distance traveled in the 
two hours. 


b Use the answer to part (a) to estimate the average speed of the car 
during this period. 


20. Let s(t) =e’. 
a Find the average of s(t) on the interval [0, 1]. Call this quantity A. 


b For any point t, the difference between s(t) and A is s(t) — A. Find the 
average value of s(t) — A on the interval [0, 1]. 


c For any point t, the absolute difference between s(t) and A is |s(t) — Al. 
Find the average value of |s(t) — A| on the interval (0, 1]. 


21. Consider the two functions f(x) and g(x) below, both of which have average 
A on (0, 4]. 
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a Which function has a larger average on [0,4]: f(x) — A or g(x) — A? 


b Which function has a larger average on [0,4]: | f(a)—A| or |g(a)— Al]? 


22. 


23. 


24. 


25. 


26. 


Suppose the root mean square of a function f(x) on the interval [a,b] is R. 
What is the volume of the solid formed by rotating the portion of f(x) from a 
to b about the x-axis? 


X 


As in Example 2.2.6, let the root mean square of f(x) on [a,b] be 


lita f Pere 


Suppose f(x) = ax? + br +c, and the average value of f(x) on the interval 
(0, 1] is the same as the average of f(0) and f(1). What is a? 


Suppose f(x) = ax? + br +c, and the average value of f(x) on the interval 
[s,t] is the same as the average of f(s) and f(t). Is it possible that a 4 0? 
That is — does the result of Question 23 generalize? 


Let f(x) be a function defined for all numbers in the interval [a, b], with average 
value A over that interval. What is the average of f(a+6—<) over the interval 
[a, bl? 


Suppose f(t) is a continuous function, and A(x) is the average of f(t) on the 
interval from 0 to z. 


a What is the average of f(t) on [a,b], where a < b? Give your answer in 
terms of A. 


b What is f(t)? Again, give your answer in terms of A. 


a Find a function f(x) with average 0 over [—1,1] but f(x) 4 0 for all 


x in [—1, 1], or show that no such function exists. 


b Find a continuous function f(x) with average 0 over [—1,1] but 
f(x) £0 for all in [—1, 1], or show that no such function exists. 
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28. Suppose f(z) is a positive, continuous function with lim f(x) = 0, and let 


te, 0) 
A(x) be the average of f(x) on (0, 2]. 
True or false: lim A(x) = 0. 
eo Ae, @) 
29. Let A(x) be the average of the function f(t) = e~* on the interval (0, z]. What 
is lim A(x)? 


xr—->>Co 


2.34 Centre of Mass and Torque 


2.3.1 Centre of Mass 


If you support a body at its center of mass (in a uniform gravitational field) it balances 
perfectly. That’s the definition of the center of mass of the body. 


If the body consists of a finite number of masses m1, ---, Mn attached to an infinitely 
strong, weightless (idealized) rod with mass number 7 attached at position x;, then the 
center of mass is at the (weighted) average value of z: 


Equation 2.3.1 Centre of mass (discrete masses). 


The denominator m = )*"_, m; is the total mass of the body. 

This formula for the center of mass is derived in the following (optional) section. 
See equation (2.3.14). 

For many (but certainly not all) purposes an (extended rigid) body acts like a point 
particle located at its center of mass. For example it is very common to treat the Earth 
as a point particle. Here is a more detailed example in which we think of a body as 
being made up of a number of component parts and compute the center of mass of the 
body as a whole by using the center of masses of the component parts. Suppose that 
we have a dumbbell which consists of 


e a left end made up of particles of masses m1, ---, m3 located at a1, ---, 3 
and 
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e aright end made up of particles of masses m,1, +--+, M4 located at U1, +++, Lp4 
and 


e an infinitely strong, weightless (idealized) rod joining all of the particles. 


Then the mass and center of mass of the left end are 
Mii +++ + M1 37713 


M=mit--+m3 X= Vi; 
i 


and the mass and center of mass of the right end are 


Fe Mp iL Oh Sate Mr AL 4 
M, =™y1 +++ + Mra xX, = 


M, 
The mass and center of mass of the entire dumbbell are 
MOS oo se hg Ae Mga te ip 
= M+ M, 
z= Myr Fer M1 3%13 + Mp Ley Fe + My ara 

7 7 M 

_ MX,+M,X, 
M, at M 


So we can compute the center of mass of the entire dumbbell by treating it as being 
made up of two point particles, one of mass MM located at the centre of mass of the left 
end, and one of mass M,. located at the center of mass of the right end. 


Example 2.3.2. Work and Centre of Mass. 


Here is another example in which an extended body acts like a point particle located 
at its centre of mass. Imagine that there are a finite number of masses ™m1,--- ,Mn 
arrayed along a (vertical) z-axis with mass number i attached at height z;. Note that 
the total mass of the array is M = 5>"_, m; and that the centre of mass of the array is 
at height 


= Dobe MZ 1X 
Now suppose that we lift all of the masses, against gravity, to height Z. So after the 
lift there is a total mass M located at height Z. The i*” mass is subject to a downward 
gravitational force of m,g. So to lift the i** mass we need to apply a compensating 
upward force of m,g through a distance of Z — z;. This takes work m;g(Z — z;). So the 
total work required to lift all n masses is 


Work = So mig(Z — 2) 


i=1 


= oon 25s 
i=1 i=l 
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= 92M — gMz 
= Mg(Z — z) 
z 
M@Z 
™4 @ 24 
M3 @ 23 
M2 @ 22 
M1 @ 241 


So the work required to lift the array of n particles is identical to the work required to 
lift a single particle, whose mass, MW, is the total mass of the array, from height Z, the 


centre of mass of the array, to height Z. 
Example 2.3.2 
Example 2.3.3 Example 2.3.2, continued. 


Imagine, as in Example 2.3.2, that there are a finite number of masses ™m1,--- ,M™n 
arrayed along a (vertical) z-axis with mass number 7 attached at height z;. Again, the 
total mass and centre of mass of the array are 


Now suppose that we lift, for each 1 <7 <n, mass number 7, against gravity, from its 
initial height z; to a final height Z;. So after the lift we have a new array of masses 
with total mass and centre of mass 


To lift the i** mass took work m,g(Z; — 2). So the total work required to lift all n 
masses was 


Work = S > mig Zi — %) 


i=1 


= Ind a ee 
i=1 i=l 
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= gMZ —gMz = Mg(Z —2) 


So the work required to lift the array of n particles is identical to the work required to 
lift a single particle, whose mass, M, is the total mass of the array, from height Z, the 
initial centre of mass of the array, to height Z, the final centre of mass of the array. 


Example 2.3.3 


Now we'll extend the above ideas to cover more general classes of bodies. If the body 
consists of mass distributed continuously along a straight line, say with mass density 
p(x)kg/m and with x running from a to b, rather than consisting of a finite number of 
point masses, the formula for the center of mass becomes 


Equation 2.3.4 Centre of mass (continuous mass). 


i @ pla) da 
J. p(a) de 


— 


Think of p(a) dz as the mass of the “almost point particle’ between x and x + dz. 

If the body is a two dimensional object, like a metal plate, lying in the xy-plane, 
its center of mass is a point (Z%,y) with Z being the (weighted) average value of the z- 
coordinate over the body and y being the (weighted) average value of the y-coordinate 
over the body. To be concrete, suppose the body fills the region 


{ (vy) |o<a2<b, Be) <y<T@ } 


in the zy-plane. For simplicity, we will assume that the density of the body is a constant, 
say p. When the density is constant, the center of mass is also called the centroid and 
is thought of as the geometric center of the body. 

To find the centroid of the body, we use our standard “slicing” strategy. We slice 
the body into thin vertical strips, as illustrated in the figure below. 


Here is a detailed description of a generic strip. 
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e The strip has width dz. 
e Each point of the strip has essentially the same x-coordinate. Call it x. 
e The top of the strip is at y = T(x) and the bottom of the strip is at y = B(x). 
e So the strip has 
o height T(2) — B(x) 
o area |[T(x) — B(x)] dz 
o mass p|T (x) — B(x)| dx 


B(x)+T (x) ) 


o centroid, i.e. middle point, (a; 5 


In computing the centroid of the entire body, we may treat each strip as a single particle 
of mass p[T(x) — B(x)] da located at (x, sD So: 


Equation 2.3.5 Centroid of object with constant density. 


The mass of the entire body bounded by curves T(x) above and B(x) below is 


M =p [ (P(x) - B(a)|ax = pA (a) 


where A = fir) — B(x)| dz is the area of the region. The coordinates of the 
centroid are 


mass of slice 


average y on slice mass of slice 


ler EN 
SS Me = BO: 
M 


We can of course also slice up the body using horizontal slices. 
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If the body has constant density p and fills the region 


{ (x,y) | Ly) <#< Ry), c<y<d} 


then the same computation as above gives: 


Equation 2.3.6 Centroid of object with constant density. 


The mass of the entire body bounded by curves L(y) to the left and R(y) to the 
right is 


M=p | (Rly) - Li)]dy =p (a) 


where A = {[RW) — L(y)] dy is the area of the region, and gives the coordinates 


of the centroid to be 


average x on slice mass of slice 


d Riy)+Liy) 
ee Eee uae 
M 
mass of slice 
a 
“y plR(y) — L(y] dy 


Example 2.3.7 Centroid of a quarter ellipse. 


Find the xz-coordinate of the centroid (centre of gravity) of the plane region R that lies 
in the first quadrant x > 0, y > 0 and inside the ellipse 4x? + 9y? = 36. (The area 
bounded by the ellipse x + ve = | is mab square units.) 
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y 4a? + 9y? = 36 


x 


Solution: In standard form 4x? + 9y? = 36 is = + v = 1. So, on R, x runs from 0 
to 3 and R has area A = as xa x2 = Sr, For each fixed x, between 0 and 3, y runs 


from 0 to 24/1 — e So, applying (2.3.5.b) with a = 0, b = 3, T(z) = 24/1—- te and 


Br) =O, 
a i ar x i i x 
= is =e 24/1 — dae = — j/l1—td 
5-5 [ eT (e)de ape pans fs 9 de 
Sub inu=1-—%, du=—22rdz. 
va f° 9 4 ;u3/270 9 4 2; 4 
7 Rice tee 
. a), 23r13/2h1  23cl 3] = 


Example 2.3.7 
Example 2.3.8 Centroid of a quarter disk. 


Find the centroid of the quarter circular disk x > 0, y > 0, 2? + y? < r?. 


Y g? + y? =r? 


4 i 


Solution: By symmetry, % = y. The area of the quarter disk is A = amr? By (2.3.5-.b) 
witho=0, b=7, T( evr? — 2 and Ba) = 0, 


c= al zvVr2 — 2? dx 
0 


To evaluate the integral, sub in u = r? — x”, du = —2r dz. 
r 0 3/250 3 
du 1 fe e 
V=iaee felt = Ae 
fs ia [ves 213/2]2° 3 a 
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So 


— 


4 yr) 4r 
nr 3 | - 

As we observed above, we should have % = y. But, just for practice, let’s compute y by 
the integral formula (2.3.5.c), again with a = 0, b =r, T(x) = Vr? — 2? and B(x) = 0, 


7 | Se el 2 2 "79 2 
imal P22) dx ae — x”) dx 
2 [12 a 2 or 
= —Ir*r — — = 
Tr? 3 Jo ar? 3 
_ 4r 
3a 


as expected. 


Example 2.3.8 
Example 2.3.9 Centroid of a half disc. 


Find the centroid of the half circular disk y > 0, x? + y? < r?. 


y ety =r? 
£ 


Solution: Once again, we have a symmetry —- namely the half disk is symmetric 
about the y-axis. So the centroid lies on the y-axis and = 0. The area of the half 
disk is A = $ar?. By (2.3.5.c), with a= —r, b=r, T(x) = Vr? — 2? and B(x) =0, 


af (Vr? — 2?) de _ (r? — 2”) da 


oA oe 
y) fi 
= — a — i?) dx since the integrand is even 
Te? Js 
2 cat 
~2fre-¥) 
me 3 Jo 
Ar 
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Example 2.3.10 Another centroid. 


Find the centroid of the region R in the diagram. 


; (2, 2) 
1 
quarter 
circle if 9 


Solution: By symmetry, 7 = y. The region R is a 2 x 2 square with one quarter 
of a circle of radius 1 removed and so has area 2 x 2 — as = Be The top of R is 


y = T(x) = 2. The bottom is y = B(x) with B(x) = V1— 2? when 0 < x < 1 and 
B(x)=0 when 1 < xz < 2. So 


g=2=4) f ee—vi=wjar+ [re—ojae 


4 1 
= pe+ee- wT Far 
0 


16-7 


Now we can make use of the starred equation in Example 2.3.8 with r = 1 to obtain 


Example 2.3.11 Centroid of a triangle and its medians. 


Prove that the centroid of any triangle is located at the point of intersection of the 
medians. A median of a triangle is a line segment joining a vertex to the midpoint of 


the opposite side. 
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Solution: Choose a coordinate system so that the vertices of the triangle are located 
at (a,0), (0,6) and (c,0). (In the figure below, a is negative.) 


(0, ®) 


(a, 0) (c, 0) 


The line joining (a, 0) and (0, b) has equation bz + ay = ab. (Check that (a,0) and (0,5) 
both really are on this line.) The line joining (c, 0) and (0,6) has equation bx + cy = bc. 
(Check that (c,0) and (0, 6) both really are on this line.) Hence for each fixed y between 
0 and 8, xz runs from a — Fy to c— Fy. 

We'll use horizontal strips to compute % and y. We could just apply equation (2.3.6) 
with c= 0, d= 6, R(y) = <(b— y) (which is gotten by solving bx + cy = be for x) and 
L(y) = $(6— y) (which is gotten by solving br + ay = ab for 2). 

But rather than memorizing or looking up those formulae, we’ll derive them for this 
example. So consider a thin strip at height y as illustrated in the figure above. 


e The strip has length 


e The strip has width dy. 

e On this strip, y has average value y. 

e On this strip, x has average value 4/2(b—y) + £(b—y)|] = S2(b—y). 
As the area of the triangle is A = S(c —a)b, 


i, ae 2 Dea 
i=G f vl -—> fy 5 (o— y)dy 
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ae i ; pb. sos 
pf v—vyev= (oy - 3) 
PE ae 
“3 
. A Pate 
ere aa: (b— y) &y)dy 
2 bate c 
coo | Se- a FAe- ney 
b 
arc 
=o fw apay 
0 
eet ay? _ AG Oe 5 GaSe 
b3 pu-9'| = B38 


We have found that the centroid of the triangle is at (%,y) = (45, by. We shall now 
show that this point lies on all three medians. 


e One vertex is at (a,0). The opposite side runs from (0,0) and (c,0) and so has 

midpoint $(c,b). The line from (a, 0) to $(c, 6) has slope a = —& and so has 
(c—a). As 4 -(¢-a) = 4. (42-a) =32 ee 

8 = y, the centroid does indeed lie on this median. In this computation we have 
implicitly assumed that c 4 2a so that the denominator c — 2a # 0. In the event 
that c = 2a, the median runs from (a,0) to (a, 2) and so has equation x = a. 
When c = 2a we also have 7 = are = a, so that the centroid still lies on the 
median. 


equation y = — 


e Another vertex is at (c,0). The opposite side runs from (a,0) and (0,b) and so 


has midpoint $(a,b). The line from (c, 0) to $(a, b) has slope ois = — and so 
has equation y = —4-(x—c). As 4 (@-c) = 4. (S%-c) = § 4 (at+e-3c) = 


8 = y, the centroid does indeed lie on this median. In this computation we have 


implicitly assumed that a 4 2c so that the denominator a — 2c £ 0. In the event 
that a = 2c, the median runs from (c,0) to (c, 5) and so has equation x = c. 
When a = 2c we also have 7 = ae = c, so that the centroid still lies on the 
median. 


e The third vertex is at (0,b). The opposite side runs from (a,0) and (c,0) and so 


has midpoint (2,0). The line from (0,b) to ee 0) has slope Zz ap = = — 2b 
and so has equation y = b — Pee As 6 — ea = bt oe = b= = y, the 


centroid does indeed lie on this median. This time, we have implicitly assumed 
that a+c# 0. In the event that a +c= 0, the median runs from (0, b) to (0,0) 
and so has equation x = 0. When a+c = 0 we also have = ore = 0, so that 


the centroid still lies on the median. 
Example 2.3.11 
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2.3.2 ®» Optional — Torque 


Newton’s law of motion says that the position x(t) of a single particle moving under the 
influence of a force F' obeys mx"(t) = F’. Similarly, the positions x;(t), 1 <i<n, ofa 
set of particles moving under the influence of forces F; obey ma‘/(t) = Fj, 1 <i <n. 
Often systems of interest consist of some small number of rigid bodies. Suppose that 
we are interested in the motion of a single rigid body, say a piece of wood. The piece of 
wood is made up of a huge number of atoms. So the system of equations determining 
the motion of all of the individual atoms in the piece of wood is huge. On the other 
hand, because the piece of wood is rigid, its configuration is completely determined by 
the position of, for example, its centre of mass and its orientation. (Rather than get into 
what is precisely meant by “orientation”, let’s just say that it is certainly determined 
by, for example, the positions of a few of the corners of the piece of wood). It is possible 
to extract from the huge system of equations that determine the motion of all of the 
individual atoms, a small system of equations that determine the motion of the centre 
of mass and the orientation. We can avoid some vector analysis, that is beyond the 
scope of this course, by assuming that our rigid body is moving in two rather than three 
dimensions. 
So, imagine a piece of wood moving in the xy-plane. 


Furthermore, imagine that the piece of wood consists of a huge number of particles 
joined by a huge number of weightless but very strong steel rods. The steel rod joining 
particle number one to particle number two just represents a force acting between 
particles number one and two. Suppose that 


e there are n particles, with particle number 7 having mass m; 
e at time t, particle number 7 has x-coordinate x;(t) and y-coordinate y;(t) 


e at time t, the external force (gravity and the like) acting on particle number 7 has 
x-coordinate H;(t) and y-coordinate V;(t). Here H stands for horizontal and V 
stands for vertical. 


e at time ft, the force acting on particle number 7, due to the steel rod joining particle 
number i to particle number j has x-coordinate H; ;(t) and y-coordinate V;j,;(t). If 
there is no steel rod joining particles number 7 and j, just set H;,;(t) = V;,;(t) = 0. 
In particular, H;;(t) = V;,(t) = 0. 


The only assumptions that we shall make about the steel rod forces are 
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(A1) for each i ¥ j, Hi;(t) = —H,,(t) and V;,;(t) = —Vj,(t). In words, the steel rod 
joining particles 7 and 7 applies equal and opposite forces to particles 7 and 7. 

(A2) for each i # j, there is a function M;,;(t) such that Hij(t) = Mi; (t)[xi(t) —2;(d)| 
and Vj ;(t) = Mj ;(t)[yi(t) — y;(t)]. In words, the force due to the rod joining 
particles i and j acts parallel to the line joining particles i and j. For (A1) to be 
true, we need M;,;(t) = M;,,(t). 


Newton’s law of motion, applied to particle number 7, now tells us that 


mia (t) = H(t) + S> Aig(t) (Xe) 
j=l 
my; (t) = Vi(t) + 0 Vig (t) (Yi) 
j=l 
Adding up all of the equations (X;), fori = 1, 2, 3, --- , m and adding up all of the 
equations (Y;), fori =1, 2, 3, ---, n gives 
So miei (t) = S A(t) + So Hig (t) Oi) 
i=1 i=l 1<i,j<n 


may (t) = SoVi(t)+ So Vist) (2:¥;) 
i=1 i=1 1<i,j<n 
The sum iy <; ;<n Hij(t) contains Hj,(t) exactly once and it also contains Hp, (t) 
exactly once and these two terms cancel exactly, by assumption (A1). In this way, all 
terms in eee H,,;(t) with i # j exactly cancel. All terms with i = j are assumed 
to be zero. So Dic; j<n Hig(t) = 0. Similarly, 571 <; ;<, Vig(t) = 0, so the equations 
(;X;) and (X;Y;) simplify to 


5 maxi (t) = 2 H,(t) (U;X;) 
i=1 i=1 
do my) = SUV (2.Yi) 
Denote by ia ~ 
M= a 
i=1 


the total mass of the system, by 
lS lS 
X(t) = Vi d. m,x;(t) and Yt)= Vi d. miyi(t) 
the x- and y-coordinates of the centre of mass of the system at time t and by 
H(t)=S H(t) and = V(t) = S°V(t) 
i=1 i=1 


the x- and y-coordinates of the total external force acting on the system at time t. In 
this notation, the equations (%1;X;) and (;Y;) are 
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Equation 2.3.12 Rectilinear motion of centre of mass 


So the centre of mass of the system moves just like a single particle of mass M 
subject to the total external force. 

Now multiply equation (Y;) by x;(t), subtract from it equation (X;) multiplied by 
y;(t), and sum over i. This gives the equation )>, [«;(t) (Y;) — yi(t) (Xi)]: 


Yom xi(t)yi (t) — yi(t)xi(t)] = » [zi(t)Vi(t) — vit) a(t) 


By the assumption (A2) 


r1(t)Vi2(t) yi(t) Ay 2(t) ty(t )M,, a(t )[an(t) > yo(t) | — y(t ) Mi 2(t) [71 (t) _ x2(t)| 
My 2(t) [ys(t)o(t) — ai (t)yo(t)] 
(t) ) 


©o(t)V21(t) _ yo(t) Ho (t ) = x(t ) Mo, i(t ) [ye t) — y(t | = yo(t) M1 (t) [x2(t) = x(t) | 


= Mz,(t)[ — yi(t)ra(t) + 21 (t)y2(t)| 
= M1 2(t)[ — y(t)ra(t) + os 
So the i = 1, 7 = 2 term in )11<; jen [xi (t) Vij (t) —yi( (t)| exactly cancels the i = 2, 


j =1 term. In this way all of the terms in ) 7) <; jn ae (t)—y:(t) Hi; (t)] with i A j 
cancel. Each term with 7 = j is exactly zero. So 11 <; ;<n [xi(t) Vij (t) —yi(t) Hi;(t)] = 0 
and 


mi [xi(t)yi (t) a yi(t)ay (t)| = s [xi(t)Vi(E) 7 yi(t) H;(t)| 


Define 


In this notation 
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Equation 2.3.13 Rotational motion of centre of mass. 


e Equation (2.3.13) plays the role of Newton’s law of motion for rotational motion. 
e T(t) is called the torque and plays the role of “rotational force”. 


e L(t) is called the angular momentum (about the origin) and is a measure of the 
rate at which the piece of wood is rotating. 


o For example, if a particle of mass m is traveling in a circle of radius r, 
centred on the origin, at w radians per unit time, then x(t) = rcos(wt), 
y(t) =rsin(wt) and 
m[a(t)y'(t) — y(t)2"(t)| = m[r cos(wt) rw cos(wt) — rsin(wt) (— rw sin(wt)) | 


= mr? w 


is proportional to w, which is the rate of rotation about the origin. 


y ety=r 


XK 


In any event, in order for the piece of wood to remain stationary, that is to have x;(t) 
and y;(t) be constant for all 1 <i <n, we need to have 


X"(y) = Y"(t) = Lt) = 0 


and then equations (2.3.12) and (2.3.13) force 


Now suppose that the piece of wood is a seesaw that is long and thin and is lying 
on the x-axis, supported on a fulcrum at x = p. Then every y; = 0 and the torque 
simplifies to T(t) = )>;_, ai(t)Vi(t). The forces consist of 


e gravity, mg, acting downwards on particle number 7, for each 1 <7 <n and the 
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e force F imposed by the fulcrum that is pushing straight up on the particle at 
=P. 


mg meg m3g mag 


So 
e The net vertical force is V(t) = F-—S> mg = F — Mg. If the seesaw is to remain 
i=1 
stationary, this must be zero so that F = Mg. 
e The total torque (about the origin) is 
T = Fp—)_ migzi = Mop — > maga; 
i=1 = 


If the seesaw is to remain stationary, this must also be zero and the fulcrum must 
be placed at 


Equation 2.3.14 Placement of fulcrum. 


which is the centre of mass of the piece of wood. 


2.3.3 Exercises 


Exercises — Stage 1 In Questions 8 through 10, you will derive the formulas for the 
centre of mass of a rod of variable density, and the centroid of a two-dimensional region 
using vertical slices (Equations 2.3.4 and 2.3.5 in the text). Knowing the equations 
by heart will allow you to answer many questions in this section; understanding where 
they came from will you allow to generalize their ideas to answer even more questions. 


Using symmetry, find the centroid of the finite region between the curves 


y =(x«—1)? and y= —2? + 22 +1. 
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x 


y=—2?4+2r4+1 


2. Using symmetry, find the centroid of the region inside the unit circle, and 
outside a rectangle centred at the origin with width 1 and height 0.5. 


Y 


A long, straight, thin rod has a number of weights attached along it. True 


or false: if it balances at position x, then the mass to the right of «x is the 
same as the mass to the left of x. 


4. A straight rod with negligible mass has the following weights attached to it: 
e A weight of mass 1 kg, 1m from the left end, 
e a weight of mass 2 kg, 3m from the left end, 
e a weight of mass 2 kg, 4m from the left end, and 
e a weight of mass 1 kg, 6m from the left end. 


Where is the centre of mass of the weighted rod? 


5. For each picture below, determine whether the centre of mass is to the left 
of, to the right of, or along the line x = a, or whether there is not enough 
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information to tell. The shading of a region indicates density: darker shading 
corresponds to a denser area. 


Y y 
| | 
(a) (b) (c) 


7 _=" 


peas a 2B 


B B 


Y 


6. Tank A is spherical, of radius 1 metre, and filled completely with water. The 
bottom of tank A is three metres above the ground, where Tank B sits. Tank B 
is tall and rectangular, with base dimensions 2 metres by 1 metre, and empty. 
Calculate the work done by gravity to drain all the water from Tank A to Tank 
B by modelling the situation as a point mass, of the same mass as the water, 
being moved from the height of the centre of mass of A to the height of the 
centre of mass of the water after it has been moved to B. 


3m 


o 
2m s 


You may use 1000 kg/m? for the density of water, and g = 9.8 m/sec? for the 
acceleration due to gravity. 


7. Let S be the region bounded above by y = 
1<a<3. Let R be arod with density p(x) 


and and below by the z-axis, 


i 
x 
= 4 at position 7, 1<a<3. 
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a What is the area of a thin slice of S at position x with width dx? 

b What is the mass of a small piece of R at position x with length dx? 
c What is the total area of S? 

d What is the total mass of R? 

e What is the x-coordinate of the centroid of S? 


f What is the centre of mass of R? 


8. Suppose R is a straight, thin rod with density p(x) at a position x. Let 
the left endpoint of R lie at x = a, and the right endpoint lie at x = b. 


a To approximate the centre of mass of R, imagine chopping it into 
n pieces of equal length, and approximating the mass of each piece 
using the density at its midpoint. Give your approximation for the 
centre of mass in sigma notation. 


b Take the limit as n goes to infinity of your approximation in part (a), 
and express the result using a definite integral. 


9. Suppose S is a two-dimensional object and at (horizontal) position x its height 
is T(x) — B(x). Its leftmost point is at position x = a, and its rightmost point 
is at position x = b. 
To approximate the x-coordinate of the centroid of S, we imagine it as a 
straight, thin rod R, where the mass of R from a < x < b is equal to the area 
of Sfroma<a<b. 


a If S is the sheet shown below, sketch R as a rod with the same horizontal 
length, shaded darker when R is denser, and lighter when R is less dense. 
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b If we cut S into strips of very small width dz, what is the area of the 
strip at position x? 


c Using your answer from (b), what is the density p(x) of R at position x? 


d Using your result from Question 8(b), give the z-coordinate of the cen- 
troid of S. Your answer will be in terms of a, b, T(X), and B(z). 


10. Suppose S' is flat sheet with uniform density, and at (horizontal) position x its 
height is T(a)— B(x). Its leftmost point is at position x = a, and its rightmost 
point is at position x = b. 

To approximate the y-coordinate of the centroid of S, we imagine it as a 
straight, thin, vertical rod R. We slice S into thin, vertical strips, and model 
these as weights on R with: 


e position y on R, where y is the centre of mass of the strip, and 

e mass in R equal to the area of the strip in S. 

a If S is the sheet shown below, slice it into a number of vertical pieces of 
equal length, approximated by rectangles. For each rectangle, mark its 


centre of mass. Sketch R as a rod with the same vertical height, with 
weights corresponding to the slices you made of S. 


b Imagine a thin strip of S at position x, with thickness dz. What is the 
area of the strip? What is the y-value of its centre of mass? 


c Recall the centre of mass of a rod with n weights of mass M; at position 
y; is given by 


(M; x yi) 


a 


Ms 


~~ Ms 
i=l 


Considering the limit of this formula as n goes to infinity, give the y- 
coordinate of the centre of mass of S. 
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11. *. Express the x-coordinate of the centroid of the triangle with vertices 
(—1,-—3), (—1,3), and (0,0) in terms of a definite integral. Do not eval- 
uate the integral. 


Exercises — Stage 2 Use Equations 2.3.4 and 2.3.5 to find centroids and centres of 

mass in Questions 12 through 23. 
12. A long, thin rod extends from x = 0 to x = 7 metres, and its density at 
position x is given by p(x) = x kg/m. Where is the centre of mass of the rod? 


A long, thin rod extends from x = —3 to x = 10 metres, and its density at 


1 


Tz kg/m. Where is the centre of mass of 


position x is given by p(x) = 
the rod? 


14. x. Find the y-coordinate of the centroid of the region bounded by the curves 
y=1,y = —e*, x =O and x = 1. You may use the fact that the area of this 
region equals e. 


15. *. Consider the region bounded by y = (2 =) andy =z. 


1 —_ 
V16—22? ¥y 
a Sketch this region. 


b Find the y-coordinate of the centroid of this region. 


16. x. Find the centroid of the finite region bounded by y = sin(x), y = cos(z), 
x=0,and 2 =7/4. 


*. Let A denote the area of the plane region bounded by x = 0, x = 1, 
k; 
V1+2? 


a Find the coordinates of the centroid of this region in terms of k and 


A. 


7 —O and y— , where k is a positive constant. 


b For what value of k is the centroid on the line y = x? 


*. The region R is the portion of the plane which is above the curve 
y = x” — 32 and below the curve y = x — 2”. 


a Sketch the region R 
b Find the area of R. 


c Find the x coordinate of the centroid of R. 


19. «. Let R be the region where 0 < «7 < landO<y< Find the 


z-coordinate of the centroid of R. 


i 
1422" 


20. x. Find the centroid of the region below, which consists of a semicircle of 
radius 3 on top of a rectangle of width 6 and height 2. 
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21. 


*. Let D be the region below the graph of the curve y = V9 — 4x? and 
above the x-axis. 


a Using an appropriate integral, find the area of the region D; simplify 
your answer completely. 


b Find the centre of mass of the region D; simplify your answer com- 
pletely. (Assume it has constant density p.) 


22. The finite region S is bounded by the lines y = arcsin x, y = arcsin(2—x), and 
y = — 3. Find the centroid of S. 
23. Calculate the centroid of the figure bounded by the curves y = e”, y = 3(x—1), 
g=l_2=0, and ez. 
Exercises — Stage 3 


24. 


25. 


26. 


«x. Find the y-coordinate of the centre of mass of the (infinite) region lying 


to the right of the line x = 1, above the z-axis, and below the graph of 
ot 


«x. Let A be the region to the right of the y-axis that is bounded by the graphs 
of y= x2? and y= 6-2. 


a Find the centroid of A, assuming it has constant density p = 1. The area 


22 
of A is os (you don’t have to show this). 


b Write down an expression, using horizontal slices (disks), for the volume 
obtained when the region A is rotated around the y-axis. Do not evaluate 
any integrals; simply write down an expression for the volume. 


*. (a) Find the y-coordinate of the centroid of the region bounded by y = e’”, 
¢=(,.¢> 1, and y= —] 
(b) Calculate the volume of the solid generated by rotating the region from 
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part (a) about the line y = —1. 


Suppose a rectangle has width 4 m, height 3 m, and its density + metres 
from its left edge is x? kg/m”. Find the centre of mass of the rectangle. 


7] 


28. Suppose a circle of radius 3 m has density (2+y) kg/m? at any point y metres 


above its bottom. Find the centre of mass of the circle. 


Y 


~ 


A right circular cone of uniform density has base radius r m and height 
hm. We want to find its centre of mass. By symmetry, we know that 
the centre of mass will occur somewhere along the straight vertical line 
through the tip of the cone and the centre of its base. The only question 
is the hezght of the centre of mass. 
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We will model the cone as a rod R with height h, such that the mass of the 
section of the rod from position a to position b is the same as the volume 
of the cone from height a to height b. (You can imagine that the cone is 
an umbrella, and we’ve closed it up to look like a cane. * ) 


y 


a Using this model, calculate how high above the base of the cone its 
centre of mass is. 


b If we cut off the top h — k metres of the cone (leaving an object of 
height k), how high above the base is the new centre of mass? 


This analogy isn’t exact: if the cone were an umbrella, closing it would move 
the outside fabric vertically. A more accurate, but less familiar, image might be 
vacuum-wrapping an umbrella, watching it shrivel towards the middle but not move 
vertically. 
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30. An hourglass is shaped like two identical truncated cones attached together. 
Their base radius is 5 cm, the height of the entire hourglass is 18 cm, and the 
radius at the thinnest point is .5 cm. The hourglass contains sand that fills up 
the bottom 6 cm when it’s settled, with mass 600 grams and uniform density. 
We want to know the work done flipping the hourglass smoothly, so the sand 
settles into a truncated, inverted-cone shape before it starts to fall down. 


5 cm 


\/ 8.8 cm 
18 cm 7 ——> 7 


6 cm 


Using the methods of Section 2.1 to calculate the work done would be quite 
tedious. Instead, we will model the sand as a point of mass 0.6 kg, being lifted 
from the centre of mass of its original position to the centre of mass of its 
upturned position. Using the results of Question 29, how much work was done 
on the sand? 

To simplify your calculation, you may assume that the height of the upturned 
sand (that is, the distance from the skinniest part of the hourglass to the top 
of the sand) is 8.8 cm. (Actually, it’s 937 — 1 © 8.7854 cm.) So, the top 0.2 
cm of the hourglass is empty. 


Tank A is in the shape of half a sphere of radius 1 metre, with its flat 
face resting on the ground, and is completely filled with water. Tank B is 


empty and rectangular, with a square base of side length 1 m and a height 
of 3 m. 
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32. 


a To pump the water from Tank A to Tank B, we need to pump all 
the water from Tank A to a height of 3 m. How much work is done 
to pump all the water from Tank A to a height of 3 m? You may 
model the water as a point mass, originally situated at the centre of 
mass of the full Tank A. 


Suppose we could move the water from Tank A directly to its final 
position in Tank B without going over the top of Tank B. (For exam- 
ple, maybe tank A is elastic, and Tank B is just Tank A after being 
smooshed into a different form.) How much work is done pumping 
the water? (That is, how much work is done moving a point mass 
from the centre of mass of Tank A to the centre of mass of Tank B?) 


What percentage of work from part (a) was “wasted” by pumping the 
water over the top of Tank B, instead of moving it directly to its final 
position? 


You may assume that the only work done is against the acceleration due 
to gravity, g = 9.8 m/sec”, and that the density of water is 1000 kg/m°. 
Remark: the answer from (b) is what you might think of as the net work 
involved in pumping the water from Tank A to Tank B. When work gets 
“wasted,” the pump does some work pumping water up, then gravity does 
equal and opposite work bringing the water back down. 


Let R be the region bounded above by y = 2x sin(x”) and below by the z-axis, 
O0<a< af = . Give an approximation of the x-value of the centroid of R with 
error no more than a: 

You may assume without proof that |“4 {2x sin(x?)}| < 415 over the interval 


(0. 41. 
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2.44 Separable Differential Equations 


A differential equation is an equation for an unknown function that involves the deriva- 
tive of the unknown function. Differential equations play a central role in modelling a 
huge number of different phenomena. Here is a table giving a bunch of named differ- 
ential equations and what they are used for. It is far from complete. 


Newton’s Law of Motion describes motion of particles 

Maxwell’s equations describes electromagnetic radiation 
Navier-Stokes equations describes fluid motion 

Heat equation describes heat flow 

Wave equation describes wave motion 

Schrodinger equation describes atoms, molecules and crystals 
Stress-strain equations describes elastic materials 

Black-Scholes models used for pricing financial options 
Predator-prey equations describes ecosystem populations 
Einstein’s equations connects gravity and geometry 
Ludwig-Jones-Holling’s equation | models spruce budworm/Balsam fir ecosystem 
Zeeman’s model models heart beats and nerve impulses 
Sherman-Rinzel-Keizer model for electrical activity in Pancreatic (-cells 
Hodgkin-Huxley equations models nerve action potentials 


We are just going to scratch the surface of the study of differential equations. Most 
universities offer half a dozen different undergraduate courses on various aspects of 
differential equations. We will just look at one special, but important, type of equation. 


2.4.1 ® Separate and integrate 


A separable differential equation is an equation for a function y(x) of the form 


Ha) = F(0) a(y(a)) 


We'll start by developing a recipe for solving separable differential equations. Then 
we'll look at many examples. Usually one suppresses the argument of y(xz) and writes 


the equation ! 
dy 
qa = ff) 9) 


1 Look at the right hand side of the equation. The x-dependence is separated from the y-dependence. 
That’s the reason for the name “separable”. 
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and solves such an equation by cross multiplying/dividing to get all of the y’s, including 
the dy on one side of the equation and all of the x’s, including the dz, on the other side 
of the equation. 


(We are of course assuming that g(y) is nonzero.) Then you integrate both sides 


[G- [iow () 


This looks illegal, and indeed is illegal — oe is not a fraction. But we’ll now see that 
the answer is still correct. This procedure is simply a mnemonic device to help you 
remember that answer (x). 


e Our goal is to find all functions y(x) that obey # (x) = f(x) g(y(z)). 


e Assuming that g is nonzero, 


HN Ate doles We) _ ey Y(2) ae f tle\de 
V(@)= fe) va) — FA = sa) | Hoar f te 


= [& we = f flejax 


with the substitution y = y(x),dy = y'(x) dx 


e That’s our answer (x) again. 


Let G(y) be an antiderivative of TO) (ie Gy) = as)) and F(x) be an antiderivative 


of f(x) (i.e. F’(x) = f(x)). If we reinstate the argument of y, (x) is 
G(y(z)) = F(z) +C (2.4.1) 


Observe that the solution equation (2.4.1) contains an arbitrary constant, C. The 
value of this arbitrary constant can not be determined by the differential equation. 
You need additional data to determine it. Often this data consists of the value of the 
unknown function for one value of x. That is, often the problem you have to solve is of 
the form 

dy 


a(t) = f(@) g(y(z)) —-y(%0) = Yo 


where f(x) and g(y) are given functions and xp and yo are given numbers. This type 
of problem is called an “initial value problem”. It is solved by first using the method 
above to find the general solution to the differential equation, including the arbitrary 
constant C’, and then using the “initial condition” y(2o) = yo to determine the value of 
C’. We'll see examples of this shortly. 
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Example 2.4.2. A separable warm-up. 


The differential equation 
dy _ 
dx 
is separable, and we now find all of its solutions by using our mnemonic device. We 
start by cross-multiplying so as to move all y’s to the left hand side and all x’s to the 
right hand side. 


xe ¥ 


edy=tdt 
Then we integrate both sides 


2 
feta = f eae = v= 540 


The C on the right hand side contains both the arbitrary constant for the indefinite 
integral [ e¥dy and the arbitrary constant for the indefinite integral { xdz. Finally, we 
solve for y, which is really a function of «x. 


y(x) = log e a c) 


Recall that we are using log to refer to the natural (base e) logarithm. 

Note that C' is an arbitrary constant. It can take any value. It cannot be determined by 
the differential equation itself. In applications C’ is usually determined by a requirement 
that y take some prescribed value (determined by the application) when x is some 
prescribed value. For example, suppose that we wish to find a function y(x) that obeys 
both 


d 
7 =e? and OVS 1 
x 
We know that, to have ue = xe ¥ satisfied, we must have y(x) = log (= + C), for some 


constant C’. To also have y(0) = 1, we must have 


2 
1 = y(0) = log (> +C) Se FS Cet 2S Ose 


x=0 


' So our final solution is y(a) = log (= +e). 
Example 2.4.3 A little more warm-up. 


Let a and b be any two constants. We’ll now solve the family of differential equations 


dy _ 
dx 


a(y — 6) 


344 


APPLICATIONS OF INTEGRATION 2.4 SEPARABLE DIFFERENTIAL EQUATIONS 


using our mnemonic device. 


2a => [Ae [eae 
y—b y—b 


=> log |y — b] =axr+c => ly — b| = e%"*° = e°e™ 
=> y—b=Ce” 


where C’ is either +e° or —e°. Note that as c runs over all real numbers, +e° runs over 
all strictly positive real numbers and —e* runs over all strictly negative real numbers. 
So, so far, C can be any real number except 0. But we were a bit sloppy here. We 
implicitly assumed that y — b was nonzero, so that we could divide it across. None- 
the-less, the constant function y = 6, which corresponds to C' = 0, is a perfectly good 
solution — when y is the constant function y = b, both a and a(y—b) are zero. So the 
general solution to ve = a(y — b) is y(x) = Ce* + b, where the constant C' can be any 
real number. Note that when y(x) = Ce®* + b we have y(0) = C+. SoC =y(0)—b 
and the general solution is 


y(2) = {y(0) — bye +b 


Example 2.4.3 


This is worth stating as a theorem. 


Theorem 2.4.4 


Let a and b be constants. The differentiable function y(x) obeys the differential 
equation 


if and only if 


Example 2.4.5 Solve ue =", 
Solve ue =" 


Solution: When y # 0, 


dy» dy a 1 
— > —=d > = C => y=- 
dc 4 y? . —1 a 7 £+C 


When y = 0, this computation breaks down because 2% contains a division by 0. We 
can check if the function y(x) = 0 satisfies the differential equation by just subbing it 
imi: 

y(x) =0 => y'(x) =0, y(x)? =0 => y(x) = x(a)? 
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So y(x) = 0 is a solution and the full solution is 


1 
Coil or ye) = S40? for any constant C 


Example 2.4.5 
Example 2.4.6 A falling raindrop. 


When a raindrop falls it increases in size so that its mass m(t), is a function of time t. 
The rate of growth of mass, i.e. on is km(t) for some positive constant k. According 
to Newton’s law of motion, (mv) = gm, where v is the velocity of the raindrop (with 
v being positive for downward motion) and g is the acceleration due to gravity. Find 


the terminal velocity, jim v(t), of a raindrop. 
— 00 


Solution: In this problem we have two unknown functions, m(t) and v(t), and two 
differential equations, om = km and (mv) = gm. The first differential equation, 
a — km, involves only m(t), not v(t), so we use it to determine m(t). By Theorem 


2.4.4, with b =0,a=k, y replaced by m and x replaced by t, 


am km => m(t) = m(0)e™ 

dt 
Now that we know m/(t) (except for the value of the constant m(0)), we can substitute it 
into the second differential equation, which we can then use to determine the remaining 
unknown function v(t). Observe that the second equation, 4(mv) = gm(t) = gm(0)e 
tells that the derivative of the function y(t) = m(t)u(t) is gm(0)e*. So y(t) is just an 


antiderivative of gm(0)e**. 
dy kt kt 
a= gm(t) = gm(O)e ==> y(t)= | gm(O)e" di = gm(0)=- +C 


Now that we know y(t) = m(t)v(t) = m(0)ev(t), we can get v(t) just by dividing out 
the m(0)e*. 


y(t) = gm(0)- +C => m(0)eu(t) = gm(0)— +0 
g C 
=> u(t) = a + m(0)ek 


Our solution, u(t), contains two arbitrary constants, namely C and m(0). They will be 

determined by, for example, the mass and velocity at time t = 0. But since we are only 

interested in the terminal velocity kim u(t), we don’t need to know C’ and m(0). Since 
00 


k >0, lim & =0 and the terminal velocity lim v(t) = £. 
too © t-s00 
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Example 2.4.7 Intravenous glucose. 


A glucose solution is administered intravenously into the bloodstream at a constant 
rate r. As the glucose is added, it is converted into other substances at a rate that is 
proportional to the concentration at that time. The concentration, C(t), of the glucose 
in the bloodstream at time t obeys the differential equation 


where k is a positive constant of proportionality. 
a Express C(t) in terms of k and C(O). 
b Find lim C(#). 
too 


Solution: (a) Since r— kC = —k(C — £) the given equation is 


dC r 
a oe 
rae iar 
which is of the form solved in Theorem 2.4.4 with a = —k and b = zs So the solution is 


Ce) =5+(C@-T)e* 


kt - 


For any k > 0, jim e- = (0. Consequently, for any C(0) and any k > 0, jim C(t) = |.- 
— oo — oo 

We could have predicted this limit without solving for C(t). If we assume that C(t) 

approaches some equilibrium value C., as t approaches infinity, then taking the limits 


of both sides of om =r—kC ast > oo gives 


(ie. = CS 


Re 
2.4.2 ® Optional — Carbon Dating 


Scientists can determine the age of objects containing organic material by a method 
called carbon dating or radiocarbon dating 7. The bombardment of the upper atmo- 
sphere by cosmic rays converts nitrogen to a radioactive isotope of carbon, 4C, with a 
half-life of about 5730 years. Vegetation absorbs carbon dioxide from the atmosphere 
through photosynthesis and animals acquire C by eating plants. When a plant or 
animal dies, it stops replacing its carbon and the amount of C begins to decrease 
through radioactive decay. Therefore the level of radioactivity also decreases. More 
e @ 
2 Willard Libby, of Chicago University was awarded the Nobel Prize in Chemistry in 1960, for 
developing radiocarbon dating. 
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precisely, let Q(t) denote the amount of “C in the plant or animal ¢ years after it 
dies. The number of radioactive decays per unit time, at time t, is proportional to the 
amount of '4C’ present at time t, which is Q(t). Thus 


Equation 2.4.8 Radioactive decay. 


Here k is a constant of proportionality that is determined by the half-life. We shall 
explain what half-life is, and also determine the value of k, in Example 2.4.9, below. 
Before we do so, let’s think about the sign in equation (2.4.8). 


e Recall that Q(t) denotes a quantity, namely the amount of ‘4C’ present at time 
t. There cannot be a negative amount of C. Nor can this quantity be zero. 
(We would not use carbon dating when there is no 4C present.) Consequently, 


Gt) > 0. 


e As the time ¢ increases, Q(t) decreases, because “C' is being continuously con- 


; ee d 
verted into 4N by radioactive decay *. Thus #2 (t) <0. 


e The signs Q(t) > 0 and  (t) < 0 are consistent with (2.4.8) provided the constant 
of proportionality k > 0. 


e In (2.4.8), we chose to call the constant of proportionality “—k”. We did so in 
order to make k > 0. We could just as well have chosen to call the constant of 
proportionality “A”. That is, we could have replaced equation (2.4.8) by # (t) = 
KQ(t). The constant of proportionality K would have to be negative, (and K 
and k would be related by kK = —k). 


Example 2.4.9 Half life and the constant k. 


In this example, we determine the value of the constant of proportionality k in (2.4.8) 
that corresponds to the half-life of '*C, which is 5730 years. 


e Imagine that some plant or animal contains a quantity Qo of C at its time of 
death. Let’s choose the zero point of time t = 0 to be the instant that the plant 
or animal died. 


e Denote by Q(t) the amount of “C in the plant or animal t years after it died. 
Then Q(t) must obey both (2.4.8) and Q(0) = Qo. 


e Theorem 2.4.4, with b = 0 and a = —k, then tells us that Q(t) = Qoe~™ for all 
t > 0. 


3. The precise transition is *C + N +e +, where e~ is an electron and 7, is an electron 
neutrino. 
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e By definition, the half-life of “C is the length of time that it takes for half of the 
C to decay. That is, the half-life t)/2 is determined by 


1 1 
Q(tij2) = 52 (9) = 3&0 but we know that Q(t) = Qoe™ 
1 
Qoe 1/2 = 3@o now cancel Qo 
1 
—kty2 oy ee 
. 2 


Taking the logarithm of both sides gives 
log 2 


1 
—ktyj. = log = = —log2 => k= 
2 ty /2 


Recall that, in this text, we use log x to indicate the natural logarithm. That is, 


logr = log. x = logx 


We are told that, for *C,, the half-life t1/2 = 5730, so 


log 2 
k= = 0.000121 imal pl 
5730 0.000 to 6 decimal places 


Example 2.4.9 


From the work in the above example we have accumulated enough new facts to make 
a corollary to Theorem 2.4.4. 


Corollary 2.4.10 


The function Q(t) satisfies the equation 


dQ _ 
ae = ~ hte) 


if and only if 


The half-life is defined to be the time t)/2 which obeys 


Qltyr) = 5 (0) 


The half-life is related to the constant k by 


349 


APPLICATIONS OF INTEGRATION 2.4 SEPARABLE DIFFERENTIAL EQUATIONS 


Now here is a typical problem that is solved using Corollary 2.4.10. 


Example 2.4.11 The age of a piece of parchment. 


A particular piece of parchment contains about 64% as much ‘4C as plants do today. 
Estimate the age of the parchment. 
Solution: Let Q(t) denote the amount of C in the parchment ¢ years after it was 
first created. By equation (2.4.8) and Example 2.4.9 

dQ 


a(t) =—kQ() with k = 


By Corollary 2.4.10 


log 2 


= 0.000121 
5730 0.000 


The time at which Q(t) reaches 0.64 Q(0) is determined by 


Q(t) = 0.64Q(0) but Q(t) = Q(0) e™ 
Q(0) e~* = 0.64 Q(0) cancel Q(0) 
e * — 0.64 take logarithms 
—kt = log 0.64 
i= mS SS ee 3700 to 2 significant digits 
—k —0.000121 


That is, the parchment ° is about 37 centuries old. 


a The British Museum has an Egyptian mathematical text from the seventeenth century B.C. | 


We have stated that the half-life of 4C is 5730 years. How can this be determined? 
We can explain this using the following example. 


Example 2.4.12 Half life of implausium. 


A scientist in a B-grade science fiction film is studying a sample of the rare and fictitious 
element, implausium. With great effort he has produced a sample of pure implausium. 
The next day — 17 hours later — he comes back to his lab and discovers that his 
sample is now only 37% pure. What is the half-life of the element? 

Solution: We can again set up our problem using Corollary 2.4.10. Let Q(t) denote 
the quantity of implausium at time ¢, measured in hours. Then we know 


Q(t) = Q(0) -e™ 


We also know that 
Q(17) = 0.37Q(0). 
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That enables us to determine k via 


007) =0370(0) =O divide both sides by Q(0) 
LHe" 
and so 
log 0.37 
k=- = 0.0584 
7 0.05849 


We can then convert this to the half life using Corollary 2.4.10: 


log 2 


tij2= ~ 11.85 hours 


While this example is entirely fictitious, one really can use this approach to measure 


the half-life of materials. 
2.4.3 Optional — Newton’s Law of Cooling 


Newton’s law of cooling says: 


e The rate of change of temperature of an object is proportional to the difference 
in temperature between the object and its surroundings. The temperature of the 
surroundings is sometimes called the ambient temperature. 


If we denote by T(t) the temperature of the object at time t and by A the tempera- 
ture of its surroundings, Newton’s law of cooling says that there is some constant of 
proportionality, AK, such that 


Equation 2.4.13 Newton’s law of cooling. 


This mathematical model of temperature change works well when studying a small 
object in a large, fixed temperature, environment. For example, a hot cup of coffee 
in a large room *. Let’s start by thinking a little about the sign of the constant of 
proportionality. At any time ¢, there are three possibilities. 


4 It does not work so well when the object is of a similar size to its surroundings since the temperature 
of the surroundings will rise as the object cools. It also fails when there are phase transitions 
involved — for example, an ice-cube melting in a warm room does not obey Newton’s law of 
cooling. 
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e If 7(t) > A, that is, if the body is warmer than its surroundings, we would expect 
heat to flow from the body into its surroundings and so we would expect the body 
to cool off so that “4(t) < 0. For this expectation to be consistent with (2.4.13), 
we need K < 0. 


e If T(t) < A, that is the body is cooler than its surroundings, we would expect 
heat to flow from the surroundings into the body and so we would expect the 
body to warm up so that a(t) > 0. For this expectation to be consistent with 
(2.4.13), we again need K < 0. 


e Finally if 7(t) = A, that is the body and its environment have the same temper- 
ature, we would not expect any heat to flow between the two and so we would 
expect that *(t) = (0). This does not impose any condition on K. 


In conclusion, we would expect K < 0. Of course, we could have chosen to call the 
constant of proportionality —k, rather than kK. Then the differential equation would 


be a = —k(T — A) and we would expect k > 0. 


Example 2.4.14 Warming iced tea. 


The temperature of a glass of iced tea is initially 5°. After 5 minutes, the tea has heated 
to 10° in a room where the air temperature is 30°. 


a Determine the temperature as a function of time. 
b What is the temperature after 10 minutes? 


c Determine when the tea will reach a temperature of 20°. 
Solution: (a) 


e Denote by T(t) the temperature of the tea t minutes after it was removed from 
the fridge, and let A = 30 be the ambient temperature. 
e By Newton’s law of cooling, 
dT 
ai = K(T — A) = K(T — 30) 


for some, as yet unknown, constant of proportionality K. 
e By Theorem 2.4.4 with a = K and b = 30, 
T(t) = [T(0) — 30] e** + 30 = 30 — 25e** 
since the initial temperature 7T(0) = 5. 


e This solution is not complete because it still contains an unknown constant, 
namely kK. We have not yet used the given data that T(5) = 10. We can use it 
to determine kK. At t= 5, 

20 


20 
T(5) = 30-250" =10 = OX =— => 5K = log — 
(5) 5 °8 95 
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1 4 
=> K =—log = = —0.044629 
5 5 
to six decimal places. 


(b) To find the temperature at 10 minutes we can just use the solution we have deter- 
mined above. 


TA0) =30 =e" 
= 30 — 25¢e!*s be 5 
= 30 — 25e2!85 = 30 — 2c 25 
= 30-16 = 14° 
(c) The temperature is 20° when 


10 10 
— 2e*t = 2 Ke Kt = log — 
30 de 0 > € 35 > og D5 


oe 2 905 ai 
= 7 08 5 = .O min 


to one decimal place. 


Example 2.4.14 
Example 2.4.15 Temperature back in time. 


A dead body is discovered at 3:45pm in a room where the temperature is 20°C. At that 
time the temperature of the body 1s 27°C. Two hours later, at 5:45pm, the temperature 
of the body is 25.3°C. What was the time of death? Note that the normal (adult human) 
body temperature is 37°C. 

Solution: We will assume that the body’s temperature obeys Newton’s law of cooling. 


e Denote by T(t) the temperature of the body at time t, with t = 0 corresponding 
to 3:45pm. We wish to find the time of death — call it tg. 


e There is a lot of data in the statement of the problem. We are told 


1 the ambient temperature: A = 20 
2 the temperature of the body when discovered: T(0) = 27 
3 the temperature of the body 2 hours later: T(2) = 25.3 


4 assuming the person was a healthy adult right up until he died, the temper- 
ature at the time of death: T(ta) = 37. 


e Theorem 2.4.4 witha = K and b= A= 20 


T(t) = [T(0) — AJe** + A = 20 + 7e** 
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Two unknowns remain, K and tg. 


e We can find the first, K, by using the condition (3), which says T(2) = 25.3. 


25.3 =T(2)=20+7e" => Te * =5.3 => 2K =log (*4) 
=> K = 5 log (2) = -0.139 


e Finally, tg is determined by the condition (4). 


= = —0.139¢ —0.139tqg _ 17 
37 = T (ta) = 20+ Te a2 é ani 
7 
=> —0.139ta = log (+2) 
=> ta = —p log (+) = —6.38 


to two decimal places. Now 6.38 hours is 6 hours and 0.38 x 60 = 23 minutes. So 
the time of death was 6 hours and 23 minutes before 3:45pm, which is 9:22am. 


Example 2.4.15 


A slightly tricky example — we need to determine the ambient temperature from 
three measurements at different times. 


Example 2.4.16 Finding the ambient temperature. 


A glass of room-temperature water is carried out onto a balcony from an apartment 
where the temperature is 22°C. After one minute the water has temperature 26°C and 
after two minutes it has temperature 28°C. What is the outdoor temperature? 
Solution: We will assume that the temperature of the thermometer obeys Newton’s 
law of cooling. 


e Let A be the outdoor temperature and T(t) be the temperature of the water t 
minutes after it is taken outside. 


e By Newton’s law of cooling, 
T(t) =A+ (T(0) — A)e™* 


Theorem 2.4.4 with a = K and b = A. Notice there are 3 unknowns here — A, 
T(0) and kK — so we need three pieces of information to find them all. 


e We are told T(0) = 22, so 
T(t) =A+t (22— A)e™. 


e We are also told T(1) = 26, which gives 


26=A+ (22 — A) a rearrange things 
22—A 
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e Finally, T(2) = 28, so 


28=A+ (22 — A) ee rearrange 
28—A 26—A 
aa KS 
e€ ae but e = Goa 
26—A\* 28-—A 
(5 3) Sa ae multiply through by (22 — A)? 


(26 — A)? = (28 — A)(22 — A) 
We can expand out both sides and collect up terms to get 


967 59 A Ae BH 08 k= 5A A 
—SS—” 
=676 =616 


So the temperature outside is 30°. 


Example 2.4.16 


2.4.4 ® Optional — Population Growth 


Suppose that we wish to predict the size P(t) of a population as a function of the time 
t. In the most naive model of population growth, each couple produces ( offspring (for 
some constant (3) and then dies. Thus over the course of one generation 3 Po children 
are produced and P(t) parents die so that the size of the population grows from P(t) 


to 


P(t) 
ae 


parents-+ offspring 


p 


P(it+t,) =P@#)+ 6 PO) = xP) 


parents die 


where ¢, denotes the lifespan of one generation. The rate of change of the size of the 
population per unit time is 


P(t+t,)-— P(t) 1 8 


tg me: 
where 6 = a is the net birthrate per member of the population per unit time. If we 
g 
approximate 


P(t +t,) — P(t) _ dP 
é, dt 


we get the differential equation 


399 


APPLICATIONS OF INTEGRATION 2.4 SEPARABLE DIFFERENTIAL EQUATIONS 


Equation 2.4.17 Population growth. 


This is called the Malthusian ° growth model. It is, of course, very simplistic. One 
of its main characteristics is that, since P(t + T) = P(0)- e+” = P(t) - e”, every 
time you add T to the time, the population size is multiplied by e’’. In particular, the 
population size doubles every 22 units of time. The Malthusian growth model can 
be a reasonably good model only when the population size is very small compared to 
its environment °. A more sophisticated model of population growth, that takes into 
account the “carrying capacity of the environment” is considered below. 


Example 2.4.19 A rough estimate of the earth’s population. 


In 1927 the population of the world was about 2 billion. In 1974 it was about 4 billion. 
Estimate when it reached 6 billion. What will the population of the world be in 2100, 
assuming the Malthusian growth model? 

Solution: We follow our usual pattern for dealing with such problems. 


e Let P(t) be the world’s population, in billions, t years after 1927. Note that 1974 
corresponds to t = 1974 — 1927 = 47. 


e We are assuming that P(t) obeys equation (2.4.17). So, by (2.4.18) 
P= P(Ojse" 


Notice that there are 2 unknowns here — b and P(0) — so we need two pieces of 
information to find them. 


e We are told P(0) = 2, so 
PU) =2:2" 
e We are also told P(47) = 4, which gives 
4=2.e% clean up 


e OS @ 


5 This is named after Rev. Thomas Robert Malthus. He described this model in a 1798 paper called 
“An essay on the principle of population”. 
6 That is, the population has plenty of food and space to grow. 
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ef — 2 take the log and clean up 
_ log2 


b = 0.0147 to 3 decimal places 


e We now know P(t) completely, so we can easily determine the predicted popula- 
tion ° in 2100, ie. at t = 2100 — 1927 = 173. 


PUB Ste Spe rat = 12-7 billion 


e Finally, our crude model predicts that the population is 6 billion at the time t 


that obeys 
PG) = 2e" =6 clean up 
ev=3 take the log and clean up 
log 3 log 3 
i= = 47 = T45 
b log 2 


which corresponds ? to the middle of 2001. 


a The 2015 Revision of World Population, a publication of the United Nations, predicts that the 
world’s population in 2100 will be about 11 billion. But “about” covers a pretty large range. They 
give an 80% confidence interval running from 10 billion to 12.5 billion. 

b The world population really reached 6 billion in about 1999. 


Example 2.4.19 


Logistic growth adds one more wrinkle to the simple population model. It assumes 
that the population only has access to limited resources. As the size of the population 
grows the amount of food available to each member decreases. This in turn causes the 
net birth rate b to decrease. In the logistic growth model b = bg (1 — f), where K is 
called the carrying capacity of the environment, so that 


P(t) =bo (1 - oe) P(t) 


This is a separable differential equation and we can solve it explicitly. We shall do 
so shortly. See Example 2.4.20, below. But, before doing that, we’ll see what we can 
learn about the behaviour of solutions to differential equations like this without finding 
formulae for the solutions. It turns out that we can learn a lot just by watching the 
sign of P’(t). For concreteness, we'll look at solutions of the differential equation 


dP 
dt 
We'll sketch the graphs of four functions P(t) that obey this equation. 


(t) = (6000 — 3P(t) ) P(t) 


e For the first function, P(0) = 0. 
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e For the second function, P(0) = 1000. 

e For the third function, P(0) = 2000. 

e For the fourth function, P(0) = 3000. 

The sketches will be based on the observation that (6000 — 3P) P = 3(2000 — P) P 
e is zero for P = 0, 2000, 

e is strictly positive for 0 < P < 2000 and 


e is strictly negative for P > 2000. 


Consequently 
=0. IPS 
dF as >0 if 0< P(t) < 2000 
dt =0 if P(t) = 2000 


<0 if P(t) > 2000 


Thus if P(t) is some function that obeys $7(¢) = (6000—3P(t)) P(t), then as the graph 
of P(t) passes through the point (¢, P(t) 


slope zero, i.e. is horizontal, if P(t) =0 
‘he eeap ibs positive slope, i.e. is increasing, if 0 < P(t) < 2000 
slope zero, i.e. is horizontal, if P(t) = 2000 


negative slope, i.e. is decreasing, if 0 < P(t) < 2000 


as illustrated in the figure 


P(t) 
3000 + ~ 
2000 + - 
1000 + ~ 
= te t 


As a result, 


e if P(O) = 0, the graph starts out horizontally. In other words, as ¢ starts to 
increase, P(t) remains at zero, so the slope of the graph remains at zero. The 
population size remains zero for all time. As a check, observe that the function 


P(t) = 0 obeys “*(t) = (6000 — 3P(t)) P(t) for all t. 


dt 
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e Similarly, if P(0) = 2000, the graph again starts out horizontally. So P(t) remains 
at 2000 and the slope remains at zero. The population size remains 2000 for all 


time. Again, the function P(t) = 2000 obeys $4(t) = (6000 — 3P(t)) P(t) for all 
t 


e If P(O) = 1000, the graph starts out with positive slope. So P(t) increases with 
t. As P(t) increases towards 2000, the slope (6000 — 3P(t)) P(t), while remaining 
positive, gets closer and closer to zero. As the graph approaches height 2000, it 
becomes more and more horizontal. The graph cannot actually cross from below 
2000 to above 2000, because to do so it would have to have strictly positive slope 
for some value of P above 2000, which is not allowed. 


e If P(0) = 3000, the graph starts out with negative slope. So P(t) decreases with 
t. As P(t) decreases towards 2000, the slope (6000 — 3P(t)) P(t), while remaining 
negative, gets closer and closer to zero. As the graph approaches height 2000, it 
becomes more and more horizontal. The graph cannot actually cross from above 
2000 to below 2000, because to do so it would have to have negative slope for 
some value of P below 2000, which is not allowed. 


These curves are sketched in the figure below. We conclude that for any initial 
population size P(0), except P(0) = 0, the population size approaches 2000 as t + oo. 


P(t) 
oe 
2000 La 
1000 


t 


Now we’ll do an example in which we explicitly solve the logistic growth equation. 


Example 2.4.20 Population predictions using logistic growth. 


In 1986, the population of the world was 5 billion and was increasing at a rate of 2% 
per year. Using the logistic growth model with an assumed maximum population of 
100 billion, predict the population of the world in the years 2000, 2100 and 2500. 
Solution: Let y(t) be the population of the world, in billions of people, at time 1986+. 
The logistic growth model assumes 


y’ = ay(K — y) 


: : : __ b 
where KC is the carrying capacity and a = 3. 


First we’ll determine the values of the constants a and K from the given data. 


e We know that, if at time zero the population is below K, then as time increases 
the population increases, approaching the limit K as ¢ tends to infinity. So in this 
problem K is the maximum population. That is, kK = 100. 
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e We are also told that, at time zero, the percentage rate of change of population, 
100°, is 2, so that, at time zero, a = 0.02. But, from the differential equation, 
7 = a(K —y). Hence at time zero, 0.02 = a(100 — 5), so that a = 535. 


We now know a and K and can solve the (separable) differential equation 


dy dy 
a KY = Ry =" 
tsk 1 
=> = dy = dt 
lz E y- ra y fe 
1 
=> scllog|yl — log |y — K]] = at +C 
= log Hl =akt+Ck => |_| = Dew 
ly— 4] yok 
with D = e©*. We know that y remains between 0 and K, so that oe = Ea and 
our solution obeys 
y akt 
=) 
K-y 


At this stage, we know the values of the constants a and K, but not the value of the 
constant D. We are given that at t = 0, y = 5. Subbing in this, and the values of 
and a, 


5 5 
D& = D=— 
i005 95 
So the solution obeys the algebraic equation 
Ue 4 os e2t/95 
100-y 95 


which we can solve to get y as a function of t. 


5 
y = (100 — Yaeo — 95y = (500 — 5y)e7!/% 
=> (95 + 5e/)y = 500e7/% 
500e7#/95 100¢7#/95 100 


y= Q5+ 5e2t/95 19+ e2t/95 Lee 19e—2t/95 


Finally, 


e In the year 2000, t = 14 and y = = 6.6 billion. 


1 
14+19e— 


e In the year 2100, ¢ = 114 and y = — sens © 36.7 billion. 


| 19e— 228/95 


e In the year 2200, t= 514 and y = sage 108879 =~ 100 billion. 


Example 2.4.20 
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2.4.5 ® Optional — Mixing Problems 


Example 2.4.21 Dissolving salt. 


At time t = 0, where t is measured in minutes, a tank with a 5-litre capacity contains 
3 litres of water in which 1 kg of salt is dissolved. Fresh water enters the tank at a rate 
of 2 litres per minute and the fully mixed solution leaks out of the tank at the varying 
rate of 2¢ litres per minute. 


a Determine the volume of solution V(t) in the tank at time t. 


b Determine the amount of salt Q(t) in solution when the amount of water in the 
tank is at maximum. 


Solution’: (a) The rate of change of the volume in the tank, at time t, is 2 — 2t, 
because water is entering at a rate 2 and solution is leaking out at a rate 2t. Thus 
ap =2-2 = dV =(2-2t)dt = V= | (2-2t)dt=2t-t°+C 

at least until V(t) reaches either the capacity of the tank or zero. When t = 0, V = 3 so 
C = 3and V(t) = 3+2t—t?. Observe that V(t) is at a maximum when SY = 2—2t = 0, 
ort =1. 

(b) In the very short time interval from time ¢t to time t + dt, 2¢dt litres of brine 
leaves the tank. That is, the fraction 24“ of the total salt in the tank, namely Q(t)24** 


V(t) V(t) 
kilograms, leaves. Thus salt is leaving the tank at the rate 


QM _ 2#Q(t) _ —_ 2#Q(t) 


= 5 kilograms per minute 


dt V(t) 3+2t-t 
SO 
dQ 2tQ(t) dQ oF GE 
= — _> — = — Ss t 
dt 3+2-2 °  @ 340-2 --B—patH! 
_ ta: , 22 
7 ae “ 


3 1 
= log Q = 5 log |t— 3] + 5 loglé+ 1] +C 


We are interested in the time interval 0 < t < 1. In this time interval |t — 3] = 3—t 
and |t+ 1] =t+1 so 


1 
log Q = = log(3 — 2) + 5 los(é + 1) +e 


At t=0, Q is 1 so 


3 1 
log1 = 5 log(3 — 0) 5 log(0 t1)+C 
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3 1 5 
= log1—-—=l —-log1=—--=]l 
=} C=loe 5 log 3 5 log 5 log 3 


Att=1 
3 1 3 
] = — ll —1)+=log(1+1)-=1 
og Q = 5 log(3 — 1) + 5 log(1 + 1) — 5 log3 
3 
= 2log 2 — 5 log3 = log 4 — log 33 
_. 4 
so Q = =. 
e @ 


a No pun intended (sorry). 


Example 2.4.21 
Example 2.4.22 Mixing brines. 


A tank contains 1500 liters of brine with a concentration of 0.3 kg of salt per liter. 
Another brine solution, this with a concentration of 0.1 kg of salt per liter is poured 
into the tank at a rate of 20 li/min. At the same time, 20 li/min of the solution in the 
tank, which is stirred continuously, is drained from the tank. 


a How many kilograms of salt will remain in the tank after half an hour? 
b How long will it take to reduce the concentration to 0.2 kg/li? 


Solution: Denote by Q(t) the amount of salt in the tank at time t. In a very short 
time interval dt, the incoming solution adds 20 d¢t liters of a solution carrying 0.1 kg/li. 
So the incoming solution adds 0.1 x 20dt = 2dt kg of salt. In the same time interval 
20 dt liters is drained from the tank. The concentration of the drained brine is 22 


1500" 
So 2 99 dt kg were removed. All together, the change in the salt content of the tank 


during the short time interval is 


Q(t) Q(t) 
a@ # 1500 ne ( 75 Ja 
The rate of change of salt content per unit time is 
dQ Q(t) 1 
— =2- —— =-—(Q(t)-1 
dt 75 75 (2( ) ) 


The solution of this equation is 
Q(t) = {Q(0) — 150}e“/* + 150 
by Theorem 2.4.4, with a = —4 and b= 150. At time 0, Q(0) = 1500 x 0.3 = 450. So 


Q(#) = 150 + 300e*/* 


362 


APPLICATIONS OF INTEGRATION 2.4 SEPARABLE DIFFERENTIAL EQUATIONS 


(a) At t = 30 
Q(30) = 150 + 300e7°°/ = 351.1 kg 


(b) Q(t) = 0.2 x 1500 = 300 kg is achieved when 
150 + 300e~*/ = 300 => 300e77/ = 150 => e #8 =0.5 


t 
=f ae log(0.5) = > t = —75log(0.5) = 51.99 min 


Example 2.4.22 


2.4.6 ® Optional — Interest on Investments 


Suppose that you deposit $P in a bank account at time t = 0. The account pays r% 
interest per year compounded n times per year. 


e The first interest payment is made at time t = 4. Because the balance in the 
account during the time interval 0 < t < 4 is $P and interest is being paid for 
ay of a year, that first interest payment is = X 799 X P. After the first interest 
payment, the balance in the account is P + = Xin X P= (1 + )P. 


e The second interest payment is made at time t = 2. Because the balance in the 
account during the time interval 1 te 2 is (l + im)P and interest is being 
paid for ay of a year, the second interest payment is 4 x ano % (1 + im) P. 
After the second interest payment, the balance in the account is (1 SMe Ta ie 


< 100 a (1 a7) = (1 a in) P. 


e And so on. 


In general, at time t = ™ (just after the m* interest payment), the balance in the 
account is 


Equation 2.4.23 Discrete compounding interest. 


m nt 
im (me) 2 
100n 100n 


Three common values of n are 1 (interest is paid once a year), 12 (i.e. interest is 
paid once a month) and 365 (i.e. interest is paid daily). The limit n — oo is called 
continuous compounding ’. Under continuous compounding, the balance at time ¢ is 


r nt 
BO = ii (2 ) P 
(t) = jim (1+ sho, 


7 There are banks that advertise continuous compounding. You can find some by googling “interest 
is compounded continuously and paid” 
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You may have already seen the limit 


Equation 2.4.24 A useful limit. 


If so, you can evaluate B(t) by applying 2.4.24 with 7 = and a = so that 


*£—nt). Asn—- co, x > 0s0 that 


x 


Equation 2.4.25 Continuous compound interest. 


= rt ( 
100n 100 


N—-> Co 


nt 
Bim (1 + a ) P= lim(1 a )/* P — tp — ert/100 p 
cid 


100n 


If you haven’t seen (2.4.24) before, that’s OK. In the following example, we rederive 
(2.4.25) using a differential equation instead of (2.4.24). 


Example 2.4.26 Computing my future bank balance. 


Suppose, again, that you deposit $P in a bank account at time t = 0, and that the 
account pays r% interest per year compounded n times per year, and denote by B(t) 


the balance at time t. Suppose that you have just received an interest payment at time 
t. Then the next interest payment will be made at time t++ and will be +x 4 x B(t) = 


n * T00 
Tn Bit). So, calling = = h, 


B(t+h)-B(t) 


B(t +h) = B(t) + Bn or 7 = BU) 


To get continuous compounding we take the limit n — oo or, equivalently, h — 0. This 
gives 
_ Bit+h) — Bit) i dB i 
| = -_ Bit —(t) = —-B(t 
nv0 h 907) TO = 79GB 


By Theorem 2.4.4, with a = 7¢5 and b= 0, (or Corollary 2.4.10 with k = —;5), 


B(t) _ e*/100 B (0) = evt/100 p 


t once again. 
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Example 2.4.27 Double your money. 


a A bank advertises that it compounds interest continuously and that it will double 
your money in ten years. What is the annual interest rate? 


b A bank advertises that it compounds monthly and that it will double your money 
in ten years. What is the annual interest rate? 


Solution: (a) Let the interest rate be r% per year. If you start with $P, then after t 
years, you have Pe"/!°, under continuous compounding. This was equation (2.4.25). 
After 10 years you have Pe"/!°. This is supposed to be 2P, so 


Pe a0P 2s grt eo 


. 
— > 1 7 082 => r=10log2=6.93% 


(b) Let the interest rate be r% per year. If you start with $P, then after t years, you 


have Pu + ss . under monthly compounding. This was (2.4.23). After 10 years 


you have rit + Ss) 1° This is supposed to be 2P, so 


r 120 r 120 
( 100 x 2) ( = 1200) 
r 
. 1 = 91/120 
1200 

r 1/120 

————s ——— = 1 
1200 
91/120 —] 


! => f= 1200( ) = 6.95% 
Example 2.4.28 Pension planning. 


A 25 year old graduate of UBC is given $50,000 which is invested at 5% per year 
compounded continuously. The graduate also intends to deposit money continuously 
at the rate of $2000 per year. 


a Find a differential equation that A(t) obeys, assuming that the interest rate re- 
mains 5%. 


b Determine the amount of money in the account when the graduate is 65. 


c At age 65, the graduate will start withdrawing money continuously at the rate of 
W dollars per year. If the money must last until the person is 85, what is the 
largest possible value of W? 


Solution: (a) Let’s consider what happens to A over a very short time interval from 
time t to time t+ At. At time t the account balance is A(t). During the (really short) 


365 


APPLICATIONS OF INTEGRATION 2.4 SEPARABLE DIFFERENTIAL EQUATIONS 


specified time interval the balance remains very close to A(t) and so earns interest of 


a x At x A(t). During the same time interval, the graduate also deposits an additional 


$2000At. So 


A(t + At) & A(t) + 0.05A(t)At + 2000At 
A(t + At) — A(#) 
At 
In the limit At — 0, the approximation becomes exact and we get 
dA 
a 0.05.4 + 2000 
(b) The amount of money at time t obeys 
dA 
dt 
So by Theorem 2.4.4 (with a = 0.05 and b = —40,000), 
A(t) = (A(0) + 40,000) e°°** — 40,000 


~ 0.05A(t) + 2000 


= 0.05A(t) + 2,000 = 0.05(A(t) + 40,000) 


At time 0 (when the graduate is 25), A(0) = 50,000, so the amount of money at time t 
is 
A(t) = 90,000 e°° — 40, 000 


In particular, when the graduate is 65 years old, t = 40 and 
A(40) = 90,000 e°°°**° — 40, 000 = $625,015.05 


(c) When the graduate stops depositing money and instead starts withdrawing money 
at a rate W, the equation for A becomes 
dA 
dt 
assuming that the interest rate remains 5%. This time, Theorem 2.4.4 (with a = 0.05 
and b = 20W) gives 


= 0.05A — W =0.05(A — 20W) 


A(t) = (A(0) — 20W) e°™ + 20W 
If we now reset our clock so that t = 0 when the graduate is 65, A(0) = 625,015.05. So 
the amount of money at time t is 


A(t) = 20W + e°°'(625, 015.05 — 20W) 


We want the account to be depleted when the graduate is 85. So, we want A(20) = 0. 
This is the case if 
20W + e°95*70(695, 015.05 — 20W) = 0 
=> 20W + e(625, 015.05 — 20W) = 0 
=> 20(e — 1)W = 625, 015.05e 


625, 015.05e 
—_~—\_— = $49, 437.96 
20(e — 1) a 


Example 2.4.28 
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2.4.7 » Exercises 
Recall that we are using log x to denote the logarithm of x with base e. In other courses 
it is often denoted Inz. 


Exercises —— Stage 1 


Below are pairs of functions y = f(a) and differential equations. For each 
pair, decide whether the function is a solution of the differential equation. 


function differential equation 


y = 5(e* — 32” — 6x — 6) 
_ =2 
_ x2 +1 


y 


y= Pr1+¢4 


2. Following Definition 2.4.1, a separable differential equation has the form 


(2) = F(x) a(y(2)). 


Show that each of the following equations can be written in this form, 
identifying f(x) and g(y). 


3. Suppose we have the following functions: 
e y is a differentiable function of x 
e f isa function of x, with [ f(x) dx = F(z) 
e g is a nonzero function of y, with [ aa dy= Gly) = Giz). 


In the work below, we set up a solution to the separable differential equation 
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without using the mnemonic of Equation (x). 

By deleting some portion of our work, we can create the solution as it would 
look using the mnemonic. What portion can be deleted? 

Remark: the purpose of this exercise is to illuminate what, exactly, the 
mnemonic is a shortcut for. Despite its peculiar look, it agrees with what 
we already know about integration. 


YH F(a)o(u(x)) 


Since g(y()) is a nonzero function, we can divide both sides by it. 


— 
g(y(x)) da 


If these functions of x are the same, then they have the same an- 
tiderivative with respect to x. 


lap Z"-/to« 


The left integral is in the correct form for a change of variables to 
y. To make this easier to see, we'll use a u-substitution, since it’s a 


little more familiar than a y-substitution. If u = y, then #¢ = % 


[apn [foe 


Since u was just the same as y, again for cosmetic reasons, we can 
swap it back. (Formally, you could have skipped the step above-we 
just included it to be extra clear that we’re not using any integra- 
tion techniques we haven’t seen before.) 


[apu- [toe 


We’re given the antiderivatives in question. 


f(@) 


so du = Bde. 
oc 


G(y) + C, = F(x) + Cy 
G(y) = F(x) + (C2—- C1) 


where C; and C are arbitrary constants. Then also Cy — C; is an 
arbitrary constant, so we might as well call it C. 


G(y) = F(a) +C 
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4. Suppose y = f(z) is a solution to the differential equation {4 = zy. 


dx 
True or false: f(a) +C is also a solution, for any constant C. 


5. Suppose a function y = f(x) satisfies |y| = Cx, for some constant C' > 0. 


a What is the largest possible domain of f(x), given the information at 
hand? 


b Give an example of function y = f(x) with the following properties, or 
show that none exists: 


e |y| = Cz, 
e wu exists for all x > 0, and 


e y > 0 for some values of x, and y < 0 for others. 


6. Express the following sentence ° as a differential equation. You don’t have to 
solve the equation. 


About 0.3 percent of the total quantity of morphine in the blood- 
stream is eliminated every minute. 


e OS @ 


a The sentence is paraphrased from the Pharmakokinetics website of Université de Lau- 
sanne, Elimination Kinetics. The half-life of morphine is given on the same website. 
Accessed 12 August 2017. 


Suppose a particular change is occurring in a language, from an old form to 
a new form. * Let p(t) be the proportion (measured as a number between 
0, meaning none, and 1, meaning all) of the time that speakers use the new 
form. Piotrowski’s law ° predicts the following. 


Use of the new form over time spreads at a rate that is propor- 
tional to the product of the proportion of the new form and the 
proportion of the old form. 


Express this as a differential equation. You do not need to solve the dif- 


ferential equation. 


An example is the change in German from “wollt” to “wollst” for the second-person 
conjugation of the verb “wollen.” This example is provided by the site Laws in 
Quantitative Linguistics, Change in Language, accessed 18 August 2017. 
Piotrowski’s law is paraphrased from the page Piotrowski-Gesetz on Glottopedia, 
accessed 18 August 2017. According to this source, the law was based on work by 
the married couple R. G. Piotrowski and A. A. Piotrowskaja, later generalized by 
G. Altmann. 
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8. Consider the differential equation y' = § — 1. 


a When y = 0, what is y'? 
b When y = 2, what is y/? 
c When y = 3, what is 4’? 


d On the axes below, interpret the marks we have made, and use them 
to sketch a possible solution to the differential equation. 


9. Consider the differential equation y' = y — 5. 
a If y(1) = 0, what is y/(1)? 
b If y(1) = 2, what is y’(1)? 
c If y(1) = —2, what is y/(1)? 


d Draw a sketch similar to that of Question 8(d) showing the derivatives 
of y at the points with integer values for x in [0,6] and y in [—3, 3}. 


e Sketch a possible graph of y. 
Exercises —— Stage 2 


10. x. Find the solution to the separable initial value problem: 


dy 2x 


er y(0) = log 2 


Express your solution explicitly as y = y(z). 


11. x. Find the solution y(x) of = = 
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12. 


*. Solve the differential equation y/(t) = e? cost. You should express the 
solution y(t) in terms of t explicitly. 


*. Solve the differential equation 


14. 


15. 


16. 


«x. Let y = y(x). Find the general solution of the differential equation y’ = xe’. 


/ 
1 
*. Find the solution to the differential equation YY _ ~ that satisfies 
e*—2Q2r  y 
y(0) = 3. Solve completely for y as a function of x. 
*. Find the function y = f(x) that satisfies 
d 1 
7 = —ay? and 0) = =F 


*. Find the function y = y(x) that satisfies y(1) = 4 and 


dy _ 1527 + 4¢ +3 
dx y 


18. 


*. Find the solution y(z) of y! = x°y with y(0) = 1. 


*. Find the solution of the initial value problem 


«x. A function f(x) is always positive, has f(0) = e and satisfies f’(x) = 
x f(x) for all x. Find this function. 


21. 


22. 


*. Solve the following initial value problem: 


dy 1 
= 1)=2 
dx (x?+2z)y yQ) 
1+ /y?-4 
*. Find the solution of the differential equation ~ 2 a that 
an ax y 


satisfies y(0) = 2. You don’t have to solve for y in terms of x. 


*. The fish population in a lake is attacked by a disease at time t = 0, 
with the result that the size P(t) of the population at time t > 0 satisfies 


dP 
we ees yi) 
= k/P 
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where k is a positive constant. If there were initially 90,000 fish in the 


lake and 40,000 were left after 6 weeks, when will the fish population be 
reduced to 10,000? 


24. 


27. 


*x. An object of mass m is projected straight upward at time t = 0 with 
initial speed vg. While it is going up, the only forces acting on it are gravity 
(assumed constant) and a drag force proportional to the square of the object’s 
speed v(t). It follows that the differential equation of motion is 


du 
m— = —(mg + kv” 
qe = img ) 
where g and k are positive constants. At what time does the object reach its 


highest point? 


«x. A motor boat is traveling with a velocity of 40 ft/sec when its motor 
shuts off at time t = 0. Thereafter, its deceleration due to water resistance 
is given by 


du 
— =—kv? 
dt 
where k is a positive constant. After 10 seconds, the boat’s velocity is 20 
ft /sec. 
a What is the value of k? 


b When will the boat’s velocity be 5 ft/sec? 


*. Consider the initial value problem 42 = k(3—2)(2—«), «(0) = 1, where 
k is a positive constant. (This kind of problem occurs in the analysis of 
certain chemical reactions.) 


a Solve the initial value problem. That is, find x as a function of t. 


b What value will x(t) approach as t approaches +00. 
*. The quantity P = P(t), which is a function of time ft, satisfies the differential 
equation 
dP 
dt 
and the initial condition P(0) = 2. 


=4P — P? 


a Solve this equation for P(t). 
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b What is P when t = 0.5? What is the limiting value of P as t becomes 
large? 
28. *. An object moving in a fluid has an initial velocity v of 400 m/min. The 
velocity is decreasing at a rate proportional to the square of the velocity. After 
1 minute the velocity is 200 m/min. 


a Give a differential equation for the velocity v = v(t) where t is time. 
b Solve this differential equation. 
c When will the object be moving at 50 m/min? 


Exercises —— Stage 3 
29. *. An investor places some money in a mutual fund where the interest is 
compounded continuously and where the interest rate fluctuates between 4% 
and 8%. Assume that the amount of money B = B(t) in the account in dollars 
after t years satisfies the differential equation 
dB 


7 (0.06 + 0.02 sin t) B 


a Solve this differential equation for B as a function of t. 


b If the initial investment is $1000, what will the balance be at the end of 
two years? 


30. *. An endowment is an investment account in which the balance ideally 
remains constant and withdrawals are made on the interest earned by the 
account. Such an account may be modeled by the initial value problem 
B'(t) = aB—m for t > 0, with B(O) = Bo . The constant a reflects the 
annual interest rate, m is the annual rate of withdrawal, and Bp is the 
initial balance in the account. 


a Solve the initial value problem with a = 0.02 and B(0) = Bo = 
$30, 000. Note that your answer depends on the constant m. 


b Ifa = 0.02 and B(0) = Bo = $30, 000, what is the annual withdrawal 
rate m that ensures a constant balance in the account? 


31. x. A certain continuous function y = y(x) satisfies the integral equation 


y(x) =3+ iE (y(t)? — 3y(t) + 2) sin tdt 3) 


for all x in some open interval containing 0. Find y(zx) and the largest 


373 


APPLICATIONS OF INTEGRATION 2.4 SEPARABLE DIFFERENTIAL EQUATIONS 


interval for which (*) holds. 


32. x. A cylindrical water tank, of radius 3 meters and height 6 meters, is full 
of water when its bottom is punctured. Water drains out through a hole 
of radius 1 centimeter. If 


e h(t) is the height of the water in the tank at time t (in meters) and 


e u(t) is the velocity of the escaping water at time t (in meters per 
second) then 


e Torricelli’s law states that v(t) = \/2gh(t) where g = 9.8 m/sec’. 
Determine how long it takes for the tank to empty. 


33. *. A spherical tank of radius 6 feet is full of mercury when a circular hole 
of radius 1 inch is opened in the bottom. How long will it take for all of the 
mercury to drain from the tank? 

Use the value g = 32 feet/sec?. Also use Torricelli’s law, which states when 
the height of mercury in the tank is h, the speed of the mercury escaping from 
the tank is v = /2gh. 


34. *. Consider the equation 


f(z) = s+ fo (f(t) — 1) (f(t) — 2) de 


a What is f(0)? 
b Find the differential equation satisfied by f(z). 


c Solve the initial value problem determined in (a) and (b). 


35. *. A tank 2 m tall is to be made with circular cross-sections with radius 
r = y”. Here y measures the vertical distance from the bottom of the tank 
and p is a positive constant to be determined. You may assume that when the 
tank drains, it obeys Torricelli’s law, that is 


A) =—t/y 


for some constant c where A(y) is the cross-sectional area of the tank at height 
y. It is desired that the tank be constructed so that the top half (y = 2 to 
y = 1) takes exactly the same amount of time to drain as the bottom half 
(y = 1 to y =0). Determine the value of p so that the tank has this property. 
Note: it is not possible or necessary to find c for this question. 


36. Suppose f(t) is a continuous, differentiable function and the root mean square 
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of f(t) on [a, a] is equal to the average of f(t) on [a,x] for all x. That is, 


A frman=J. [roa ( 


You may assume v > a. 


a Guess a function f(t) for which the average of f(t) is the same as the 
root mean square of f(t) on any interval. 


b Differentiate both sides of the given equation. 


c Simplify your answer from (b) by using Equation (x) to replace all terms 
containing [” f(t) dt with terms containing |” f(t) dt 


d Let Y(x) = {* f(t) dt, so the equation from (c) becomes a. differential 
enn Find all functions that satisfy it. 


e What is f(t)? 


37. Find the function y(x) such that 


dy 
dx? 


and it — + log 3, then y = 1 and | 
You do not ee to solve for y eaieitly 
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You have probably learned about Taylor polynomials ' and, in particular, that 


ig 3 gh 
ADEE Map rr nae 
where F,,(x) is the error introduced when you approximate e* by its Taylor polynomial 
of degree n. You may have even seen a formula for E,,(2). We are now going to ask 
what happens as n goes to infinity? Does the error go to zero, giving an exact formula 
for e*? We shall later see that it does and that 


: oa = x" 
e et 


At this point we haven’t defined, or developed any understanding of, this infinite sum. 
How do we compute the sum of an infinite number of terms? Indeed, when does a 
sum of an infinite number of terms even make sense? Clearly we need to build up 
foundations to deal with these ideas. Along the way we shall also see other functions 
for which the corresponding error obeys lim E,,(x) = 0 for some values of x and not 
for other values of x. ae 

To motivate the next section, consider using the above formula with « = 1 to 
compute the number e: 


t, 4 aa) 
ue ak dae 


As we stated above, we don’t yet understand what to make of this infinite number of 
terms, but we might try to sneak up on it by thinking about what happens as we take 
more and more terms. 

1 term 1l=1 


e OD @ 


1 Now would be an excellent time to quickly read over your notes on the topic. 
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2 terms 14+1=2 
1 
3 terms a was 
1 1 
4 terms a a 
Dt festiets Ha | _ 9.708333 
erms Ss ge ies 
6 t ee ee age eae : = 2.716666 
erms A ay eC eae 


By looking at the infinite sum in this way, we naturally obtain a sequence of numbers 
{ 1,2, 2.5, 2.666666 ,--- , 2.708333 ,--- , 2.716666,--- ,--- }. 


The key to understanding the original infinite sum is to understand the behaviour of 
this sequence of numbers — in particularly, what do the numbers do as we go further 
and further? Does it settle down ? to a given limit? 


3.14 Sequences 


3.1.1 Sequences 


In the discussion above we used the term “sequence” without giving it a precise math- 
ematical meaning. Let us rectify this now. 


a 


A sequence is a list of infinitely “ many numbers with a specified order. It is 


denoted 


{a1, a2, 43, *** , An; --+} or taht toy 


e OO @ 


a For the more pedantic reader, here we mean a countably infinite list of numbers. The 
interested (pedantic or otherwise) reader should look up countable and uncountable sets. 


We will often specify a sequence by writing it more explicitly, like 
{a = f(n)} 


where f(n) is some function from the natural numbers to the real numbers. 
e OS @ 


2 You will notice a great deal of similarity between the results of the next section and “limits at 
infinity” which was covered last term. 
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Example 3.1.2. Three sequences and another one. 


Here are three sequences. 


fi 1 1 1 \ { =7\" 

2 ee re ee n=l 

{1, 2, 3 I or {a, =n} 
n=1 


{1, mile I ele aes eal, a} ae ie (yt) 


n=1 


Ss 


It is not necessary that there be a simple explicit formula for the n™ term of a sequence. 
For example the decimal digits of 7 is a perfectly good sequence 


a, i, 4, L ay 9, 2, 6, 5, 3, 5, 8, 9, q, 9, 3, 2, 3, 8, 4, 6, 2, 6, 4, aaa } 


but there is no simple formula ° for the n™ digit. 


a There is, however, a remarkable result due to Bailey, Borwein and Plouffe that can be used to 
compute the n‘® binary digit of 7 (i.e. writing 7 in base 2 rather than base 10) without having 


{ to work out the preceding digits. | 


Our primary concern with sequences will be the behaviour of a,, as n tends to infinity 
and, in particular, whether or not a,, “settles down” to some value as n tends to infinity. 


A sequence Gat ,-1 18 Said to converge to the limit A if a, approaches A as n 
tends to infinity. If so, we write 


lim a, =A or Qn > Aasn— oo 
noo 


A sequence is said to converge if it converges to some limit. Otherwise it is said 
to diverge. 


The reader should immediately recognise the similarity with limits at infinity 


lim fi) = 2 if f(z) > Last—-4oo 


Example 3.1.4 Convergence in Example 3.1.2. 


Three of the four sequences in Example 3.1.2 diverge: 


e The sequence {an = fh diverges because a,, grows without bound, rather than 
approaching some finite value, as n tends to infinity. 


e The sequence Gx = (—1yr-7}* diverges because a,, oscillates between +1 and 
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—1 rather than approaching a single value as n tends to infinity. 


e The sequence of the decimal digits of 7 also diverges, though the proof that this 
is the case is a bit beyond us right now ° . 


The other sequence in Example 3.1.2 has a, = 4. As n tends to infinity, 4 tends to 
zero. So 


lim — =0 
noo 1 


e ® 

a If the digits of 7 were to converge, then 7 would have to be a rational number. The irrationality 

of x (that it cannot be written as a fraction) was first proved by Lambert in 1761. Niven’s 1947 

proof is more accessible and we invite the interested reader to use their favourite search engine to 
find step-by-step guides to that proof. 


Example 3.1.4 


Example 3.1.5 lim 


a 
noo 2n+1 


n 


Here is a little less trivial example. To study the behaviour of +> as n — oo, it is a 


good idea to write it as 
n ib 


nti 242 


As n — oo, the 4 in the denominator tends to zero, so that the denominator 2 + 1 


tends to 2 and aa tends to $: So 


; n . 1 1 
lim = lim i=s5 


Notice that in this last example, we are really using techniques that we used before 
to study infinite limits like lim f(z). This experience can be easily transferred to 
xw—-0o 


dealing with lim a, limits by using the following result. 
n> oo 


Theorem 3.1.6 


If 
hea (1 8)| 8 


XL—0o 


and if a, = f(n) for all positive integers n, then 


litre — 
noo 
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Example 3.1.7 lim e~”. 
Noo 


pet JZ) = 6°. Then 6 *= f(n) and 


since lime * =0 we know that lim e "=0 
~—00 N00 


The bulk of the rules for the arithmetic of limits of functions that you already know 
also apply to the limits of sequences. That is, the rules you learned to work with limits 
such as lim f(x) also apply to limits like lim ay. 

«LOO N+ Oo 


Theorem 3.1.8 Arithmetic of limits. 


Let A, B and C be real numbers and let the two sequences (Gets and Ont 4 
converge to A and B respectively. That is, assume that 


lim a, =A lim 6b, = B 


n—-co Noo 
Then the following limits hold. 
a lim [an + Bn] =A+B 
N—-0o 
(The limit of the sum is the sum of the limits.) 


lim [an — bn| =A-B 


N—-oo 


(The limit of the difference is the difference of the limits.) 


lim Ca, = CA. 


n—->Cco 


lin ¢b, = AB 


n—-oco 


(The limit of the product is the product of the limits.) 


If BAO then lim mo 
Noo n 


(The limit of the quotient is the quotient of the limits provided the limit of 
the denominator is not zero.) 


We use these rules to evaluate limits of more complicated sequences in terms of the 
limits of simpler sequences — just as we did for limits of functions. 
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Example 3.1.9 Arithmetic of limits. 


Combining Examples 3.1.5 and 3.1.7, 


tim lax + 7e-"| = Jim me j + tim ter" by Theorem 3.1.8(a) 
= lim —"— +7 lime by Theorem 3.1.8(c) 


and then using Examples 3.1.5 and 3.1.7 


[LR bol 
+ 
“I 
So 


eS 


There is also a squeeze theorem for sequences. 


Theorem 3.1.10 Squeeze theorem. 


If an < Cy < by, for all natural numbers n, and if 


himeare— shine b a — es, 
nN—- Ooo noo 


lim c, = L 
nN—- Ooo 


Example 3.1.11 A simple squeeze. 


In this example we use the squeeze theorem to evaluate 


. Tn, 
lim E + =| 
n— oo n 
where 7, is the n™ decimal digit of 7. That. is, 


1, =3 Tg = 1 13 =4 T= 1 Ts =9 Te =9 
We do not have a simple formula for 7,. But we do know that 
Tn . 9 Ty, 9 
O<m<9 = 0S —<-—- = 1<l+—<lt+-— 
n n n n 
and we also know that 


imt=1 im fi+=] =1 
n 


n> Co n—-oco 
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So the squeeze theorem with a, = 1, b,; =1+ ™, and c, =1+ = gives 


bing i+ =| 25 
n 


N+ OCo 


Example 3.1.11 


Finally, recall that we can compute the limit of the composition of two functions 
using continuity. In the same way, we have the following result: 


Theorem 3.1.12 Continuous functions of limits. 


If lim a, = L and if the function g(x) is continuous at L, then 
N+ O0o 


lim g(an) = g(L) 


n—-co 


Example 3.1.13 tim Sills a 


Write sin 4 = I(sea) with g(x) = sin(7z). We saw, in Example 3.1.5 that 


n 1 


lim ae 
noo 2n +1 2 


. _ . . . i: 1 . . . . 
Since g(x) = sin(7x) is continuous at x = 5, which is the limit of =, we have 


; ; Tm 
lim sin ——— = li 


| milcisyaalt mata | 
m g{|———) = g{| =) =sin= = 
ia Oe aoe nee 


With this introduction to sequences and some tools to determine their limits, we 
can now return to the problem of understanding infinite sums. 


3.1.2 » Exercises 


Exercises —— Stage 1 


Assuming the sequences continue as shown, estimate the limit of each se- 


quence from its graph. 
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oO 


Suppose a,, and 6, are sequences, and a, = 6, for all n > 100, but a, 4 6, 
for n < 100. 


True or false: lim a, = lim dn. 
noo noo 


3. Let {an}, {bn}22,, and {cn}%,, be sequences with lim a, = A, lim b, = 
NOOO N—-+O0o 
B, and lim c, = C. Assume A, B, and C are nonzero real numbers. 


N—->Co 
Evaluate the limits of the following sequences. 


An, — bn 


a 
Cn 


Cn 
b= 
n 


Qan+5 
Cc 
Bn 


4. Give an example of a sequence {a,,}°°, with the following properties: 
e a, > 1000 for all n < 1000, 
© An41 < Gy for all n, and 


e lim a, = —2 
Noo 
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5. Give an example of a sequence {a,,}°., with the following properties: 
e a, > 0 for all even n, 


e a, < 0 for all odd n, 


e lim a,, does not exist. 
n-oco 


Give an example of a sequence {a,,}°°, with the following properties: 
e a, > 0 for all even n, 
e a, < 0 for all odd n, 


e lim a,, exists. 
noo 


The limits of the sequences below can be evaluated using the squeeze the- 
orem. For each sequence, choose an upper bounding sequence and lower 
bounding sequence that will work with the squeeze theorem. 


sinn 
n 


n2 


e"(7 +sinn — 5cosn) 


Cw) 


8. Below is a list of sequences, and a list of functions. 


a Match each sequence a, to any and all functions f(x) such that 
f(n) = a, for all whole numbers n. 


b Match each sequence a, to any and all functions f(x) such that 


liming — inf (ee 
NCO ®L—Co 


1 
a, — l — 
n 


x is a whole number 


else 


xz is a whole number 


else 
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9. Let {a,}°2, be a sequence defined by a, = cos n. 


a Give three different whole numbers n that are within 0.1 of an odd integer 
multiple of 7, and find the corresponding values of ay. 


b Give three different whole numbers n such that a, is close to 0. Justify 
your answers. 


Remark: this demonstrates intuitively, though not rigorously, why lim cosn 
nN—-0o 


is undefined. We consistently find terms in the series that are close to —1, and 
also consistently find terms in the series that are close to 1. Contrast this to 
a series like { cos(27n)}, whose terms are always 1, and whose limit therefore 
is 1. It is possible to turn the ideas of this question into a rigorous proof that 


lim cosn is undefined. See the solution. 
noo 


Exercises — Stage 2 


10. Determine the limits of the following sequences. 


an = 2a eS 

Lo = 
4n+3 

b ee ee eee 
An? +3 

Bn nan 

C= 
4n3 +3 


4n? — 21 
ne ++ ; 
vn+1 
Jn +3 


11. Determine the limit of the sequence a, = 
12. Determine the limit of the sequence b,, = 


owe cos(n + n? 
Determine the limit of the sequence c, = esl) 


Determine the limit of the sequence a, = 


15. Determine the limit of the sequence d, = e~/”. 
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14+ 3sin(n?) —2sinn 


n 


16. Determine the limit of the sequence a, = 


e” 


274 2° 


17. Determine the limit of the sequence b,, = 


18. x. Find the limit, if it exists, of the sequence {ax}, where 


k! sin? k 
(k+1)! 


an = 


19. x. Consider the sequence {(-" sin (4) \. State whether this sequence con- 


verges or diverges, and if it converges give its limit. 


20. x*. Evaluate lim 
noo 


= + 5n 


=e ae 3cos(1/1?) 


Exercises — Stage 3 


1 
21. x. Find the limit of the sequence {los (sin = | - log(2n) 
n 


22. Evaluate lim a Soa ane Bn P 
noo 


23. Evaluate lim vn yy Oe 5| : 
noo 


(oe) 


24. Evaluate the limit of the sequence {n (2 + ee — ge) \ 


n=1 


25. Write a sequence {a,}°, whose limit is f’(a) for a function f(2) that is 
differentiable at the point a. 
Your answer will depend on f and a. 


26. Let {A,}°°, be the area of a regular polygon with n sides, with the distance 
from the centroid of the polygon to each corner equal to 1. 


~ 


A(3) = 3¥8 A(4) = 2 A(5) = 2.5sin(0.47) 
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a By dividing the polygon into n triangles, give a formula for A,. 
b What is lim A,,? 
NOOO 


27. Suppose we define a sequence {f,,}, which depends on some constant x, as the 


following: 
1 n<a<n+l 
fr(x) = 
0 else 
For a fixed constant « = 1, {fr} is the sequence 
OS OOS east Oost) Oe cage, The sole nonzero element comes in 


position k, where k is what we get when we round x down to a whole number. 
If x < 1, then the sequence consists of all zeroes. 

Since we can plug in different values of x, we can think of f,(x) as a function 
of sequences: a different x gives you a different sequence. On the other hand, 
if we imagine fixing n, then f,,(x) is just a function, where f,,(x) gives the nth 
term in the sequence corresponding to 2. 


a Sketch the curve y = fo(z). 
b Sketch the curve y = f3(x). 


c Define A, = iP fr(x) dx. Give a simple description of the sequence 
{An}net- 


d Evaluate lim A,,. 


n—-oo 


e Evaluate lim f,,(x) for a constant x, and call the result g(x). 
Noo 
f Evaluate ‘ g(x) da. 
0 


Bie: aoe 
28. Determine the limit of the sequence b,, = (1 +—+ =) : 
n on 


29. A sequence {an} 
An+8 


[o-e) 5 . . 
s of real numbers satisfies the recursion relation a,4; = 


forn > 1. 


a Suppose a; = 4. What is lim a,,? 
n—- Ooo 


b Find x ifr = "2 > 


c Suppose a; = 1. Show that lim a, = L, where L is the solution to 
n—-oo 


equation above. 
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30. Zipf’s Law applied to word frequency can be phrased as follows: 


The most-used word in a language is used n times as frequently as 
the n-th most word used in a language. 


Suppose the sequence {w}, w2, w3,...} is a list of all words in a language, 
where w, is the word that is the nth most frequently used. Let f, be 
the frequency of word wy. Is { fi, fo, fs,...} an increasing sequence or a 
decreasing sequence? 


Give a general formula for f,,, treating f,; as a constant. 


Suppose in a language, w, (the most frequently used word) has frequency 
6%. If the language follows Zipf’s Law, then what frequency does w3 
have? 


Suppose fg = 0.3% for a language following Zipf’s law. What is fio? 


The word “the” is the most-used word in contemporary American English. 
In a collection of about 450 million words, “the” appeared 22,038,615 
times. The second-most used word is “be,” followed by “and.” About 
how many usages of these words do you expect in the same collection of 
450 million words? 


Sources: 


e Zipf’s word frequency law in natural language: A critical review and 


future directions, Steven T. Piantadosi. Psychon Bull Rev. 2014 Oct; 
21(5): 1112-1130. Accessed online 11 October 2017. 


e Word Frequency Data. Accessed online 11 October 2017. 


3.24 Series 


3.2.1 Series 


A series is a sum 


a, tag 4+a3+++++a,4+-°° 


of infinitely many terms. In summation notation, it is written 


oo 
dan 
n=1 
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You already have a lot of experience with series, though you might not realise it. When 
you write a number using its decimal expansion you are really expressing it as a series. 
Perhaps the simplest example of this is the decimal expansion of f: 


: = 0.3333 --- 
3 


Recall that the expansion written in this way actually means 


Be one 3 3 = 3 
0.333333 +++ = | | a aoe 
10 =100 = =61000 ~—-: 10000 d. LO" 
The summation index n is of course a dummy index. You can use any symbol you like 
(within reason) for the summation index. 


A series can be expressed using summation notation in many different ways. For ex- 
ample the following expressions all represent the same series: 


n=1 n=2 n=3 
5 —_ rr 
ae ae: a 
<0" 10 © 100 © 1000 © 
j=2 j=3 j=A4 
SS — 
3 8 on OF en Bes 
“10-1 10 100 © 1000 © 
£=0 f=1 l=3 
oS —N rN ON 


3 Zo 3 3 
fo: ree "100 1000 


We can get from the first line to the second line by substituting n = 7 — 1 — don’t 
forget to also change the limits of summation (so that n = 1 becomes j — 1 = 1 which 
is rewritten as 7 = 2). To get from the first line to the third line, substitute n = @+ 1 
everywhere, including in the limits of summation (so that n = 1 becomes +1 = 1 
which is rewritten as 0 = 0). 

Whenever you are in doubt as to what series a summation notation expression 
represents, it is a good habit to write out the first few terms, just as we did above. 

Of course, at this point, it is not clear whether the sum of infinitely many terms 
adds up to a finite number or not. In order to make sense of this we will recast the 
problem in terms of the convergence of sequences (hence the discussion of the previous 
section). Before we proceed more formally let us illustrate the basic idea with a few 
simple examples. 
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3 
10” 


Example 3.2.1 Ds 
n=1 


As we have just seen above the series )>°°_, 72 is 


n=1 n=2 n=3 
—_a rN Oe 


ee eee ae _ 
10” 10 ° 100 1000 


n=1 


Notice that the n” term in that sum is 


n—1 zeroes 


—s 
3x10" = 0.00---03 


So the sum of the first 5, 10, 15 and 20 terms in that series are 


5 3 10 3 
jon = 0397199908 8 
DT9r D9" 
15 20 
3 3 
Ss 0, 3939983 533935308 S- —_ = 0,33333333333333333333 
a4 10" <4 10" 


It sure looks like that, as we add more and more terms, we get closer and closer to 


0.3 = ;. So it is very reasonable “ to define \>”_, in to be i 


a Of course we are free to define the series to be whatever we want. The hard part is defining it to 
be something that makes sense and doesn’t lead to contradictions. We’ll get to a more systematic 


definition shortly. | 


Example 3.2.2 > 1 and >, (—1)”. 


n=1 


Every term in the series }>~, 1 is exactly 1. So the sum of the first N terms is exactly 
N. As we add more and more terms this grows unboundedly. So it is very reasonable 
to say that the series )>~°_, 1 diverges. 


The series : : : 
n= n=2 n= n=4 n= 

= et a et a 

) (-1)"=(-1)+ 1 +(-1)4+ 1 +(-1)4 


n=1 
So the sum of the first N terms is 0 if N is even and —1 if N is odd. As we add more 
and more terms from the series, the sum alternates between 0 and —1 for ever and 
ever. So the sum of all infinitely many terms does not make any sense and it is again 
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reasonable to say that the series )>*°_,(—1)” diverges. 


Example 3.2.2 


In the above examples we have tried to understand the series by examining the sum 
of the first few terms and then extrapolating as we add in more and more terms. That 
is, we tried to sneak up on the infinite sum by looking at the limit of (partial) sums of 
the first few terms. This approach can be made into a more formal rigorous definition. 
More precisely, to define what is meant by the infinite sum )7™*_, a,, we approximate 
it by the sum of its first N terms and then take the limit as N tends to infinity. 


The N“ partial sum of the series )>>°, a, is the sum of its first N terms 


N 
Siva ) An- 
I 


The partial sums form a sequence {S ee If this sequence of partial sums 
converges Sy — S as N - oo then we say that the series }>>-_, a, converges to 


S and we write 
CoO 
ye 
n=l 


If the sequence of partial sums diverges, we say that the series diverges. 


Example 3.2.4 Geometric Series. 


Let a and r be any two fixed real numbers with a 4 0. The series 


(oe) 


atar tar? +++-+ar"+-++= S~ar" 


n=0 


is called the geometric series with first term a and ratio r. 
Notice that we have chosen to start the summation index at n = 0. That’s fine. The 
first ° term is the n = 0 term, which is ar° = a. The second term is the n = 1 term, 


which is ar’ = ar. And so on. We could have also written the series )>°, ar”~'. 
That’s exactly the same series — the first term is me = ar! ' =a, the second 
term is ar} lin = ar?! = ar, and so on °. Regardless of how we write the geometric 


series, a is the first term and r is the ratio between successive terms. 
Geometric series have the extremely useful property that there is a very simple formula 
for their partial sums. Denote the partial sum by 


N 
Sv = Soar" =a+ar tar? +--+ +ar, 


n=0 
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The secret to evaluating this sum is to see what happens when we multiply it by r: 


rSv =r(a Lar+tar?+:-: ar’) 
gill 


=ar+ar?+ar?+---4 


Notice that this is almost the same ° as Sy. The only differences are that the first term, 
a, is missing and one additional term, ar‘*+', has been tacked on the end. So 


Sn =atar+tar?7+---+ar 


roy = ar + ar? +-+-+ar™ + ar" 


Hence taking the difference of these expressions cancels almost all the terms: 
(1—r)Sy =a—ar®* = a(1—r8*) 
Provided r 4 1 we can divide both side by 1 — r to isolate Sy: 
Sv =a- — — 
On the other hand, if r = 1, then 
Sn =a+a+---+a=a(N+1) 


N-+1 terms 


So in summary: 


a ie | 

a(N+1) ifr=1 
Now that we have this expression we can determine whether or not the series converges. 
If |r| < 1, then r+! tends to zero as N — oo, so that Sy converges to q 7 ae 06 


and 
[o-@) 


yar ae provided |r| < 1. 


= 


n=0 


On the other hand if |r| > 1, Sy diverges. To understand this divergence, consider the 
following 4 cases: 


e Ifr >1, then r’ grows to oo as N > o. 


If r < —1, then the magnitude of r% grows to oo, and the sign of r% oscillates 
between + and —, as N > oo. 


If r=+1, then N +1 grows to co as N > oo. 


e If r =—1, then r% just oscillates between +1 and —1 as N > oo. 
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In each case the sequence of partial sums does not converge and so the series does not 
converge. 

Here are some sketches of the graphs of = and Sy, 0 < N < 5, for a = 1 and 
-l<rc<l. 


In these sketches we see that 


e when 0 < r < 1, and also when —1 < r < 0 with N odd, we have Sy = 
l=rN+1 1 


i> < p>: On the other hand, when —1 < r < 0 with N even, we have 
oe 1—rNt+1 = 1 
N~ T=7 1-r* 


—rNt+1 : 
e When 0 < |r| <1, Sy =+ i gets closer and closer to “+ as N increases. 


e When r = —1, Sy just alternates between 0, when N is odd, and 1, when N is 
even. 


a It is actually quite common in computer science to think of 0 as the first integer. In that context, 
the set of natural numbers is defined to contain 0: N = {0,1,2,---} while the notation Z* = 
{1,2,3,---} is used to denote the (strictly) positive integers. Remember that in this text, as is 
more standard in mathematics, we define the set of natural numbers to be the set of (strictly) 
positive integers. 
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b This reminds the authors of the paradox of Hilbert’s hotel. The hotel with an infinite number 
of rooms is completely full, but can always accommodate one more guest. The interested reader 
should use their favourite search engine to find more information on this. 

c One can find similar properties of other special series, that allow us, with some work, to cancel 
many terms in the partial sums. We will shortly see a good example of this. The interested reader 
should look up “creative telescoping” to see how this idea might be used more generally, though 
it is somewhat beyond this course. 


Example 3.2.4 


We should summarise the results in the previous example in a lemma. 


Lemma 3.2.5 Geometric series. 


Let a and r be real numbers and let N > 0 be an integer then 


= a 
y r= r 


n=0 


Further, if |r| < 1 then 


Now that we know how to handle geometric series let’s return to Example 3.2.1. 


Example 3.2.6 Decimal Expansions. 


The decimal expansion 


3 3 3 3 ed 
ie ae aoe mo 


is a geometric series with the first term a = a and the ratio r = a So, by Lemma 3.2.5, 


0.3333 +++ = == 7 _ 
= 40 Teiag “ape. <2 


just as we would have expected. 
We can push this idea further. Consider the repeating decimal expansion: 


0.16161616--- = a Se + = za 
~ 100 10000 — 1000000 


This is another geometric series with the first term a = is and the ratio r = iw" So, 
by Lemma 3.2.5, 


=~ 16 Je. a8, 16 
0.16161616--- = — —100_ _ 100 _ 
d. 100” 1-,,° ® 99 
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again, as expected. In this way any periodic decimal expansion converges to a ratio of 
two integers — that is, to a rational number °. 
Here is another more complicated example. 


12 34 34 
1234343434 +++ = ! ae 
ee 100 — 10000 1000000 
1220 GQ 34 
~ 100 © < 100" 


Now apply Lemma 3.2.5 with a = 3% and r = 75 


2 4 
100 100001 — = 


_ 12 34 100 
~ 100° 10000 99 
., 122 
~ 9900 
e @ 


a We have included a (more) formal proof of this fact in the optional §3.7 at the end of this chapter. 
Proving that a repeating decimal expansion gives a rational number isn’t too hard. Proving the 
converse — that every rational number has a repeating decimal expansion is a little trickier, but 
we also do that in the same optional section. 


Example 3.2.6 


Typically, it is quite difficult to write down a neat closed form expression for the 
partial sums of a series. Geometric series are very notable exceptions to this. Another 
family of series for which we can write down partial sums is called “telescoping series”. 
These series have the desirable property that many of the terms in the sum cancel each 
other out rendering the partial sums quite simple. 


Example 3.2.7 Telescoping Series. 


In this example, we are going to study the series })°~ | ae This is a rather artificial 
series “ that has been rigged to illustrate a phenomenon called “telescoping”. Notice 
that the n™ term can be rewritten as 


1 1 Z 


n(nt+1) on ntl 


and so we have 


big = Dy — Dyas where b,, = a 


Because of this we get big cancellations when we add terms together. This allows us to 
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get a simple formula for the partial sums of this series. 


S = 1 | i | 1 | | 1 
N — I I 1 "N-(N +1) 


1-2 2-3 3-4 


G-3)+G-3)+G-a) +--+ Gwe) 


The second term of each bracket exactly cancels the first term of the following bracket. 
So the sum “telescopes” leaving just 


and we can now easily compute 


ye ii eo (Q-~a)=1 
n(n+1) N00 a aes N+1 a 


nS] 


a Well... this sort of series does show up when you start to look at the Maclaurin polynomial of 
functions like (1 — x) log(1— x). So it is not totally artificial. At any rate, it illustrates the basic 
idea of telescoping very nicely, and the idea of “creative telescoping” turns out to be extremely 
useful in the study of series — though it is well beyond the scope of this course. 


Example 3.2.7 


More generally, if we can write 
an = bn a bn41 


for some other known sequence b,,, then the series telescopes and we can compute partial 
sums using 


N N 
ae = S (On aa Bn+1) 
n=1 i a 
= >. bi, = S° bn4t 
n=1 n=1 
= b, — by41. 


and hence 


ioe) 
) An = by — lim bn41 
Noo 


1. 


provided this limit exists.Often Jima bv4i1 =0 and then >> a, = b;. But this does not 
oo n=1 
always happen. Here is an example. 
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Example 3.2.8 A Divergent Telescoping Series. 


In this example, we are going to study the series 5° log (1 + +). Let’s start by just 


n=1 
writing out the first few terms. 
n=1 n=2 n=3 

= 1 1 1 1 
Slog (a+ -) = log (a+ =) + log (1+ =) + log (a+ =) 
a= n 1 2 3 

n=4 

1 


+log (1+ 5) ++: 
4 


= log(2) + log (5) + log (5) 


+ log (2) +-- 


This is pretty suggestive since 


log(2) + log (5) + log (5) + log (3) = lop (2 x : x : 4 °) = log(5) 


So let’s try using this idea to compute the partial sum Sy: 


N 
Sv = So log (1+) 


n=1 
n=1 n=2 n=3 
1 1 1 
n=N-1 n=N 


Sa ia WE 
ag a) ee) 
+ log Vig 4 LOR. | dae 


= log(2) 4 tog (5) + 1og (3) ee al log (=~) HI (=) 
= log (2x 5x oxox po x SE) 
= log(N + 1) 


Uh oh! 


lim Sy = wim log(N + 1) = +00 
00 


N->co 


This telescoping series diverges! There is an important lesson here. Telescoping series 


t can diverge. They do not always converge to 64. f 
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As was the case for limits, differentiation and antidifferentiation, we can compute 
more complicated series in terms of simpler ones by understanding how series interact 
with the usual operations of arithmetic. It is, perhaps, not so surprising that there are 
simple rules for addition and subtraction of series and for multiplication of a series by 
a constant. Unfortunately there are no simple general rules for computing products or 
ratios of series. 


Theorem 3.2.9 Arithmetic of series. 


Let A, B and C be real numbers and let the two series \>~-, dn and J+”, bp 
converge to S and T respectively. That is, assume that 


on =e 
n=1 


Then the following hold. 


a Qn, +6,| =S+T and 
De [an + bn] 
n=1 


b ee =o. 


nn) 


Example 3.2.10 S>°, (4 a any): 


As a simple example of how we use the arithmetic of series Theorem 3.2.9, consider 


oe) 


3 aces 


We recognize that we know how to compute parts of this sum. We know that 


| - 1 
2 ae ~ 6 


1 
n=1 7 


1 


because it is a geometric series (Example 3.2.4 and Lemma 3.2.5) with first term a = = 


and ratio r = z. And we know that 

ee 

Soy 

= eel) 
by Example 3.2.7. We can now use Theorem 3.2.9 to build the specified “complicated” 
series out of these two “simple” pieces. 


=a 2 = 1 2 
S° E 4 aa = d. = + d. acest) by Theorem 3.2.9(a) 


n=1 
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a | = i 

— — +2 ——____ by Th 3.2.9(b 
Li ++ a crn y Theorem (b) 
1 13 

SoS = 
6. 6 


Example 3.2.10 


3.2.2 » Exercises 


Exercises —— Stage 1 


“1 
1. Write out the first five partial sums corresponding to the series y —. 
n 

n=1 


You don’t need to simplify the terms. 


Every student who comes to class brings their instructor cookies, and leaves 
them on the instructor’s desk. Let Ci, be the total number of cookies on 
the instructor’s desk after the kth student comes. 

If Cy, = 20, and Cp = 17, how many cookies did the 11th student bring 
to class? 


Suppose the sequence of partial sums of the series an is {Syp = 


n=1 


iwi} 


a What is {a,,}? 


b What is lim a,,? 
NCO 


c Evaluate a Gn 


n—1 


4. Suppose the sequence of partial sums of the series Soa is {Sy} = 


n=1 


1 
—1)¥ +—}. 
("+5 
What is {a,,}? 
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5. Let f(N) bea formula for the Nth partial sum of a dpelnatie (ee 


n=1 
Syn.) If f’(N) < 0 for all N > 1, what does that say about a,,? 


Questions 6 through 8 invite you to explore geometric sums in a geometric way. This 
is complementary to than the algebraic method discussed in the text. 


6. Suppose the triangle outlined in red in the picture below has area one. 


a Express the combined area of the black triangles as a series, assuming 
the pattern continues forever. 


b Evaluate the series using the picture (not the formula from your book). 


7. Suppose the square outlined in red in the picture below has area one. 


a Express the combined area of the black squares as a series, assuming 
the pattern continues forever. 
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b Evaluate the series using the picture (not the formula from your 
book). 


“1 
In the style of Questions 6 and 7, draw a picture that represents Me Bf as 


n=! 
an area. 


100 


1 
9. Evaluate S- Br 
n=0 


Every student who comes to class brings their instructor cookies, and leaves 
them on the instructor’s desk. Let C;, be the total number of cookies on 
the instructor’s desk after the kth student comes. 

If Coo = 53, and Cp = 17, what does C9 — Cp = 36 represent? 


100 
ih 
Evaluate ys =A (Note the starting index.) 
n=50 


a Starting on day d = 1, every day you give your friend $a. 


$4 back to you. After a long time, how much money have you gained by 
this arrangement? 


ae a i 
b Evaluate S- €E — ) 
cm d (d+1) 


c Starting on day d = 1, every day your friend gives you $(d+ 1), and they 
take $(d + 2) from you. After a long time, how much money have you 
gained by this arrangement? 


and they give 


d Evaluate - ((d+ 1) —(d+2)). 


d=1 


13. Suppose a =A, er = B, and ve iG, 
n=1 n=1 n=1 


Evaluate > (Gn + by + Cn41)- 


n=1 
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14. Suppose re = A, St =b+), and ae = (C, 


nl n= n=1 


[o-@) a A 
True or false: Sy & + en) = 3 +C . 


Exercises —— Stage 2 


: 1 1 
15. *. To what value does the series 1 + 3 + 7 fe a ae +--+ converge? 


al 
*. Evaluate »~ 3F 
k=7 


~ / 6 6 
17. *. Show that the series S- (B — ci) converges and find its limit. 
k=1 


(oe) 


*. Find the sum of the convergent series y (cos (=) — cos (4). 
n 


n+1 


n=3 


(oe) 


19. *. The n™ partial sum of a series >» Gy, is known to have the formula s, = 
n=l 


14+ 3n 
5+4n- 


a (a) Find an expression for a,, valid for n > 2. 


b (b) Show that the series », Gy, converges and find its value. 


n=1 


oe) 
aA 
*. Find the sum of the series ys nee Simplify your answer completely. 
n=2 


21. *. Relate the number 0.23 = 0.233333... to the sum of a geometric series, 
and use that to represent it as a rational number (a fraction or combination of 
fractions, with no decimals). 


*. Express 2.656565... as a rational number, i.e. in the form p/q where p 


and q are integers. 


23. »*. Express the decimal 0.321 = 0.321321321... as a fraction. 
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24. x. Find the value of the convergent series 


So 1 1 
warts 
a Oo Ol 


= 


Simplify your answer completely. 


25. «. Evaluate 


143"! 


26. x. Find the sum of the series an 


n=0 


27. Evaluate S “log ees 
n=5 
“(2 1 1 
28. Evaluat — — ; 
valuate (7 ap —) 
Exercises —— Stage 3 


29. An infinitely long, flat cliff has stones hanging off it, attached to thin wire of 
negligible mass. Starting at position x = 1, every metre (at position x, where 


x is some whole number) the stone has mass re kg and is hanging 2” metres 
below the top of the cliff. 


1 2 3 4 5 6 
| | 


@e, 


How much work in joules does it take 
to pull up all the stones to the top of the cliff? e 


You may use g = 9.8 m/sec?. 
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30. 


ols 


33. 


Find the combined volume of an infinite collection of spheres, where for each 


1 
whole number n = 1, 2, 3, ... there is exactly one sphere of radius —. 
Te 
co 7. 2 2 
sin-n  cos*(n + 1) 
Evaluate y ( Hi dnt 
n=3 


oe) 


Suppose a series SS dy, has sequence of partial sums {Sj}, and the series 


n=l 
M 


SS Sv has sequence of partial sums {Sj} = Se ON 
N=1 ae N=1 
If Su = —. what is a,? 


Create a bullseye using the following method: 

Starting with a red circle of area 1, divide the radius into thirds, creating two 
rings and a circle. Colour the middle ring blue. 

Continue the pattern with the inside circle: divide its radius into thirds, and 
colour the middle ring blue. 


x 

cacacacacacacecacaceres 
RRR KKKK KY 
ORE REY 


Step 1 
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Step 2 


yi 


Continue in this way indefinitely: dividing the radius of the innermost circle 
into thirds, creating two rings and another circle, and colouring the middle 
ring blue. 


What is the area of the red portion? 


3.34 Convergence ‘Tests 


It is very common to encounter series for which it is difficult, or even virtually impossi- 
ble, to determine the sum exactly. Often you try to evaluate the sum approximately by 
truncating it, i.e. having the index run only up to some finite N, rather than infinity. 
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But there is no point in doing so if the series diverges!*. So you like to at least know if 
the series converges or diverges. Furthermore you would also like to know what error is 
introduced when you approximate )°>~, an by the “truncated series” ae Gn. That’s 
called the truncation error. There are a number of “convergence tests” to help you with 
this. 


3.3.1 ®» The Divergence Test 


Our first test is very easy to apply, but it is also rarely useful. It just allows us to 
quickly reject some “trivially divergent” series. It is based on the observation that 


e by ccanion, a series }>~* , a, converges to S when the partial sums Sy = 
ea dn converge to S. 


e Then, as N — oo, we have Sy — S and, because N — 1 - oo too, we also have 
SNa 7S. 


e So an = Syn —Sn_1 7 S-S=0. 


This tells us that, if we already know that a given series }* a, is convergent, then the 
n‘® term of the series, a,,, must converge to 0 as n tends to infinity. In this form, the 
test is not so useful. However the contrapositive ° of the statement is a useful test for 
divergence. 

e <OoS> @ 


1 The authors should be a little more careful making such a blanket statement. While it is true that 
it is not wise to approximate a divergent series by taking N terms with N large, there are cases 
when one can get a very good approximation by taking N terms with N small! For example, the 
Taylor remainder theorem shows us that when the n‘ derivative of a function f(a) grows very 
quickly with n, Taylor polynomials of degree N, with N large, can give bad approximations of f(x), 
while the Taylor polynomials of degree one or two can still provide very good approximations of 
f(x) when z is very small. As an example of this, one of the triumphs of quantum electrodynamics, 
namely the computation of the anomalous magnetic moment of the electron, depends on precisely 
this. A number of important quantities were predicted using the first few terms of divergent 
power series. When those quantities were measured experimentally, the predictions turned out to 
be incredibly accurate. 

2 ~The field of asymptotic analysis often makes use of the first few terms of divergent series to generate 
approximate solutions to problems; this, along with numerical computations, is one of the most 
important techniques in applied mathematics. Indeed, there is a whole wonderful book (which, 
unfortunately, is too advanced for most Calculus 2 students) devoted to playing with divergent 
series called, unsurprisingly, “Divergent Series’ by G.H. Hardy. This is not to be confused with 
the “Divergent” series by V. Roth set in a post-apocalyptic dystopian Chicago. That latter series 
diverges quite dramatically from mathematical topics, while the former does not have a film 
adaptation (yet). 

3. We have discussed the contrapositive a few times in the CLP notes, but it doesn’t hurt to discuss 
it again here (or for the reader to quickly look up the relevant footnote in Section 1.3 of the CLP-1 
text). At any rate, given a statement of the form “If A is true, then B is true” the contrapositive 
is “If B is not true, then A is not true’. The two statements in quotation marks are logically 
equivalent — if one is true, then so is the other. In the present context we have “If (> an 
converges) then (a, converges to 0).” The contrapositive of this statement is then “If (a,, does not 
converge to 0) then (}* a, does not converge).” 
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Theorem 3.3.1 Divergence Test. 


If the sequence tan fails to converge to zero as n — oo, then the series 
S| Gn diverges. 


i 


Example 3.3.2 A simple divergence. 


Let a, = Pree Then 


=140 


lim a, = lim = lim i 
nm 


! So the series }77", ;4y diverges. ! 


Warning 3.3.3 


The divergence test is a “one way test”. It tells us that if lim, _... @ is nonzero, or 
fails to exist, then the series }*~ , a, diverges. But it tells us absolutely nothing 


when lim,-4.,@, = 0. In particular, it is perfectly possible for a series Sar An 


to diverge even though lim,_,,,a, = 0. An example is yaa , We’ll show in 


Example 3.3.6, below, that it diverges. 


Now while convergence or divergence of series like }>~, 4 can be determined using 
some clever tricks — see the optional §3.3.9 —, it would be much better to have methods 
that are more systematic and rely less on being sneaky. Over the next subsections we 
will discuss several methods for testing series for convergence. 

Note that while these tests will tell us whether or not a series converges, they do 
not (except in rare cases) tell us what the series adds up to. For example, the test we 
will see in the next subsection tells us quite immediately that the series 


| 
Bie 


n=1 


converges. However it does not tell us its value *. 


4 This series converges to Apéry’s constant 1.2020569031.... The constant is named for Roger 
Apéry (1916-1994) who proved that this number must be irrational. This number appears in 
many contexts including the following cute fact — the reciprocal of Apéry’s constant gives the 
probability that three positive integers, chosen at random, do not share a common prime factor. 
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3.3.2 The Integral Test 


In the integral test, we think of a series }>*~, an, that we cannot evaluate explicitly, as 
the area of a union of rectangles, with a, representing the area of a rectangle of width 
one and height a,. Then we compare that area with the area represented by an integral, 
that we can evaluate explicitly, much as we did in Theorem 1.12.17, the comparison 
test for improper integrals. We'll start with a simple example, to illustrate the idea. 
Then we'll move on to a formulation of the test in general. 


Example 3.3.4 Convergence of the harmonic series. 


Visualise the terms of the harmonic series rs as a bar graph — each term is a 


rectangle of height 4 and width 1. The limit of the series is then the limiting area of 
this union of rectangles. Consider the sketch on the left below. 


1 2 3 A ) 


4 1 
n=1 n? 


It shows that the area of the shaded columns, 5> 
the curve y = 1 with 1 <a<5. That is 


is bigger than the area under 


If we were to continue drawing the columns all the way out to infinity, then we would 
have 


We are able to compute this improper integral exactly: 


i; —dz = lim log [a = +00 
1 2 R-+00 1 
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That is the area under the curve diverges to +oo and so the area represented by the 
columns must also diverge to +00. 

It should be clear that the above argument can be quite easily generalised. For example 
the same argument holds mutates mutandis ° for the series 


co 


1 
n2 
n=1 


Indeed we see from the sketch on the right above that 


and hence 


Thus we know that 


(oe) 


il 1 


n=1 n=2 


and so the series must converge. 


a Latin for “Once the necessary changes are made”. This phrase still gets used a little, but these 
days mathematicians tend to write something equivalent in English. Indeed, English is pretty 
much the lingua franca for mathematical publishing. Quidquid erit. 


Example 3.3.4 


The above arguments are formalised in the following theorem. 
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Theorem 3.3.5 The Integral Test. 


Let No be any natural number. If f(a) is a function which is defined and contin- 
uous for all x > No and which obeys 


i f(x) > 0 for all x > No and 


ii f(a) decreases as x increases and 


tie (oe, tor all ne NG 


oe) 


y Qn converges <> f(x) dx converges 
N 
n=1 0 


Furthermore, when the series converges, the truncation error 


N 


San a < | cals for all N > No 
n=1 nl N 


Proof. Let I be any fixed integer with J > No. Then 


e >>, an converges if and only if }>°°_; an converges — removing a fixed finite 
number of terms from a series cannot impact whether or not it converges. 


e Since a, > 0 for alln > I > No, the sequence of partial sums s, = An 
obeys S11 = 85¢ + Ani1 > Se. That is, se increases as @ increases. 


e So { s¢} must either converge to some finite number or increase to infinity. 
That is, either }*~°_, a, converges to a finite number or it is +00. 
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I fai. 2 Paz * 


Look at the figure above. The shaded area in the figure is }>* , a, because 
e the first shaded rectangle has height a; and width 1, and hence area a; and 
e the second shaded rectangle has height a;,, and width 1, and hence area 
ayz41, and so on 


This shaded area is smaller than the area under the curve y = f(x) for l—-1< 


x <oo. So _ 
So an < fie) de 
n=I I-1 


and, if the integral is finite, the sum }°~ a, is finite too. Furthermore, the 
desired bound on the truncation error is just the special case of this inequality 
with T= N+1: 


I I+1 I+2 I+8 


ad 


For the “divergence case” look at the figure above. The (new) shaded area in the 
figure is again )°~~ a, because 


e the first shaded rectangle has height a; and width 1, and hence area a; and 
e the second shaded rectangle has height a;,; and width 1, and hence area 
ayz41, and so on 


This time the shaded area is larger than the area under the curve y = f(x) for 


IT<2az<o. So 
Ym 2 I f(a) ae 


Naw. het we have, the integral test, itis straightioy rward to determine for which 
and, if the integral is infinite? the sum n=l Gn 18 inf nite too. 


O 
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values of p the series ° 


converges. 


Example 3.3.6 The p test: S> +. 


n=1 


Let p . 0. We'll now use the integral test to determine whether or not the series 


= (which is sometimes called the p-series) converges. 
e To do so, we need a function f(x ) that obeys f(n) = +. for all n bigger 
than some No. Certainly f(x) = = obeys f(n) = + ae all: n > 1. So let’s pick 


this f and try No = 1. (We can always increase No later if we need to.) 
e This function also obeys the other two conditions of Theorem 3.3.5: 


i f(z) > 0 for all z > No = 1 and 


ii f(x) decreases as x increases because f!(z) = —psty < 0 for all x > No = 1. 
e So the integral test tells us that the series )>~ , = converges if and only if the 
integral {7° de converges. 


e We have already seen, in Example 1.12.8, that the integral ee = converges if and 


only if p > 1. 
So we conclude that S>>- iz converges if and only if p > 1. This is sometimes called 
the p-test. 
e In particular, the series }>~, 1, which is called the harmonic series, has p = 1 


and so diverges. As we add more and more terms of this series together, the terms 
we add, namely 4. get smaller and smaller and tend to zero, but they tend to 
zero so slowly that the full sum is still infinite. 


e On the other hand, the series SS sae has p = 1.000001 > 1 and so converges. 
This time as we add more and more terms of this series together, the terms we 
add, namely ie. tend to zero (just) fast enough that the full sum is finite. 
Mind you, for this example, the convergence takes place very slowly — you have 
to take a huge number of terms to get a decent approximation to the full sum. If 


5 This series, viewed as a function of p, is called the Riemann zeta function, ¢(p), or the Euler- 
Riemann zeta function. It is extremely important because of its Connections to prime numbers 
(among many other things). Indeed Euler proved that ¢(p) = >>, + = [Ip ‘ny p-?)*, 
Riemann showed the connections between the zeros of this function (over complex numbers p) and 
the distribution of prime numbers. Arguably the most famous unsolved problem in mathematics, 
the Riemann hypothesis, concerns the locations of zeros of this function. 
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. ; N 
we approximate )-~~ | saahret by the truncated series }7)_, mabe, we make an 
error of at most 


ia dx ; R dx 
——__ = lim 


N 1.000001 R>0 Jy 1.000001 


: 1 1 1 
im, ~ 0.000001 Face 7 sgaaocaar | 
_. 108 
~~ V0.000001 


This does tend to zero as N > oo, but really slowly. 


Example 3.3.6 


We now know that the dividing line between convergence and divergence of )>~, = 
occurs at p = 1. We can dig a little deeper and ask ourselves how much more quickly 
than + the n“* term needs to shrink in order for the series to converge. We know that 
for large x, the function log x is smaller than x* for any positive a — you can convince 
yourself of this with a quick application of L’H6pital’s rule. So it is not unreasonable 
to ask whether the series 

(oe) 


1 
Deer 


n=2 


converges. Notice that we sum from n = 2 because when n = 1,nlogn = 0. And we 
don’t need to stop there °. We can analyse the convergence of this sum with any power 
of log n. 


Example 3.3.7 > Gee 


Let p > 0. We’ll now use the integral test to determine whether or not the series 


1 
2 alognye converges. 
n= 


e As - the last example, we start by choosing a function that obeys f(n) = a, = 
for all n bigger than some No. Certainly f(x) = near obeys f(n) = 


for all n > 2. So let’s use that f and try No = 2. 


nllogny 


eee 
e Now let’s check the other two conditions of Theorem 3.3.5: 


i Both z and log z are positive for all x > 1, so f(x) > 0 for all x > No = 2. 


ii As x increases both x and log x increase and so «(log x)” increases and f(z) 
decreases. 


6 We could go even further and see what happens if we include powers of log(log(n)) and other 
more exotic slow growing functions. 
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e So the integral test tells us that the series 5> converges if and only if the 


1 
] Pp 
1 n{logn) 


integral fe ‘ converges. 


Sle oP 


e To test the convergence of the integral, we make the substitution u = log 2, 


dy= =. 
[ dz -[" 
2 «(log x)? 7 log 2 uP 


We already know that the integral {7° “¢, and hence the integral fr ao? 
converges if and only if p > 1. 


So we conclude that DD eae converges if and only if p > 1. 
Example 3.3.7 


3.3.3 The Comparison Test 


Our next convergence test is the comparison test. It is much like the comparison test 
for improper integrals (see Theorem 1.12.17) and is true for much the same reasons. 
The rough idea is quite simple. A sum of larger terms must be bigger than a sum of 
smaller terms. So if we know the big sum converges, then the small sum must converge 
too. On the other hand, if we know the small sum diverges, then the big sum must also 
diverge. Formalising this idea gives the following theorem. 


Theorem 3.3.8 The Comparison Test. 


Let No be a natural number and let K > 0. 


a If |an| < Key for all n > No and 5> cy, converges, then >> a, converges. 


n=0 n=0 


b Ifa, > Kd, > 0 for all n > No and 55 d, diverges, then >~ a, diverges. 
70 nv 


“Proof”. We will not prove this theorem here. We’ll just observe that it is 
very reasonable. That’s why there are quotation marks around “Proof”. For an 
actual proof see the optional section 3.3.10. 


oe) oe) 
a If >> c, converges to a finite number and if the terms in > a, are smaller 
n=0 n=0 
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oe) foe) 
than the terms in )> c,, then it is no surprise that 5) a, converges too. 
n=0 n=0 


b If 5° d, diverges (i.e. adds up to oo) and if the terms in 53> a, are larger 
n=0 n=0 
than the terms in }> d,, then of course > a, adds up to oo, and so diverges, 


too. 


O 


The comparison test for series is also used in much the same way as is the comparison 
test for improper integrals. Of course, one needs a good series to compare against, and 
often the series }>n~? (from Example 3.3.6), for some p > 0, turns out to be just what 
is needed. 


Example 3.3.9 07, sc5qa3- 


We could determine whether or not the series )>~_, gaa converges by applying the 
integral test. But it is not worth the effort °. Whether or not any series converges is 
determined by the behaviour of the summand ? for very large n. So the first step in 
tackling such a problem is to develop some intuition about the behaviour of a,, when n 
is very large. 


e Step 1: pea intuition. In this case, when n is very large © n? >> a > 3 so that 
soa © ~~ —. We already Oe from Example 3.3.6, that )°”- = converges if 
and only if p D A 1. So 0 es +, which has p = 2, converges, and we would expect 


that S77) sapanqg Converges too. 


e Step 2: Verify intuition. We can use the comparison test to pone that this is 


indeed the case. For any n > 1, n2+2n+3 > n?, so that aan < +. So 
the comparison test, Theorem 3.3.8, with a, = = and ¢; = =, tells us that 
ret apes converges. 

e @ 


a Go back and quickly scan Theorem 3.3.5; to apply it we need to show that ata is positive and 
apoepade. To do that we reread me notes on 
partial fractions, then rewrite x? +22+3 = (a+1)?+2and so f-~ Pome reen ai eHyqz de 

and then arctangent appears, etc etc. Urgh. Okay — let’s go back to the text now and see how 
to avoid this. 


b To understand this consider any series }7°°_, a,. We can always cut such a series into two parts 


— pick some huge number like 10°. Then >>, an = ee On + >> —10841 Gn. The first sum, 
though it could be humongous, is finite. So the left hand side, )7°°_, dn, is a well-defined finite 
number if and only if }>7°_ 196 41 Gn, is a well-defined finite number. The convergence or divergence 
of the series is determined by the second sum, which only contains a, for “large” n 


c The symbol “>>” means “much larger than”. Similarly, the symbol “<” means “much less than”. 


Good shorthand symbols can be quite expressive. { 


decreasing (it is), and then we need to integrate [ 
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Of course the previous example was “rigged” to give an easy application of the 
comparison test. It is often relatively easy, using arguments like those in Example 
3.3.9, to find a “simple” series eae b, with b, almost the same as a, when n is large. 
However it is pretty rare that a, < b,, for all n. It is much more common that a, < Kb, 
for some constant K. This is enough to allow application of the comparison test. Here 
is an example. 


Example 3.3.10 S°~, mos 


As in the previous example, the first step is to develop some intuition about the be- 
haviour of a, when n is very large. 


e Step 1: Develop intuition. When n is very large, 


o n > |cosn| so that the numerator n + cosn © n and 


on? > 3 so that the denominator n? — 7 xn, 


So when n is very large 


n-+cosn n 1 
ni — ; ns n2 


An = 


~ = 


We already know from Example 3.3.6, with p = 2, that >”, a converges, SO we 
would expect that }7°, "4°45" converges too. 
3 


e Step 2: Verify intuition. We can use the comparison test to confirm that this 
is indeed the case. To do so we need to find a constant AK such that |a,| = 
ees = ee is smaller than 4 for all n. A good way “ to do that is to 
factor the dominant term (in this case n) out of the numerator and also factor 
the dominant term (in this case n°) out of the denominator. 


nt+con n 1+“ |, dare 
an = : = = 
3_ 1 3 ave. 2 = 
es Re Ne Ti A 
(cos n) 
So now we need to find a constant K such that < » ig smaller than K for all 
3nd 


n>. 


o First consider the numerator 1+ (cosn)+. For all n > 1 
B = <1 and 
HB |cosn| <1 
So the numerator 1+ (cosn)+ is always smaller than 1+ (1)¢ = 2. 


o Next consider the denominator 1 — a 


@ When n> 1, oa lies between ; and 0 so that 
2 


3 and 1 and consequently 


| oo md is between 
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|_| ; 1 _ is between 4 and 1. 
~ 3nd 
o As the numerator 1 + (cos n)+ is always smaller than 2 and ; 1— is always 
~ 3n3 


smaller than 3, the fraction 


1+ 98" 3 
1 A 


~ 3n3 


We now know that 


lanl 1 oem 
a,| = 
n? 1-4 — ae 


2 


and, since we know )°~,n~? converges, the comparison test tells us that 


co =6mn+cosn 
baer ma q73 converges. 


a This is very similar to how we computed limits at infinity way way back near the beginning of 
CLP-1. 


Example 3.3.10 


The last example was actually a relatively simple application of the comparison 
theorem — finding a suitable constant K can be really tedious ’. Fortunately, there is 
a variant of the comparison test that completely eliminates the need to explicitly find 
i, 

The idea behind this isn’t too complicated. We have already seen that the conver- 
gence or divergence of a series depends not on its first few terms, but just on what 
happens when n is really large. Consequently, if we can work out how the series terms 
behave for really big n then we can work out if the series converges. So instead of 
comparing the terms of our series for all n, just compare them when n is big. 


Theorem 3.3.11 Limit Comparison Theorem. 


Let So, dn and S>~, b, be two series with b, > 0 for all n. Assume that 


exists. 
a If }**° | b, converges, then )*>°_, an converges too. 


b If L 40 and >-”-_, b, diverges, then )->”_, a, diverges too. 


In particular, if L #0, then )°* , a, converges if and only if }>>, 6, converges. 


e OO @ 


7 Really, really tedious. And you thought some of those partial fractions computations were bad 
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Proof. (a) Because we are told that lim, aa = L, we know that, 


e when 7 is large, }* is very close to L, so that is very close to |L]. 


= 
bn 


e In particular, there is some natural number No 
all n > No, and hence 


e |a,| < Kb, with K =|L| +1, for all n > No. 
e The comparison Theorem 3.3.8 now implies that }**°_, a, converges. 


(b) Let’s suppose that L > 0. (If L < 0, just replace a, with —a,,.) Because we 
are told that lim, ,.. # = L, we know that, 


e when n is large, 7” is very close to L. 

e In particular, there is some natural number N so that oe Z and hence 
° Qn > Kb, with K = £ > 0, for alln > N. 

e The comparison Theorem 3.3.8 now implies that }*~* | a, diverges. 


O 


The next two examples illustrate how much of an improvement the above theorem 
is over the straight comparison test (though of course, we needed the comparison test 
to develop the limit comparison test). 


Example 3.3.12 °°, 324 


n=1 n?—2n+3° 


Set a, = 24... We first try to develop some intuition about the behaviour of a, for 
n2—2n+3 


large n and then we confirm that our intuition was correct. 


e Step 1: Develop intuition. When n > 1, the ae ee J/n+1 Jn, and the 
denominator n? — 2n +3 % n? so that a, © va = 5 and it looks like our series 
should converge by Example 3.3.6 with p = 2 


e Step 2: Verify intuition. To confirm our intuition we set b, = an and compute 


the limit 
: an : n2 re. n3l? vn+1 
lim — = lim iL = lim a 


Again it is a good idea to factor the iecteeah term out of the numerator and the 
dominant term out of the denominator. 


, ot ae 
lim — = lim im —~—_ = | 


3 
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We already know that the series 7”, b, = )>~ —_ converges by Example 3.3.6 


n=1 
with p = 3. So our series converges by the limit comparison test, Theorem 3.3.11. 


Example 3.3.12 


Example 3.3.13 <°° 


Vnti : 
n=1 n2—2n43” agaln. 


We can also try to deal with the series of Example 3.3.12, using the comparison test 
directly. But that requires us to find K so that 


VYn+1 Z K 


n? —2n+3 7 n3/2 


We might do this by examining the numerator and denominator separately: 
e The numerator isn’t too bad since for all n > 1: 


n+1<2n and so 


Vvnt+1<vV2n 


e The denominator is quite a bit more tricky, since we need a lower bound, rather 
than an upper bound, and we cannot just write |n? —2n +3] > n?, which is false. 
Instead we have to make a more careful Sreenent In paucw ss, we'd like to find 
No and K’ so that n? — 2n+3> K'n?, ie. =- TEE . ao for all n > No. For 
n > 4, we have 2n = s4n < nn = Sn”. So for n > 4, 


1 1 
n? = on 43 > 07 =n $32 gv 


Putting the numerator and denominator back together we have 


ae <P wit, 


for all n > 4 
ne —In+3 ~ 2/2 — 


and the comparison test then tells us that our series converges. It is pretty clear that 


t the approach of Example 3.3.12 was much more straightforward. f 


3.3.4 ®» The Alternating Series Test 


When the signs of successive terms in a series alternate between + and —, like for 
example in 1— 5 + ; — s +--+, the series is called an alternating series. More generally, 
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the series 
CoO 


A, — Ap + As — Agt-+-= S$ /(-1)""14, 


n=] 


is alternating if every A, > 0. Often (but not always) the terms in alternating series 
get successively smaller. That is, then A, > Ag > A3 > ---. In this case: 


e The first partial sum is S; = A}. 
e The second partial sum, Sj = A; — Ag, is smaller than S; by Ag. 


e The third partial sum, S3 = S,+A3, is bigger than Sj by A3, but because A3 < Ag, 
S3 remains smaller than 5S. See the figure below. 


e The fourth partial sum, S4, = S3 — Ay, is smaller than S3 by A,4, but because 
Ag < Az, S4 remains bigger than Sj. Again, see the figure below. 


e And so on. 


So the successive partial sums oscillate, but with ever decreasing amplitude. If, in 
addition, A, tends to 0 as n tends to oo, the amplitude of oscillation tends to zero and 
the sequence 5}, Sy, 53, --- converges to some limit S. 

This is illustrated in the figure 


Here is a convergence test for alternating series that exploits this structure, and that 
is really easy to apply. 


Theorem 3.3.14 Alternating Series Test. 


Let i as be a sequence of real numbers that obeys 


i A, > 0 for alln > 1 and 
ii A,41 < A, for all n > 1 (ie. the sequence is monotone decreasing) and 


i lim, 5 Ay — C, 
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A, — Ay + As — Agt-++ = $0(-1)""'4, = 8 


i! 


converges and, for each natural number NV, S — Sy is between 0 and (the first 
dropped term) (—1)" Ay41. Here Sy is, as previously, the N“ partial sum 
N 


i’ aa 


n= 


“Proof”. We shall only give part of the proof here. For the rest of the proof 
see the optional section 3.3.10. We shall fix any natural number N and concentrate 
on the last statement, which gives a bound on the truncation error (which is the 
error introduced when you approximate the full series by the partial sum Sy) 


[o) 


Ey =S-Sw= S> (-1)""An 


n=N+1 


= (-1)" [Ant SAN ee = Ae 


This is of course another series. We’re going to study the partial sums 


l (-N 
Snye = > lf A= 1)" So (-1)" Anim 
n=N-+1 m=1 


for that series. 


e If >N +1, with @’ — N even, 


>0 >0 


(—1)" Sno _ (Anat — An+2) a (An+3 _ An+a) ane 


>0 
+ (Ag_4 = Av) 


and 


i. 
(—1)" Snwe4i = (-1)" Sn + Avg = 0 
This tells us that (—1)“ Sy > 0 for all > N +1, both even and odd. 
e Similarly, if @’ > N +1, with @ — N odd, 


=0 =0 


— — 
(—1) "Sno = Angi — (Any2 — Ans) — (Anya — Ans) — 77 
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< Ans 


<Any1 >0 


N N - 
(—1)" Swyergi = (-1)" Swe — Avy S Ana 


This tells us that (—1)% Sy < Any, for all for all € > N +1, both even 
and odd. 


So we now know that Sy lies between its first term, (—1)% Ay41, and 0 for all 
€ > N+1. While we are not going to prove it here (see the optional section 
3.3.10), this implies that, since Ay.,; + 0 as N — ov, the series converges and 
that 
S— Sn = lim Sue 
l- 00 


lies between (—1)% Ay 4, and 0. 


O 


Example 3.3.15 Convergence of the alternating harmonic series. 


We have already seen, in Example 3.3.6, that the harmonic series )°~~_, ‘ diverges. On 
the other hand, the series dopey (-1)” 12 converges by the alternating series test with 
A, = 4. Note that 


i A, = 
and 


> 0 for all n > 1, so that )>°.,(—1)""' really is an alternating series, 


slr 


ii A, = 4 decreases as n increases, and 


iii lim A, = lim 4 = 0. 
M+ 0o N+ 0o 
so that all of the hypotheses of the alternating series test, i.e. of Theorem 3.3.14, are 
satisfied. We shall see, in Example 3.5.20, that 


Oo —jye-i 
> Ga ite ) = log 2. 
n=1 a 


Example 3.3.16 e. 


You may already know that e’ = 5> 


[o.e) a” 


n-0 ,1: Mm any event, we shall prove this in Exam- 
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ple 3.6.5, below. In particular 


| en es 1 1 1 1 441 
ge = gg a 


n=0 


is an alternating series and satisfies all of the conditions of the alternating series test, 
Theorem 3.3.14a: 


i The terms in the series alternate in sign. 
ii The magnitude of the n“ term in the series decreases monotonically as n increases. 
iii The n™ term in the series converges to zero as n —> 00. 


So the alternating series test guarantees that, if we approximate, for example, 


8! 9! 


then the error in this approximation lies between 0 and the next term in the series, 
which is ae That is 


so that 


ey rep eee ee 1,1 1, 1 
2! 3! 4! 5! ' 6! 7! ' 8! 9! ' 10! 


a 
a-ata-ata~ Ata 
which, to seven decimal places says 
2.7182816 < e <2.7182837 


(To seven decimal places e = 2.7182818.) 
The alternating series test tells us that, for any natural number JN, the error that we 


make when we approximate t by the partial sum Sy = ieee co has magnitude no 
, 


larger than Wer This tends to zero spectacularly quickly as N increases, simply 


because (V + 1)! increases spectacularly quickly as N increases 
24 107" 


*. For example 20! ~ 


a The interested reader may wish to check out “Stirling’s approximation”, which says that n! = 


v2en(2)" 


Example 3.3.16 
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Example 3.3.17 Computing log ia 


We will shortly see, in Example 3.5.20, that if —1 <x <1, then 


a ae ee eee nie" 
log(l+a2)=2 ae ae S°( 1) Fs 


ul “ys 12 a: WW _ 
Suppose that we have to compute log 55 to within an accuracy of 107". Since 7 = 


1+ 35, we can get log % by evaluating log(1 +) at « = jz, so that 
1 1 (1 i 1 ) _# 1 1 1 
28 eB 0/10 2x 1023x103 4x 108 | 
~ 1 
=o)" 
n x 10” 


By the alternating series test, this series converges. Also by the alternating series test, 


approximating log ia by throwing away all but the first N terms 


it. 4 i i 1 1 
l ye | - f-++ + (—1)4 7 _—_ 
“810 ~ 10 2x 1023x108 4x10! (-1) 


introduces an error whose magnitude is no more than the magnitude of the first term 


that we threw away. 
1 


emer S Wed x 108 


To achieve an error that is no more than 10~!“, we have to choose N so that 


: <10-" 
(N +1) x 10N+1 — 


The best way to do so is simply to guess — we are not going to be able to manipulate 


the inequality GEEBraiacs! < Te into the form N <---, and even if we could, it would 


not be worth the effort. We need to choose N so that the denominator (N +1) x 10%*! 
is at least 10!7. That is easy, because the denominator contains the factor 10+! which 
is at least 10! whenever N + 1 > 12, i.e. whenever N > 11. So we will achieve an error 
of less than 10~!” if we choose N = 11. 


1 1 1 
= < 
(N+1)x 1041], 4, 12x10 ~ 10” 


This is not the smallest possible choice of N, but in practice that just doesn’t matter 
— your computer is not going to care whether or not you ask it to compute a few extra 
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< 


terms. If you really need the smallest N that obeys eas = a: 


just try N = 10, then N = 9, and so on. 


you can next 


1 i 1 
= < 
(N+1)x10%*1|,_,, 12x 10!2 ~ 10! 
1 oe ee re 
(N+1)x 10%]... 11x10" ~ 10x10! 10” 
1 1 1 i 


= = = 
(N+1)x10%#],_. 10x10 104% ~ 102 


So in this problem, the smallest acceptable N = 10. 


3.3.5 ®» The Ratio Test 


The idea behind the ratio test comes from a reexamination of the geometric series. 
Recall that the geometric series 


converges when |r| < 1 and diverges otherwise. So the convergence of this series is 
completely determined by the number r. This number is just the ratio of successive 
terms — that is r = dn41/Qn. 

In general the ratio of successive terms of a series, ar is not constant, but depends 
on n. However, as we have noted above, the convergence of a series }> a, is determined 
by the behaviour of its terms when n is large. In this way, the behaviour of this ratio 
when n is small tells us nothing about the convergence of the series, but the limit of 
the ratio as n + oo does. This is the basis of the ratio test. 


Theorem 3.3.18 Ratio Test. 


Let N be any positive integer and assume that a, #4 0 for alln > N. 


(oe) 
a If lim ae = L <1, then 5} a, converges. 


n—-co n=1 


(oe) 
b If lim |**|= 1 > 1, or lim || = +00, then )/ a, diverges. 
noo n n—oo iy n=1 
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Warning 3.3.19 


Beware that the ratio test provides absolutely no conclusion about the conver- 


gence or divergence of the series }° a, if lim |“*| = 1. See Example 3.3.22, 
n—-co ™ 


n=1 
below. 


Proof. (a) Pick any number R obeying L < R < 1. We are assuming that 


a approaches L as n — oo. In particular there must be some natural number 
M so that a < R for alln > M. So |anyil < Rla,| for alln > M. In 
particular 

aul < Rliay| 
amo2| < Riansil < R? lays 
am+3| < Rliansel < R*\ay| 


lam+el < R* lau 


for all 0 > 0. The series \772.) R’|am| is a geometric series with ratio R smaller 
than one in magnitude and so converges. Consequently, by the comparison test 


with a, replaced by Ag = dn4~ and c, replaced by Cy = R*|a,z|, the series 
[oe [oe) [o) 

Y>ause= >> a, converges. So the series 5> a, converges too. 

l=1 n=M-+1 n=1 


(b) We are assuming that approaches L > 1 as n + oo. In particular 


an+1 
an 


> 1 foraln> M. 


So |@nii| > |an| for all n > M. That is, |a,| increases as n increases as long as 
n> WM. So |an| > |ay| for all n > M and a, cannot converge to zero as n — oo. 
So the series diverges by the divergence test. 


there must be some natural number M > N so that 


Aan+1 
an 


O 


Example 3.3.20 >”, anx™"!. 


Fix any two nonzero real numbers a and x. We have already seen in Example 3.2.4 and 
Lemma 3.2.5 — we have just renamed r to x — that the geometric series }7~~ ) ax” 
converges when |a| < 1 and diverges when |z| > 1. We are now going to consider a 
new series, constructed by differentiating “ each term in the geometric series )7~ 9 ax”. 
This new series is 


Co 
y Gn, with a,=ana”! 
n=0 
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Let’s apply the ratio test. 


An+1 
an 


= oes 
| angn-l 


1 | 
— ja] = (1+ =)lal > L = [a as nN — OO 
n n 


The ratio test now tells us that the series }°~,ana""! converges if |z| < 1 and 
diverges if |z| > 1. It says nothing about the cases x = +1. But in both of those cases 
ad, = an(+1)”" does not converge to zero as n — oo and the series diverges by the 
divergence test. 


a We shall see later, in Theorem 3.5.13, that the function }°°*_, anx"~! is indeed the derivative of 
the function pear ax”. Of course, such a statement only makes sense where these series converge 
— how can you differentiate a divergent series? (This is not an allusion to a popular series of 
dystopian novels.) Actually, there is quite a bit of interesting and useful mathematics involving 
divergent series, but it is well beyond the scope of this course. 


Example 3.3.20 


Notice that in the above example, we had to apply another convergence test in 
addition to the ratio test. This will be commonplace when we reach power series and 
Taylor series — the ratio test will tell us something like 


The series converges for |x| < R and diverges for |x| > R. 


Of course, we will still have to to determine what happens when « = +R,—R. To 
determine convergence or divergence in those cases we will need to use one of the other 
tests we have seen. 


Example 3.3.21 op.) cay Xx"*?. 
Once again, fix any two nonzero real numbers a and X. We again start with the 
geometric series }°*~° _, ax” but this time we construct a new series by integrating “ each 
term, ax”, from « = 0 tox = X giving as The resulting new series is 


= a 

) An With, =— =x" 
n 

n=0 


To apply the ratio test we need to compute 
a_ynr2 Pe | 
nv a. 


Lee 
ae 


n 


Qn+1 
an 


n+2 


a Xnrti 
n+l 


|X| > D2=|X| asn—- oo 


The ratio test now tells us that the series }7* 5 >4;X"t" converges if |X| < 1 and 
diverges if |X| > 1. It says nothing about the cases X = +1. 
If X = 1, the series reduces to 


— a nis —. a “1 ; 
a = =a — with m=n+1 
dont | 2gnet "24m 
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which is just a times the harmonic series, which we know diverges, by Example 3.3.6. 
If X = —1, the series reduces to 


(oe) 


Yea 


n=0 


which converges by the alternating series test. See Example 3.3.15. 
In conclusion, the series )>~, mame "+l converges if and only if -1 < X <1. 


e OS @ 


a We shall also see later, in Theorem 3.5.13, that the function >” next 
tiderivative of the function \>°° 9 aa” 


Example 3.3.21 


The ratio test is often quite easy to apply, but one must always be careful when the 
limit of the ratio is 1. The next example illustrates this. 


Example 3.3.22 DL =1. 


Qn+1] __ 
mt] Y 


n=O z a is indeed an an- 


In this example, we are going to see three different series that all have lim, 


One is going to diverge and the other two are going to converge. 


e The first series is the harmonic series 


= 1 
>, An with a, = — 
n=1 My 


We have already seen, in Example 3.3.6, that this series diverges. It has 


n 1 
— = 7 OL=!1 as 2 —> CO 
n+1 1+= 


n 


e The second series is the alternating harmonic series 


— 1 
So an with a, = (—1)""!— 
n=1 a 


We have already seen, in Example 3.3.15, that this series converges. But it also 
has 


n 1 
= = 7, a?L=1 as nm — CO 
n=l ls 


An+1 
an 


n+1 
ei 


_ (oh 


e The third series is 


= 1 
y An, with a, = aa 

n 
n=1 
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We have already seen, in Example 3.3.6 with p = 2, that this series converges. 
But it also has 
n? 1 


An+1 
= — >f=1 anow 
An (n+1)? (1+)? 


Example 3.3.22 


Let’s do a somewhat artificial example that forces us to combine a few of the tech- 
niques we have seen. 


Example 3.3.23 S°, carvett vere”. 


Again, the convergence of this series will depend on z. 


e Let us start with the ratio test — so we compute 


Cnt | | (3) /n $ 2(2n + 3)a"+1 
On (—3)"V/n + 1(2n 5)" 


Yn+t2 2n+3 
Yn+t1l 2n+5 


So in the limit as n > 00 we are left with 


Iz 


Qn+1 
An, 


lim 
noo 


= 3|a| 


e The ratio test then tells us that if 3]z| > 1 the series diverges, while when 3|z| < 1 
the series converges. 


e This leaves us with the cases 7 = +3 and —i. 


e Setting x = - gives the series 


“a (-1)"* Vn +1 
D, 2n+3 


n=1 
The fact that the terms alternate here suggests that we use the alternating series 
test. That will show that this series converges provided ya decreases as n 
increases. So we define the function 


t+1 
t) = 
A(t) 2t+3 
(which is constructed by replacing the n in ya with t) and verify that f(t) isa 
decreasing function of t. To prove that, it suffices to show its derivative is negative 


when t > 1: 


(2¢+3)-4-(t+1) 1? -2Vt+1 
(2t + 3) 


f(t) = 
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_ (2¢4+3) —4(¢+1) 
2./t + 1(2t + 3)? 
=—2¢—1 


Q/t + 1(2t + 3)? 


When t > 1 this is negative and so f(t) is a decreasing function. Thus we can 


apply the alternating series test to show that the series converges when x = ;- 


e When zx = —} the series becomes 


: 


(oe) 
ae 
2n+3° 
n=1 
Notice that when n is large, the summand is approximately ve which suggests 
that the series will diverge by comparison with }>n~'/?. To formalise this, we 
can use the limit comparison theorem: 


vnt+1 1 kon ME VIF TR ay 


lim VY1l+1/n 
noo n(2+3/n) 
1 


2 


-1/2 


So since this ratio has a finite limit and the series 5) n diverges, we know that 


our series also diverges. 


So in summary the series converges when a eS ; and diverges otherwise. 


Example 3.3.23 


3.3.6 Convergence Test List 


We now have half a dozen convergence tests: 


e Divergence Test 


o works well when the n“" term in the series fails to converge to zero as n tends 
to infinity 


e Alternating Series Test 


o works well when successive terms in the series alternate in sign 


o don’t forget to check that successive terms decrease in magnitude and tend 
to zero as n tends to infinity 
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e Integral Test 


o works well when, if you substitute x for n in the n™ term you get a function, 
f(x), that you can integrate 


o don’t forget to check that f(x) > 0 and that f(x) decreases as x increases 


e Ratio Test 


Aan+1 
an 


o works well when 


LD 


simplifies enough that you can easily compute lim | Seth | = 
nN—-0o im 
o this often happens when a, contains powers, like 7”, or factorials, like n! 
o don’t forget that L = 1 tells you nothing about the convergence/divergence 
of the series 


e Comparison Test and Limit Comparison Test 


o works well when, for very large n, the n“ term a, is approximately the same 
as a simpler term b,, (see Example 3.3.10) and it is easy to determine whether 
or not >>, by, converges 

o don’t forget to check that b, > 0 


o usually the Limit Comparison Test is easier to apply than the Comparison 
Test 


3.3.7 ® Optional — The Leaning Tower of Books 


Imagine that you are about to stack a bunch of identical books on a table. But you 
don’t want to just stack them exactly vertically. You want to built a “leaning tower of 
books” that overhangs the edge of the table as much as possible. 


~ 


Ns a 


How big an overhang can you get? The answer to that question, which we’ll now 
derive, uses a series! 


e Let’s start by just putting book #1 on the table. It’s the red book labelled “By,” 
in the figure below. 
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~ 


XN A 


Use a horizontal x-axis with « = 0 corresponding to the right hand edge of the 
table. Imagine that we have placed book #1 so that its right hand edge overhangs 
the end of the table by a distance 7. 


o In order for the book to not topple off of the table, we need its centre of 
mass to lie above the table. That is, we need the x-coordinate of the centre 
mass of B,, which we shall denote X(B,), to obey 


X(B,) <0 


Assuming that our books have uniform density and are of length L, X(B,) 
will be exactly half way between the right hand end of the book, which is at 
x = %,, and the left hand end of the book, which is at 7 = x, — L. So 

_ 1 1 L 


X( By) = gti t 5(a1 — L) — 71 5 


Thus book #1 does not topple off of the table provided 


L 
Ss 


e Now let’s put books #1 and #2 on the table, with the right hand edge of book 
#1 at x = x, and the right hand edge of book #2 at x = Yo, as in the figure 
below. 


o In order for book #2 to not topple off of book #1, we need the centre of 
mass of book #2 to lie above book #1. That is, we need the x-coordinate 
of the centre mass of By, which is X(B2) = x2 — L to obey 


_ L L 
X(Bo) < 2 a | —= ee 
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o Assuming that book #2 does not topple off of book #1, we still need to 
arrange that the pair of books does not topple off of the table. Think of the 
pair of books as the combined red object in the figure 


XN S 


In order for the combined red object to not topple off of the table, we need 
the centre of mass of the combined red object to lie above the table. That 
is, we need the x-coordinate of the centre mass of the combined red object, 
which we shall denote X(B, U Bg), to obey 


X(B,U Bo) <0 


The centre of mass of the combined red object is the weighted average ° of 
the centres of mass of B; and By. As B, and By have the same weight, 


= ie ie 1 L 1 L 
X (By U By) = 5X (Bi) + 5X(B2) = 5 (a1 - 5) +5(m—- 5) 
a aes L 
= gee 


and the combined red object does not topple off of the table if 

& 1 L 
X(B, U Ba) = gi) <0 SS gy 4+42.< L 
In conclusion, our two-book tower survives if 


L 
aS Er and titx%<L 


In particular we may choose x; and 2 to satisfy v2 = 7, + £ and 4, +2 = L. 
Then, substituting v2 = 7, + L into 71 + ®2 = L gives 


L L Lei L 1 
mt (mtg)=b n= 5 m= 5(5), m= 5045) 
e Before considering the general “n-book tower”, let’s now put books #1, #2 and 
#3 on the table, with the right hand edge of book #1 at x = x, the right hand 
edge of book #2 at x = x2, and the right hand edge of book #3 at x = x3, as in 
the figure below. 


e OS @ 


8 It might be a good idea to review the beginning of §2.3 at this point. 
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~ 


= 
8 
NO 
Seb Se cieiet aie 
w 


o In order for book #3 to not topple off of book #2, we need the centre of 
mass of book #3 to lie above book #2. That is, we need the x-coordinate 
of the centre mass of Bs, which is X(B3) = x3 — £ to obey 


L L 
X(B3) < x9 —>= te 2 —= ce aes 


o Assuming that book #3 does not topple off of book #2, we still need to 
arrange that the pair of books, book #2 plus book #3 (the red object in the 
figure below), does not topple off of book #1. 


/ 


In order for this combined red object to not topple off of book #1, we need 
the x-coordinate of its centre mass, which we denote X (BU B3), to obey 


X (By U Bs) < XY 


The centre of mass of the combined red object is the weighted average of the 
centre of masses of By and B3. As By and B3 have the same weight, 


. i te 
X (By U Bs) = 5X (Bs) + 5X(Bs) = 5 (02 - $) + 5(es- 5) 
and the combined red object does not topple off of book #1 if 


1 L 
g(t2+23)— 7 S21 —= ta +43 < 207, +L 
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o Assuming that book #3 does not topple off of book #2, and also that the 
combined book #2 plus book #3 does not topple off of book #1, we still 
need to arrange that the whole tower of books, book #1 plus book #2 plus 
book #8 (the red object in the figure below), does not topple off of the table. 


~ 


In order for this combined red object to not topple off of the table, we need 
the x-coordinate of its centre mass, which we denote X(B,U Bp U Bs), to 
obey 


X (By, U By U Bs) < 0 
The centre of mass of the combined red object is the weighted average of the 


centre of masses of B, and By and B3. As they all have the same weight, 


a se 1 


3 
= 3(m- 5) +5(~-F) +5 (x5) 
ae ae ee ee 


1 L 
= 3(t1 + 22423) — 5 


and the combined red object does not topple off of the table if 


1 L 3L 
g(t tt2+%3)— 5 50 a tat eat: Ba Se 


In conclusion, our three-book tower survives if 


L 3L 
t Stata and To + x3 <27,4+ L and ee ae ae 


In particular, we may choose x1, X2 and x3 to satisfy 


3L 


1 + B24 03 = > and 
fo+23 = 27,4+ L and 
ta = 8 


Substituting the second equation into the first gives 


3L L 
321 + L ca => +~—«1 2 (=) 
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Next substituting the third equation into the second, and then using the formula 
above for x1, gives 


L L i i | 
eg => m=5(5+3) 


and finally 


e We are finally ready for the general “n-book tower”. Stack n books on the table, 
with book B, on the bottom and book B,, at the top, and with the right hand 
edge of book #j at x = x;. The same centre of mass considerations as above 
show that the tower survives if 


= L 
ABs) Ss Gye ee ara a 
2 
L 
XB U Ba) Ss Tn-2 =(Ln—1 =F By) = 9 < Tn—2 
X(Bz;U+:-UBn) < : ( ) Ede 
3 n) S %2 ee In g 272 
= 1 L 
X(B,U B3U---UBn) < x1 j (2 X3 tn) 
= 1 L 
X(B,U By U B3U---U B,) <0 (7 + 22+ 23 Tn) — 5 <0 
n 


In particular, we may choose the x,’s to obey 


ny ) L 
Cs ee tao a) SS 
a let ae es 5 
1 ( a L 
a v2 X3 Ln) = 5) Uy 
1 L 
a ee 
Fi HOS ca L 
9 Ln-1 In) = 9 Tn-2 
L 
Cp Ey 
5 1 
Substituting v2 + 73 +--+ +2, = (n—1)a, + £(n — 1) from the second equation 
into the first equation gives 
fs X1 n Eel 5) n a) T14 5) Alo OND 
bad. 
mek) 
2\n 
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Substituting 73 + --- +a, = (n— 2)a2 + £(n — 2) from the third equation into 
the second equation gives 
(n—l)a2 (n—1)-1 


{in 4(n—2mt5(7—9)} = Ft =5(i+-) 


= mt s(i- ~) = 5(1+-) 


2 n—1l 2 n 
L 1 1 
mn Hed 
2\n-1 on 
Just keep going. We end up with 
3(;) 
y= = (= 
: 2\n 
at 1 ++) 
2 9 n—-l on 
=( 1 1 ++) 
i 
2\n-2 n-1 n 
=2(; =) 
ne — oe - 
=5(5 iL 7) 
te gh 3 ag 
=2(1+ 545+ ++) 
aD 2° 3 n 


Our overhang is x, = £(1 + 5 + ; alia +). This is times the n™ partial sum 


2 
of the harmonic series }>*_, +. As we saw in Example 3.3.6 (the p test), the 


harmonic series diverges. So, as n goes to infinity 1+4+4+---+ 4 also goes to 
? 2 3 n 


infinity. We may make the overhang as large ° as we like! 


3.3.8 Optional — The Root Test 


There is another test that is very similar in spirit to the ratio test. It also comes from 
a reexamination of the geometric series 


[oe) CO 
) An = ) or” 
n=0 n= 


The ratio test was based on the observation that r, which largely determines whether 
or not the series converges, could be found by computing the ratio r = aj41/an. The 
root test is based on the observation that |r| can also be determined by looking that 
the n* root of the n** term with n very large: 


lim He 


\ | 
noo 


Ja] = |r| ifa A0 


ar”| == |r| lian 
Noo 


9 At least if our table is strong enough. 
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Of course, in general, the n‘® term is not exactly ar”. However, if for very large n, 
the n“ term is approximately proportional to r”, with |r| given by the above limit, we 
would expect the series to converge when |r| < 1 and diverge when |r| > 1. That is 
indeed the case. 


Theorem 3.3.24 Root Test. 


Assume that 


exists or is +00. 


a If 2 <1, then )° a, converges. 


i 


b If L >1, or L = +00, then )> a, diverges. 


nl 


Warning 3.3.25 


Beware that the root test provides absolutely no conclusion about the convergence 


(oe) 
or divergence of the series 5) a, if lim ~ |an| = 1. 
n=1 N—- Oo 


Proof. (a) Pick any number R obeying L < R < 1. We are assuming that 
*/|dn| approaches L as n —- oo. In particular there must be some natural number 
M so that %/|a,| < R for alln > M. So |a,| < R” for all n > M and the series 
S> dn converges by comparison to the geometric series }> R” 

n=1 n=1 

(b) We are assuming that {%/|a,| approaches L > 1 (or grows unboundedly) as 
n — oo. In particular there must be some natural number M so that V/|a,| > 1 
for alln > M. So |a,| > 1 for all n > M and the series diverges by the divergence 
test. 


O 


co = (—3)"V/nt1 on 
Example 3.3.26 77-1 *g.43 2”. 
We have already used the ratio test, in Example 3.3.23, to show that this series converges 
when |x| < } and diverges when |x| > 3. We’ll now use the root test to draw the same 
conclusions. 


: ~3)"Vn+l 
e Write a, = (a Vatl y 


n 
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e We compute 


(—3)"/n + Ls 


2n+3 


= 3|z|(n + 1) (2n + 3)7 8 


ul 
e We'll now show that the limit of (n + 1) 27 as n — oo is exactly 1. To do, so we 
first compute the limit of the logarithm. 


es log(n+1 
lim log (n + 1) ae = lim log (nett) now apply Theorem 3.1.6 
noo n—00 nm 
log (t+ 1 
= lim ear) a ) 
t— 00 ot 
mle 
= lim by ’Hépital 
tooo 2 
= 0 


So 
1 1 
: Gn of | 
tim (n +1) = lim exp { log (n + 1) } Se = 1 
An essentially identical computation also gives that limy+.. (2n + 3)7 7% =p 1, 
e So 


lim 4/ |a,| = 3|z| 
Noo 


and the root test also tells us that if 3]z| > 1 the series diverges, while when 3|z| < 1 


the series converges. 
Example 3.3.26 


We have done the last example once, in Example 3.3.23, using the ratio test and 
once, in Example 3.3.26, using the root test. It was clearly much easier to use the ratio 
test. Here is an example that is most easily handled by the root test. 


Example 3.3.27 )>°, 2a" 


n2 
Write a, = (35) . Then 


Vand = 4 ()" - (5) = (i+-)" 
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Now we take the limit, 


1\-7 1\-*x 
lim (1 + -) = lim (1 + =) by Theorem 3.1.6 
noo n X00 xX 
—4e —1/a eae 
= lim (1+) where 2 = + 
_ e! 


by Example 3.7.20 in the CLP-1 text with a = —1. As the limit is strictly smaller than 
n2 
1, the series >, (<4;)" converges. 


To draw the same conclusion using the ratio test, one would have to show that the limit 


of 


Coe ae € + — é + ‘" 


An n+2 n 


as n — oo is strictly smaller than 1. It’s clearly better to stick with the root test. 


Example 3.3.27 


3.3.9 Optional — Harmonic and Basel Series 


3.3.9.1 The Harmonic Series 


The series 
Ds : 
n 
n=1 


that appeared in Warning 3.3.3, is called the Harmonic series !°, and its partial sums 


“<1 
2, 


are called the Harmonic numbers. Though these numbers have been studied at least 
as far back as Pythagoras, the divergence of the series was first proved in around 1350 
by Nicholas Oresme (1320-5 — 1382), though the proof was lost for many years and 
rediscovered by Mengoli (1626-1686) and the Bernoulli brothers (Johann 1667-1748 
and Jacob 1655-1705). 

Oresme’s proof is beautiful and all the more remarkable that it was produced more 
than 300 years before calculus was developed by Newton and Leibnitz. It starts by 

e @ 


10 The interested reader should use their favourite search engine to read more on the link between 
this series and musical harmonics. You can also find interesting links between the Harmonic series 
and the so-called “jeep problem” and also the problem of stacking a tower of dominoes to create 
an overhang that does not topple over. 
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grouping the terms of the harmonic series carefully: 


al 1 1 
Or ae ee a ae 
aga taf tad (oe oe es | es 1 1 
= (; 3) (E+; ig :) G+3° +Etg)t 
eee. (; ) Ge 1 :) (A+at i+) 
2°\4"4 8° 8 8 8 16° 16 16 16 
dee eGo 
2°\4 8 16 


So one can see that this is 1 + 5 + | + 4 ; +--- and so must diverge |. 


There are many variations on Oresme’s proof — for example, using groups of two 
or three. A rather different proof relies on the inequality 


e>lt+z for x >0 


which follows immediately from the Taylor series for e” given in Theorem 3.6.7. From 
this we can bound the exponential of the Harmonic numbers: 


Ly dy 1 
eln = ettatgtat t+; 


Since e#” grows unboundedly with n, the harmonic series diverges. 


3.3.9.2 The Basel Problem 


The problem of determining the exact value of the sum of the series 


(oe) 


i] 
ee) 

n=1 iw 
is called the Basel problem. The problem is named after the home town of Leonhard 
Euler, who solved it. One can use telescoping series to show that this series must 
converge. Notice that 


1 1 1 1 


< — 
n? on(n—-1) n-1 nn 


11 The grouping argument can be generalised further and the interested reader should look up 
Cauchy’s condensation test. 
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Hence we can bound the partial sum: 
k k 


1 1 5 qe ed 
St = ss 73 <14 d. a=) avoid dividing by 0 
k 
1 1 
=1+ S- (= a =| which telescopes to 
n=2 
1 


Thus, as k increases, the partial sum 5; increases (the series is a sum of positive terms), 
but is always smaller than 2. So the sequence of partial sums converges. 

Mengoli posed the problem of evaluating the series exactly in 1644 and it was solved 
— not entirely rigorously — by Euler in 1734. A rigorous proof had to wait another 7 
years. Euler used some extremely cunning observations and manipulations of the sine 
function to show that 


ea _ 1 
= nz 6 
He used the Maclaurin series 
ee 
; ay Come ee me wee 
sin x 6 + om 


and a product formula for sine 
ins (-3-(042) (1-2-2) 3) 
=2-(1-=).(-£)-(1-Z)--. 


Extracting the coefficient of x? from both expansions gives the desired result. The proof 
of the product formula is well beyond the scope of this course. But notice that at least 
the values of x which make the left hand side of (x) zero, namely x = nz with n integer, 
are exactly the same as the values of x which make the right hand side of (x) zero '. 

This approach can also be used to compute }\~~_, n~?? for p = 1,2,3,--- and show 
that they are rational multiples !° of 7??. The corresponding series of odd powers are 
significantly nastier and getting closed form expressions for them remains a famous 
open problem. 


3.3.10 > Optional — Some Proofs 


In this optional section we provide proofs of two convergence tests. We shall repeatedly 
use the fact that any sequence a1, a2, a3, ---, of real numbers which is increasing (i.e. 


e OO @ 


12 Knowing that the left and right hand sides of (x) are zero for the same values of « is far from 
the end of the story. Two functions f(x) and g(x) having the same zeros, need not be equal. It 
is certainly possible that f(x) = g(a) * A(a) where A(x) is a function that is nowhere zero. The 
interested reader should look up the Weierstrass factorisation theorem. 

13 Search-engine your way to “Riemann zeta function”. 
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Qn41 > Qn for all n) and bounded (i.e. there is a constant M such that a, < M for all 
n) converges. We shall not prove this fact ™. 
We start with the comparison test, and then move on to the alternating series test. 


Theorem 3.3.28 The Comparison Test (stated again). 


Let No be a natural number and let K > 0. 


Co Co 
a If |an| < Key for all n > No and 5> cy, converges, then >> a, converges. 
—) n=0 


b Ifa, > Kd, > 0 for all n > No and 5} d, diverges, then >~ a, diverges. 


n=0 n=0 


Proof. (a) By hypothesis )°*°_,c, converges. So it suffices to prove that 
ee [Cn — Gn] converges, because then, by our Arithmetic of series Theorem 
hoe 


30 = ve, — hic — ay] 
n=0 n=) n=0 


will converge too. But for all n > No, Ken — an > 0 so that, for all N > No, the 
partial sums 


N 
Sn = > lke, — Gr] 
n=0 
No 
increase with N, but never gets bigger than the finite number 5° [Ac, — ay] + 
n=0 


K > cy. So the partial sums Sy converge as N —- co. 
n=No+1 
(b) For all N > No, the partial sum 


N No N 
Syv=) an > Slant KY od, 
n=0 n=0 n=No+1 


By hypothesis, oan Not1 dn, and hence Sy, grows without bound as N — oo. So 


Sn 3 oc as N > ov. 


O 


14 It is one way to state a property of the real number system called “completeness”. The interested 
reader should use their favourite search engine to look up “completeness of the real numbers”. 
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Theorem 3.3.29 Alternating Series Test (stated again). 


Let ee les be a sequence of real numbers that obeys 


i a, > O for all n > 1 and 
ii Qn41 < dy for all n > 1 (i.e. the sequence is monotone decreasing) and 
mal bNta en Cha, = (0). 


Then 


a, — Ag+ a3—a4,+°:: = Ela. = 5 
n=1 
converges and, for each natural number N, S — Sy is between 0 and (the first 
dropped term) (—1)Nay4,. Here Sy is, as previously, the N‘ partial sum 
N 


SS ay tae. 


ic" 


Proof. Let 2n be an even natural number. Then the 2n" partial sum obeys 
>0 >0 >0 
—__, oe —n 
an = (a1 = a2) a (a3 _ a4) Spa oe (2n—1 _ an) 
20 20 20 20 


—_—_, oe. ——— nl 
< (a1 — ag) + (a3 — a4) + +++ + (Gon—1 — Gon) + (Gan+1 — Gan+2) 


= So(n41) 
and 
>0 >0 20 >0 
i a [a ee 
Son = a1 — (a2 — a3) as (a4 = as) ea mers (dan—2 — d2n—1) — Gan 
< ay 
So the sequence Sy, $4, Sg, --- of even partial sums is a bounded, increasing 


sequence and hence converges to some real number S. Since Son11 = Sen + Qen+1 
and d2n41 converges zero as n — oo, the odd partial sums 52,11 also converge 
to S. That S — Sy is between 0 and (the first dropped term) (—1)Nay41 was 
already proved in §3.3.4. 


O 
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3.3.11 Exercises 


Exercises —— Stage 1 


Select the series below that diverge by the divergence test. 


y= 


Select the series below whose terms satisfy the conditions to apply the 
integral test. 


3. Suppose there is some threshold after which a person is considered old, and 
before which they are young. 
Let Olaf be an old person, and let Yuan be a young person. 


a Suppose I am older than Olaf. Am I old? 
b Suppose I am younger than Olaf. Am I old? 
c Suppose I am older than Yuan. Am I young? 


d Suppose I am younger than Yuan. Am I young? 
4. Below are graphs of two sequences with positive terms. Assume the sequences 
continue as shown. Fill in the table with conclusions that can be made from 
the direct comparison test, if any. 
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Y 
td 
t 
e e ‘is 
@ SC eee 
Ceeoeees $83, 
X 
if S> a, converges | if > a, diverges 
and if {a,,} is the red series then S>b, then 5° by, 
and if {a,} is the blue series | then }°>b, then 57 b, 


For each pair of series below, decide whether the second series is a valid 
comparison series to determine the convergence of the first series, using the 
direct comparison test and/or the limit comparison test. 


co (oe) 

1 1 
a y —, compared to the divergent series y —, 
= a : : rato! 


[oe) 
, compared to the convergent series y = 
n 
n=1 
1 
—. 


(oe) 
1 : 
, compared to the convergent series y 
n 
n=5 


, compared to the divergent series S° 


n=5 vn 


(oe) 


1 
6. Suppose a, is a sequence with lim a, = 5° Does y Gy, converge or diverge, 
Noo 


n=7 
or is it not possible to determine this from the information given? Why? 


7. What flaw renders the following reasoning invalid? 


oe) . 
; sinn : 
Q: Determine whether y converges or diverges. 
n 


n= 


mn 


S 
A: First, we will evaluate lim ——. 
n->0 nN 
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="ll i 1 
e Note < iam < — forn> 1. 
n n n 


—1 1 
e Note also that lim — = lim — = 0. 
n->co Nn noo 1 


e Therefore, by the Squeeze Theorem, lim out = 0as well. 


no «67 


sin n 


So, by the divergence test, so 


n=l 


converges. 


8. What flaw renders the following reasoning invalid? 


Q: Determine whether 2. (sin(7n) + 2) converges or diverges. 
n=1 

A: We use the integral test. Let f(x) = sin(zx) + 2. Note f(z) 

is always positive, since sin(z) +2 > —-1+2= 1. Also, f(z) is 

continuous. 


[ vinta) + dz = tim [sin(7x) + 2]da 


— OO + 


b 


boo T 


i 
= hm 2 cos(7x) + 2a 
1 


' 1 1 
= Innit |-- cos(7b) + 2b + ~(-1) — | 
= oe 


By the integral test, since the integral diverges, also 
2. (sin(mn) + 2) diverges. 
n=l 

9. What flaw renders the following reasoning invalid? 


oe) 


Q: Determine whether the series >. 


n=! 


gntly2 
—— converges or diverges. 
eP + 2h 

ag gn+1 
A: We want to compare this series to the series ) 


Note 
n=1 
both this series and the series in the question have positive terms. 
gntly2 gn+l 
First, we find that > when n is sufficiently large. 
et 2 


n 


The justification for this claim is as follows: 
e We note that e”(n?—1) > n?—1 > 2n for n sufficiently large. 


e Therefore, e”-n? > e" + 2n 


e Therefore, 2”+!- e” -n? > 2"*1(e" + 2n) 
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e Since e” + 2n and e” are both expressions that work out to be 
positive for the values of n under consideration, we can divide 


both sides of the inequality by these terms without having to 
n+1,,2 n+1 
: : ' n 2 
flip the inequality. So, 


> : 
er? + 2n e” 


eS gnt+1 
Now, we claim y —— converges. 
n=1 . 
2 ad 
Note y alae a y —] . This is a geometric series 
n=1 ° aris n=1 . 


With r= 2. Since 2/e < 1, the series converges. 


gnt+ly2 


e” + 2n 


Now, by the Direct Comparison Test, we conclude that Ss" 
n=1 


converges. 


10. Which of the series below are alternating? 


12. 


Give an example of a convergent series for which the ratio test is inconclu- 
sive. 


Imagine you’re taking an exam, and you momentarily forget exactly how the 
inequality in the ratio test works. You remember there’s a ratio, but you don’t 
remember which term goes on top; you remember there’s something about the 
limit being greater than or less than one, but you don’t remember which way 
implies convergence. 

Explain why 


: An+1 
lim |——| > 1 
n00 | An 


or, equivalently, 


. an 
lim <l 


should mean that the sum > a, diverges (rather than converging). 
n=1 
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(oe) 


13. Give an example of a series > Qn, With a function f(a) such that f(n) = ay, 


for all whole numbers n, such that: 


e / f(a) da diverges, while 


e ) Qn CONverges. 


n=a 


14. * Suppose that you want to use the Limit Comparison Test on the series 


ye where a ete 


An . é 
White down a sequence {b,} such that lim 7a exists and is nonzero. (You 
n—-oo n 
don’t have to carry out the Limit Comparison Test) 


*. Decide whether each of the following statements is true or false. If false, 
provide a counterexample. If true provide a brief justification. 


[ee] 
a If lim a, =0, then 5} a, converges. 
n—->Co n=1 


b If lim a, = 0, then >> (—1)"a, converges. 
n—->Co 


all 


c If0<a, <b, and >> b, diverges, then > a, diverges. 


nal i=l 


Exercises —— Stage 2 
a 
16. *. Does the series d. Pea converge? 
oo k 
17. x. Determine, with explanation, whether the series d. 3k converges or 


diverges. 


18. *. Determine whether the series ye ; is convergent or divergent. If 


n+s5 
n=0 2 
it is convergent, find its value. 


19. Does the following series converge or diverge? 


as 
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20. Evaluate the following series, or show that it diverges: > 3(1.001)*. 
k=30 


[o-e) ea n 
Evaluate the following series, or show that it diverges: yD (=) : 


n=3 


oe) 


22. Does the following series converge or diverge? > sin(7n) 
n=7 

23. Does the following series converge or diverge? cos(7n) 
n=7T 


k 

e€ 
Does the following series converge or diverge? y mh 
a 


9k 
25. Evaluate the following series, or show that it diverges: >. 
k=0 


3k+2° 


Cc 


nin! 
26. Does the following series converge or diverge? > Gn} 


(2n)! 


Does the following series converge or diverge? ae Rem 
natn 


*. Show that the series » 


 n(logn)3? converges. 


1 


29. x». Find the values of p for which the series y “ n(logn)? 


converges. 


co = 
Cre : 
*. Does ) converge or diverge? 
n 


31. *. Use the comparison test (not the limit comparison test) to show whether 
the series 


converges or diverges. 
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=e RET 
32. »*. Determine whether the series 3 ua 


ao VP +9 


converges. 


ee nign/3 
33. *. Does SD Qn +7) converge or diverge? 
n=1 


34. *. Determine, with explanation, whether each of the following series converge 
or diverge. 


‘laa aa 
b oy meostnn) 


35. »*. Determine whether the series 


se 
KER +k 


converges or diverges. 


36. +*. Determine whether each of the following series converge or diverge. 
“nt t+n+1 
a ae 
n=2 
b 3 3m + = J/m 
m 
m=1 


1 
37. Evaluate the following series, or show that it diverges: >. —. 
e” 


n=5 
(oe) 
38. *. Determine whether the series y on is convergent or divergent. If it is 
n=2 


convergent, find its value. 


39. *. Determine, with explanation, whether each of the following series converge 
or diverge. 


aloe tetas 


2n+1 
b = Q2n+1 
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40. x. Determine, with explanation, whether each of the following series converges 
or diverges. 


3 


2 i 


CO 4.104 Vk (p1)2 
b>o4 10*(k!) 


2. (3K)! 
= 1 
> k(log k) (log log k) ° 


3 


[o-e) 
n 
Al. x. Determine whether the series S- 5 is convergent or divergent. 


—A4 
n> — 6n 
=1 
(=1)" 
n- 10" 


N 
42. *. What is the smallest value of N such that the partial sum yy 
n=1 


[o-e) —] n 
approximates y ( 2 
n- LO” 


n=1 


within an accuracy of 10~°? 


ge) Sp! 2 
*. It is known that ye oles = = 
n 


n=l 


(you don’t have to show this). Find 


N so that Sy, the N* partial sum of the series, satisfies ES = Sy |= 10°. 
Be sure to say why your method can be applied to this particular series. 


A4 The seri > ov 
.- #*, e series a ee LA 
2 (Qn +1)? 


prove this). According to the Alternating Series Estimation Theorem, what is 
the smallest value of N for which the N‘ partial sum of the series is at most 
iw away from S$? For this value of N, write out the N‘ partial sum of the 
series. 


converges to some number S (you don’t have to 


Exercises — Stage 3 A number of phenomena roughly follow a distribution called 
Zipf’s law. We discuss some of these in Questions 52 and 53. 
45. *. Determine, with explanation, whether the following series converge or 
diverge. 
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46. 


AT. 


48. 


*. (a) Prove that ‘a eaeeue da diverges. 


2 1+ 2%? 


n+ sin 
(b) Explain why you cannot conclude that ye —___ ” diverges from part 
+n? 


iL 


(a) and the Integral Test. 
nm+sinn 


co 
(c) Determine, with explanation, whether ye ee 
n 


fill 


converges or di- 


verges. 


-_ 
*. Show that ee an converges and find an interval of length 0.05 or less 


that contains ites ae value. 


*. Suppose that the series oy converges and that 1 > a, > O for all n. 


n=l 


(oe) 
a 
Prove that the series 5 i also converges. 


— Ay 


*. Suppose that the series 5*(1—a,,) converges, where a, > 0 for n = 
n=0 


0,1,2,3,---. Determine whether the series 5) 2”a,, converges or diverges. 
n=0 


50. 


Nan — 2n+1 


*. Assume that the series » 7 
n 


converges, where a, > 0 for 


n= 1,2,---. Is the following aes 


—loga,+ Ye (= ) 
n+1 


convergent? If your answer is NO, justify your answer. If your answer is YES, 


evaluate the sum of the series — log a; + x log ( 


ue 


co 
*. Prove that if a, > 0 for all n and if the series Soa converges, then 


1—1 
oe) 


the series y a> also converges. 


il 


52. 


Suppose the frequency of word use in a language has the following pattern: 


a 
The n-th most frequently used word accounts for — percent of the 
n 


total words used. 
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So, in a text of 100 words, we expect the most frequently used word to appear 
a times, while the second-most-frequently used word should appear about > 
times, and so on. 

If books written in this language use 20,000 distinct words, then the most 
commonly used word accounts for roughly what percentage of total words 
used? 

53. 

Suppose the sizes of cities in a country adhere to the following pattern: if the 
largest city has population a, then the n-th largest city has population ¢. 


If the largest city in this country has 2 million people and the smallest city 


2x10° 2x 106 
nat + (For 


has 1 person, then the population of the entire country is }> 
2x 10° 


many n’s in this sum is not an integer. Ignore that.) Evaluate this sum 
approximately, with an error of no more than 1 million people. 


3.44 Absolute and Conditional Convergence 


We have now seen examples of series that converge and of series that diverge. But we 
haven't really discussed how robust the convergence of series is — that is, can we tweak 
the coefficients in some way while leaving the convergence unchanged. A good example 
of this is the series 


n=1 


This is a simple geometric series and we know it converges. We have also seen, as 
examples 3.3.20 and 3.3.21 showed us, that we can multiply or divide the n‘" term by 
n and it will still converge. We can even multiply the n™ term by (—1)" (making it an 
alternating series), and it will still converge. Pretty robust. 

On the other hand, we have explored the Harmonic series and its relatives quite a 
lot and we know it is much more delicate. While 


[o) 


1 
a 


diverges, we also know the following two series converge: 


oe) CO 


1 1 
2 Sa Le. 


n=l n=1 


This suggests that the divergence of the Harmonic series is much more delicate. In this 
section, we discuss one way to characterise this sort of delicate convergence — especially 
in the presence of changes of sign. 
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3.4.1 ® Definitions 


[oe] [oe] 
a A series }> a, is said to converge absolutely if the series 5> |a,,| converges. 


oll all 


b If 4° a, converges but )> |a,| diverges we say that 5° a, is conditionally 
n=1 n=1 n=1 
convergent. 


If you consider these definitions for a moment, it should be clear that absolute 
convergence is a stronger condition than just simple convergence. All the terms in 
>=, [@n| are forced to be positive (by the absolute value signs), so that >>, |a,,| must be 
bigger than }>, a,— making it easier for >, |a,,| to diverge. This is formalised by the 
following theorem, which is an immediate consequence of the comparison test, Theorem 
3.2.8.4, with ¢, = |@,\. 


Theorem 3.4.2 Absolute convergence implies convergence. 


co co 

If the series }> |a,| converges then the series 5) a, also converges. That is, 
n=1 n=1 

absolute convergence implies convergence. 


Recall that some of our convergence tests (for example, the integral test) may only 
be applied to series with positive terms. Theorem 3.4.2 opens up the possibility of 
applying “positive only” convergence tests to series whose terms are not all positive, by 
checking for “absolute convergence” rather than for plain “convergence”. 


Example 3.4.3 S7°2(—1)""12. 


(oe) 


The alternating harmonic series $*(—1)"~'+ of Example 3.3.15 converges (by the al- 


n=1 


ternating series test). But the harmonic series > + of Example 3.3.6 diverges (by the 
n=1 


integral test). So the alternating harmonic series > (—1)"""+ converges conditionally. 
n=1 
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Example 3.4.4 S>°(-1)""14. 


n2 
Because the series )>~, |(-1)"15 | = S 4 of Example 3.3.6 converges (by the inte- 
n=1 


[oe] 
gral test), the series 5° (-1)"*4 converges absolutely, and hence converges. 


n=1 


Example 3.4.5 Random signs. 


Imagine flipping a coin infinitely many times. Set o,, = +1 if the n“” flip comes up 


heads and o,, = —1 if the n™ flip comes up tails. The series }*>° ,(—1)= is not in 
(oe) 

general an alternating series. But we know that the series >>, |(-1)"4| = 04 
n=1 


converges. So 5+ (—1)"5 converges absolutely, and hence converges. 


{ n=1 


3.4.2 ® Optional — The delicacy of conditionally convergent series 


Conditionally convergent series have to be treated with great care. For example, switch- 
ing the order of the terms in a finite sum does not change its value. 


1424+34+44+5+6=64+345+424+4+41 


The same is true for absolutely convergent series. But it is not true for conditionally 
convergent series. In fact by reordering any conditionally convergent series, you can 
make it add up to any number you like, including +oo and —oo. This very strange 
result is known as Riemann’s rearrangement theorem, named after Bernhard Riemann 
(1826-1866). The following example illustrates the phenomenon. 


Example 3.4.6 The alternating Harmonic series. 


The alternating Harmonic series 


n=1 


is a very good example of conditional convergence. We can show, quite explicitly, how 
we can rearrange the terms to make it add up to two different numbers. Later, in 
Example 3.5.20, we’ll show that this series is equal to log 2. However, by rearranging 
the terms we can make it sum to 5 log 2. The usual order is 
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For the moment think of the terms being paired as follows: 


(-2)+(5-a)+G-4) + 


so the denominators go odd-even odd-even. Now rearrange the terms so the denomi- 
nators are odd-even-even odd-even-even: 


ee ae ae See ee 
5 Ap RS BOR AS AG ey" 


Now notice that the first term in each triple is exactly twice the second term. If we 
now combine those terms we get 


1 tol 4 t b- t 4 a 
2 4 3 6 8 5 10 12 
SY — 
=1/2 =1/6 =1/10 


ft 1 i t 4. 1 1 # 
ee ae | 6 8 10 12 

We can now extract a factor of 4 from each term, so 
ot ft tM cfl ty tel. Ty, 
“2h 27° 25 ay 28, 6) 
oY Pa a FEY 
“PIN OP NG Al XE Bp 


So by rearranging the terms, the sum of the series is now exactly half the original sum! 


Example 3.4.6 


In fact, we can go even further, and show how we can rearrange the terms of the 
alternating harmonic series to add up to any given number '. For the purposes of the 
example we have chosen 1.234, but it could really be any number. The example below 
can actually be formalised to give a proof of the rearrangement theorem. 


Example 3.4.7 Reorder summands to get 1.234. 


(oe) 
We'll show how to reorder the conditionally convergent series )>(—1)"~'+ so that it 
n=1 


adds up to exactly 1.234 (but the reader should keep in mind that any fixed number 
will work). 


1 This is reminiscent of the accounting trick of pushing all the company’s debts off to next year so 
that this year’s accounts look really good and you can collect your bonus. 
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e First create two lists of numbers — the first list consisting of the positive terms 
of the series, in order, and the second consisting of the negative numbers of the 
series, in order. 


oe : 
aes cai foo—F a n i i eet ie —_ — oa oe 
3° 5) 7? . 2 4’ 6’ 


which is just —$ times the harmonic series. So the numbers in the second list add 
up to —oo. 


Also, if we add together the numbers in the first list, we get 


poe as fees eae, Pant seal aa 
~+—=+-—-::-- which is greater than ie 
Se z ae aera 


That is, the sum of the first set of numbers must be bigger than the sum of the 
second set of numbers (which is just —1 times the second list). So the numbers 
in the first list add up to +00. 


e Now we build up our reordered series. Start by moving just enough numbers from 
the beginning of the first list into the reordered series to get a sum bigger than 
1.234. 


1 
sect a 1.3333 


We know that we can do this, because the sum of the terms in the first list diverges 
to +oo. 


e Next move just enough numbers from the beginning of the second list into the 
reordered series to get a number less than 1.234. 


i+}  _ 9.9333 
a ee 


Again, we know that we can do this because the sum of the numbers in the second 
list diverges to —oo. 


e Next move just enough numbers from the beginning of the remaining part of the 
first list into the reordered series to get a number bigger than 1.234. 
i es ee ee a 


1 Se a ee 
oe oe Gi, 2@ se 


Again, this is possible because the sum of the numbers in the first list diverges. 
Even though we have already used the first few numbers, the sum of the rest of 
the list will still diverge. 
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e Next move just enough numbers from the beginning of the remaining part of the 
second list into the reordered series to get a number less than 1.234. 
1 


i+: aes he 1.0373 
a 9° 5. FS: A 


e At this point the idea is clear, just keep going like this. At the end of each step, 
the difference between the sum and 1.234 is smaller than the magnitude of the 
first unused number in the lists. Since the numbers in both lists tend to zero as 
you go farther and farther up the list, this procedure will generate a series whose 
sum is exactly 1.234. Since in each step we remove at least one number from a 
list and we alternate between the two lists, the reordered series will contain all of 


the terms from )> (-1)""74, with each term appearing exactly once. 
n=1 


Example 3.4.7 


3.4.3 Exercises 


Exercises —— Stage 1 


1. x. Decide whether the following statement is true or false. If false, provide a 
counterexample. If true provide a brief justification. 


e If So(-1)"*1n converges, then S; b, also converges. 
n=1 a=1 


(oe) CO (oe) 
Describe the series Bae based on whether iar and a |a,| converge 


n=1 n=1 n=1 
or diverge, using vocabulary from this section where possible. 


S> dn converges | 5+ a, diverges 


S> |an| converges 
S> |a,| diverges 


Exercises —— Stage 2 


3. x*. Determine whether the series [Ss - a is absolutely convergent, con- 
n 


ditionally convergent, or divergent; justify your answer. 
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=e 


4.  x«. Determine whether the series Ss" 


is absolutely convergent, 
n=1 
conditionally convergent, or divergent. 


,1+4" 


3 pn either: 


5. »«. The series yc 


= 
e converges absolutely; 

e converges conditionally; 
e diverges; 

e or none of the above. 


Determine which is correct. 


ve cos n 


*. Does the series es a 


n=5 


converge conditionally, converge abso- 


lutely, or diverge? 


n? —sinn 
*. Determine (with justification!) whether the series » ia oO 
n 


verges absolutely, converges but not absolutely, or dienes 


~1)"(2n)! 
te WGA 


converges absolutely, converges but not absolutely, or inne 


*. Determine (with justification!) whether the series De 


1 n 
*. Determine (with justification!) whether the series ps eae con- 
(log n 


verges absolutely, converges but not absolutely, or ares 


converges. 


[oe 2 
10. Show that the series S- — 
n 


n=1 


sinn 1\" 
11. Show that the series 3 (= — 3) converges. 
n=1 
sin? n — cos?n + 3 


12. Show that the series > an 2 


n=1 


converges. 


460 


SEQUENCE AND SERIES 3.5 POWER SERIES 


Exercises — Stage 3 
13. *. Both parts of this question concern the series S = S(-1)124n?e™. 
n=1 


a Show that the series S converges absolutely. 


b Suppose that you approximate the series S by its fifth partial sum Ss. 
Give an upper bound for the error resulting from this approximation. 


14. You may assume without proof the following: 
Selo 

Se oat a cos(1) 
n=0 


Using this fact, approximate cos 1 as a rational number, accurate to within 
1 


1000" 
Check your answer against a calculator’s approximation of cos(1): what 


was your actual error? 


Let a, be defined as 


if n is prime 


if n is not prime 


[oe] 
a 
Show that the series y — converges. 
e 


n= 


3.54 Power Series 


Let’s return to the simple geometric series 
[o-e) 
ye" 
n=0 


where x is some real number. As we have seen (back in Example 3.2.4 and Lemma 3.2.5), 
for |x| < 1 this series converges to a limit, that varies with x, while for |x| > 1 the 
series diverges. Consequently we can consider this series to be a function of x 


fe) = = on the domain |x| < 1. 
n=0 
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Furthermore (also from Example 3.2.4 and Lemma 3.2.5) we know what the function 
is. 


= 1 
f(@) =) a"=7—. 
n=0 


Hence we can consider the series )>~, 2” as a new way of representing the function 
1 


<= when |x| <1. This series is an example of a power series. 

Of course, representing a function as simple as = by a series doesn’t seem like it is 
going to make life easier. However the idea of representing a function by a series turns 
out to be extremely helpful. Power series turn out to be very robust mathematical 
objects and interact very nicely with not only standard arithmetic operations, but also 
with differentiation and integration (see Theorem 3.5.13). This means, for example, 


that 


={rs} ~ ~ yo" provided |a| <1 


_ —> just differentiate term by term 


and in a very similar way 


1 on . 
frae= fe da provided |x| < 1 


= Sf rae just integrate term by term 
n=0 


= 
_ n+1 
ae ery 


We are hiding some mathematics under the word “just” in the above, but you can 
see that once we have a power series representation of a function, differentiation and 
integration become very straightforward. 

So we should set as our goal for this section, the development of machinery to define 
and understand power series. This will allow us to answer questions ' like 


Our starting point (now that we have equipped ourselves with basic ideas about series), 
is the definition of power series. 


e OS @ 


1 Recall that n!} =1x2x3x--- x nis called “n factorial”. By convention 0! = 1. 
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3.5.1 ® Definitions 


A series of the form 
Ao + A1(x — c) + Ao(x — c)? + Ag(ax — 0)? = Yo AW x—c)” 


is called a power series in (a — c) or a power series centered on c. The numbers 
A, are called the coefficients of the power series. 
One often considers power series centered on c = 0 and then the series reduces to 


a esa ae Aa 8 a ne =e 


For example }>°~ Om =" is the power series with c = 0 and A, = 4. Typically, as in 
that case, the eGethaents Ay are given fixed numbers, but the “2” is " be thought of 
as a variable. Thus each power series is really a whole family of series — a different 
series for each value of x. 

One possible value of x is 2 = c and then the series reduces ? to 


yo Au x—c)” =D c—c)” 


= we ae 
or val il we 
n=0 n n n 


and so simply converges to Ag. 

We now know that a power series converges when x = c. We can now use our 
convergence tests to determine for what other values of x the series converges. Perhaps 
most straightforward is the ratio test. The n™ term in the series }°>-, An(a — c)” 
ayn = A(x — cc)". To apply the ratio test we need to compute the limit 


: Gn+1 Anvai(@ _ la 
lim = lim 
n>00 | An noo An (2 _ qe 
: Anti 
= lim -|r—c| 
noo A, 
. Anyi 
=|x—c|- lim ’ 
noo An 
When we do so there are several possible outcomes. 
e If the limit of ratios exists and is nonzero 
A 
lim |—““| = 4 40, 
noo Ay 
e OS & 


2 By convention, when the term (x — c)° appears in a power series, it has value 1 for all values of 
av, even © =. 
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then the ratio test says that the series )7°° 9 An(a — c)” 


o converges when A- |x —c| <1, ie. when |x — c| < 4, and 


o diverges when A- |x —c| > 1, ie. when |x —c| > 4. 


Because of this, when the limit exists, the quantity 


Equation 3.5.2 Radius of convergence. 


is called the radius of convergence of the series °. 


e If the limit of ratios exists and is zero 


n 


then lim,,-550 | a ae |e —c| = 0 for every x and the ratio test tells us that the series 


yo 9 An(a —c)" converges for every number x. In this case we say that the series 
has an infinite radius of convergence. 


e If the limit of ratios diverges to +00 


nm 


then lim,,_55. | z 4 


+ en —c| = +00 for every x # c. The ratio test then tells us that 


the series )°*° 9 An(a — c)” diverges for every number x # c. As we have seen 
above, when x = c, the series reduces to Ag +0+0+0+0+---, which of course 
converges. In this case we say that the series has radius of convergence zero. 


e If 
A 
ratio test and we must use other tools to understand the convergence of the series. 


An+1 
n 


does not approach a limit as n — oo, then we learn nothing from the 


All of these possibilities do happen. We give an example of each below. But first, the 
concept of “radius of convergence” is important enough to warrant a formal definition. 
e <O> @ 


3 The use of the word “radius” might seem a little odd here, since we are really describing the 
interval in the real line where the series converges. However, when one starts to consider power 
series over complex numbers, the radius of convergence does describe a circle inside the complex 
plane and so “radius” is a more natural descriptor. 
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a Let 0< R< oo. If 0°, An(a —c)” converges for |x —c| < R, and diverges 
for |z — c| > R, then we say that the series has radius of convergence R. 


b If $0, An(x —c)” converges for every number z, we say that the series has 
an infinite radius of convergence. 


c If \0*, An(x — c)” diverges for every z # c, we say that the series has 
radius of convergence zero. 


Example 3.5.4 Finite nonzero radius of convergence. 


[oe] 
We already know that, if a # 0, the geometric series 5* ax” converges when |x| < 1 
n=0 
and diverges when |x| > 1. So, in the terminology of Definition 3.5.3, the geometric 
series has radius of convergence R = 1. As a consistency check, we can also compute 
[o.e) 


R using 3.5.2. The series )> ax” has A, = a. So 
n=0 


t as expected. f 


Example 3.5.5 Radius of convergence = +00. 


lo) 
: a 1 
The series 5 = has An = 7. So 


n=0 


lim Ant = 


noo A, 


= lim 
n>0 1xX2x3x---xnx(n+1) 


[o-e) 
nm . 
and > =, has radius of convergence oo. It converges for every 2. 
n=0 — 


A 
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Example 3.5.6 Radius of convergence = 0. 


co 
The series 5) nla” has A, = n!. So 


n=0 
. | Anti _ (n+1)! _ 1x2x3x4x---xnx(n+1) 
li = lim +——-_ = _ lim 
n—- oo An n—-0o n!| noo 1x2x3x4x---xn 
= lim (n+ 1) 
noo 


a 


[o-e) 
and >> nla” has radius of convergence zero 


n=0 
takes the value O! = 1. 


It converges only for x = 0, where it 


a Because of this, it might seem that such a series is fairly pointless. However there are all sorts 
of mathematical games that can be played with them without worrying about their convergence. 
Such “formal” power series can still impart useful information and the interested reader is invited 


{ to look up “generating functions” with their preferred search engine. { 


Example 3.5.7 An awkward series to test. 


Comparing the series 


to 


» Ayu” =Apg Aix Aszn* A3x? Age Asx? free 
n=1 


we see that 
Ap =1 A, =2 A ,=1 A3g =2 A,y=l1 As =2 


so that 


Ar _y A, 1 Ag _ A, 1 As _ 
Ag. Ay. 2 As. Ag 9 Ay 


and Ant does not converge as n — oo. Since the limit of the ratios does not exist, we 
cannot tell anything from the ratio test. Nonetheless, we can still figure out for which 
x’s our power series converges. 
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e Because every coefficient A, is either 1 or 2, the n*" term in our series obeys 
[Ant | < 2\2|" 


and so is smaller than the n‘ term in the geometric series °°, 2|z|". This 
geometric series converges if |z| < 1. So, by the comparison test, our series 
converges for |x| < 1 too. 


e Since every A,, is at least one, the n‘* term in our series obeys 
|Anv”"| > |2|” 


If |z| > 1, this a, = A,x” cannot converge to zero as n — ov, and our series 
diverges by the divergence test. 


In conclusion, our series converges if and only if |”| < 1, and so has radius of conver- 
gence 1. 


Example 3.5.7 
Example 3.5.8 A series from 7. 


Lets construct a series from the digits of 7. Now to avoid dividing by zero, let us set 
An =1+ the n™ digit of 7 
Since 7 = 3.141591... 
Ap =4 Ay=2 Ag=5 Ags=2 Ag=6 As=10 Ag=2 


Consequently every A, is an integer between 1 and 10 and gives us the series 


>) Ant” = 4 + Qo + 5a” + Qn? + 62" + 10z° ++: « 


n=0 


A . 
“<“*1 cannot have a limit as 


The number 7 is irrational “ and consequently the ratio = 
n — co. If you do not understand why this is the case then don’t worry too much 
about it ’. As in the last example, the limit of the ratios does not exist and we cannot 


tell anything from the ratio test. But we can still figure out for which x’s it converges. 


e Because every coefficient A,, is no bigger (in magnitude) than 10, the n™ term in 
our series obeys 
|Anz”| < 10|x|" 


and so is smaller than the n‘ term in the geometric series )>~°, 10|z|". This 
geometric series converges if |x| < 1. So, by the comparison test, our series 
converges for |x| < 1 too. 
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e Since every A, is at least one, the n‘* term in our series obeys 
|Anv”| > |2|” 


If |x| > 1, this a, = A,x” cannot converge to zero as n —> oo, and our series 
diverges by the divergence test. 


In conclusion, our series converges if and only if |a| < 1, and so has radius of conver- 
gence 1. 


a We give a proof of this in the optional §3.7 at the end of this chapter. 

b This is a little beyond the scope of the course. Roughly speaking, think about what would happen 
if the limit of the ratios did exist. If the limit were smaller than 1, then it would tell you that the 
terms of our series must be getting smaller and smaller and smaller — which is impossible because 
they are all integers between 1 and 10. Similarly if the limit existed and were bigger than 1 then 
the terms of the series would have to get bigger and bigger and bigger — also impossible. Hence 
if the ratio exists then it must be equal to 1 — but in that case because the terms are integers, 
they would have to be all equal when n became big enough. But that means that the expansion 
of z would be eventually periodic — something that only rational numbers do (a proof is given 
in the optional §3.7 at the end of this chapter). 


Example 3.5.8 


Though we won’t prove it, it is true that every power series has a radius of conver- 


gence, whether or not the limit lim Ayst| exists. 


N—->Co 


Theorem 3.5.9 


Let 5) A,(x —c)” be a power series. Then one of the following alternatives must 


n=0 
hold. 


a The power series converges for every number x. In this case we say that 
the radius of convergence is 00. 


b There is a number 0 < R < co such that the series converges for |r—c| < R 
and diverges for |x — c| > R. Then R is called the radius of convergence. 


c The series converges for x = c and diverges for all x # c. In this case, we 
say that the radius of convergence is 0. 
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Consider the power series 


S- An(x — cc)”. 


The set of real x-values for which it converges is called the interval of convergence 
of the series. 


Suppose that the power series }> A,(x — c)” has radius of convergence R. Then 
n=0 


from Theorem 3.5.9, we have that 


e if R=, then its interval of convergence is —oo < x < 0, which is also denoted 
(—oo, co), and 


e if R =0, then its interval of convergence is just the point x = c, and 
e if0 < R<o, then we know that the series converges for any x which obeys 


|e —c| << R_ or equivalently -—R<ax-—c<R 
or equivalently c—-R<a<c+R 


But we do not (yet) know whether or not the series converges at the two end 
points of that interval. We do know, however, that its interval of convergence 
must be one of 


oc—R<2<c+R, which is also denoted (c— R, c+ R), or 
oc—R<a<c+R, which is also denoted [c— R, c+ R), or 
oc—R<2a<c+R, which is also denoted (c— R, c+ Rl, or 
oce—R<a<c+R, which is also denoted [c— R, c+ R]. 


To reiterate — while the radius convergence, R with 0 < R < o, tells us that the 
series converges for |x — c| < R and diverges for |z — c| > R, it does not (by itself) tell 
us whether or not the series converges when |x — c| = R, ie. when x =c+R. The 
following example shows that all four possibilities can occur. 


Example 3.5.11 The series )7°°, & 


n=1 nP* 
. . A . . 
Let p be any real number® and consider the series )>~, =>. This series has A, = =. 
Since 
nP . 1 


Ada 


mr 


lim 
noo 


the series has radius of convergence 1. So it certainly converges for |x| < 1 and diverges 
for |x| > 1. That just leaves x = +1. 


e When x = 1, the series reduces to )>*°, +. We know, from Example 3.3.6, that 


n=1 nP* 
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this series converges if and only if p > 1. 


e When x = —1, the series reduces to )7~~ | cy By the alternating series test, 
Theorem 3.3.14, this series converges whenever p > 0 (so that + tends to zero as 
n tends to infinity). When p < 0 (so that a does not tend to zero as n tends to 


infinity), it diverges by the divergence test, Theorem 3.3.1. 
So 


e The power series }>* , x” (ie. p = 0) has interval of convergence —1 < x < 1. 


e The power series > | = (i.e. p = 1) has interval of convergence —1 < x < 1. 


(=1)" 


n 


e The power series )°~~ | x” (i.e. p = 1) has interval of convergence —1 < x < 


Li, 
e The power series > | a (i.e. p = 2) has interval of convergence —1 < x < 1. 


a We avoid problems with 0? by starting the series from n = 1. 


Example 3.5.11 
Example 3.5.12 Playing with intervals of convergence. 


We are told that a certain power series with centre c = 3, converges at x = 4 and 
diverges at x = 1. What else can we say about the convergence or divergence of the 
series for other values of x? 

We are told that the series is centred at 3, so its terms are all powers of (x — 3) and it 
is of the form 


S- A,(x — 3)”. 


n>0 


A good way to summarise the convergence data we are given is with a figure like the 
one below. Green dots mark the values of « where the series is known to converge. 
(Recall that every power series converges at its centre.) The red dot marks the value 
of « where the series is known to diverge. The bull’s eye marks the centre. 


O © © 
1 3 4 


Can we say more about the convergence and/or divergence of the series for other values 
of x? Yes! 

Let us think about the radius of convergence, R, of the series. We know that it must 
exist and the information we have been given allows us to bound R. Recall that 
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e the series converges at x provided that |x — 3] < R and 
e the series diverges at x if | — 3] > R. 

We have been told that 
e the series converges when x = 4, which tells us that 


o x =4 cannot obey |x — 3| > Rso 


o  =4 must obey |x —3|/ < R,ie [4-3] < Rie R>1 
e the series diverges when x = 1 so we also know that 


o x =1 cannot obey |x — 3| < Rso 


o £ =1 must obey |x —3| > R,ie. |1-3)> Rie R<2 
We still don’t know R exactly. But we do know that 1 < R < 2. Consequently, 


e since 1 is the smallest that R could be, the series certainly converges at x if 
lz —3| < lie. if2<a2<4 and 


e since 2 is the largest that R could be, the series certainly diverges at x if |a—3] > 2, 
Le. ig >) ori x <1, 


The following figure provides a resume of all of this convergence data — there is con- 
vergence at green x’s and divergence at red x’s. 


1 2 3 4 5 


Notice that from the data given we cannot say anything about the convergence or 
divergence of the series on the intervals (1, 2] and (4, 5]. 
One lesson that we can derive from this example is that, 


e if a series has centre c and converges at a, 


e then it also converges at all points between c and a, as well as at all points of 
distance strictly less than |a — c| from c on the other side of c from a. 


Example 3.5.12 


3.5.2 Working With Power Series 


Just as we have done previously with limits, differentiation and integration, we can 
construct power series representations of more complicated functions by using those of 
simpler functions. Here is a theorem that helps us to do so. 
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Theorem 3.5.13 Operations on Power Series. 


Assume that the functions f(a) and g(x) are given by the power series 


n= oAnle-9" — gle) =) Baw)" 


for all x obeying |x — c| < R. In particular, we are assuming that both power 
series have radius of convergence at least R. Also let K be a constant. Then 


= Me Ap (x — any for any integer N > 1 
n=0 


Se where k =n+N 


= Ane 9 = Yo Aun(e— oy a 


‘e t(t) tat = ee 


ee = Nae 
[to hole — [satza ee) —| +C with C an arbitrary constant 


for all x obeying |x —c| < R. 
In particular the radius of convergence of each of the six power series on the right 


hand sides is at least R. In fact, if R is the radius of convergence of x A,(x—c)”, 
then R is also the radius of f convergence of all of the above right head sides, with 


the possible exceptions of s [A,+B,] (c—c)” and o KA, (—c)”" when K = 0. 


n=0 n=0 
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Example 3.5.14 More on the last part of Theorem 3.5.13. 


The last statement of Theorem 3.5.13 might seem a little odd, but consider the following 
two power series centred at 0: 


3 2x" and y(1 — 2”)z”, 
n=0 n=0 


The ratio test tells us that they both have radius of convergence R = s. However their 
sum is 


(oe) 


ees + Sa = 2") = Sie" 
=0 n=0 n=0 


mr 


which has the larger radius of convergence 1. 
A more extreme example of the same phenomenon is supplied by the two series 


‘¥ 2”x" and S7(-2")a", 
n=0 n=0 


They are both geometric series with radius of convergence R = s. But their sum is 


So ara” + S°(-2")2" = $7 (0)a” 
n=0 n=0 n=0 


t which has radius of convergence +00. t 


We'll now use this theorem to build power series representations for a bunch of func- 
tions out of the one simple power series representation that we know — the geometric 
series 


1 [oe] 
7 = ) i for all |x| < 1 
=a 
n=0 


Example 3.5.15 


1-2?" 


Find a power series representation for =. 
Solution: The secret to finding power series representations for a good many functions 


is to manipulate them into a form in which i appears and use the geometric series 


representation er = >) y". We have deliberately renamed the variable to y here — 


it does not have to be x. We can use that strategy to find a power series expansion for 
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— — we just have to recognize that = is the same as re if we set y to 2”. 
1 | = S 
1-2 La y=ax? Da ee = je] <1 
ie.) [oe] 
=>)" = So 
n=0 n=0 
=1l+2a?+a*+2° 4 


This is a perfectly good power series. There is nothing wrong with the power of x being 
2n. (This just means that the coefficients of all odd powers of x are zero.) In fact, 
you should try to always write power series in forms that are as easy to understand as 
possible. The geometric series that we used at the end of the first line converges for 


la ee | ed ee | 


So our power series has radius of convergence 1 and interval of convergence —1 < x < 1. 


Example 3.5.15 


Example 3.5.16 = 


Q+x2° 


Find a power series representation for s"5. 


Solution: This example is just a more algebraically involved variant of the last one. 
Again, the strategy is to manipulate 55> into a form in which ro appears. 


x x 1 x 1 : x? 
= = se = a 
2 2 v2 
2+27 2148 21-(-#) 2 
oe . t flo pn 
~21-y|_ 2 2 de" a oS 
y n=0 y=- 3% 
Now use Theorem 3.5.13 twice 
cS gen cS aly Qn — i=)" Qn+1 
Sy) Se 
n=0 n=0 n=0 
3 5 7 


2 4° 8 16 
The geometric series that we used in the second line converges when 
2 
x 
lyj<1l os Hai 
=> |r? <2 = [al < V2 


So the given power series has radius of convergence 2 and interval of convergence 
t —/2 <U< af 2. j 
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Example 3.5.17 Nonzero centre. 


Find a power series representation for = with centre 3. 

Solution: The new wrinkle in this example is the requirement that the centre be 3. 
That the centre is to be 3 means that we need a power series in powers of « — c, with 
c = 3. So we are looking for a power series of the form )7*~_) An(a— 3)". The easy way 


to find such a series is to force an x — 3 to appear by adding and subtracting a 3. 


a 1 7 1 
5—-c¢ 5—(#-3)-3 2-(¢—3) 


Now we continue, as in the last example, by manipulating = into a form in which 
rar appears. 
1 1 1 1 —3 
5-2 2-(@—-3) 21-—2 “a 79 
ol -2[Sv] ome 
21-y y=*52 a Nero y= 253 


l| 
Do] rR 
Ma 
, 
8 
wm] | 
w 
NY 
3 
l| 
iM 
nol = 
3| | 
Al eo 
3 


bo 
i 
(ee) 


The geometric series that we used in the second line converges when 


—3 
wi<i— | =|<1 
ec = 3a 2 
=> -2<%4-3<2 
= 1l<a<5 


t So the power series has radius of convergence 2 and interval of convergence 1 < x < 5. f 


In the previous two examples, to construct a new series from an existing series, 
we replaced x by a simple function. The following theorem gives us some more (but 
certainly not all) commonly used substitutions. 


Theorem 3.5.18 Substituting in a Power Series. 


Assume that the function f(x) is given by the power series 


f@)=)> Anz” 
n=0 
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for all x in the interval I. Also let K and k be real constants. Then 


ee) = Ss Avs 
n=0 


whenever Kx* is in I. In particular, if °°), A,” has radius of convergence 
R, K is nonzero and k is a natural number, then )>°, A,K” x*” has radius of 


convergence </R/|K|. 


Example 3.5.19 tae 


Find a power series representation for 45. 
(1-2) 


Solution: Once again the trick is to express fae in terms of =. Notice that 


n=0 
= Se . by Theorem 3.5.13 
n=1 


Also note that the radius of convergence of this series is one. We can see this via 
Theorem 3.5.13. That theorem tells us that the radius of convergence of a power series 
is not changed by differentiation — and since )7**_,2" has radius of convergence one, 
so too does its derivative. 

Without much more work we can determine the interval of convergence by testing at 
x = +1. When x = +1 the terms of the series do not go to zero as n — oo and 
so, by the divergence test, the series does not converge there. Hence the interval of 


t convergence for the series is —1 < x < 1. f 


Notice that, in this last example, we differentiated a known series to get to our 
answer. As per Theorem 3.5.13, the radius of convergence didn’t change. In addition, 
in this particular example, the interval of convergence didn’t change. This is not always 
the case. Differentiation of some series causes the interval of convergence to shrink. In 
particular the differentiated series may no longer be convergent at the end points of 
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the interval *. Similarly, when we integrate a power series the radius of convergence is 
unchanged, but the interval of convergence may expand to include one or both ends, 
as illustrated by the next example. 


Example 3.5.20 log(1+ 2). 


Find a power series representation for log(1 + x). 


Solution: Recall that 4 log(1+2) = = so that log(1 +t) is an antiderivative of ae 
and 


oe) 


log(1+ 2) ‘i a = [ | o(-0)"| dt 


n=0 


yi (—t)"dt by Theorem 3.5.13 
n=0 0 


ee 
~ 2) Too 
n=0 
2 4 
= 2g as aT 


Theorem 3.5.13 guarantees that the radius of convergence is exactly one (the radius of 
convergence of the geometric series )>*~_,(—t)") and that 


eS - grt 
besa) = 2) og forall —l<a<l 
When x = —1 our series reduces to S75 eee which is (minus) the harmonic series 


and so diverges. That’s no surprise — log(1 + (—1)) = log0 = —oo. When « = 1, 
the series converges by the alternating series test. It is possible to prove, by continuity, 
though we won’t do so here, that the sum is log2. So the interval of convergence is 


{ -l<a<l. t 


Example 3.5.21 arctan. 


Find a power series representation for arctan x. 


Solution: Recall that a arctan = — so that arctant is an antiderivative of 


1l+a2 
and 


ad 
140? 


arctanz = / ia / | do (-#”) Jat = =), (=—1)"77"dt 


n=0 


4 Consider the power series }77~_, = We know that its interval of convergence is —1 < x < 1. 


(Indeed see the next example.) When we differentiate the series we get the geometric series 
yr)” which has interval of convergence —1 < x < 1. 
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Theorem 3.5.13 guarantees that the radius of convergence is exactly one (the radius of 
convergence of the geometric series }>*~* _,(—t?)”) and that 


oS gentl 
t = =e tot all =) gw <1 
arctan x du! ) a or a xe 


When x = +1, the series converges by the alternating series test. So the interval of 
convergence is —1 < x < 1. It is possible to prove, though once again we won’t do so 
here, that when « = +1, the series eo (-)"s converges to the value of the left 
hand side, arctan z, at c = 1. That is, to arctan(+1) = +4. 


Example 3.5.21 


The operations on power series dealt with in Theorem 3.5.13 are fairly easy to 
apply. Unfortunately taking the product, ratio or composition of two power series is 
more involved and is beyond the scope of this course °. Unfortunately Theorem 3.5.13 
alone will not get us power series representations of many of our standard functions 
(like e” and sinz). Fortunately we can find such representations by extending Taylor 
polynomials © to Taylor series. 


3.5.3 Exercises 


Exercises —— Stage 1 


1. Suppose f(x) = 3 € — y" What is f(1)? 


4 


n=0 


+) 
2. Suppose f(x) = -~—____. Give a power series representation of f’(). 


e OS @ 


5 As always, a quick visit to your favourite search engine will direct the interested reader to more 
information. 

6 Now is a good time to review your notes from last term, though we’ll give you a whirlwind review 
over the next page or two. 
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co 


a: Ley f2)= S- A,,(x — c)” for some positive constants a and c, and some se- 


quence of constants {A,,}. For which values of x does f(x) definitely converge? 


Let f(x) be a power series centred at c = 5. If f(x) converges at x = —1, 


and diverges at x = 11, what is the radius of convergence of f(x)? 


Exercises — Stage 2 


*. (a) Find the radius of convergence of the series 
(=1)2* 42" 


(b) You are given the formula for the sum of a geometric series, namely: 


i 
Hea eis arpa: (ie eceell 


Use this fact to evaluate the series in part (a). 


es k 


x 

*. Find the radius of convergence for the power series y Se aT 
+1 | 

nee lu (k+ 1)! 


oe) 
x — 2)” 
7. #*. Find the radius of convergence for the power series S- eae 
n=0 
 (-1)"(a + 2)” 
8. «. Consider the power series eS ere 
n=1 vn 
Find the interval of convergence of this series. 


, where x is a real number. 


*. Find the radius of convergence and interval of convergence of the series 


10. x. Find the interval of convergence for the power series 
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[o.e) ) n 

11. x. Find all values x for which the series y aes converges. 
n 
n=1 
: : = 4” A 
12. x. Find the interval of convergence for ) —(x—-1)”. 
n 
n=1 


*. Find, with explanation, the radius of convergence and the interval of 
convergence of the power series 


= ieee 
DY) "(n+ 2) 


(oe) 


14. x. Find the interval of convergence for the series So(-1)"(a —a)°*" where 
n=1 
a is a constant. 


*. Find the interval of convergence of the following series: 
— (x + 1)* 
DD arse 
k=1 


b Sone where a, > O for 
k=1 
Qk QAk-4 


16. x. Find a power series representation for 
—2£ 


Co 


(x — 
17. Suppose f’(z) = ee mas : , and “ F(t) t)dt = 3a + Sar 
Give a power series representation of ee 


Exercises — Stage 3 


18. *. Determine the values of x for which the series 


(oe) n 


a 
d, 32” log n 


converges absolutely, converges conditionally, or diverges. 
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19. 


20. 


1 
*. (a) Find the power-series representation for / Ts dx centred at 0 
a 


(i.e. in powers of x). 


1/4 


1 
(b) The power series above is used to approximate Tees dz. How 
0 x 


many terms are required to guarantee that the resulting approximation is 
within 10~° of the exact value? Justify your answer. 


*. (a) Show that Sona” = ae for -l<a<l. 
bs n=0 

(b) Express oer as a ratio of polynomials. For which x does this series 
n=0 


converge? 


*. Suppose that you have a sequence {b,,} such that the series )7** )(1—bn) 


converges. Using the tests we’ve learned in class, prove that the radius of 
[oe] 


convergence of the power series SS b,x” is equal to 1. 


n=0 


22. 


*. Assume {an} is a sequence such that na, decreases to C' as n — oo for 


some real number C' > 0 
CO 


(a) Find the radius of convergence of » a,x" . Justify your answer carefully. 
n=1 

(b) Find the interval of convergence of the above power series, that is, find all 

x for which the power series in (a) converges. Justify your answer carefully. 

An infinitely long, straight rod of negligible mass has the following weights: 


1 
e At every whole number n, a mass of weight of at position n, and 


1 ee 
e amass of weight aA at position —n. 


At what position is the centre of mass of the rod? 


= 0 1 


o ; 
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co 


24. Let f(x) = S- A,(x —c)", for some constant c and a sequence of constants 


n=0 
{Ay}. Further, let f(x) have a positive radius of covergence. 
If A, = 0, show that y = f(x) has a critical point at x = c. What is the 
relationship between the behaviour of the graph at that point and the value of 
Ay? 


Find a polynomial that approximates f (2) = log(1 +.) to within an error 
of 10~° for all values of x in (0, aa): 
Then, use your polynomial to approximate log(1.05) as a rational number. 


27. Find a polynomial that approximates f(x) = arctan to within an error of 


10~° for all values of x in (-t, +). 


3.64 Taylor Series 


3.6.1 ® Extending Taylor Polynomials 


Recall! that Taylor polynomials provide a hierarchy of approximations to a given func- 
tion f(x) near a given point a. Typically, the quality of these approximations improves 
as we move up the hierarchy. 


e The crudest approximation is the constant approximation f(x) ~ f(a). 
e Then comes the linear, or tangent line, approximation f(#) + f(a)+ f’(a) (~—a). 


e Then comes the quadratic approximation 
/ 1 I 
F(a) = F(a) + F(a) (w@— a) + 5 f"(a) (x — a)” 


e In general, the Taylor polynomial of degree n, for the function f(x), about the 
expansion point a, is the polynomial, T;,(a), determined by the requirements that 
f(a) = TS*) (a) for all0 <k <n. That is, f and 7;, have the same derivatives 
at a, up to order n. Explicitly, 


f(x) = T,(#) 


e OS @ 


1 Please review your notes from last term if this material is feeling a little unfamiliar. 
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= Fa) + f(a) (© = 0) + 5 F"(@) (© = 0)? +o + TF Ma) (© = 0) 
=> Gh (a) (e- a)! 


These are, of course, approximations — often very good approximations near x = a 
— but still just approximations. One might hope that if we let the degree, n, of the 
approximation go to infinity then the error in the approximation might go to zero. If 
that is the case then the “infinite” Taylor polynomial would be an exact representation 
of the function. Let’s see how this might work. 

Fix a real number a and suppose that all derivatives of the function f(x) exist. 
Then, we saw in (3.4.33) of the CLP-1 text that, for any natural number n, 


Equation 3.6.1 


where T),(x) is the Taylor polynomial of degree n for the function f(x) expanded 
about a, and E,,(x) = f(x) — T,,(x) is the error in the approximation f(x) = T,,(x). 
The Taylor polynomial? is given by the formula 


while the error satisfies? 


Equation 3.6.3 


Ga) — ee a) Gane 


for some c strictly between a and x. 


i) 


Did you take a quick look at your notes? 

3. This is probably the most commonly used formula for the error. But there is another fairly com- 
monly used formula. It, and some less commonly used formulae, are given in the next (optional) 
subsection “More about the Taylor Remainder”. 
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Note that we typically do not know the value of c in the formula for the error. 
Instead we use the bounds on c to find bounds on f‘"+!)(c) and so bound the error‘. 

In order for our Taylor polynomial to be an exact representation of the function 
f(a) we need the error E,,(x) to be zero. This will not happen when n is finite unless 
f(x) is a polynomial. However it can happen in the limit as n — oo, and in that case 
we can write f(x) as the limit 


f(z) = lim T,,(@ 2) = in HM ) (x — a)* 


noo 


This is really a limit of partial sums, and so we can write 


=a ) (x —a)* 


which is a power series representation of the function. Let us formalise this in a defini- 
tion. 


The Taylor series for the function f(x) expanded around a is the power series 


[oe) 


ee Ole 


n=0 


When a = 0 it is also called the Maclaurin series of f(x). If limp. En(x) 
then 


Demonstrating that, for a given function, lim, _,.. E,(x) = 0 can be difficult, but for 
many of the standard functions you are used to dealing with, it turns out to be pretty 
easy. Let’s compute a few Taylor series and see how we do it. 


Example 3.6.5 Exponential Series. 


Find the Maclaurin series for f(x) = e’. 

Solution: Just as was the case for computing Taylor polynomials, we need to compute 
the derivatives of the function at the particular choice of a. Since we are asked for a 
Maclaurin series, a = 0. So now we just need to find f“)(0) for all integers k > 0. 

We know that wer =e” and so 


e = fa)= fe) =f" e)=-- =F 
L= f(0) = F(0) =f") =--- =O = 


Mig) =... which gives 


4 The discussion here is only supposed to jog your memory. If it is feeling insufficiently jogged, then 
please look at your notes from last term. 
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Equations 3.6.1 and 3.6.2 then give us 


2 n 


x 
e=fa)altaraytet 3 Een) 


n! 


We shall see, in the optional Example 3.6.8 below, that, for any fixed x, lim FE,(x) = 0. 
N—- Oo 


Consequently, for all x, 


e€ = lim [1+2+52 + 32 +e-+—a"| = ooo 


Example 3.6.5 


We have now seen power series representations for the functions 
1 1 
l-a (1-2)? 
We do not think that you, the reader, will be terribly surprised to see that we develop 
series for sine and cosine next. 


Example 3.6.6 Sine and Cosine Series. 


The trigonometric functions sinz and cosx also have widely used Maclaurin series 
expansions (i.e. Taylor series expansions about a = 0). To find them, we first compute 
all derivatives at general x. 


x 


log(1 + x) arctan(z) a". 


f(x) =sina f (2) = cose f" (x) =-sina f(x) =— cosa 
f(x) = sin x 

g(x) = cise g(x) =—sinz g' (x) =— cos x g(x) = sina 
g® (x) = cosa 


Now set x =a = 0. 


ja) sine AO=0 FOS=1 F/M=0 f®() =-1 
fO(0) =0 

g(x) = cos x g0)=1 g(0)=0 g'(0)=-1 39g (0) =0 
g(0) =1 


For sin z, all even numbered derivatives (at x = 0) are zero, while the odd numbered 
derivatives alternate between 1 and —1. Very similarly, for cos xz, all odd numbered 
derivatives (at x = 0) are zero, while the even numbered derivatives alternate between 
1 and —1. So, the Taylor polynomials that best approximate sinz and cosa near 
x=a=O are 

1S 


eee 1.3 
snr Ye L— 7X + FL —-: 
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cost #1—fa*+427-... 
We shall see, in the optional Example 3.6.10 below, that, for both sinw and cosx, we 


have lim E,,(x) =0 so that 
N+ Oo 


noo 


f(a) = lim £0) + PO) + SFO) 2%] 


Nn—->Ooo 


g(%) = Im |9(0) gl (pa ate 4g°)(0) x" 


Reviewing the patterns we found in the derivatives, we conclude that, for all «, 


co 
oe eee ORES: Pe: ar ae: eee _4\n__ 1 .2n+1 
se —2 = ga" + ae => (—1) Gari” 
n=0 
[oe] 
i 1.2 1,4 _ noi 2n 
coez=1—Za° +40 —--- = y (-1)" oat 
n=0 


and, in particular, both of the series on the right hand sides converge for all x. 
We could also test for convergence of the series using the ratio test. Computing the 
ratios of successive terms in these two series gives us 


Anti| — [2 P?"+3/(Qn +3)! _ Bk 
| An | |a?44/(Qn+1)!  (2n+3)(2n +2) 
Anti| — [2P?+?/(Qn +2)! _ Bk 
| An | |al?"/(Qn)! (Qn +.2)(2n 4-1) 


for sine and cosine respectively. Hence as n — oo these ratios go to zero and conse- 
quently both series are convergent for all x. (This is very similar to what was observed 
in Example 3.5.5.) 


Example 3.6.6 


We have developed power series representations for a number of important func- 
tions®. Here is a theorem that summarizes them. 
e @ 


5 The reader might ask whether or not we will give the series for other trigonometric functions or 
their inverses. While the tangent function has a perfectly well defined series, its coefficients are not 
as simple as those of the series we have seen — they form a sequence of numbers known (perhaps 
unsurprisingly) as the “tangent numbers”. They, and the related Bernoulli numbers, have many 
interesting properties, links to which the interested reader can find with their favourite search 
engine. The Maclaurin series for inverse sine is arcsin(r) = °°.) #75 a x?"*! which is quite 
tidy, but proving it is beyond the scope of the course. 
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Theorem 3.6.7 


- for all —co < 4 < CO 
for all —-cw < 47< cw 
for all -cw < 4 < cw 


haba oe for all -l<z<1 


23 3 4 


log(1+ 2) = 1 eee tor all 1 = el 


arctan x = 1 = e = for all -l<a<l 


Notice that the series for sine and cosine sum to something that looks very similar 
to the series for e*: 


1 1 1 1 
sin(a) + cos(x) = (- Fees gato) + (1 Fett Get) 


e=1+e+ are z+ gy ae 

. 2! 3! A! 5! 

So both series have coefficients with the same absolute value (namely +), but there are 

differences in sign®. This is not a coincidence and we direct the interested reader to the 
optional Section 3.6.3 where will show how these series are linked through \/—1. 


We have already seen, in Example 3.6.5, that 


fal4+e+% paaee - + F,(2) 
By (3.6.3) 
Egla)= ar 
e OS @ 


6 Warning: antique sign-sine pun. No doubt the reader first saw it many years syne. 
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for some (unknown) c between 0 and x. Fix any real number x. We’ll now show that 
E,,(x) converges to zero as n — ©o. 

To do this we need get bound the size of e°, and to do this, consider what happens if 
x is positive or negative. 


e If x <Othen x < c< 0 and hence e® < e& < e® = 1. 
e On the other hand, if z > 0 then 0 <c< 2 andsol=e® < &° < e’. 
In either case we have that 0 < e° < 1+ e*. Because of this the error term 


e n H 
|En(x)| = Ga tH <[e? +] 


leone 


(n+ 1)! 


We claim that this upper bound, and hence the error F,(x), quickly shrinks to zero as 
nN — 00. 
Call the upper bound (except for the factor e” + 1, which is independent of n) e,(x) = 


ja|rtt 


(atl To show that this shrinks to zero as n —> o0, let’s write it as follows. 


n+ 1 factors 
ihe fel el el el del 
_ mtD! 1 2° 3 mw ei 


Now let & be an integer bigger than |x|. We can split the product 


k factors 


= Q(2): ( ay 


Since k does not depend not n (though it does depend on x), the function Q(x) does 
not change as we increase n. Additionally, we know that |x| < ‘+1 and so a. oly 
Hence as we let n — oo the above bound must go to zero. 


Alternatively, compare e,(x) and e,41(2). 


|x|” 2 
€n+1() _ |< | 
€n(x) jvi"t? on+2 
(n+1)! 


488 


SEQUENCE AND SERIES 3.6 TAYLOR SERIES 


When n is bigger than, for example 2|x|, we have Sas) i S. That is, increasing the 


index on e,,(a) by one decreases the size of e,(a) by a factor of at least two. As a result 
€n(x) must tend to zero as n — oo. 


Consequently, for all xz, lim F(x) = 0, as claimed, and we really have 
nN—- Ooo 


eG |: 1 2 1 3 tl ny} _ = iL n 
e = lim [it+2+52 +32 oe oa 


Example 3.6.8 


There is another way to prove that the series )>~_, a converges to the function e”. 
Rather than looking at how the error term E,,(x) behaves as n — oo, we can show that 


the series satisfies the same simple differential equation’ and the same initial condition 
as the function. 


Example 3.6.9 Optional — Another approach to showing that )°°, aa” is e”. 


We already know from Example 3.5.5, that the series )°~~, 4a” converges to some 
function f(a) for all values of x . All that remains to do is to show that f(z) is really 
e*. We will do this by showing that f(x) and e” satisfy the same differential equation 
with the same initial conditions®. We know that y = e” satisfies 


ou =y and oO) =) 


and by Theorem 2.4.4 (with a = 1, b= 0 and y(0) = 1), this is the only solution. So it 
suffices to show that f(a) = }~°°, = satisfies 


n=0 nl 
a = 7 (a) and f(O) =. 


e By Theorem 3.5.18, 


n=0 n=1 n=1 
n=3 n=4 
i See ee 
1 +° ar | - | i: | 
a t oy t 31 t 
= f(z) 
e Oo @ 


7 Recall, you studied that differential equation in the section on separable differential equations 


(Theorem 2.4.4 in Section 2.4) as well as wayyyy back in the section on exponential growth and 
decay in differential calculus. 
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e When we substitute x = 0 into the series we get (see the discussion after Defini- 
tion 3.5.1) 


0 0 


ee a a cee 


Hence f(x) solves the same initial value problem and we must have f(x) = e”. 


a Recall that when we solve of a separable differential equation our general solution will have an 
arbitrary constant in it. That constant cannot be determined from the differential equation alone 
and we need some extra data to find it. This extra information is often information about the 
system at its beginning (for example when position or time is zero) — hence “initial conditions”. 
Of course the reader is already familiar with this because it was covered back in Section 2.4. 


Example 3.6.9 


We can show that the error terms in Maclaurin polynomials for sine and cosine go 
to zero as n — oo using very much the same approach as in Example 3.6.8. 


Example 3.6.10 Optional — Why a. "a" = cos 2. 


~ antl — sing and G 


bay ! om )! 


Let f(a) be either sinz or cosz. We know that every derivative of f(x) will be one 
of tsin(x) or +cos(x). Consequently, when we compute the error term using equa- 
tion 3.6.3 we always have [grt (e)| < 1 and hence 


In Example 3.6.5, we showed that ae a, — 0 asn — co — so all the hard work is already 
done. Since the error term ae to zero for both f(a) = sinz and f(x) = cosz, and 


NCO 


t as required. 


f(x) = lim | f0) + fO)a +--+ EFM) 2"| 


3.6.1.1» Optional — More about the Taylor Remainder 
In this section, we fix a real number a and a natural number n, suppose that all 
derivatives of the function f(x) exist, and we study the error 


Ean) = 70) =F, (a,@) 
where T,,(a,z) = f(a) + f’(a) (aw — a) + +i fo (a) (x — a)” 
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made when we approximate f(x) by the Taylor polynomial T,,(a,x) of degree n for 
the function f(x), expanded about a. We have already seen, in (3.6.3), one formula, 
probably the most commonly used formula, for E,,(a,x). In the next theorem, we repeat 
that formula and give a second, commonly used, formula. After an example, we give a 
second theorem that contains some less commonly used formulae. 


Theorem 3.6.11 Commonly used formulae for the Taylor remainder. 


The Taylor remainder E,,(a,x) is given by 


a (integral form) 


b (Lagrange form) 


for some c strictly between a and x. 


Notice that the integral form of the error is explicit - we could, in principle, compute 
it exactly. (Of course if we could do that, we probably wouldn’t need to use a Taylor 
expansion to approximate f.) This contrasts with the Lagrange form which is an 
‘existential’ statement - it tells us that ‘c’ exists, but not how to compute it. 


Proof. 


a We will give two proofs. The first is shorter and simpler, but uses some trick- 
ery. The second is longer, but is more straightforward. It uses a technique 
called mathematical induction. 

Proof 1: We are going to use a little trickery to get a simple proof. We 
simply view «x as being fixed and study the dependence of E,,(a, x) on a. To 
emphasise that that is what we are doing, we define 


SQ) = f(x) - FO-fFO@-t)- 5h" O@-t! 
FOO 
and observe that E,,(a,x) = S(a). 


So, by the fundamental theorem of calculus (Theorem 1.3.1), the function 
S(t) is determined by its derivative, S’(t), and its value at a single point. 
Finding a value of S(t) for one value of t is easy. Substitute t = x into (*) 
to yield S(x) = 0. To find $’(t), apply 4 to both sides of (*). Recalling 
that x is just a constant parameter, 


S(t) =0- f(t) - [f"O@-t) - FO] 
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— [2f(t)(@—-t)? — f"()(e-0)] 
ai EOD (ea) OG Gay 
=A fe) (@ — 4)" 


So, by the fundamental theorem of calculus, $(x) = S(a) + J” S’(t) dt and 


zz / : “fe () (wt) dt 


a 


Proof 2: The proof that we have just given was short, but also very tricky 
— almost noone could create that proof without big hints. Here is another 
much less tricky, but also commonly used, proof. 


e First consider the case n = 0. When n = 0, 


Eo(a, x) = f(x) — To(a, x) = f(x) — f(a) 


The fundamental theorem of calculus gives 


j@-7e= / * fi(t) at 


so that : 
Boa.) =f f'(@at 
That is exactly the n = 0 case of part (a). 
e Next fix any integer n > 0 and suppose that we already know that 


Eat) = [ * p04) (x —t)" dt 


n! 
Apply integration by parts (Theorem 1.7.2) to this integral with 
u(t) = feM@) 


dv==(e-t)"dt, v(t) = - (@@—*) 
nN: : 


Since v(x) = 0, integration by parts gives 


= Gaal Pr @e-y" 
+ a € ; yrre (x —t)"*' dt (x) 
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Now, we defined 


E,(a,x) = f(x) — f(a) — f'(a) (@ — a) — 5f"(@) (« — a)” 
ro + f(a) (c —a)” 


sO 


Ensi(a, 2) = E, (a,x) — f(a) (e — a)" 


Coan 


This formula expresses F,,41(a,x) in terms of F(a, xz). That’s called 
a reduction formula. Combining the reduction formula with («*) gives 


Ensley) = fr) @— 9 a 


e Let’s pause to summarise what we have learned in the last two bul- 
lets. Use ra paler P(n) to stand for the statement “EF,,(a,x) = 
| ee eae —t)"dt’. To prove part (a) of the theorem, we need 
to prove HY, 2 statement P(n) is true for all integers n > 0. In the 
first bullet, we showed that the statement P(0) is true. In the second 
bullet, we showed that if, for some integer n > 0, the statement P(n) 
is true, then the statement P(n + 1) is also true. Consequently, 


o P(0) is true by the first bullet and then 
(1) is true by the second bullet with n = 0 and then 
(2) is true by the second bullet with n = 1 and then 
o P(3) 


o and so on, for ever and ever. 


is true by the second bullet with n = 2 


That tells us that P(n) is true for all integers n > 0, which is exactly 
part (a) of the theorem. This proof technique is called mathematical 
induction’. 


b We have already seen one proof in the optional Section 3.4.9 of the CLP-1 
text. We will see two more proofs here. 


Proof 1: We apply the generalised mean value theorem, which is Theorem 
3.4.38 in the CLP-1 text. It says that 


= (GMVT) 


for some c strictly between? a and b. We apply (GMVT) with b = 
F(t) = S(t) and G(t) = (x —t)"*!. This gives 


Bq(a,2) = ~[S(2) - S(a)] = -F[G(e) - Ga] 
_ MO] -8" pen 
—(n+1)(a—c)” p= vn] 
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= Gaal Pole- 0" 


Don’t forget, when computing G’(c), that G is a function of t with x just a 
fixed parameter. 


Proof 2: We apply Theorem 2.2.10 (the mean value theorem for weighted 
integrals). If a < a, we use the weight function w(t) = +(a — t)”, which is 
strictly positive for alla <t < x. By part (a) this gives 


Pen= / : “ f+ (t) (w — 8)" dt 


zal 
_ fof —(x —t)"dt for somea<c<z 
4 


1 (a — #)™+17]* 
ni nti 


a 


If x < a, we instead use the weight function w(t) = 4(t — x)", which is 
strictly positive for all x < t <a. This gives 


n! 
“1 
-(-9 f Sr e-a)nat 
iL 
= (-1)"*1f 0 f nite — zx)" dt for some x <c<a 
1 a 


ae / "1 pet (4) (a — 8)" at 


= (1pm) | Ea 


x 


= feo ("a= 2) 


e OO @ 


a While the use of the ideas of induction goes back over 2000 years, the first recorded rigorous 
use of induction appeared in the work of Levi ben Gershon (1288-1344, better known as 
Gersonides). The first explicit formulation of mathematical induction was given by the 
French mathematician Blaise Pascal in 1665. 

b In Theorem 3.4.38 in the CLP-1 text, we assumed, for simplicity, that a < b. To get 
(GVMT) when b < a simply exchange a and b in Theorem 3.4.38. 


Theorem 3.6.11 has provided us with two formulae for the Taylor remainder E,,(a, x). 
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The formula of part (b), E,(a, x) = aan f@*(c) (x — a)"*!, is probably the easiest 
to use, and the most commonly used, formula for E,,(a,x). The formula of part (a), 
E,(a,z) = J” 5 f(t) (c—t)" dt, while a bit harder to apply, gives a bit better bound 
than that of part (b) (in the proof of Theorem 3.6.11 we showed that part (b) follows 


from part (a)). Here is an example in which we use both parts. 


Example 3.6.12 


In Theorem 3.6.7 we stated that 


oe n+1 2 3 4 


te) =) El ea a a bee (S1) 


for all —1 < x < 1. But, so far, we have not justified this statement. We do so now, 
using (both parts of) Theorem 3.6.11. We start by setting f(x) = log(1+ 2) and finding 
the Taylor polynomials T,,(0, 2), and the corresponding errors E,,(0, x), for f(x). 


f(x) =log(1 +2) f(0) =log1 =0 
te ey - : f'(0) =1 
i") = aap 7"(0) =—1 
f"'(z) = =a; fv") =2 
fe) =, °9(0) = -3 
i ee TF f(0) =4! 
f(a) = A et) F(0) = (=1)"™4(n = 0) 


(1+2a)” 


So the Taylor polynomial of degree n for the function f(x) = log(1 + x), expanded 
about a = 0, is 


T,(0,2) = f(0) + f(O)c+--- + 4f™(0) 2” 
_ Lg te da. de (=))"" 
= 7 5 T 3t Tad Tee + + a 


a 


Theorem 3.6.11 gives us two formulae for the error E,,(0,2) = f(x) — T,(0,xz) made 
when we approximate f(x) by T;,(0,2). Part (a) of the theorem gives 


EO, 2) = [ + pent) (4) (x — t)" dt = (-1)" [ = =i)" 


——____ dt E 
9 1! 1+t)r+1 ee 
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and part (b) gives 


1 grt 


E,(0,2) = 
(0,2) nt+il(d+or 


fom (c) grt = (=1)" 


(Eb) 


1 
(n+ 1)! 


for some (unknown) c between 0 and x. The statement (S1), that we wish to prove, is 
equivalent to the statement 


lim £,,(0,2) =0 for all -l<a2<1 (S2) 


n—-> oo 
and we will now show that (S2) is true. 
The case x = 0: This case is trivial, since, when x = 0, E,,(0,x) = 0 for all n. 


The case 0 < x < 1: This case is relatively easy to deal with using (Eb). In this case 
0 <a <1, so that the c of (Eb) must be positive and 


|E, (0, «)| = 


converges to zero as n > &. 


The case —1 < x < 0: When —1 < x < 0 is close to —1, (Eb) is not sufficient to show 
that (S2) is true. To see this, let’s consider the example x = —0.8. All we know 
about the c of (Eb) is that it has to be between 0 and —0.8. For example, (Eb) 
certainly allows c to be —0.6 and then 


‘I gntl 


n+1 (1 + eyntt 2=—0.8 


c=—0.6 
1 0.871 
n+1(1-0.6)"*} 


eae 1 gntl 


n+1 


(=4)* 


goes to +00 as nN — Ov. 

Note that, while this does tell us that (Eb) is not sufficient to prove (S2), when x 

is close to —1, it does not also tell us that lim |F,,(0, —0.8)| = +oo (which would 
N—->0o 

imply that (S2) is false) — c could equally well be —0.2 and then 


1 gntl 


n+1 (1 + oa 2=—0.8 


c=—0.2 


td 
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1 0.8"t1 
n+1(1—0.2)r+1 
1 
n+1 


goes to 0 as n > oo. 


We’ll now use (Ea) (which has the advantage of not containing any unknown free 
parameter c) to verify (S2) when —1 < x < 0. Rewrite the right hand side of 


(Ea) 
a ibe ce YBa ee 2 
ce) / Gap t= — | Gaaen tt 


oa ee 
[ Gegse r 


The exact evaluation of this integral is very messy and not very illuminating. 
Instead, we bound it. Note that, for 1+ x > 0, 


d s 2 Glee s = (Se) 
ds\1l+a+s/ ds l+z+s 


d 1l+z 
= — — 
ds l+xt+s 


Lara % 
(l+2z2+s)? 


so that 75, increases as s increases. Consequently, the biggest value that 


takes on the domain of integration 0 < s < —x = |z| is 


2S 
1l+a+s 


: a 
—_——_— =f ="|% 
Oe aks || ae 
and the integrand 
= s” _ s 1 
~ fl+atslett \itets) l+ats 
|a|" 
Lp ees 
Consequently, 
* (a —t)” 
E,, (0, = |(—1)” ————— di 
Jen(0,2)|= (1 f° Pa 


no 
= ds 
a epee 


ae 1 
< jal" f eee 
0 l+az+s 
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=—-2X@ 


=|x\"|log( +2 +s) 


= |z|"[-log(1 + «)| 
converges to zero as n — oo for each fixed —1 < x < 0. 
So we have verified (52), as desired. 


Example 3.6.12 


As we said above, Theorem 3.6.11 gave the two most commonly used formulae for 
the Taylor remainder. Here are some less commonly used, but occasionally useful, 
formulae. 


Theorem 3.6.13 More formulae for the Taylor remainder. 


a If G(t) is differentiable* and G’(c) is nonzero for all c strictly between a and 
x, then the Taylor remainder 


for some c strictly between a and x. 


b (Cauchy form) 


<0 (o) (© "(w= a) 


(ao — 


for some c strictly between a and x. 


a Note that the function G need not be related to f. It just has to be differentiable with a 
nonzero derivative. 


Proof. As in the proof of Theorem 3.6.11, we define 
SQ) = f(z) - f®)-—f'© @— — 3f'O (4)? —--- — Ff 2-0)" 
and observe that E,,(a,z) = S(a) and $(x) = 0 and S’(t) = —4 f(t) (w-t)”. 


a Recall that the generalised mean-value theorem, which is Theorem 3.4.38 in 
the CLP-1 text, says that 


= (GMVT) 
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for some c strictly between a and b. We apply this theorem with b = x and 
F(t) = S(t). This gives 


ds D(0) (e - 0)" 


1 n 
= ah v6) 


b Apply part (a) with G(x) = x. This gives 


F 
(0 (6) (a — o)"(@— a) 


E,(a,2) = Sf (c) 


(2 — co)" 


onl 


for some c strictly between a and b. 


Example 3.6.14 Example 3.6.12, continued. 


In Example 3.6.12 we verified that 


oa n+1 2 3 4 


= x x x 
igtt)=) Sl 4 =2-4 +4 yt (S1) 
n=0 


for all —1 < a <1. There we used the Lagrange form, 


1 


Ela) = (n+ 1)! 


pr (c) (x _ eae 


for the Taylor remainder to verify (S1) when 0 < x < 1, but we also saw that it is not 
possible to use the Lagrange form to verify (S1) when z is close to —1. We instead used 
the integral form 


n! 


Peas / "1 pit) (4) (@ — 4)" dt 


We will now use the Cauchy form (part (b) of Theorem 3.6.13) 


to verify 


lim £,(0,2) =0 (S2) 
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when —1 < x < 0. We have already noted that (S2) is equivalent to (S1). 
Write f(x) = log(1 + x). We saw in Example 3.6.12 that 


ies | ) = (=1)"nl 
Llp 
So, in this example, the Cauchy form is 


(x —c)"x 
Bx0.¢) = (1) 

( x) ( ) (1+ cj"! 
for some 7 <c <0. When -1<a<c< 0, 


e cand z are negative and 1+ 2, 1+c and c— 2 are (strictly) positive so that 


cl+2)<0 = ¢<-cr = c- a4 < -x4—-4c= |a\(1+0) 
c—2 


so that |= "<< |a|" and 


e the distance from —1 to c, namely c— (—1) = 1+ c is greater than the distance 
from —1 to x, namely x — (—1) = 1+ 2, so that in < cs 


So, for -l<xa<c< 0, 


L—-C 
l+e 


n || Eee alert 


lt+e l+ec 1l+2 


|En(0, «)| = 


goes to zero as n > &. 


Example 3.6.14 


3.6.2 ® Computing with Taylor Series 


Taylor series have a great many applications. (Hence their place in this course.) One of 
the most immediate of these is that they give us an alternate way of computing many 
functions. For example, the first definition we see for the sine and cosine functions is 
in terms of triangles. Those definitions, however, do not lend themselves to computing 
sine and cosine except at very special angles. Armed with power series representations, 
however, we can compute them to very high precision at any angle. To illustrate this, 
consider the computation of 7 — a problem that dates back to the Babylonians. 
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Example 3.6.15 Computing the number 7. 


There are numerous methods for computing 7 to any desired degree of accuracy*. Many 
of them use the Maclaurin expansion 


iS Qn41 


a 
tan = (-1)" 
arctan x (—1) ar 


n=0 


of Theorem 3.6.7. Since arctan(1) = 4, the series gives us a very pretty formula for 7: 


a eee 
_ 3°65 7 


Unfortunately, this series is not very useful for computing a because it converges so 
slowly. If we approximate the series by its N‘* partial sum, then the alternating series 
test (Theorem 3.3.14) tells us that the error is bounded by the first term we drop. To 
guarantee that we have 2 decimal digits of 7 correct, we need to sum about the first 
200 terms! 

A much better way to compute 7 using this series is to take advantage of the fact that 


a ae 
tan § = 7° 
1 = i il 
7 = 6arctan (—) =6) (-1)” - 
J/3 » Qn +1 (/3)° FA 
= 235-1)" es 
= 2n+1 3” 
1 1 1 1 1 
—9 3(1- _ - -) 
v3 axa oe 7xa7 Ox Ti x2437 


Again, this is an alternating series and so (via Theorem 3.3.14) the error we introduce 
by truncating it is bounded by the first term dropped. For example, if we keep ten 
terms, stopping at n = 9, we get 7 = 3.141591 (to 6 decimal places) with an error 


between zero and 3 
2/3 
a1 x 310 <3x 10 2 
In 1699, the English astronomer /mathematician Abraham Sharp (1653-1742) used 150 
terms of this series to compute 72 digits of 7 — by hand! 
This is just one of very many ways to compute 7. Another one, which still uses the 
Maclaurin expansion of arctan, but is much more efficient, is 


1 1 
= l6arctan = — 4 arctan —— 
T arctan arctan 539 


This formula was used by John Machin in 1706 to compute a to 100 decimal digits — 
again, by hand. 
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a The computation of 7 has a very, very long history and your favourite search engine will turn up 
many sites that explore the topic. For a more comprehensive history one can turn to books such 
as “A history of Pi” by Petr Beckmann and “The joy of z” by David Blatner. 


Example 3.6.15 


Power series also give us access to new functions which might not be easily expressed 
in terms of the functions we have been introduced to so far. The following is a good 
example of this. 


Example 3.6.16 Error function. 


ye 
Vr 


is used in computing “bell curve” probabilities. The indefinite integral of the integrand 
e~* cannot be expressed in terms of standard functions. But we can still evaluate the 
integral to within any desired degree of accuracy by using the Taylor expansion of the 


exponential. Start with the Maclaurin series for e”: 


and then substitute « = —t? into this: 
CO 7 n 
n! 


n=0 


We can then apply Theorem 3.5.13 to integrate term-by-term: 


n=0 
7 y) ( gent 
~ re) One Del 


For example, for the bell curve, the probability of being within one standard deviation 
of the mean’, is 


1 Dey, sce Ga) 
a (=) “gl (Qn + 1)n = Ted ae "Ont Dr 


1 1 
5x 22x22 7x23x3l- ake 


II 
fro 
a 
ee 
| 
w 
x} rR 
bo 
= 
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This is yet another alternating series. If we keep five terms, stopping at n = 4, we get 
0.68271 (to 5 decimal places) with, by Theorem 3.3.14 again, an error between zero and 
the first dropped term, which is minus 


2 1 
V2 <2x10~° 
m7 11x 2x5! 


a If you don’t know what this means (forgive the pun) don’t worry, because it is not part of the 
course. Standard deviation is a way of quantifying variation within a population. 


Example 3.6.16 
Example 3.6.17 Two nice series. 


Evaluate 
 (—1)"! 1 
oe a Ss 


n3” n3” 
n=1 n=1 


Solution. There are not very many series that can be easily evaluated exactly. But 
occasionally one encounters a series that can be evaluated simply by realizing that it 
is exactly one of the series in Theorem 3.6.7, just with a specific value of x. The left 
hand given series is 

oe 1 11, 11 11 


n 3" 3 232 ' 333 4 34— 


2 3 4 


Indeed 


yew i biiid bas, 
3 232 3 33 4 34 


The right hand series above differs from the left hand series above only that the signs 
of the left hand series alternate while those of the right hand series do not. We can flip 
every second sign in a power series just by using a negative 2. 
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iid tt.td 


3 232 333 4 34 


which is exactly minus the desired right hand series. So 


(oe) 


2 
— = —|log(1 + 2)| alle oe 
— o=} 3 2 


Example 3.6.17 
Example 3.6.18 Finding a derivative from a series. 


Let f(x) = sin(2x?). Find f°) (0), the fifteenth derivative of f at x = 0. 

Solution: This is a bit of a trick question. We could of course use the product and 
chain rules to directly apply fifteen derivatives and then set x = 0, but that would be 
extremely tedious’. There is a much more efficient approach that exploits two pieces 
of knowledge that we have. 


e From equation 3.6.2, we see that the coefficient of (x — a)” in the Taylor series 
of f(x) with expansion point a is exactly + f(a). So f(a) is exactly n! times 
the coefficient of (x — a)” in the Taylor series of f(x) with expansion point a. 


e We know, or at least can easily find, the Taylor series for sin(2z°). 
Let’s apply that strategy. 


e First, we know that, for all y, 


1 
eet 


. 1s 
siny = y— iy Te 


3 


e Just substituting y = 22°, we have 


1 1 
sin(2x°) = 22° — =(22°)" abe = (2x)° meds 


3! 5! 

8 oh 
a eee ee: ae 
= 2% at + ae 


e So the coefficient of x’ in the Taylor series of f(x) = sin(2xr?) with expansion 


. 9 - 98 
point a=0is = 


and we have : 


2 
fo) (0) = 15! x ao 348,713,164,800 


a  Wecould get a computer algebra system to do it for us without much difficulty — but we wouldn’t 
learn much in the process. The point of this example is to illustrate that one can do more than 


t just represent a function with Taylor series. More on this in the next section. | 


504 


SEQUENCE AND SERIES 3.6 TAYLOR SERIES 


Example 3.6.19 Optional — Computing the number e. 


Back in Example 3.6.8, we saw that 


P=1tet+ hte +34 chpee™ 


for some (unknown) c between 0 and x. This can be used to approximate the number 
e, with any desired degree of accuracy. Setting x = 1 in this equation gives 

esl gett a gee 
for some c between 0 and 1. Even though we don’t know c exactly, we can bound 
that term quite readily. We do know that e° in an increasing function® of c, and so 
1=e9 < & < e! =e. Thus we know that 


i e 
—_  <e_(141444...4 4) < ——_ 
So we have a lower bound on the error, but our upper bound involves the e — precisely 
the quantity we are trying to get a handle on. 
But all is not lost. Let’s look a little more closely at the right-hand inequality when 
v= 


e—(14+1)< 5 move the e’s to one side 
5 <a) and clean it up 
e<A4 


Now this is a pretty crude bound? but it isn’t hard to improve. Try this again with 
= 2 


move e’s to one side 


fav) 

| 

a 

KH 

+ 

KH 

+ 

Oth) | 
av) YY 
/\ 
WNL Oa! 


fy 
IA 


Better. Now we can rewrite our bound: 


1 1 1 
ea Oa es 


If we set n = 4 in this we get 


a ree oe ee ee 
{0 Bl 2 6 


: 1 3. 1 : : : ie 9 : 
So the error is between 5 and 755 = 4g — this approximation isn’t guaranteed to give 


us the first 2 decimal places. If we ramp n up to 9 however, we get 


EZ (a antes Meal) (re 
fo! - * 9 9!) = to! 
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Since 10! = 3628800, the upper bound on the error is reer < Spang = 10~°, and we 
can approximate e by 
It+l+ y+ a+ a 5 i 7 
1 1 
8! 9! 
=1+1+0.5+0.16 + 0.0416 + 0.0083 + 0.00138 + 0.0001984 


+ 0.0000248 + 0.0000028 
=2.718282 


and it is correct to six decimal places. 
e @ 
a Check the derivative! 


b The authors hope that by now we all “know” that e is between 2 and 3, but maybe we don’t know 
how to prove it. 


Example 3.6.19 


3.6.3 ® Optional — Linking e” with trigonometric functions 


Let us return to the observation that we made earlier about the Maclaurin series for 
sine, cosine and the exponential functions: 


DY ay. ge Ce pee “Ah ce 
Sap erate ate se 


e =l1l4+24 by i EA ee 


cosx+sinz = 1 


We see that these series are identical except for the differences in the signs of the 
coefficients. Let us try to make them look even more alike by introducing extra constants 
A, B and q into the equations. Consider 


: A 9B ge A gp 5 Bg 
Acost + Bsing = A+ Br- za — 3% | mk | ae eee 
2 3 4 5 
e* =1+ 424 ua | cl | ae | af bee 


Let’s try to choose A, B and q so that these to expressions are equal. To do so we must 
make sure that the coefficients of the various powers of x agree. Looking just at the 
coefficients of x° and z', we see that we need 


A=1 and Be@¢ 


Substituting this into our expansions gives 
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2 3 4 5 


erm =i14 qut ae et xt +44 vfs: 


4! 5! 


Now the coefficients of 2° and x! agree, but the coefficient of x? tells us that we need 
q to be a number so that g? = —1, or 


q=v-1 


We know that no such real number q exists. But for the moment let us see what 
happens if we just assume® that we can find q so that g? = —1. Then we will have that 


g=-4q ¢=1 g=4 
so that the series for cos x + qsinx and e” are identical. That is 
e” = cosx+qsinz 


If we now write this with the more usual notation g = /—1 = 1 we arrive at what is 
now known as Euler’s formula 


Equation 3.6.20 


e” =cosx+isinz 


Euler’s proof of this formula (in 1740) was based on Maclaurin expansions (much 
like our explanation above). Euler’s formula’ is widely regarded as one of the most 
important and beautiful in all of mathematics. 

Of course having established Euler’s formula one can find slicker demonstrations. 
For example, let 


f(z) =e" (cosxz + isinz) 
Differentiating (with product and chain rules and the fact that i? = —1) gives us 


f'(x) = —ie~* (cosx + isinx) + e* (—sinz + icosz) 
=() 


e <OoS> @ 


8 We do not wish to give a primer on imaginary and complex numbers here. The interested reader 
can start by looking at Appendix B. 

9 It is worth mentioning here that history of this topic is perhaps a little rough on Roger Cotes 
(1682-1716) who was one of the strongest mathematicians of his time and a collaborator of Newton. 
Cotes published a paper on logarithms in 1714 in which he states ix = log(cosx + isin x). (after 
translating his results into more modern notation). He proved this result by computing in two 
different ways the surface area of an ellipse rotated about one axis and equating the results. 
Unfortunately Cotes died only 2 years later at the age of 33. Upon hearing of his death Newton 
is supposed to have said “If he had lived, we might have known something.” The reader might 
think this a rather weak statement, however coming from Newton it was high praise. 
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Since the derivative is zero, the function f(z) must be a constant. Setting x = 0 tells 
us that 


f(0) = e° (cos0 + isin0) = 1. 
Hence f(z) = 1 for all x. Rearranging then arrives at 


e” =cosx+isinz 


as required. 
Substituting « = 7 into Euler’s formula we get Euler’s identity 


a ==] 


which is more often stated 


Equation 3.6.21 Euler’s identity. 


which links the 5 most important constants in mathematics, 1,0,7,e and /—1. 


3.6.4 ® Evaluating Limits using Taylor Expansions 


Taylor polynomials provide a good way to understand the behaviour of a function near 
a specified point and so are useful for evaluating complicated limits. Here are some 
examples. 


Example 3.6.22 A simple limit from a Taylor expansion. 


In this example, we’ll start with a relatively simple limit, namely 


z>0 2 


The first thing to notice about this limit is that, as x tends to zero, both the numerator, 
sin, and the denominator, x, tend to 0. So we may not evaluate the limit of the ratio 
by simply dividing the limits of the numerator and denominator. To find the limit, or 
show that it does not exist, we are going to have to exhibit a cancellation between the 
numerator and the denominator. Let’s start by taking a closer look at the numerator. 
By Example 3.6.6, 


: I 3 5 
1 2 eer! ila alr li 


3! 5! 
Consequently” 
sinc t 2 4 
as l= 3% oP Be = 
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Every term in this series, except for the very first term, is proportional to a strictly 
positive power of x. Consequently, as x tends to zero, all terms in this series, except for 
the very first term, tend to zero. In fact the sum of all terms, starting with the second 
term, also tends to zero. That is, 


x20 


We won't justify that statement here, but it will be justified in the following (optional) 
subsection. So 


, BU ws I an Le 
ae ee ae 
—] li 1 2 1 4 
= ae ei" Te sie 
=1 
e @ 


a Weare hiding some mathematics behind this “consequently”. What we are really using our knowl- 


edge of Taylor polynomials to write f(x) = sin(x) = «—3,2°+ 3,2°+Es(x) where E5(x) = fx 
and c is between 0 and x. We are effectively hiding “F5(x)” inside the “---”. Now we can divide 
both sides by x (assuming x # 0): sin(2) =1-y2?+ yat+ Bs(@) and everything is fine provided 
the term Es(@) stays well behaved. 


Example 3.6.22 


The limit in the previous example can also be evaluated relatively easily using 
lHopital’s rule!®. While the following limit can also, in principal, be evaluated using 


lHopital’s rule, it is much more efficient to use Taylor series". 


Example 3.6.23 A not so easy limit made easier. 


In this example we evaluate 
arctan x — x 


lim — 
z>0 sing—Z 
Once again, the first thing to notice about this limit is that, as x tends to zero, the 
numerator tends to arctan0 — 0, which is 0, and the denominator tends to sin0 — 0, 
which is also 0. So we may not evaluate the limit of the ratio by simply dividing the 
limits of the numerator and denominator. Again, to find the limit, or show that it does 
not exist, we are going to have to exhibit a cancellation between the numerator and the 


denominator. To get a more detailed understanding of the behaviour of the numerator 


10 Many of you learned about |’Héptial’s rule in school and all of you should have seen it last term 
in your differential calculus course. 

11 It takes 3 applications of l’H6pital’s rule and some careful cleaning up of the intermediate expres- 
sions. Oof! 
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and denominator near x = 0, we find their Taylor expansions. By Example 3.5.21, 


' 3 i: a 
arctan =x ——+——.:-.- 
3 5 
so the numerator 
ge ge 
arctanz —v = —-— + — — ::: 
3 5 
By Example 3.6.6, 
nC ee ee eee 
3! 5! 
so the denominator ; 
aps a ee ae 
sinz—x“= 312 + ae 
and the ratio ; . 
arctan £—&% ee eee 
sinx — x —da34 fa5-..- 


Notice that every term in both the numerator and the denominator contains a common 
factor of x°, which we can cancel out. 


1 x? 
arctan x — x Sa re a 


sie — 7 Sopa 
As x tends to zero, 
e the numerator tends to i, which is not 0, and 


e the denominator tends to —4 = —}, which is also not 0. 


3! 6? 


so we may now legitimately evaluate the limit of the ratio by simply dividing the limits 
of the numerator and denominator. 


1 2 
arctan © — & ; = 
lim. —————— = lim —>—; ; 
z>0 sinzv— x a a 7 Cae 
1 x 
= lim,+o [ 3 | 
— 1 1.2 
limzo [ ai + Be _ | 
i 
_ _ 3 
~ I 
3! 
=a 


Example 3.6.23 
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3.6.5 ® Optional — The Big O Notation 


In Example 3.6.22 we used, without justification!’, that, as x tends to zero, not only 
does every term in 


sin x eo _ i. vl a 
—-l=-=2 fae = Fon lal 


converge to zero, but in fact the sum of all infinitely many terms also converges to zero. 
We did something similar twice in Example 3.6.23; once in computing the limit of the 
numerator and once in computing the limit of the denominator. 

We'll now develop some machinery that provides the justification. We start by 
recalling, from equation 3.6.1, that if, for some natural number n, the function f(x) 
has n+ 1 derivatives near the point a, then 


f(@) = Th(@) + En(a) 


where 
T(x) = f(a) + f'(a) (e@— a) +---+ Ef (a) (@ — a)” 


is the Taylor polynomial of degree n for the function f(x) and expansion point a and 
E, (0) = f(x) — Tale) = ay fP"0) (w = a)" 


is the error introduced when we approximate f(x) by the polynomial T,,(x). Here c is 
some unknown number between a and x. As c is not known, we do not know exactly 
what the error E,,(x) is. But that is usually not a problem. 

In the present context!* we are interested in taking the limit as 2 — a. So we are 
only interested in z-values that are very close to a, and because c lies between x and a, 
cis also very close to a. Now, as long as f("*")(x) is continuous at a, as > a, f'"t")(c) 
must approach f+) (a) which is some finite value. This, in turn, means that there 
must be constants M/,D > 0 such that | f° ol (c)| < M for all c’s within a distance D 
of a. If so, there is another constant C' (namely aa such that 
|En(2)| < Cla — al"*" whenever |x — al < D 


There is some notation for this behaviour. 


Let a and m be real numbers. We say that the function “g(z) is of order |x — a|™ 


near a” and we write g(a) = O(|a — |") if there exist constants* C, D > 0 such 


e OS @ 


12 Though there were a few comments in a footnote. 

13 It is worth pointing out that our Taylor series must be expanded about the point to which we are 
limiting — i.e. a. To work out a limit as x > a we need Taylor series expanded about a and not 
some other point. 
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|g(x)| < Cla — al” whenever |x — a| < D (x) 


Whenever O(|x — al) appears in an algebraic expression, it just stands for some 
(unknown) function g(a) that obeys (x). This is called “big O” notation. 


a To be precise, C and D do not depend on x, though they may, and usually do, depend on 
mM. 


How should we parse the big O notation when we see it? Consider the following 
g(x) = O(|z — 3)?) 


First of all, we know from the definition that the notation only tells us something about 
g(x) for x near the point a. The equation above contains “O(|x — 3|?)” which tells us 
something about what the function looks like when z is close to 3. Further, because 
it is “|w — 3]” squared, it says that the graph of the function lies below a parabola 
y = O(x — 3)? and above a parabola y = —C(x — 3)? near x = 3. The notation doesn’t 
tell us anything more than this — we don’t know, for example, that the graph of g(x) is 
concave up or concave down. It also tells us that Taylor expansion of g(x) around x = 3 
does not contain any constant or linear term — the first nonzero term in the expansion 
is of degree at least two. For example, all of the following functions are O(|x — 3|?). 


5(e — 3)? +6(x—3)3, —7(2—3)?—-8(2—-3)4,  (-3)8, (x—3)2 


In the next few examples we will rewrite a few of the Taylor polynomials that we 
know using this big O notation. 


Example 3.6.25 Sine and the big O. 


Let f(z) =sinz and a=0. Then 


f(x)=sing fi(x)=cose f"(r4)=-sinzg f® (x) =—cosa 
f(0) =9 PO =1 f"(0) = f° (0) =-1 
f(x) = sina 
f%O0) =0 


and the pattern repeats. So every derivative is plus or minus either sine or cosine and, 
aS we saw in previous examples, this makes analysing the error term for the sine and 
cosine series quite straightforward. In particular, | ‘i (+1) (c)| < 1 for all real numbers c 
and all natural numbers n. So the Taylor polynomial of, for example, degree 3 and its 
error term are 


: _ 13 cosc ,,5 
sin’ = © — 30" + x 
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under Definition 3.6.24, with C = zi and any D > 0. Similarly, for any natural number 
nN, 


Equation 3.6.26 


sing =a — 22° + pa? —--- + (ae + O(|x|?"t*) 


cost =1— ya? + fat —--- + (-1)’ghyx™ + O(|a)"*”) 


Example 3.6.26 


When we studied the error in the expansion of the exponential function (way back 
in optional Example 3.6.8), we had to go to some length to understand the behaviour 
of the error term well enough to prove convergence for all numbers x. However, in the 
big O notation, we are free to assume that «x is close to 0. Furthermore we do not need 
to derive an explicit bound on the size of the coefficient C’. This makes it quite a bit 
easier to verify that the big O notation is correct. 


Example 3.6.27 Exponential and the big O. 


Let n be any natural number. Since “ e* = e”, we know that a {e*} = e® for every 


integer k > 0. Thus 7 


Pal+e4+5¢ ht + 54+ 0" 


for some c between 0 and «. If, for example, |z| < 1, then |e°| < e, so that the error 
term 


lm | <Cla\"" with C= Gi whenever |x| <1 


So, under Definition 3.6.24, with C = aa and D = 1, 


Equation 3.6.28 


elt rt et ete +2 4+0((2\"*4) 


You can see that, because we only have to consider x’s that are close to the expansion 
point (in this example, 0) it is relatively easy to derive the bounds that are required to 


t justify the use of the big O notation. f 
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Example 3.6.29 Logarithms and the big O. 


Let f(z) = log(1+ x) anda =0. Then 


f@=n f"(e)=-aip f (2) = gee 
F°(0) = 1 f'(0)=-1 fO(0) =2 
i" Gy= ae FO (a) = BRS 
f(0) = -3! fO(0) =4! 


We can see a pattern for f‘”)(2) forming here — f\)(z) is a sign times a ratio with 


e the sign being + when n is odd and being — when n is even. So the sign is 
(1), 


e The denominator is (1+ 2)”. 
e The numerator‘ is the product 2x 3x 4x--- x (n-—1)=(n—-1)!. 


Thus’, for any natural number n, 


f(a) = (1) 1 Se which means that 


sO 
log(1+2)=2—- a + wo —++4+(-1)"'= 4+ E,(2) 
with 
E ( )= 1 gery me _ jee — 1, _(-1)" | ntl 
n\©) = Gani OC} = atl Gort % 


If we choose, for example D = $, then® for any x obeying |x| < D = $, we have |c| < 3 
and |1 + c| > $ so that 
|En(2)| < gqpaeelel" = O(lz|""*) 


gntl 
n+l 


under Definition 3.6.24, with C = 


Equation 3.6.30 


and D = S. Thus we may write 


a Remember that n! = 1x 2x 3x--- xn, and that we use the convention 0! = 1. 
b 6It is not too hard to make this rigorous using the principle of mathematical in- 
duction. The interested reader should do a little search-engine-ing. Induction 
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is a very standard technique for proving statements of the form “For every natu- 


ral number n,...”. For example For every natural number n, 77_,k = a or 
For every natural number n, 25 {log(1+2)} = (pote. It was also used by Polya 


(1887-1985) to give a very convincing (but subtly (and deliberately) flawed) proof that all horses 
have the same colour. 

Since |c| < s, —} <c< s. If we now add 1 to every term we get 4 <ltc< 3 and so |1+c| > 5. 
You can also do this with the triangle inequality which tells us that for any x,y we know that 
jv +y|< |x| +|y|. Actually, you want the reverse triangle inequality (which is a simple corollary 
of the triangle inequality) which says that for any x,y we have |x + y| > [| — |y| |. 


Example 3.6.30 


Remark 3.6.31 The big O notation has a few properties that are useful in compu- 
tations and taking limits. All follow immediately from Definition 3.6.24. 


a If p> 0, then 
lim O(|z|?) =0 
z—0 


b For any real numbers p and q, 
O(||?) O(Ja|?) = O(|z |") 
(This is just because Cla|? x C"|a|? = (CC’)|x|?*4.) In particular, 
ax™ O(|z|?) = O(|a??™) 
for any constant a and any integer m. 
c For any real numbers p and gq, 
O(|al?) + O(|z|4) = O([2/mnP) 


(For example, if p = 2 and q = 5, then C|z|? + C"|z)? = (C+ C’|x)°)|a|? < 
(C + C’)|x|? whenever || < 1.) 


d For any real numbers p and q with p > q, any function which is O(|z|?) is also 
O(|z|%) because C|a|? = C|x|?~2|a|4 < Clax|4 whenever |z| < 1. 


e All of the above observations also hold for more general expressions with |z| 
replaced by | — al, ic. for O(\x — al’). The only difference being in (a) where 
we must take the limit as x — a instead of x — 0. 
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3.6.6 Optional — Evaluating Limits Using Taylor Expansions — 
More Examples 


Example 3.6.32 Example 3.6.22 revisited. 


In this example, we’ll return to the limit 


sin x 


lim 


z-0 


of Example 3.6.22 and treat it more carefully. By Example 3.6.25, 


1 
sing =x — Thal + O(|z|°) 


That is, for small x, sinz is the same as « — 42°, up to an error that is bounded by 


_ 3 
some constant times ||°. So, dividing by x, ““* is the same as 1 — ae’, up to an error 
that is bounded by some constant times 7+ — see Remark 3.6.31(b). That is 


x 3! 


snr aL! ag 4 
= =1- 32 + O(2*) 


But any function that is bounded by some constant times x (for all 2 smaller than 
some constant D > 0) necessarily tends to 0 as x — 0 — see Remark 3.6.31(a). . Thus 


sin x 


= 1 5 4) _ 1 Loo} _ 
eee Ne alee 


Reviewing the above computation, we see that we did a little more work than we had 
to. It wasn’t necessary to keep track of the — x03 contribution to sin z so carefully. We 
could have just said that 
sing = x + O(|z|*) 
so that 
snzx | x+O(|z\|%) 
= mM ——_ 


lim li 
z>0 2 x20 x 


= lim [1 + O(2*)] =1 


We'll spend a little time in the later, more complicated, examples learning how to choose 
the number of terms we keep in our Taylor expansions so as to make our computations 


t as efficient as possible. f 
Example 3.6.33 Practicing using Taylor polynomials for limits. 


In this example, we’ll use the Taylor polynomial of Example 3.6.29 to evaluate 


ia and lim (1 + 2)”*, The Taylor expansion of equation 3.6.30 with n = 1 
2 2 
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tells us that 
log(1 + x) = 2+ O(|z|?) 
That is, for small x, log(1+ x) is the same as z, up to an error that is bounded by some 


constant times x7. So, dividing by z, -log(1 +2) is the same as 1, up to an error that 
is bounded by some constant times |x|. That is 


1 
— log(1 + 2) = 1+ O((c') 


But any function that is bounded by some constant times ||, for all x smaller than 
some constant D > 0, necessarily tends to 0 as x > 0. Thus 


2 
kim log(1 + x) 2a jes z+ O({|z/*) 


We can now use this limit to evaluate 
lim(1 +2)”. 
x—0 


Now, we could either evaluate the limit of the logarithm of this expression, or we can 
carefully rewrite the expression as e™t#i78), Let us do the latter. 


lim(1 + x)*/* = lim e2 8(+2) 
x0 «0 


= lim eft Olle?) 
x0 


= lim e+ O(#)) — e@ 
z—0 


Here we have used that if F(x) = O(|2|*) then £F'(x) = O(x) — see Remark 3.6.31(b). 
We have also used that the exponential is continuous — as x tends to zero, the exponent 
of e*+(l#!) tends to a so that e?+(l")) tends to e* — see Remark 3.6.31 (a). 


Example 3.6.33 
Example 3.6.34 A difficult limit. 


In this example, we’ll evaluate® the harder limit 
cosa — 1+ Sau sin x 
im 7 
«0 ~— [log(1 + x)] 


The first thing to notice about this limit is that, as x tends to zero, the numerator 
i a . 
cost — 1+ prams > cos0—1+, -0-sm0=0 


and the denominator 


log(1 + )]* > flog(1 +0)|* =0 
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too. So both the numerator and denominator tend to zero and we may not simply 
evaluate the limit of the ratio by taking the limits of the numerator and denominator 
and dividing. 

To find the limit, or show that it does not exist, we are going to have to exhibit a 
cancellation between the numerator and the denominator. To develop a strategy for 
evaluating this limit, let’s do a “little scratch work”, starting by taking a closer look at 
the denominator. By Example 3.6.29, 


log(1 +2) = 2 + O(2’) 


This tells us that log(1 + x) looks a lot like x for very small x. So the denominator 
[x + O(x?)}* looks a lot like x* for very small x. Now, what about the numerator? 


e If the numerator looks like some constant times x? with p > 4, for very small x, 
then the ratio will look like the constant times x = 7?-* and, as p—4 > 0, will 


tend to 0 as x tends to zero. 


e If the numerator looks like some constant times x? with p < 4, for very small x, 
then the ratio will look like the constant times x = 7?~* and will, as p— 4 < 0, 


tend to infinity, and in particular diverge, as x tends to zero. 


e If the numerator looks like Cx*, for very small x, then the ratio will look like 
Cut 


—<~ =C and will tend to C as x tends to zero. 

The moral of the above “scratch work” is that we need to know the behaviour of the 
numerator, for small x, up to order x*. Any contributions of order x? with p > 4 may 
be put into error terms O(|z|?). 

Now we are ready to evaluate the limit. Because the expressions are a little involved, we 
will simplify the numerator and denominator separately and then put things together. 
Using the expansions we developed in Example 3.6.25, the numerator, 


1 1 1 
cosx—1+ gzsine = (1 —~-a9?4+—a244+ oie") 


2! A! 
£ Lg 5 
lS w— ze + O(|z|°) expand 


Then by Remark 3.6.31(b) 


a! 4 6 6 
= 5524 + Ollxl*) + O((st°) 


and now by Remark3.6.31(c) 


=. ta 6 
— yk + O(|z|") 
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Similarly, using the expansion that we developed in Example 3.6.29, 


flog(1 + «)|4 = [a + O({a)?)]* 
= [x + xO(\a|)]* by Remark 3.6.31(b) 
= #*[1 + O(\x/)]* 


Now put these together and take the limit as 7 — 0: 


_ cosz—1l+sasine | —ga*+O(|z|°) 
im = lim 
20 —_[log(1 + x)? 20 x4{1 + O(|x|)]* 
ae —¢24 + x*O(\z|?) 
20 [1 + O([z])]* 


by Remark 3.6.31(b) 


te, pa OWED) 
= lim —*——__~ 
«+0 [1+ O(|x|)}4 
1 
Serr by Remark 3.6.31(a). 
e <Oo> @ 


a Use of l’H6pital’s rule here could be characterised as a “courageous decision”. The interested reader 
should search-engine their way to Sir Humphrey Appleby and “Yes Minister” to better understand 
this reference (and the workings of government in the Westminster system). Discretion being the 
better part of valour, we’ll stop and think a little before limiting (ha) our choices. 


Example 3.6.34 


The next two limits have much the same flavour as those above — expand the 
numerator and denominator to high enough order, do some cancellations and then 
take the limit. We have increased the difficulty a little by introducing “expansions of 
expansions”. 


Example 3.6.35 Another difficult limit. 


In this example we’ll evaluate another harder limit, namely 


log (S*) 


lim ° 


x0 4 6 
The first thing to notice about this limit is that, as x tends to zero, the denominator 
x tends to 0. So, yet again, to find the limit, we are going to have to show that the 
numerator also tends to 0 and we are going to have to exhibit a cancellation between 
the numerator and the denominator. 
Because the denominator is x? any terms in the numerator, log (22) that are of order 


x or higher will contribute terms in the ratio a 


are that are of order x or higher. 
Those terms in the ratio will converge to zero as x + 0. The moral of this discussion 


is that we need to compute log sine to order x? with errors of order x?. Now we saw, in 
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Example 3.6.32, that 


i 1 
sin v of. ri 4 O(a*) 


x 
We also saw, in equation 3.6.30 with n = 1, that 


log(1+ X) = X + O(X?) 


Substituting’ X = —Ja?+O(2*), and using that X? = O(2*) (by Remark 3.6.31(b,c)), 
we have that the numerator 


i i] 
log (=) = log(1+ X) =X +O(X?) = =a + O(x*) 


and the limit 


_ log (4) . - #2? 4+ O(c") it ; 1 
_ 1 
6 
bd e 


a In our derivation of log(1+ X) = X +O(X?) in Example 3.6.29, we required only that |X| < 4. So 
we are free to substitute X = —3,2?+O(2*) for any x that is small enough that |— 4,2 +O(2*)| < 
1 


3° 


Example 3.6.35 
Example 3.6.36 Yet another difficult limit. 


Evaluate ; 
e* —cosx 


i 
20 log(1 +2) —sinz 


Solution: Step 1: Find the limit of the denominator. 
lim [log(1 + x) —sinz] = log(1+0) —sin0 =0 


This tells us that we can’t evaluate the limit just by finding the limits of the numerator 
and denominator separately and then dividing. 

Step 2: Determine the leading order behaviour of the denominator near x = 0. By 
equations 3.6.30 and 3.6.26, 


log(l+2)=2-$a°+i0°-... 


8 ot a 1 ha 18 
smz=X— at + FU —-:: 


Taking the difference of these expansions gives 


log(1 +2) —sing = —$a7+ ($+ )2°+--- 
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This tells us that, for x near zero, the denominator is -£ (that’s the leading order 


term) plus contributions that are of order x? and smaller. That is 
log(1 +2) — sing = —2 + O(|z|°) 


Step 3: Determine the behaviour of the numerator near x = 0 to order x? with errors 
of order x? and smaller (just like the denominator). By equation 3.6.28 


e* =14+X+0(X’) 
Substituting X = 2? 


e* =14+2? + O(2*) 
cosx =1— iy + O(a") 


by equation 3.6.26. Subtracting, the numerator 
e” —cost = 34° + O(a") 


Step 4: Evaluate the limit. 


: e* —cosr _ $a + O(a*) 
lim — = lim ~~ 
r0log(l+2x)—sinz 240 —£ + O(|z|§) 

7 2+ O(27) 
m0 —F + O(a) 
3 
= 2 =-3 


Example 3.6.36 


3.6.7 ® Exercises 


Exercises — Stage 1 


Below is a graph of y = f(a), along with the constant approximation, linear 


approximation, and quadratic approximation centred at a = 2. Which is 
which? 
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2. Suppose T(z) is the Taylor series for f(x) = arctan? (e* + 7) centred at a =5. 
What is T'(5)? 


Below are a list of common functions, and their Taylor series representa- 
tions. Match the function to the Taylor series. 


function series 
1 
“Lge 


B. log(1 + 2) 


C. arctan x 


oo 2 
a Suppose f(z) = ae aap? — 3)” for all real 2. What is f(°)(3) 
(the twentieth derivative of f(x) at x = 3)? 


oo 2 
b Suppose g(x) = ye ae 1) (x — 3)?" for all real 2. What is g®@°)(3)? 


n=0 
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arctan(52”) 


Cle ian , what is h?°)(0)? What is h?)(0)? 


a4 


Exercises —- Stage 2 In Questions 5 through 8, you will create Taylor series from 
scratch. In practice, it is often preferable to modify an existing series, rather than 
creating a new one, but you should understand both ways. 


5. Using the definition of a Taylor series, find the Taylor series for f (2) = log(z) 
centred at x = 1. 
6. Find the Taylor series for f(x) = sina centred at a =7. 


1 
Using the definition of a Taylor series, find the Taylor series for g(x) = — 
z 


centred at « = 10. What is the interval of convergence of the resulting 
series? 


Using the definition of a Taylor series, find the Taylor series for h(x) = 


e centred at x = a, where a is some constant. What is the radius of 


convergence of the resulting series? 


In Questions 9 through 16, practice creating new Taylor series by modifying known 
Taylor series, rather than creating your series from scratch. 


1 
9. x. Find the Maclaurin series for f(x) = Te a 
Xx — 
10. x. Let Ss x" be the Maclaurin series for f(a”) = ee 
i — e+1 Qe’ 
= 3 1 
bn” 
a d  p+1 Ql 
Find b,,. 


11. x. Find the coefficient c; of the fifth degree term in the Maclaurin series 


Co 
y Gan” for e**. 
n=0 


*. Express the Taylor series of the function 


f(z) = log(1 + 27) 


about x = 0 in summation notation. 


13. x. The first two terms in the Maclaurin series for x? sin(x?) are ax? + ba™ , 
where a and 6 are constants. Find the values of a and 0. 


523 


SEQUENCE AND SERIES 3.6 TAYLOR SERIES 


Give the first two nonzero terms in the Maclaurin series for 
e” —l 


da. 
x 


15. «. Find the Maclaurin series for / x arctan(2z) dz. 


d 
16. *. Suppose that f oa = and f(0) = 1. Find the Maclaurin series 
ton; (2). 


In past chapters, we were only able to exactly evaluate very specific types of series: 
geometric and telescoping. In Questions 17 through 25, we expand our range by relating 
given series to Taylor series. 


17. *. The Maclaurin series for arctan x is given by 
©0 Qn+1 


arctan ® = ye. 1 
n 


which has radius of convergence equal to 1. Use this fact to compute the 
exact value of the series below: 


Slew 
DB 2n + 1)3” 


n=0 


1 
20. x. Evaluate the sum of the convergent series y ah 
mk! 
k=1 
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23. 


24. 


27. 


28. 


Co gn 
Evaluate >, —, or show that it diverges. 
n 


atl 


Evaluate 


or show that it diverges. 


ee Qn 
*. (a) Show that the power series Sy Gall converges absolutely for all 
n)! 
n=0 


real numbers x. 


(b) 


a Using the fact that arctan(1) = = how many terms of the Taylor 


series for arctangent would you have to add up to approximate 7 with 
an error of at most 4 x 107°? 


b Example 3.6.15 mentions the formula 


1 1 
= 16 arctan = — 4arctan —— 
1 arctan 5 arctan 535 
Using the Taylor series for arctangent, how many terms would you 
have to add up to approximate 7 with an error of at most 4 x 10~°? 


c Assume without proof the following: 


tan = +arctan = = arct He 
Re uacaa ee tee we ttae al 


Using the Taylor series for arctangent, how many terms would you 
have to add up to approximate 7 with an error of at most 4 x 107°? 


Suppose you wanted to approximate the number log(1.5) as a rational number 
using the Taylor expansion of log(1 + x). How many terms would you need to 
add to get 10 decimal places of accuracy? (That is, an absolute error less than 
5x 10™*.) 

Suppose you wanted to approximate the number e as a rational number using 
the Maclaurin expansion of e*. How many terms would you need to add to get 
10 decimal places of accuracy? (That is, an absolute error less than 5 x 1071.) 
You may assume without proof that 2 < e< 3. 
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29. Suppose you wanted to approximate the number log(0.9) as a rational 
number using the Taylor expansion of log(1—2). Which partial sum should 


you use to get 10 decimal places of accuracy? (That is, an absolute error 
less than 5 x 1071.) 


30. Define the hyperbolic sine function as 
sinha = . 


Suppose you wanted to approximate the number sinh(b) using the Maclaurin 
series of sinh x, where b is some number in (—2,1). Which partial sum should 
you use to guarantee 10 decimal places of accuracy? (That is, an absolute 
error less than 5 x 1071!.) 

You may assume without proof that 2 < e< 3. 


31. Let f(x) be a function with 


(n —1)! 


Oe 


[=e (=P +a) 

for alln > 1. 

Give reasonable bounds (both upper and lower) on the error involved in ap- 
proximating f (—3) using the partial sum S¢ of the Taylor series for f(x) 
centred at a = 5. 
Remark: One function with this quality is the inverse hyperbolic tangent func- 


tion”. 


e OS @ 


e* —e* 


a Of course it is! Actually, hyperbolic tangent is tanh(a) = ery 
e* + e~ 


and inverse hyper- 


bolic tangent is its functional inverse. 
Exercises —— Stage 3 


l1—cosz 
32. *. Use series to evaluate lin. ——————. 
e390 1+a4—-—e% 


* a 
Sie to 


33. *. Evaluate lim 
x20 7 


34. Evaluate lim (1 eee a) using a Taylor series for the natural logarithm. 
2 


35. Use series to evaluate 
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36. 


37. Write the series f(x 


(n+ 1)(n + 2) 


[o-@) 
Evaluate the series ye 
n=0 


or show that it diverges. 


coe Nw gent 


> EST )(2n + 2) 


n= 


as a combination of familiar 


functions. 


a Find the Maclaurin series for f(x) = (1 — x)~/?. What is its radius 
of convergence? 


b Manipulate the series you just found to find the Maclaurin series for 
g(x) = arcsin x. What is its radius of convergence? 


39. 


AO. 


Al. 


42. 


A3. 


*. Find the Taylor series for f(x) = log(x) centred at a = 2. Find the interval 
of convergence for this series. 
"oe 
y Let l(s) = —— dt. 
*. Let I(x) / ie 
a Find the Maclaurin series for [(z). 
b Approximate J(1/2) to within +0.0001. 
c Is your approximation in (b) larger or smaller than the true value of 
T(1/2)? Explain. 
*. Using a Maclaurin series, the number a = 1/5 — 1/7 + 1/18 is found to be 
1 
an approximation for J = i re” dx. Give the best upper bound you can 
0 
for |I —al. 
*. Find an interval of length 0.0002 or less that contains the number 
4 
= | ee dz 
0 
xa -—t _ 1 
*. Let I(x) =I = dt. 
0 t 


a Find the Maclaurin series for (2). 
b Approximate J(1) to within £0.01. 


c Explain why your answer to part (b) has the desired accuracy. 


*. The function (2) is defined by U(x 
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a Find the Maclaurin series for U(z). 


b It can be shown that “(2) has an absolute maximum which occurs 
at its smallest positive critical point (see the graph of U(x) below). 
Find this critical point. 


c Use the previous information to find the maximum value of U(x) to 
within +0.01. 


45. x. Let I( j= || ea 


0 


a Find the Maclaurin series for I(x). 
b Use this series to approximate J(1) to within +£0.01 


c Is your estimate in (b) greater than J(1)? Explain. 


- int —1 
46. x. Let I(x) -|/ a dt 
0 


a Find the Maclaurin series for [(z). 
b Use this series to approximate J(1) to within +0.001 


c Is your estimate in (b) greater than or less than J(1)? 


x 1 _ =f 
A7. «*. Define f(z) = is 
0 


dt. 


ae —})r-1 
a Show that the Maclaurin series for f(x) is S- (=) saat 


b Use the | ratio test to determine the values of x for which the Maclaurin 
: (-1)""" n 
series ~—+—_r” converges. 
d, n-ni & 


3 


x 1 
ine. 
Aaj = & 


1 
A8. x*. Show that [ 
0 
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A9. 


50. 


51. 


52. 


ev -+- e 


*. Let cosh(x) = F 


a Find the power series expansion of cosh(x) about 29 = 0 and determine 


its interval of convergence. 
b Show that 32 < cosh(2) < 33 +0.1. 


c Show that cosh(t) < e2” for all t. 


The law of the instrument says “If you have a hammer then everything 
looks like a nail” — it is really a description of the “tendency of jobs to be 
adapted to tools rather than adapting tools to jobs’*. Anyway, this is a 
long way of saying that just because we know how to compute things using 
Taylor series doesn’t mean we should neglect other techniques. 


a Using Newton’s method, approximate the constant /2 as a root of 
the function g(x) = 23-2. Using a calculator, make your estimation 
accurate to within 0.01. 


b You may assume without proof that 


8)---(3n — 4) 
3” 7! 


(x — 1)”. 


Ya=14x-1)+ oe 


for all real numbers x. Using the fact that this is an alternating 
series, how many terms would you have to add for the partial sum to 
estimate \/2 with an error less than 0.01? 


e <O> @ 


a Quote from Silvan Tomkins’s Computer Simulation of Personality: Frontier of Psy- 
chological Theory. See also Birmingham screwdrivers. 


Let f(x) = arctan(z?). Write f“° (+) as a sum of rational numbers with an 


5 
error less than 10~° using the Maclaurin series for arctangent. 


Consider the following function: 


_ er 440 
so={° — 


a Sketch y = f(z). 


b Assume (without proof) that f')(0) = 0 for all whole numbers n. Find 


the Maclaurin series for f(z). 
c Where does the Maclaurin series for f(x) converge? 


d For which values of x is f(x) equal to its Maclaurin series? 
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SEQUENCE AND SERIES 3.7 OPTIONAL — RATIONAL AND IRRATIONAL NUMBERS 


53. Suppose f(x) is an odd function, and f(z) 


. sees (0) 2n 
ee (Qn) 


3.74 Optional — Rational and irrational numbers 


In this optional section we shall use series techniques to look a little at rationality and 
irrationality of real numbers. We shall see the following results. 


e A real number is rational (i.e. a ratio of two integers) if and only if its decimal 
expansion is eventually periodic. “Eventually periodic” means that, if we denote 
the n* decimal place by d,, then there are two positive integers k and p such 
that dni» = dy, whenever n > k. So the part of the decimal expansion after the 
decimal point looks like 


Gilg = 2 Gy Dibae’* by Diy" bp bida= 22 byes 
—_—-“—S=—e_ Oooo” 
It is possible that a finite number of decimal places right after the decimal point 


do not participate in the periodicity. It is also possible that p = 1 and b; = 0, so 
that the decimal expansion ends with an infinite string of zeros. 


e ¢ is irrational. 


e 7 is irrational. 


3.7.1 Decimal expansions of rational numbers 


We start by showing that a real number is rational if and only if its decimal expansion 
is eventually periodic. We need only consider the expansions of numbers 0 < x < 1. If 
a number is negative then we can just multiply it by —1 and not change the expansion. 
Similarly if the number is larger than 1 then we can just subtract off the integer part 
of the number and leave the expansion unchanged. 


3.7.2 ® Eventually periodic implies rational 


Let us assume that a number 0 < x < 1 has a decimal expansion that is eventually 
periodic. Hence we can write 


D2 Vieaptig stay ipsa by Diba bg Bhs 
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Let @ = a)@2a3---a, and 8 = bybo---by. In particular, a has at most k digits and 6 
has at most p digits. Then we can (carefully) write 


2 eB Oe i 
~ 10 © 10k+P © 10k+2p | 


1Qk+3p 
ay a 
= — 4+ — 10°” 


This sum is just a geometric series (see Lemma 3.2.5) and we can evaluate it 


x 


a B 1 _ 3 B 1 

= Tok * Io” T—10-? ~ io’ * 10" iop—1 
1 B a(10? —1) +8 

10" (a4 iee= :) ~ ~10*(10? — 1) 


This is a ratio of integers, so x is a rational number. 


3.7.3 Rational implies eventually periodic 


Let 0 < x < 1 be rational with x = mi 


to show that x’s decimal expansion is eventually periodic. Start by looking at the 


last formula we derived in the “eventually periodic implies rational” subsection. If we 
can express the denominator b in the form 1000-1) with k, p and q integers, we will 
be in business because ¢ = FOP) From this we can generate the desired decimal 
expansion by running the argument of the last subsection backwards. So we want to 
find integers k, p, q such that 10*+? — 10* = b- q. To do so consider the powers of 10 


up to 10°: 


where a and b are positive integers. We wish 


1,10*,10°, 10", «= , 10° 
For each 7 = 0,1,2,--- ,6, find integers c; and 0 <r; < 6 so that 
10/ =b. Cj + rj 


To do so, start with 10’ and repeatedly subtract b from it until the remainder drops 
strictly below b. The r,;’s can take at most b different values, namely 0, 1, 2,---, b—1, 
and we now have b+1 r;’s, namely ro, 71, ---, Tt». So we must be able to find two powers 
of 10 which give the same remainder '. That is there must be 0 < k <1 < bso that 
Yr, = T,. Hence 


10! = 10* = (bc; + r1) = (bey, + Tr) 


= b(c) — Cr) since Tr, = 1. 


1 This is an application of the pigeon hole principle — the very simple but surprisingly useful idea 
that if you have n items which you have to put in m boxes, and if n > m, then at least one box 
must contain more than one item. 
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and we have 

— 10*(10? — 1) 

q 

where p = 1—k and q = c — cx are both strictly positive integers, since | > k so that 
10’ — 10* > 0. Thus we can write 

a aq 

b  10*(10? — 1) 
Next divide the numerator aq by 10? — 1 and compute the remainder. That is, write 
aq = a(10? — 1) + 6 with 0 < 8 < 10?—1. Notice that 0 < a < 10*, as otherwise 
x=; = 1. That is, a has at most k digits and 8 has at most p digits. This, finally, 
gives us 


_a_ a(lo?—1)+8 
~— b ~~ 10%(10P — 1) 


_o, 8 
~ 10% © 10*(10? — 1) 
a B 


~ Tor * Tore — 10-°) 


oe Ee B S- 107?5 
j=0 


10* = 10#+P 4 


which gives the required eventually periodic expansion. 


3.7.4 ® Irrationality of e 


We will give 2 proofs that the number ¢ is irrational, the first due to Fourier (1768-1830) 
and the second due to Pennisi (1918-2010). Both are proofs by contradiction * — we 
first assume that e is rational and then show that this implies a contradiction. In both 
cases we reach the contradiction by showing that a given quantity (related to the series 
expression for e) must be both a positive integer and also strictly less than 1. 


3.7.4.1 Proof 1 


This proof is due to Fourier. Let us assume that the number e is rational so we can 
write it as 


2 Proof by contradiction is a standard and very powerful method of proof in mathematics. It relies 
on the law of the excluded middle which states that any given mathematical statement P is either 
true or false. Because of this, if we can show that the statement P being false implies something 
contradictory — like 1 = 0 or a > a — then we can conclude that P must be true. The interested 
reader can certainly find many examples (and a far more detailed explanation) using their favourite 
search engine. 
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where a,b are positive integers. Using the Maclaurin series for e” we have 


Now multiply both sides by b! to get 


The left-hand side of this expression is an integer. We complete the proof by showing 
that the right-hand side cannot be an integer (and hence that we have a contradiction). 
First split the series on the right-hand side into two piece as follows 


The first sum, A, is finite sum of integers: 


A= D2 Han Yin $2) VE. 


n=0 n=0 
Consequently A must be an integer. Notice that we simplified the ratio of factorials 
using the fact that when b > n we have 
bf Led antn (a2): (6 — 1b 
nt 1-2---n 


= (n+1)(n+2)---(b-1)d. 


Now we turn to the second sum. Since it is a sum of strictly positive terms we must 
have 


B>0O 


We complete the proof by showing that B < 1. To do this we bound each term from 
above: 


b! 1 


nl (b+ 1)(6+ 2)---(n-1)n 
a, ieee” 
n—b factors 


1 1 
<@+DO6+) O+H)O+) +p 
——C ees 


n—b factors 


Indeed the inequality is strict except when n = b+ 1. Hence we have that 


= 1 
De Cle? 


n=b+1 
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1 1 1 


7 eed” ba Te 


(+1 = 


This is just a geometric series (see Lemma 3.2.5) and equals 


ol 1 
(b+ D1-4 
— it oi 
pae tes h 


And since 6 is a positive integer, we have shown that 


Ve B= I 
and thus B cannot be an integer. 
Thus we have that 
b! a B 
es = -- 
“- integer not integer 
integer 


which gives a contradiction. Thus e cannot be rational. 


3.7.4.2” Proof 2 


This proof is due to Pennisi (1953). Let us (again) assume that the number e is rational. 
Hence it can be written as 


a 


ae 


where a,b are positive integers. This means that we can write 
= 


€ = 


Using the Maclaurin series for e” we have 


alo 
| 
fav) 
iF 
| 
Me 
| 
| 


n=0 


Before we do anything else, we multiply both sides by (—1)**'a! — this might seem a 
little strange at this point, but the reason will become clear as we proceed through the 
proof. The expression is now 


2 (-1)"t4+Ha! 


a+l1 al =— 
ou oF 7 Ss n! 


n=0 
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The left-hand side of the expression is an integer. We again complete the proof by 
showing that the right-hand side cannot be an integer. 
We split the series on the right-hand side into two pieces: 


Sea See, a Se 
— | 
Ds n! 7 n! Ps n! 
n=0 n=0 n=a+t+1 
=A =B 


We will show that A is an integer while 0 < B < 1; this gives the required contradiction. 
Every term in the sum A is an integer. To see this we simplify the ratio of factorials 
as we did in the previous proof: 


erat a 


A= ie el L441 (n + 1)(n +2)---(a— 1a 


Let us now examine the series B. Again clean up the ratio of factorials: 


_ = (—1)"t@+1q) 7 i (—1)rte+1 
2 n! = 2) Gai (a+2)---(n—1)-n 
_ (=1)"" ) (—1)22+3 | (—1)20+4 oe 
a+ (a+1)\(a+2) (a4+1)(a4+ 2)(a4+ 3) 
1 1 1 


el Gelat®) Ga ler2Gss) - 


Hence B is an alternating series of decreasing terms and by the alternating series test 
(Theorem 3.3.14) it converges. Further, it must converge to a number between its 
first and second partial sums (see the discussion before Theorem 3.3.14). Hence the 
right-hand side lies between 

1 1 1 1 


d = = 
a+1 = a+1 (a+1)(a+2) a+2 


Since a is a positive integer the above tells us that B converges to a real number strictly 
greater than 0 and strictly less than 1. Hence it cannot be an integer. 
This gives us a contradiction and hence e cannot be rational. 


3.7.5 ® Irrationality of 7 


This proof is due to Niven (1946) and doesn’t require any mathematics beyond the level 
of this course. Much like the proofs above we will start by assuming that 7 is rational 
and then reach a contradiction. Again this contradiction will be that a given quantity 
must be an integer but at the same time must lie strictly between 0 and 1. 

Assume that 7 is a rational number and so can be written as 7 = ¢ with a, b positive 
integers. Now let n be a positive integer and define the polynomial 


x"(a — bx)” 


n! 


f(t) = 


535 


SEQUENCE AND SERIES 3.7 OPTIONAL — RATIONAL AND IRRATIONAL NUMBERS 


It is certainly not immediately obvious why and how Niven chose this polynomial, but 
you will see that it has been very carefully crafted to make the proof work. In particular 
we will show — under our assumption that 7 is rational — that, if n is really big, then 


= / Coon 


is an integer and it also lies strictly between 0 and 1, giving the required contradiction. 
3.7.5.1 Bounding the integral 


Consider again the polynomial 


Notice that 


f(x) = f(a/b) =0. 
Furthermore, for 0 < 2 < a =a/b, we have x < 3 and a — bx < aso that 
0 < 2(a— bar) < a/b. 


We could work out a more precise ? upper bound, but this one is sufficient for the 
analysis that follows. Hence 


0< f(x)sin(x) < (t) 


for allO <a <1. Using this inequality we bound 


(<< i,= a f(x) sin(x)da < (t) ~ 


2 


We will later show that, if n is really big, then (c)"4 < 1. We'll first show, starting 
now, that J, is an integer. 


e OS @ 


3 You got lots of practice finding the maximum and minimum values of continuous functions on 
closed intervals when you took calculus last term. 
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3.7.5.2” Integration by parts 


In order to show that the value of this integral is an integer we will use integration by 
parts. You have already practiced using integration by parts to integrate quantities like 


i) Pealads 


and this integral isn’t much different. For the moment let us just use the fact that f(z) 
is a polynomial of degree 2n. Using integration by parts with u = f(x), du = sin(z) 
and v = —cos(x) gives us 


)sin(a) dr = ) cos (x ) cos (x 
ff I+ fF 


Use integration by parts again with u = f’(x), dv = cos(x) and v = sin(z). 


= —f(x)cos(x) + f’(x) sin(x )- fr"@ sin(x 


Use integration by parts yet again, with u = f”(x), du = sin(x) and v = — cos(z). 


= —f(x)cos(x) + f’(x) sin(x) + f”(x) cos(x )- frm cos(a 


And now we can see the pattern; we get alternating signs, and then derivatives multi- 
plied by sines and cosines: 


[t@ sin(x)da = cos(x) (—f(x) + f"(x) — f(z) + fO(x) —-- -) 
+sin(x) (f"(x) — f(a) + f(x) — fO(x) +--+) 


This terminates at the 2n‘® derivative since f(x) is a polynomial of degree 2n. We can 
check this computation by differentiating the terms on the right-hand side: 


| (cost) (— F(a) + f"(a) — f(a) + fO(@) — ++) 
= —sin(x) (—f(2) + f"@) — FO@) + f@) - +) 
+ cosa) (—f'() +f") — f(a) + FO (@) — +») 


and similarly 


Oz) — f(x) +- --)) 
Oz) — f(a) +-- -) 
+ sina) (74) — F(@) + #C@) —) 
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When we add these two expressions together all the terms cancel except f(x) sin(x), as 
required. 

Now when we take the definite integral from 0 to 7 , all the sine terms give 0 because 
sin(0) = sin(z) = 0. Since cos(a) = —1 and cos(0) = +1, we are just left with: 


i f(x) sin(x)da = (f(0) — f"(0) + fO(0) — FO (0) +--- + (-1)"f°(0)) 
Tih) ae ee er ees ae 


So to show that J, is an integer, it now suffices to show that f(0) and f(z) are 
integers. 


3.7.5.3» The derivatives are integers 


Recall that 


f= 
and expand it: 
f(x) = S294 Sot g.. + Bary... 4 Pea 
n! n! n! n! 
All the c; are integers, and clearly c; = 0 for all 7 = 0,1,--- ,n — 1, because of the 


factor 2” in f(x). 
Now take the k“”" derivative and set x = 0. Note that, if 7 < k, then al = 0 for 


all x and, if 7 > k, then su! is some number times x/~* which evaluates to zero when 
we set + = 0. So 


dé ec ke 
(Ky — Fe (ck w) _ Bice 
(Rass ie: (Ge ) nl 


If k < n, then this is zero since c¢, = 0. If k > n, this is an integer because cz is an 
integer and k!/n! = (n+ 1)(n+2)---(k—1)k is an integer. If k = n, then f)(0) =, 
is again an integer. Thus all the derivatives of f(x) evaluated at x = 0 are integers. 

But what about the derivatives at 7 = a/b? To see this, we can make use of a handy 
symmetry. Notice that 


f(x) = f(a —#) = f(a/b— «) 
You can confirm this by just grinding through the algebra: 


x(a — bx)” 


f(e) = 
f(a/b— 2) = 


now replace x with a/b — x 
n 


(a/b — x)"(a— b(a/b—2))" 
n! 
(e)" (a—a+t bx)” 


n! 


start cleaning this up: 
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_ (S*)" be) 
n! 
te og 


Using this symmetry (and the chain rule) we see that 
f'(e) =—-fi(a — 2) 
and if we keep differentiating 
f(a) = (-1)*f@(@ —2) 
Setting x = 0 in this tells us that 
FO (0) = (IF Fr) 
So because all the derivatives at « = 0 are integers, we know that all the derivatives at 


x = 7 are also integers. 
Hence the integral we are interested in 


: f(x) sin(x)da 
0 
must be an integer. 


3.7.5.4 Putting it together 


Based on our assumption that 7 = a/b is rational, we have shown that the integral 


Tv n —b 
he] eae 
0 


n! 


a 1 
0<I,<{—] — 
( b ) n! 
and also that J, is an integer. 


We are, however, free to choose n to be any positive integer we want. If we take 
n to be very large — in particular much much larger than a — then n! will be much 
much larger than a?” (we showed this in Example 3.6.8), and consequently 


satisfies 


Which means that the integral cannot be an integer. This gives the required contradic- 
tion, showing that 7 is irrational. 
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Appendix A 


HIGH SCHOOL MATERIAL 


This chapter is really split into three parts. 
e Sections A.1 to A.11 contains results that we expect you to understand and know. 


e Then Section A.14 contains results that we don’t expect you to memorise, but 
that we think you should be able to quickly derive from other results you know. 


e The remaining sections contain some material (that may be new to you) that is 
related to topics covered in the main body of these notes. 


A.14 Similar Triangles 


Two triangles 7), 7> are similar when 
e (AAA — angle angle angle) The angles of T, are the same as the angles of T». 
e (SSS — side side side) The ratios of the side lengths are the same. That is 
eee 
a b C 
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e (SAS — side angle side) Two sides have lengths in the same ratio and the angle 
between them is the same. For example 


CG 
— = — and angle / is same 
C 


A.24 Pythagoras 


For a right-angled triangle the length of the hypotenuse is related to the lengths of the 
other two sides by 


opposite 


adjacent 


(adjacent)” + (opposite)? = (hypotenuse)? 


A.34 Trigonometry — Definitions 


opposite 


adjacent 
. opposite 1 
sind = —— _ csc? =-— 
hypotenuse sin 6 
adjacent 1 
cos@ = ———— = secf = 
hypotenuse | 60 
opposite 
tand = i as cotd = 
adjacent tan 6 
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A.44 Radians, Arcs and Sectors 


a Ne 
CA ( & 


For a circle of radius r and angle of @ radians: 


e Arc length L(@) = ré. 


e Area of sector A(#) = $r?. 


A.54 ‘Trigonometry — Graphs 
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A.64 ‘Trigonometry — Special Triangles 


nm V3 
sin = = — 
3 2 
nm 1 
COs = 5 
tan = V3 
A.74 ‘Trigonometry — Simple Identities 
e Periodicity 
sin(@ + 27) = sin(@) cos(@ + 27) = cos(@) 
e Reflection 
sin(—0) = —sin(6) cos(—0) = cos(@) 
e Reflection around 7/4 
sin (= — 0) = cos 6 Cos (< — 6) = sind 
e Reflection around 7/2 
sin (7 — 6) = sind cos (7 — 6) = —cos@ 
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e Rotation by 7 
sin(? +7) = —sind cos (6 + 7) = —cosé 
e Pythagoras 
sin? 6 + cos’6 = 1 


A.84 ‘Trigonometry — Add and Subtract Angles 


e Sine 
sin(a + 2) = sin(a) cos(3) + cos(a@) sin(3) 
e Cosine 


cos(a + 3) = cos(a) cos(3) F sin(a) sin(Z) 


A.94 Inverse Trigonometric Functions 


Some of you may not have studied inverse trigonometric functions in highschool, how- 
ever we still expect you to know them by the end of the course. 


arcsin © arccos Xx arctan © 
Domain: -—1<a<1l Domain: -—1<a<1l Domain: all real numbers 
Range: —> <arcsnx <5 Range: 0 < arccosx <7 Range: —5 < arctan’ < 5 


a 
2 


NIA 


Since these functions are inverses of each other we have 


1 1 
in(sin@) = 0 —-~<6<- 
arcsin(sin 0) oe 
arccos(cos 6) = 6 0<0<a 
arctan(tan 0) = 6 mi <O< = 
2 2 
and also 
sin(arcsin 7) = x -l<a<l 
cos(arccos ©) = x -l<a<l 
tan(arctan x) = x any real x 
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arccot x 


arccese £ arcsec 
Domain: all real numbers 


Domain: |x| > 1 Domain: |x| > 1 
Range: —5 <arcescx <5 Range: 0 < arcsecr <7 Range: 0 < arccotz <7 
T 
arcesc x # 0 arcsec x # 5 


A 
A eG 


a ae : 


wa 


Again 

arcesc(csc 6) = 6 -<0< 640 

arcsec(sec 6) = 6 0<A0<7, 04 . 

arccot(cot 6) = 6 0<0<_a7 

and 

esc(arcesc 2) = x |x| > 1 
sec(arcsec ©) = x je] = 1 
cot(arccot x) = x any real x 


A.104 Areas 


/o\ 


e Area of a rectangle 


HIGH SCHOOL MATERIAL 


A.11 VOLUMES 


e Area of a triangle 


e Area of a circle 


e Area of an ellipse 


A=-7ab 


A.114 Volumes 


e Volume of a rectangular prism 


V =lwh 
e Volume of a cylinder 

V =_rh 
e Volume of a cone 

— srr 
e Volume of a sphere 

V =—-ar° 


546 


HIGH SCHOOL MATERIAL A.13 LOGARITHMS 


A.124 Powers 


In the following, x and y are arbitrary real numbers, and q is an arbitrary constant that 
is strictly bigger than zero. 


e q° — 

e gt ag, f¥=F 

eg’= a 

i 

@ ‘lim.¢? = oo, lim: = Ual-g >:1 
xwL—->0O xL—+>— CO 


lim qg7=0, lim qg@=wif0<q<1 
L——00 


wo 


The graph of 2” is given below. The graph of q*, for any q > 1, is similar. 


A.134 Logarithms 


In the following, x and y are arbitrary real numbers that are strictly bigger than 0, and 
p and q are arbitrary constants that are strictly bigger than one. 


o(ht =a, log, (7) =2 


log, & 
log, 4 


log, «= 


log, 1 = 0, log,q=1 


e log, (zy) = log, x + log, y 


log, C) = log, x — log, y 
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e log, (5) = —log,y, 
e log, (2) = ylog, x 


e lim log,x2 =o, lim log, 2 = —oo 
L—00 q x—-0+ 


e The graph of log;9 x is given below. The graph of log, x, for any q > 1, is similar. 


y 


1.05 


0.5 5 


A.144 Highschool Material You Should be Able to Derive 


e Graphs of csc@,sec 6 and cot 0: 


csc 6 sec 4 cot 0 


I | Mk 


x = an] —n _|t TB Og 


ananmia 


e More Pythagoras 


divide by cos? @ 
— SSS 


sin? 6+ cos?@=1 tan? @ +1 = sec?6 


divide by sin? @ 
-—————> 


sin? 6+ cos?@=1 1+ cot? @ = csc?@ 


e Sine — double angle (set 6 = a in sine angle addition formula) 


sin(2a) = 2sin(a) cos(a) 
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e Cosine — double angle (set 6 = a in cosine angle addition formula) 


cos(2a) = cos?(a) — sin? (a) 
= 2cos”(a) — 1 (use sin?(a@) = 1 — cos?(a)) 


= 1-2sin?(a) (use cos?(a@) = 1 — sin?(a)) 


e Composition of trigonometric and inverse trigonometric functions: 
cos(arcsin x) = V1 — 2? sec(arctan rz) = V¥1+ 2? 


and similar expressions. 


A.154 Cartesian Coordinates 


Each point in two dimensions may be labeled by two coordinates (x,y) which specify 
the position of the point in some units with respect to some axes as in the figure below. 


y 


4 Oe x 


The set of all points in two dimensions is denoted R?. Observe that 


e the distance from the point (x,y) to the x-axis is |y| 
e the distance from the point (zx, y) to the y-axis is || 
e the distance from the point (zx, y) to the origin (0,0) is \/x? + y? 


Similarly, each point in three dimensions may be labeled by three coordinates 
(x,y, Zz), as in the two figures below. 
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x 


The set of all points in three dimensions is denoted R*®. The plane that contains, 
for example, the x- and y-axes is called the ry-plane. 


e The zxy-plane is the set of all points (x,y,z) that obey z = 0. 

e The xz-plane is the set of all points (x,y,z) that obey y = 0. 

e The yz-plane is the set of all points (x, y, z) that obey x = 0. 
More generally, 


e The set of all points (x,y,z) that obey z = c is a plane that is parallel to the 
xy-plane and is a distance |c| from it. If c > 0, the plane z = c is above the 
xy-plane. If c < 0, the plane z = c is below the xy-plane. We say that the plane 
z= cis a signed distance c from the xry-plane. 


e The set of all points (x,y,z) that obey y = 6 is a plane that is parallel to the 
xz-plane and is a signed distance b from it. 


e The set of all points (x,y,z) that obey x = a is a plane that is parallel to the 
yz-plane and is a signed distance a from it. 


4 Of x 


Observe that 
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e the distance from the point (z, y, z) to the xy-plane is |z| 


(2,9, 2) 
e the distance from the point (z, y, z) to the xz-plane is |y| 
e the distance from the point (z, y, z) to the yz-plane is |z| 

e the distance from the point (zx, y, z) to the origin (0,0,0) is frrt+yet 2 


The distance from the point (x,y,z) to the point (2’, y’, z’) is 


V (a — 2)? + (y—y')? + (2 — 2)? 


so that the equation of the sphere centered on (1, 2,3) with radius 4, that is, the set of 
all points (x,y, z) whose distance from (1, 2,3) is 4, is 


(a — 1)? + (y — 2)? + (z — 3)? = 16 


A.164 Roots of Polynomials 


Being able to factor polynomials is a very important part of many of the computations 
in this course. Related to this is the process of finding roots (or zeros) of polynomials. 
That is, given a polynomial P(x), find all numbers r so that P(r) = 0. 

In the case of a quadratic P(x) = ax? + br +c, we can use the formula 


—b+ Vb? — 4ac 
a — 


2a 


The corresponding formulas for cubics and quartics | are extremely cumbersome, and 


no such formula exists for polynomials of degree 5 and higher ?. 

Despite this there are many tricks ° for finding roots of polynomials that work well 
in some situations but not all. Here we describe approaches that will help you find 
integer and rational roots of polynomials that will work well on exams, quizzes and 
homework assignments. 

Consider the quadratic equation x? — 5a + 6 = 0. We could * solve this using the 
quadratic formula 


5+/25-4x1x6 541 
C= — — 
2 2 


2,3. 


1 The method for cubics was developed in the 15th century by del Ferro, Cardano and Ferrari 
(Cardano’s student). Ferrari then went on to discover a formula for the roots of a quartic. His 
formula requires the solution of an associated cubic polynomial. 

2 This is the famous Abel-Ruffini theorem. 

3 There is actually a large body of mathematics devoted to developing methods for factoring poly- 
nomials. Polynomial factorisation is a fundamental problem for most computer algebra systems. 
The interested reader should make use of their favourite search engine to find out more. 

4 We probably shouldn’t do it this way for such a simple polynomial, but for pedagogical purposes 
we do here. 
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Hence x? — 5x + 6 has roots x = 2,3 and so it factors as (x — 3)(x — 2). Notice ° that 
the numbers 2 and 3 divide the constant term of the polynomial, 6. This happens in 
general and forms the basis of our first trick. 


Lemma A.16.1 A very useful trick. 


If r or —r is an integer root of a polynomial P(x) = a,2" + --- +4,” +a 9 with 
integer coefficients, then r is a factor of the constant term ap. 


Proof. If r is a root of the polynomial we know that P(r) = 0. Hence 
On T+ +++ +a1+T +a =0 
If we isolate ap in this expression we get 
ao = —[anr” + vee + arr] 


We can see that r divides every term on the right-hand side. This means that 
the right-hand side is an integer times r. Thus the left-hand side, being ao, is 
an integer times r, as required. The argument for when —r is a root is almost 
identical. 


O 


Let us put this observation to work. 


Example A.16.2 Integer roots of x3 — x? + 2. 


Find the integer roots of P(x) = x3 — 2? + 2. 
Solution: 


e The constant term in this polynomial is 2. 
e The only divisors of 2 are 1,2. So the only candidates for integer roots are +1, +2. 


e Trying each in turn 


P(2) =6 P(—2) = -10 
t e Thus the only integer root is —1. f 
e @ 


5 Many of you may have been taught this approach in highschool. 
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Example A.16.3 Integer roots of 3x23 + 8x? — 5x — 6. 


Find the integer roots of P(x) = 3x? + 8x? — 5x — 6. 
Solution: 


e The constant term is —6. 


e The divisors of 6 are 1,2,3,6. So the only candidates for integer roots are 
ae Lee? 25, SEG, 


e We try each in turn (it is tedious but not difficult): 


PO) =0 P(-1)=4 
P(2) = 40 P(—2) = 12 
P(3) = 132 P(—3) =0 
P(6) = 900 P(—6) = —336 


{ e Thus the only integer roots are 1 and —3. f 


We can generalise this approach in order to find rational roots. Consider the poly- 
nomial 67? — x — 2. We can find its zeros using the quadratic formula: 
—1+tv1+48 147 #12 
ie eon sae 
Notice now that the numerators, 1 and 2, both divide the constant term of the polyno- 
mial (being 2). Similarly, the denominators, 2 and 3, both divide the coefficient of the 
highest power of x (being 6). This is quite general. 


Lemma A.16.4 Another nice trick. 


If b/d or —b/d is a rational root in lowest terms (i.e. b and d are integers with 


no common factors) of a polynomial Q(x) = a,2" + +++ +a x + ao with integer 
coefficients, then the numerator 6 is a factor of the constant term ag and the 
denominator d is a factor of ap. 


Proof. Since 2 is a root of P(x) we know that 


d 
dn(b/d)” + --- +.1(b/d) + a9 = 0 
Multiply this equation through by d” to get 
nb” + ++» +a,bd"~ + apd” = 0 
Move terms around to isolate agd”: 


aod” = — [a,,b” foeee a,bd""| 
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Now every term on the right-hand side is some integer times b. Thus the left-hand 
side must also be an integer times b. We know that d does not contain any factors 
of b, hence ap must be some integer times b (as required). 

Similarly we can isolate the term a,b”: 


a,b0” = — [an_1b""d deeds Jag ae aod” | 


Now every term on the right-hand side is some integer times d. Thus the left-hand 
side must also be an integer times d. We know that b does not contain any factors 
of d, hence a, must be some integer times d (as required). 


The argument when -4 is a root is nearly identical. 


We should put this to work: 


Example A.16.5 Rational roots of 2x? — x — 3. 


P(x) = 22? — x — 3. 
Solution: 


e The constant term in this polynomial is 3 = 1 x 3 and the coefficient of the highest 
power of x is 2=1 x 2. 


e Thus the only candidates for integer roots are +1, +3. 
e By our newest trick, the only candidates for fractional roots are +3, +3. 


e We try each in turn * 


P(1) = -2 P(-1) =0 
P(3)=12 P(—3) = 18 
PQ) =-3 P(-})=-2 
P()=0 P(-3) =3 
so the roots are —1 and : 
e @ 


a Again, this is a little tedious, but not difficult. Its actually pretty easy to code up for a computer 
to do. Modern polynomial factoring algorithms do more sophisticated things, but these are a 


pretty good way to start. | 


The tricks above help us to find integer and rational roots of polynomials. With 
a little extra work we can extend those methods to help us factor polynomials. Say 
we have a polynomial P(x) of degree p and have established that r is one of its roots. 
That is, we know P(r) = 0. Then we can factor (x — r) out from P(a) — it is always 
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possible to find a polynomial Q(x) of degree p — 1 so that 
P(z) = (# — r)Q(2) 


In sufficiently simple cases, you can probably do this factoring by inspection. For 
example, P(r) = 2? — 4 has r = 2 as a root because P(2) = 2? —4 = 0. In this case, 
P(x) = (x —2)(x+2) so that Q(x) = (x+2). As another example, P(x) = x? — 2x —3 
has r = —1 as a root because P(—1) = (—1)? —2(—1) -3 = 14+. 2-3 =0. In this case, 
P(x) = (a + 1)(a — 3) so that Q(x) = (x — 3). 

For higher degree polynomials we need to use something more systematic — long 
divison. 


Lemma A.16.6 Long Division. 


Once you have found a root r of a polynomial, even if you cannot factor (x — r) 
out of the polynomial by inspection, you can find Q(x) by dividing P(x) by x—r, 
using the long division algorithm you learned ° in school, but with 10 replaced 


by a. 


e OS @ 


a ‘This is a standard part of most highschool mathematics curricula, but perhaps not all. 
You should revise this carefully. 


Example A.16.7 Roots of x? — x? + 2. 


Factor P(x) = 2? — 2? +2. 
Solution: 


e We can go hunting for integer roots of the polynomial by looking at the divisors 
of the constant term. This tells us to try x = +1, +2. 


e A quick computation shows that P(—1) = 0 while P(1), P(—2), P(2) 4 0. Hence 
x = —1 isa root of the polynomial and so x + 1 must be a factor. 


e So we divide Pace? The first term, x”, in the quotient is chosen so that when 


you multiply it by the denominator, x?(z + 1) = 7? + 2?, the leading term, 2°, 
matches the leading term in the numerator, 2° — x? + 2, exactly. 


2 


x 
o+1/23— ge + 2 
ge + q? «< x(x +1) 


e When you subtract x?(2 + 1) = x? + 2? from the numerator x* — x? + 2 you get 
the remainder —2x? +2. Just like in public school, the 2 is not normally “brought 
down” until it is actually needed. 


599 


HIGH SCHOOL MATERIAL A.16 ROOTS OF POLYNOMIALS 


a 
c£+1 23- 2+ 2 
vet 2? <—2x7(4 +1) 


e The next term, —2z, in the quotient is chosen so that when you multiply it by 
the denominator, —2x(x + 1) = —2x? — 2z, the leading term —2z? matches the 
leading term in the remainder exactly. 


xv? — Qe 
ct+1/ 23 — x + 2 
eo a <— 2(¢+1) 
—27? 
—227 — Ix «<— —22(x +1) 


And so on. 
v?—-24 + 2 
ol |g? + 2 
e+ x? <— 2(r£+1) 
—2x? 
—2Qn7 — Ar <—— —22(x + 1) 
224 +2 
Q¢+2 <— 2(x+1) 
0 


e Note that we finally end up with a remainder 0. A nonzero remainder would have 
signalled a computational error, since we know that the denominator x — (—1) 
must divide the numerator x? — x? + 2 exactly. 


e We conclude that 
(g@+1)(2 — 22 +2) = 2° —2? +2 


To check this, just multiply out the left hand side explicitly. 


e Applying the high school quadratic root formula == ae ee vn 40¢ to x? — 2a + 2 tells 
us that it has no real roots and that we cannot factor it further * 


e OS @ 


a Because we are not permitted to use complex numbers. 


Example A.16.7 
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We finish by describing an alternative to long division. The approach is roughly 
equivalent, but is perhaps more straightforward at the expense of requiring more alge- 
bra. 


Example A.16.8 Roots of x? — x? + 2 again. 


Factor P(x) = 2° — x? 4+ 2, again. 
Solution: Let us do this again but avoid long division. 
e From the previous example, we know that a—2"+2 must be a polynomial (since 
—1 is a root of the numerator) of degree 2. So write 
re— a7? +2 5 
—— = Sar br ee 
eri 


for some, as yet unknown, coefficients a, b and c. 
e Cross multiplying and simplifying gives us 


x? —2°+2= (ar? +brt+c)(x4+1) 


= az? +(at+b)2*+(b+c)a+ce 


e Now matching coefficients of the various powers of x on the left and right hand 


sides 
coefficient of x: a=1 
coefficient of x: a+b=-1 
coefficient of x?: b+c=0 
coefficient of x: e=2 


e This gives us a system of equations that we can solve quite directly. Indeed it 
tells us immediately that that a = 1 and c = 2. Subbing a = 1 intoa+b=-—-1 
tells us that 1+ b = —1 and hence b = —2. 


e Thus 


x? — 2° +2= (2 +1)(2? — Qe + 2). 
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B.14 Definition and Basic Operations 


We'll start with the definition of a complex number and its addition and multiplication 
rules. You may find the multiplication rule quite mysterious. Don’t worry. We’ll soon 
gets lots of practice using it and seeing how useful it is. 


(a) The complex plane is simply the xy-plane equipped with an addition oper- 
ation and a multiplication operation. A complex number is nothing more 
than a point in that xy-plane. It is conventional to use the notation x + 2y* 
to stand for the complex number (x,y). In other words, it is conventional 
to write x in place of (#,0) and i in place of (0,1). 


The first component, x, of the complex number x + 2y is called its real part 
and the second component, y, is called its imaginary part, even though 


there is nothing imaginary’ about it. 


The sum of the complex numbers z, = 71+7y; and zg = %2+7Y2 is defined 
by 
ZA <2 — (x4 SP £2) + i(y1 + Y2) 


That is, you just separately add the real parts and the imaginary parts. 


The product of the complex numbers 2; = 21 + 7y, and z = %2 + 1y2 is 
defined by 
2 2q = LyX — Yiyo + t(T1Yo + Loy1) 
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Do not memorise this multiplication rule. We’ll see a simple, effective mem- 
ory aid for it shortly. The heart of that memory aid is the observation that 
the complex number 7 has the special property that 


7? =(0+1/)(0+ 1) =(0x0-1x1)+i00x141x0)=-1 


In electrical engineering it is coonventional to use x + jy instead of x + iy. 

Don’t attempt to attribute any special significance to the word “complex” in “complex 
number”, or to the word “real” in “real number” and “real part”, or to the word “imaginary” 
in “imaginary part”. All are just names. The name “imaginary” was introduced by René 
Descartes in 1637. René Descartes (1596-1650) was a French scientist and philosopher, 
who lived in the Dutch Republic for roughly twenty years after serving in the (mercenary) 
Dutch States Army. Originally, “imaginary” was a derogatory term and imaginary numbers 
were thought to be useless. But they turned out to be incredibly useful! 


Addition and multiplication of complex numbers obey the familiar addition rules 


24+ 2 = 2+ 2 
2+ (zo + 23) = (41 + 22) + 23 


O+ ZY = zy 
and multiplication rules 
4142 = 2224 
21 (2223) = (2122) 23 
lz = 21 


and distributive laws 


Zl (z2 + 23) = 2122 + 2123 


(z1 + 22)23 = 2123 + 2023 


To remember how to multiply complex numbers, you just have to supplement the 
familiar rules of the real number system with i? = —1. The previous sentence is the 
memory aid referred to in Definition B.1.1(d). 


Example B.1.2 
If z=1+2i and w= 34 42, then 


zt+w = (14+ 2i)4+ (34 4) =4+4+ 61 
zw = (14+21)(3+4) =34+41+ 614+ 87 =3+4i+6i-8 


=—5+ 102 | 
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(a) The negative of any complex number z = x + iy is defined by 
—z=-xz£+(-y)i 


and obviously obeys z + (—z) = 0. 


(b) The reciprocal*, z~! or i of any complex number z = x +7y, other than 0, 


is defined by 


1 
—z=1 
Zz 


We shall see below that it is given by the formula 
1 x —y 


= + i 
ee ie ee 


a The reciprocal z~! is also called the multiplicative inverse of z. 


Example B.1.4 


It is possible to derive the formula for i by observing that 


(a + 4b) (% + iy) = [ax — by] + tay + ba] 
equals 1 = 1+ 20 if and only if 


ax — by =1 
ay + bx =0 


and solving these equations for a and b. We will see a much shorter derivation in 


Remark B.1.6 below. For now, we’ll content ourselves with just verifying that ut + 


apt is the inverse of x + iy by multiplying out 


= a} (a+ 
(ate zie) | ¥) 
.. xLY xy ae 


= = ce i a 
x? + y? x? + y? x+y? x+y? 
2 — iy? ga? _ 


i 


_ x? + y2 fy? 
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(a) The complex conjugate of z = x + iy is denoted Z and is defined to be 
Z=H+y=x2- tly 


That is, to take the complex conjugate, one replaces every i by —i and vice 
versa. 


The distance from z = x + iy (recall that this is the point (z,y) in the 
xy-plane) to 0 is denoted |z| and is called the absolute value, or modulus, 


of z. It is given by 
Fle 


Note that 


ee = (2 We - Wi — 2 —iwe yy =e 


is always a nonnegative real number and that 


Zale 2 


Remark B.1.6 Let z =x +iy with x and y real. Since |z|? = z Z, we have 


1z z r= Vy i —y 


- $ i 
oe @2 |e? wey way ay 


which is the formula for + given in Definition B.1.3(b). 


Example B.1.7 


It is easy to divide a complex number by a real number. For example 


diseon al. 2, 


5 5 * 95° 


In general, the complex conjugate provides us with a trick for rewriting any ratio of 
complex numbers as a ratio with a real denominator. For example, suppose that we 
want to find ae The trick is to multiply by 1 = ani The number 3—4z is the complex 
conjugate of the denominator 3 + 47. Since (3 + 4i)(3 — 47) = 9 — 12i + 127 — 167? = 


9+ 16 = 25 


142 1423-44 (14+2i)(3-4) M42 11 2. 


t aide ade 5 25 5 Og ; 
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The notations® Rz and Sz stand for the real and imaginary parts of the complex 
number z, respectively. If z = x + iy (with x and y real) they are defined by 


Note that both Rz and Sz are real numbers. Just subbing in Z = x —iy, you can 
verify that 


Re = 5(2 +2) qo 


Da 


a  Thesymbols & and & are the letters R and J in the Fraktur font, which was created in the 
early 1500’s and became common in the German-speaking world. A standard alternative 
notation is Re(z) and Im(z). 


Lemma B.1.9 


If zy = 7, + 2y, and 22 = Xo + 22, then 


|2122| = |21| [22 


Proof. Since 2122 = (41 + ty1) (Ho + tye) = (@1%2 — yiye) + i(a1y2 + Ley1), 


|2122| = V (2142 — yiy2)? + (t1y2 + Loy)? 


= [2303 — Qryroyrye + yPe + 2292 + Qeiyoran + 23y? 


= yf x30} + yPyd + 2292 + 289? = f(a? + ¥2)(03 +8) 


= |21| |2o| 


B.24 The Complex Exponential 


B.2.1 » Definition and Basic Properties 


There are two equivalent standard definitions of the exponential, e*, of the complex 


number z = «+ 72y. For the more intuitive definition, one simply replaces the real 
[o-e) a” 


number x in the Taylor series expansion’ e* = )7~~_) * With the complex number z, 


1 See Theorem 3.6.7. 
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giving 
5 z 


We instead highlight the more computationally useful definition. 


For any complex number z = x + iy, with x and y real, the exponential e”, is 
defined by 


evtY — e* cosy +ie* siny 


In particular’, e"” = cosy+isiny. 


e o> @ 


The equation e’Y = cosy+isiny is known as Euler’s formula. Leonhard Euler (1707-1783) 
was a Swiss mathematician and physicist who spent most of his adult life in Saint Petersberg 
and Berlin. He gave the name 7 to the ratio of a circle’s circumference to its diameter. He 
also developed the constant e. His collected works fill 92 volumes. 


We will not fully prove that the intuitive definition (EZ) and the computational 
Definition B.2.1 are equivalent. But we will do so in the special case that z = iy, with 
y real. Under (EZ), 


(iy)? Gy)? yt iy)? Civ) 


wy __ A 

Rte Pg a oe age eee 
The even terms in this expansion are 

(iy)? (iy) (iy)? fl a _ 

1+ oT =F mn or 6! Nop a ap ee 

and the odd terms in this expansion are 

_ , Gy)? iy)? (, Vow oe 

wy 4 3] 5] peesi(y- P45 4---) =isiny 


Adding the even and odd terms together gives us that, under (EZ), e’” is indeed equal 
to cosy +isin y.? As a consequence, we have 


e’™ = =) 


which gives an amazing linking between calculus (e), geometry (7), algebra (i) and the 
basic number —1. 
In the next lemma we verify that the complex exponential obeys a couple of familiar 
computational properties. 
e @ 


2 It is obvious that, in the special case that z = x with « real, the definitions (EZ) and B.2.1 are 
equivalent. So to complete the proof of equivalence in the general case z = x + iy, it suffices to 
prove that e™t’Y = e”e’Y under both (EZ) and Definition B.2.1. For Definition B.2.1, this follows 
from Lemma B.2.2, below. 
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Lemma B.2.2 


(a) For any complex numbers 2; and 22, 


Z+rz2 __ e71e72 


e€ e€ 


(b) For any complex number c, 


Proof. 


(a) For any two complex numbers 27, = x; + iy, and z2 = 2 + iy, with x1, y, 
%2, Y2 real, 


ete? = e* (cosy; + isin ye’? (cos ya + 7 sin yo) 
= e"!1F™ (cos y, + isin y;) (cos yo + 78in yo) 

= eT L(cos y1 COs yo —Sin y1 Sin yz) + i(cos y1 Sin y2+Cos Yo sin y1) } 

=e 


xi ta2 fcos(41 + Y2) + isin(y1 oF yo) } 


by the trig identities of Appendix A.8. This says exactly that 


Z1 £2 x1+x2)+i(y1+y2) 


ee? = el cre 


=e 


and that the familiar multiplication formula also applies to complex expo- 
nentials. 


(b) For any real number ¢ and any complex number c = a + i{, with a, real, 
et = eM tiht — el cos( Gt) + isin(Gt)] 
so that the derivative with respect to t 


d 


Fr = ae™ [cos(8t) + isin(Bt)] + e[—8 sin(Bt) + 76 cos(Bt)] 


= (a + iB)e™|[cos(Bt) + isin(Bt)] 


= cet 


is also the familiar one. 
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B.2.2 Relationship with sin and cos 


Equation B.2.3 


When @ is a real number 


e? 


=cosé+isind 


e~” = cos6 — isin®@ = e 


are complex numbers of modulus one. 


Solving for cos@ and sin@ (by adding and subtracting the two equations) gives 


Equation B.2.4 


Example B.2.5 


These formulae make it easy derive trig identities. For example, 


1 
4 
1 
4 
1 
4 
i 
2 


cos 8 cos @ = 


cil(0+9) +e (9+4) + ei(-¢) + ef(-0+8)) 


LON TS OS TN 


cos(@ + ¢) + cos(4 — ¢)) 


and, using (a + b)? = a? + 3a7b + 3ab? + b°, 


sa a= —=(e" - guy 
= -a(e _ 3¢29 ah 36-8 _ e 8?) 
_3t i0  -i0 td 130-130 
“gg Sa ee) 
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3 i 
= 4 sin @ — 7h sin(30) 


and 
cos(20) = R(e**") = (e'*)* 
(cos 6 +isin6)” 
( cos? 0 + 2isin 6 cos 6 — sin? ) 


cos? @ — sin? 6 


Example B.2.5 


B.2.3 ® Polar Coordinates 


RK 
R 


Let z = x +72y be any complex number. Writing x and y in polar coordinates in the 
usual way, ie. x = rcos(@), y= rsin(@), gives 


x+iy=rcosé+irsing = re” 


See the figure on the left below. In particular 
l= e =e?! = hm for k = 0, +1, +2,--- 
—1= &™ =P = elk) for F = 0, 41,42, --- 
= e(2t2)ri for k = 0, 41,42... 
= e(-2+2k)"i for k = 0,41, 42--- 


See the figure on the right below. 


z x +iy = re ? 
+i=(0,1) 
7 5 
—1,0)=-1 Tv 1=(1 
6 (-1,0)=—1 ay + a 
ue => 
¢—i=(0,-1) 


The polar coordinate 6 = arctan # associated with the complex number z = x + ty, 
i.e. the point (x,y) in the ry-plane, is also called the argument of z. 

The polar coordinate representation makes it easy to find square roots, third roots 
and so on. Fix any positive integer n. The n‘ roots of unity are, by definition, all 
solutions z of 
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Writing z = re® 


rr enh _ 1e% 
The polar coordinates (r,@) and (r’, 6’) represent the same point in the xy-plane if and 
only if r = r’ and 0 = @& + 2kz for some integer k. So z” = 1 if and only if r” = 1, 
ie. r= 1, and né = 2knx for some integer k. The n“ roots of unity are all the complex 
numbers e2*'n with k integer. There are precisely n distinct n‘ roots of unity because 


Qik _ 2mi 


€ ™ if and only if Qn _ Qn ¥ = Qn kk is an integer multiple of 27. That is, 
if and only if k — k’ is an integer multiple of n. The n distinct n“ roots of unity are 


2 Qmi ani 3 Qni m1 
1 : e vie : e TU : e Tv : : e TU ye 
For example, the 6" roots of unity are depicted below. 
Yy 
e2mié e2™"s 
eg 0 
e274 1=e2""6 
X 
e2nis e2nig 


B.2.4 » Exploiting Complex Exponentials in Calculus Computations 


You have learned how to evaluate integrals involving trigonometric functions by using 
integration by parts, various trigonometric identities and various substitutions. It is 
often much easier to just use (B.2.3) and (B.2.4). Part of the utility of complex numbers 
comes from how well they interact with calculus through the exponential function. Here 
are two examples. 


Example B.2.6 


1 ; ; 1 ; 
x oe xf iia ix om, (1+i)x (1—-i)x 
fe cosax dx se [e* +e] daz 5 | le +e"! dz 


- | 1 e(ltie 4 1 aa 46 


2{1+2 1-1 


This form of the indefinite integral looks a little weird because of the 7’s. While it looks 


complex because of the 7’s, it is actually purely real (and correct), because el ve is 


1+) We can convert the indefinite integral into a more 


1-1 1-i 


1 
>i = Gendey = 7 and 


the complex conjugate of ae! 


familiar form just by subbing back in e*’* = cosx +isinz 
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1 
x d — x 
fe cosa dr = Se 
1 1-1 1+i 
= «| ; “(cos x +isina) + (cos. ~isina)] +C 
= Le cos + =e*sina +C 
= 50° cose + Se" sin 


You can quickly verify this by differentiating (or by comparing with Example 1.7.11). 


Example B.2.6 
Example B.2.7 


Evaluating the integral { cos” dx using the methods of Section 1.8 can be a real 
pain. It is much easier if we convert to complex exponentials. Using (a + b)* = 
a* + 4a3b + 6a7b? + 4ab? + b+, 


[eos de S = | lee 4+ eal dx 


1 : : 

= oi [e“* mim 4e2® dG 4e~ 2% as a] dx 
Lf dx 4 sie , 4s, dy 

= aL wx 6 aX | 0X C 
24 ae Go | eS = 


—(e%* — 7) + 6x +C 


1 
= 54 E sind + Asin 20 + 6 +C 


1 1 3 
= gp inde + 7 sinde + oo + C 


B.2.5 » Exploiting Complex Exponentials in Differential Equation 
Computations 


Complex exponentials are also widely used to simplify the process of guessing solutions 
to ordinary differential equations. We’ll start with (possibly a review of) some basic 
definitions and facts about differential equations. 
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a A differential equation is an equation for an unknown function that 
contains the derivatives of that unknown function. For example y(t) + 
y(t) = 0 is a differential equation for the unknown function y(t). 


In the differential calculus text CLP-1, we treated only derivatives of func- 
tions of one variable. Such derivatives are called ordinary derivatives. A 
differential equation is called an ordinary differential equation (often 
shortened to “ODE”) if only ordinary derivatives appear. That is, if the 
unknown function has only a single independent variable. 


In CLP-3 we will treat derivatives of functions of more than one variable. 
For example, let f(x,y) be a function of two variables. If you treat y as 
a constant and take the derivative of the resulting function of the single 
variable x, the result is called the partial derivative of f with respect to 
x. A differential equation is called a partial differential equation (often 
shortened to “PDE”) if partial derivatives appear. That is, if the unknown 
function has more than one independent variable. For example y"(t)+y(t) = 
0 is an ODE while F(z, t) = c2 F4 (a, t) is a PDE. 

c The order of a differential equation is the order of the highest derivative 
that appears. For example y(t) + y(t) = 0 is a second order ODE. 


d An ordinary differential equation that is of the form 


ag(t)y (t) + arty (t) +++» + any) = Fd) (B.2.1) 


with given coefficient functions ao(t), ---, @n(t) and F(t) is said to be linear. 
Otherwise, the ODE is said to be nonlinear. For example, y'(t)?+y(t) = 0, 
y! (t)y""(t) + y(t) = 0 and y’(t) = eY are all nonlinear. 


e The ODE (B.2.1) is said to have constant coefficients if the coefficients 
ao(t), a,(t), ---, @,(t) are all constants. Otherwise, it is said to have vari- 
able coefficients. For example, the ODE y(t) + 7y(t) = sint is constant 
coefficient, while y”(t) + ty(t) = sint is variable coefficient. 


f The ODE (B.2.1) is said to be homogeneous if F(t) is identically zero. 
Otherwise, it is said to be inhomogeneous or nonhomogeneous. For 
example, the ODE y"(t) + 7y(t) = 0 is homogeneous, while y(t) + 7y(t) = 
sint is inhomogeneous. A homogeneous ODE always has the trivial solution 
Ge) 0) 


An initial value problem is a problem in which one is to find an unknown 
function y(t) that satisfies both a given ODE and given initial conditions, 
like y(to) = 1, y'(to) = 0. Note that all of the conditions involve the function 
y(t) (or its derivatives) evaluated at a single time t = to. 
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h A boundary value problem is a problem in which one is to find an 
unknown function y(t) that satisfies both a given ODE and given boundary 


conditions, like y(to) = 0, y(t1) = 0. Note that the conditions involve the 
function y(t) (or its derivatives) evaluated at two different times. 


The following theorem gives the form of solutions to the linear? ODE (B.2.1). 


Theorem B.2.9 


Assume that the coefficients ao(t), ai(t), -+-, @n—i(t), an(t) and F(t) are contin- 
uous functions and that ao(t) is not zero. 


a The general solution to the linear ODE (B.2.1) is of the form 
y(t) = yp(t) + Ciyr(t) + Cayo(t) +--+ Cayn(t) 


where 


n is the order of (B.2.1) 
y(t) is any solution to (B.2.1) 
C1, Co, +--+, C, are arbitrary constants 


Y1, Y2, °°; Yn are n independent solutions to the homogenous equation 
ag(t)y™ (£) + a (thy Y(t) + --- + an a@)y’@) + an(t)y@) =0 


associated to (B.2.1). “Independent” just means that no y; can be 
written as a linear combination of the other y,;’s. For example, y;(t) 
cannot be expressed in the form boy2(t) +--+ + bnyn(t). 


In (B.2.2), yp is called the “particular solution” and Cyy;(t)+Coyo(t)+---+ 
CnYn(t) is called the “complementary solution”. 


b Given any constants bo, ---, b,-; there is exactly one function y(t) that 
obeys the ODE (B.2.1) and the initial conditions 


me (ON treed 


In the following example we’ll derive one widely used linear constant coefficient 
ODE. 


3 There are a some special classes of nonlinear ODE’s, like the separable differential equations of 
§2.4, that are relatively easy to solve. But generally, nonlinear ODE’s are much harder to solve 
than linear ODE’s. 
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Example B.2.10 RLC circuit. 


As an example of how ODE?’s arise, we consider the RLC circuit, which is the electrical 
circuit consisting of a resistor of resistance R, a coil (or solenoid) of inductance L, a 
capacitor of capacitance C’ and a voltage source arranged in series, as shown below. 
Here R, L and C are all nonnegative constants. 


R L 


x(t) y(t) 


— G 


We're going to think of the voltage x(t) as an input signal, and the voltage y(t) as an 
output signal. The goal is to determine the output signal produced by a given input 
signal. If z(t) is the current flowing at time t¢ in the loop as shown and q(t) is the charge 
on the capacitor, then the voltages across R, L and C, respectively, at time t are Ri(t), 
L&(t) and y(t) = ’ By the Kirchhoff’s law® that says that the voltage between any 
two points has to be independent of the path used to travel between the two points, 
these three voltages must add up to x(t) so that 
} t 

Ri(t) + me) + W = a(t) (B.2.3) 
Assuming that R, L, C and x(t) are known, this is still one differential equation in 
two unknowns, the current i(t) and the charge q(t). Fortunately, there is a relationship 
between the two. Because the current entering the capacitor is the rate of change of 


the charge on the capacitor 
dq 
i= Fra = Cay) (B.2.4) 


This just says that the capacitor cannot create or destroy charge on its own; all charging 
of the capacitor must come from the current. Substituting (B.2.4) into (B.2.3) gives 


LCy"(t) + RCy'(t) + y(t) = a(t) 


which is a second order linear constant coefficient ODE. As a concrete example, we’ll 
take an ac voltage source and choose the origin of time so that x(0) = 0, x(t) = 
Eo sin(wt). Then the differential equation becomes 


LCy"(t) + RCy'(t) + y(t) = Eo sin(wt) (B.2.5) 


a Gustav Robert Kirchhoff (1824-1887) was a German physicist. There are several sets of Kirch- 
hoff’s laws that are named after him — Kirchhoff’s circuit laws, that we are using in this example, 
Krichhoft’s spectroscopy laws and Kirchhoff’s law of thermochemistry. Kirchhoff and his collab- 


t orator Robert Bunsen, of Bunsen burner fame, invented the spectroscope. | 
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Finally, here are two examples in which we use complex exponentials to solve an 


ODE. 


Example B.2.11 


By Theorem B.2.9(a), the general solution to the ordinary differential equation 
y(t) + 4y'(t) + 5y(t) = 0 (ODE) 


is of the form Cyui(t) + Coua(t) with ui(t) and ua(t) being two (independent) solutions 
to (ODE) and with C; and Cy being arbitrary constants. The easiest way to find u;(t) 
and u(t) is to guess them. And the easiest way to guess them is to try® y(t) = e”, 
with r being a constant to be determined. Substituting y(t) = e” into (ODE) gives 


re" + dre™ + 5e™ =0 <> (7? 4+4r4+5)e%™=0 <= > 77 +4r4+5=0 


This quadratic equation for r can be solved either by using the high school formula or 
by completing the square. 


r+4r+5=0 <—> (r+2)?+1=0 
=> (r+2P=-1 = r+2=Hi 
= r=-2ti 


So the general solution to (ODE) is 
y(t) -_ Cem ah Ce 


This is one way to write the general solution, but there are many others. In partic- 
ular there are quite a few people in the world who are (foolishly) afraid? of complex 
exponentials. We can hide them by using (B.2.3) and (B.2.4). 


y(t) _ Oe a OR ae = Cee a Cate 
=e” ( cost +7sin t) dGse 7 ( cost — isin t) 
= (C1 + Cre cost + (iC, — iCy)e~** sint 
= Dy,e~* cost + Doe sint 
with D; = Ci + Cy and Dz = iC, — iC, being two other arbitrary constants. Don’t 
make the mistake of thinking that Dz must be complex because 2 appears in the formula 
Dg = iC; —iC, relating Dz and C1, Co. No one said that C) and C2 are real numbers. In 
fact, in typical applications, the arbitrary constants are determined by initial conditions 
and often D,; and D», turn out to be real and C) and Cy turn out to be complex. For 
example, the initial conditions y(0) = 0, y’(0) = 2 force 
0 = y(0) =C,+C, 
2 = y'(0) = (-2 +1)C, + (-2 —1)Cy 


The first equation gives Cy = —C and then the second equation gives 


(-2 + i)C, —(-2 -1)C, =2 => 210, =2 — > iC, =1 
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—>= C; = -1, Co = 1 
and 
Dy, = Ci + Co = 0 Dz = iC; —1Cz = 2 


a The reason that y(t) = e” is a good guess is that, with this guess, all of y(t), y/(t) and y(t) 
are constants times e™. So the left hand side of the differential equation is also a constant, that 
depends on r, times e™. So we just have to choose r so that the constant is zero. 

b Embracing the complexity leads to simplicity. 


Example B.2.11 
Example B.2.12 


We shall now guess one solution (i.e. a particular solution) to the differential equation 
y(t) + 2y'(t) + 3y(t) = cost (ODE1) 


Equations like this arise, for example, in the study of the RLC circuit. We shall simplify 
the computation by exploiting that cost = Re’. First, we shall guess a function Y(t) 
obeying 

Y" + 2Y' + 3Y =e” (ODE2) 


Then, taking complex conjugates gives 
Y" 4+ 2Y'+3Y =e" 
which we shall call (ODE2). Then, adding $(ODE2) and $(ODE2) together will give 
(RY)” + 2(RY)! + 3(RY) = Re’ = cost 


which shows that RY(t) is a solution to (ODE1). Let’s try Y(t) = Ae”, with Aa 
constant to be determined. This is a solution of (ODE2) if and only if 


a (Ae) + os (Ae) + 3Ae* = e# 

dt? dt . . 

= (a7 + 21 + 3) Ae™ = e* 
=> A= : : 
2+ 22 


So in is a solution to (ODE2) and RS is a solution to (ODE1). To simplify this, 


write 2 + 2i in polar coordinates. From the sketch below we have 2 + 2i = 2\/2e'?. 
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i] ; 
2+ 24 = 2/2e'7/4 
24/2 9 
1/4 
D) L 
So 

et a et 7 1 i(t_¥) 
24+2i 2/det 2/2 

e* I - 1 1 

36> = —_ -D = — cos (¢ - ) 

242i 2/2 2/2 4 


Example B.2.12 
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C.14 Richardson Extrapolation 


There are many approximation procedures in which one first picks a step size h and 
then generates an approximation A(h) to some desired quantity A. For example, A 
might be the value of some integral i f(x) daz. For the trapezoidal rule with n steps, 
Ar= bua plays the role of the step size. Often the order of the error generated by the 
procedure is known. This means 


A= A(h) + Kh* + Kyh®™ + Koh’? + --- (E1) 


with k being some known constant, called the order of the error, and kK, Ky, Ko, --- 
being some other (usually unknown) constants. If A(h) is the approximation to A = 
i f(x) dx produced by the trapezoidal rule with Ax = h, then k = 2. If Simpson’s 
rule is used, k = 4. 

Let’s first suppose that h is small enough that the terms K’h*+! + K"hk+? + «-- in 
(E1) are small enough! that dropping them has essentially no impact. This would give 


A = A(h) + Khk (E2) 


Imagine that we know k, but that we do not know A or K, and think of (E2) as an 
equation that the unknowns A and K have to solve. It may look like we have one 
equation in the two unknowns K, A, but that is not the case. The reason is that (E2) 


e OD @ 


1 Typically, we don’t have access to, and don’t care about, the exact error. We only care about its 
order of magnitude. So if h is small enough that K,h*+! + Koh*+? + --- is a factor of at least, 
for example, one hundred smaller than Kh", then dropping K,h**+! + Kjh*t+? + --- would not 
bother us at all. 
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is (essentially) true for all (sufficiently small) choices of h. If we pick some h, say hi, 
and use the algorithm to determine A(h1) then (E2), with h replaced by hi, gives one 
equation in the two unknowns A and K, and if we then pick some different h, say ho, 
and use the algorithm a second time to determine A(h2) then (E2), with h replaced 
by hy, gives a second equation in the two unknowns A and Kk. The two equations will 
then determine both A and K. 

To be more concrete, pe that we have picked some specific value of h, and have 
chosen hy = h and hg = 5, and that we have evaluated A(h) and A(h/2). Then the 


two equations are 


A 


A= A(h) + Kh* (E3a) 
A = A(h/2) + K(#)* (E3b) 


It is now easy to solve for both K and A. To get K, just subtract (E3b) from (E3a). 


(E3a) — (E3b): 0 = A(h 
A 
[b= 


A(h/2) + (1 — xe) Kh* 


)- 
h/2) = A(t ae 


K= 


To get A multiply (E3b) by 2° and then subtract (E3a). 


2*(E3b) — (E3a): [2* — 1]|A = 2*A(h/2) — A(h) 
2* A(h/2) — A(h) 
Qk — 


A= (E4b) 


The generation of a “new improved” approximation for A from two A(h)’s with different 
values of h is called Richardson? Extrapolation. Here is a summary 


Equation C.1.1 Richardson extrapolation. 


Let A(h) be a step size h approximation to A. If 


A= Ath) + ER 


A(h/2) — A(h) ae 2" A(h/2) — A(h) 


K — 
[1 — 2-*JAk 1 


This works very well since, by computing A(h) for two different h’s, we can remove 
the biggest error term in (E1), and so get a much more precise approximation to A for 
little additional work. 


2 Richardson extrapolation was introduced by the Englishman Lewis Fry Richardson (1881-1953) 
in 1911. 
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Example C.1.2 Richardson extrapolation with the trapezoidal rule. 


Applying the trapezoidal rule (1.11.6) to the integral A = f. paadex with step sizes : 


and (i.e. with n = 8 and n = 16) gives, with h = , 
A(h) = 3.1389884945 A(h/2) = 3.1409416120 
So (E4b), with k = 2, gives us the “new improved” approximation 


2? x 3.1409416120 — 3.1389884945 


= 3.1415926512 
22-1 


We saw in Example 1.11.3 that le ade = 7, so this new approximation really is 
“improved”: 


e A(1/8) agrees with 7 to two decimal places, 
e A(1/16) agrees with 7 to three decimal places and 
e the new approximation agrees with 7 to eight decimal places. 


Beware that (E3b), namely A = A(h/2) + K(*)*, is saying that K(#)* is (approx- 
imately) the error in A(h/2), not the error in A. You cannot get an “even more 


improved” approximation by using (E4a) to compute K and then adding (a to the 
“ h\k 
2 


' new improved” A of (E4b) — doing so just gives A+ K( ) , not a more accurate A. 


Example C.1.3 Example 1.11.16 revisited. 


Suppose again that we wish to use Simpson’s rule (1.11.9) to evaluate Ve e-* dx to 
within an accuracy of 10~°, but that we do not need the degree of certainty provided 
by Example 1.11.16. Observe that we need (approximately) that |K|h* < 107°, so if 
we can estimate A (using our Richardson trick) then we can estimate the required h. 
A commonly used strategy, based on this observation, is to 


e first apply Simpson’s rule twice with some relatively small number of steps and 
e then use (E4a), with k = 4, to estimate K and 


e then use the condition |K|h* < 10-6 to determine, approximately, the number of 
steps required 


e and finally apply Simpson’s rule with the number of steps just determined. 


Let’s implement this strategy. First we estimate K by applying Simpson’s rule with 
step sizes s and :- Writing s = h’, we get 


A(h’) = 0.74685538 —-A(h’/2) = 0.74682612 
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so that (E4a), with k = 4 and h replaced by h’, yields 


Kc — 0:74682612 — 0.74685538 gan ays 
[1 — 2-4](1/4)4 


We want to use a step size h obeying 


i 1 
K\h* <107§ => 7.990 x 10-8h* < 10°§ = A< ¢/—_— = —— 
eS . = — V 7990 9.45 


like, for example, h = a: Applying Simpson’s rule with h = i gives 
A(1/10) = 0.74682495 


The exact answer, to eight decimal places, is 0.74682413 so the error in A(1/10) is 
indeed just under 10~°. 

Suppose now that we change our minds. We want an accuracy of 10~', rather than 
10~°. We have already estimated K. So now we want to use a step size h obeying 


[Ale = 10-2 799 x10 Wh 10 


<= h<y/ : = : 
— V 7.99 x 109 299.0 


Applying Simpson’s rule with h = a0 gives, to fourteen 


like, for example, h = aan. 
decimal places, 


A(1/300) = 0.74682413281344 


The exact answer, to fourteen decimal places, is 0.74682413281243 so the error in 
A(1/300) is indeed just over 107'. 


Example C.1.3 


C.24 Romberg Integration 


The formulae (E4a,b) for K and A are, of course, only! approximate since they are 
based on (E2), which is an approximation to (E1). Let’s repeat the derivation that 
leads to (E4), but using the full (E1), 


A= A(h) + Khe + Kin 4 KohkP +... 


Once again, suppose that we have chosen some hf and that we have evaluated A(h) and 
A(h/2). They obey 


A= A(h) + Kh* + Kyh*** + KohFP +... (Eda) 
e OS ® 
1 “Only” is a bit strong. Don’t underestimate the power of a good approximation (pun intended). 
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k+1 k+2 


A = A(h/2) + K(#)* + Ki (2) + Ka (8)? + --- (E5b) 


Now, as we did in the derivation of (E4b), multiply (E5b) by 2* and then subtract 
(E5a). This gives 


(2° — 1) A = 2" A(h/2) — A(h) — SK — 2kyh*t 4+... 


and then, dividing across by (2* _ ine 


2" A(h/2) — A(h) 1/2 3/4 


= = K hk&t! — 4" kohk? hae 
eo Qk] Qk yt Zo 
Hence if we define our “new improved approximation” 
2* A(h/2) — A(h) ~ 1/2 ~ 3/4 
B(h) = Ok = and kK = “Srey! and ky = oe (E6) 
we have 


A= Bih)+ Kh®" + Khe +... 


which says that B(h) is an approximation to A whose error is of order k+1, one better? 
than A(h)’s. 

If A(h) has been computed for three values of h, we can generate B(h) for two 
values of h and repeat the above procedure with a new value of k. And so on. One 
widely used numerical integration algorithm, called Romberg integration®, applies this 
procedure repeatedly to the trapezoidal rule. It is known that the trapezoidal rule 
approximation T(h) to an integral J has error behaviour (assuming that the integrand 
f(a) is smooth) 

IT=T(h)+ K,h? + Koh*+ Kah®+--- 


Only even powers of h appear. Hence 

T(h) has error of order 2 
so that, using (E6) with k = 2, 

hi has error of order 4 
so that, using (E6) with k = 4, 


To(h) = 10T(H/2)— Th) has error of order 6 
so that, using (E6) with k = 6, 


(hh) = SAT (h/ 2-0) has error of order 8 


and so on. We know another method which produces an error of order 4 — Simpson’s 


rule. In fact, T,(h) is exactly Simpson’s rule (for step size 4). 


e OOD @ 


2 That is, the error decays as h*+! as opposed to h* — so, as h decreases, it gets smaller faster. 
3 Romberg Integration was introduced by the German Werner Romberg (1909-2003) in 1955. 
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Equation C.2.1 Romberg integration. 


Let T'(h) be the trapezoidal rule approximation, with step size h, to an integral 
I. The Romberg integration algorithm is 


_ 4T(h/2)-T(h) 
3 
_ 1674(h/2)—-Tr(h) 
15 
64T2(h/2)—Ta(h 
T3(h) = 2( = 2(h) 


7) = eae 


Example C.2.2 Finding 7 by Romberg integration. 


The following table? illustrates Romberg integration by applying it to the area A of the 
integral A = fo ade. The exact value of this integral is 7 which is 3.14159265358979, 
to fourteen decimal places. 


h | Th) Ti) Tah) Ta(h) 

1/4 | 3.13118 | 3.14159250246 3.14159266114 | 3.14159265359003 
1/8 | 3.13899 | 3.141592651225 | 3.141592653708 
1/16 | 3.14094 | 3.141592653553 
1/32 3.14143 


XX S 


This computation required the evaluation of f(z) = aw only for x = 35 withO<n< 
32 — that is, a total of 33 evaluations of f. Those 33 evaluations gave us 12 correct 
decimal places. By way of comparison, vid =) used the same 33 evaluations of f, but 
only gave us 3 correct decimal places. 


a The second column, for example, of the table only reports 5 decimal places for T(h). But many 


more decimal places of T'(h) were used in the computations of T,(h) etc. { 


As we have seen, Richardson extrapolation can be used to choose the step size so 
as to achieve some desired degree of accuracy. We are next going to consider a family 
of algorithms that extend this idea to use small step sizes in the part of the domain of 
integration where it is hard to get good accuracy and large step sizes in the part of the 
domain of integration where it is easy to get good accuracy. We will illustrate the ideas 
by applying them to the integral i J/x dz. The integrand \/x changes very quickly 
when z is small and changes slowly when z is large. So we will make the step size small 
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near x = 0 and make the step size large near x = 1. 


Y 


y= /o 


C.34 Adaptive Quadrature 


Richardson extrapolation is also used to choose the step size so as to achieve some 
desired degree of accuracy. “Adaptive quadrature” refers to a family of algorithms that 
use small step sizes in the part of the domain of integration where it is hard to get good 
accuracy and large step sizes in the part of the domain of integration where it is easy 
to get good accuracy. 

We'll illustrate the idea using Simpson’s rule applied to the integral f f(@) dx, 
and assuming that we want the error to be no more than (approximately) some fixed 
constant ¢. For example, ¢ could be 10~®. Denote by S(a’,b’; h’), the answer given 


when Simpson’s rule is applied to the integral fr f(x) dx with step size h’. 


e Step 1. We start by applying Simpson’s rule, combined with Richardson extrapo- 
lation so as to get an error estimate, with the largest possible step size h. Namely, 
set h = ae and compute 


fla) f(a+ 5) flath)=f() flat+%) fla+2h) =f 


Then 
S(a,b;h) = #{f(a)+4f(a+h) +f} 
and 
S(a,b; 4) = 2{ f(a) +4f (a+ 2) +2f (42) +4f (a+ %) + fo} 
= (0,288: 8) + 9(8,0:4) 
with 
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Using the Richardson extrapolation formula (E4a) with k = 4 gives that the error 
in S(a, be a) is (approximately) 


K(2)"| = &]5(@.0; 8) - S(a,d; A)| (E7) 
If this is smaller than ¢, we have (approximately) the desired accuracy and stop!. 


e Step 2. If (E7) is larger than ¢, we divide the original integral J = if f(a) dx into 
a+b 
two “half-sized” integrals, J; = f[,2 f(x)dx and Iz = far f(a) da and repeat 
2 
the procedure of Step 1 on each of them, but with h replaced by 5 f and € replaced 


by 5 — if we can find an approximation, I,, to I, with an error eas than 5 and 
an approximation, is to Iz with an error less than 5, then I i+ i approximates 
I with an error less than ¢. Here is more detail. 


o If the error in the approximation Ite and the error in the approximation 
Ty to In are both acceptable, then we use J; as our final approximation to J; 
and we use J as our final approximation to 9. 


o If the error in the approximation I, to I, is acceptable but the error in 
the approximation Ig to Ig is not acceptable, then we use i as our final 
approximation to I, but we subdivide the integral I. 


o If the error in the approximation I, to I, is not acceptable but the error 
in the approximation J, to Iz is acceptable, then we use J as our final 
approximation to Iz but we subdivide the integral J,. 


o If the error in the approximation I, to J, and the error in the approximation 
In to In are both not acceptable, then we subdivide both of the integrals J, 
and I». 


So we adapt the step size as we go. 


e Steps 3, 4, 5, --- Repeat as required. 


Example C.3.1 Adaptive quadrature. 


Let’s apply adaptive quadrature using Simpson’s rule as above with the eon of comput- 
ing f Va dx with an error of at most ¢ = 0.0005 = 5x 10~*. Observe that 4./z = +- 
blows up as x tends to zero. The integrand changes very quickly when x c small. XS 
we will probably need to make the step size small near the limit of integration « = 0. 


e Step 1 — the interval [0,1]. (The notation [0, 1] stands for the interval 0 < x < 1.) 


S(0,1; 4) = 0.63807119 
S(0, $; 4) = 0.22559223 


K(4)*| be 


smaller than a rather than e. 
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SG, ee rie 
error = + |S(0,4;4)+8 +134 — $(0,1;4)| = 0.0012 
7 224A 4 2 
> € = 0.0005 


This is unacceptably large, so we subdivide the interval [0, 1] into the two halves 
[0, Al and 3. 1] and apply the procedure separately to each half. 


e Step 2a — the interval |0, 5. 


S(0, $3 +) = 0.22559223 

S(0, $; g) = 0.07975890 

S(4, $5 4) = 0.15235819 
sa 0,453) + S(4, $32) — S(O, $3 $)| = 0.00043 

> £ = 0.00025 


This error is unacceptably large. 


e Step 2b — the interval [5 li 


pe 


Alo NIF ple 
— lee _ 


; +) = 0.43093403 
5) = 0.19730874 
gel: 


ee 
i 1 19(3, 352) + (3,1; 2) — $(4,1; 4)| = 0.0000019 


< § = 0.00025 


; 


ee 


fo) 
5 
8 
e) 
5 


This error is acceptable. 


e Step 2 resumé. The error for the interval [5 1] is small enough, so we accept 


$(3,1;4) = 9(4,2;4) + $(3,1; 4) = 0.43096219 


as the approximate value of ie Jax dx. 


The error for the interval [0, 5] is unacceptably large, so we subdivide the interval 
[0, 3] into the two halves {0, 4] and [4,5] and apply the procedure separately to 
each half. 


e Step 3a — the interval |0, I. 


S(0, +; 4) = 0.07975890 
S(0, $3 7g) = 0.02819903 
S343 7) =0. ne 


TOE = 15 5 |S(0 eo ‘a ee 7 } is) = S045 5) 
= 0.000153792 > a = 0.000125 


This error is unacceptably large. 


583 


MorRE ABOUT NUMERICAL INTEGRATION C.3 ADAPTIVE QUADRATURE 


e Step 3b — the interval [3, 5). 


S(4, 553) = 0.15235819 
S(4, 2; 4) = 0.06975918 
S(3, $5 7g) = 0.08260897 


error = 3g |S(4, $3 7g) + 9(3,33 7) — 9(4, 53 8) 


= 0.00000066 < 5 = 0.000125 


This error is acceptable. 


e Step 3 resumé. The error for the interval [+ me 5] is small enough, so we accept 
Sh) 6) = SG 33 ie) + Cg) 93 ig) = 0-15236814 


as the approximate value of ia ede: 


The error for the interval [0, +] is unacceptably large, so we subdivide the interval 
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[0, 4] into the two halves [0, ¢] and [3,4] and apply the procedure separately to 
each half. 
e Step 4a — the interval |0, 4]. 
S(0, $3 7) = 0.02819903 
S(0, % 3 35) = 000996986 
S242) 20) ee 
error = 75 |S(0, 3: x) t S(ig1 85 33) — 500, 83 70) 


= 0.000054 < 3 = 0.0000625 
This error is acceptable. 


e Step 4b — the interval [z, 5]. 


S(%, 45 7) = 0.05386675 
S(%, & 5s) = 0.02466359 
S(3, 45 3) = 0.02920668 


PITOR =) a5 = |S( B16 3) O(a as) — Ol avarae)| 


= 0.00000024 < | = 0.0000625 
This error is acceptable. 


e Step 4 resumé. The error for the interval (0, al is small enough, so we accept 


8(0,4;4) = 8(0,4;4)+5(4,4; 4) = 0.02901464 


8 > 16? 32 
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as the approximate value of tice eda: 


The error for the interval [}, +] is small enough, so we accept 


S(3,93 35) = S(% 33 B) + S(S, 55 BH) = 0.05387027 
as the approximate value of ee Ju dn. 


e Conclusion. The approximate value for if Vx dz is 


S(0 1.1) sic 1.1) sc 1. 1) sa 1 1) 


78? 32 8° 4? 32 4° 2° 16 
= 0.66621525 (E8) 


Of course the exact value of he Vt d= z, so the actual error in our approximation is 
: — 0.66621525 = 0.00045 < ¢ = 0.0005 


Here is what Simpson’s rule gives us when applied with some fixed step sizes. 


S(0,1; 4) = 0.66307928 
S(0,1; 7) = 0.66539819 
S(0,1; 3) = 0.66621818 
S(0,1; 4) = 0.66650810 


So to get an error comparable to that in (E8) from Simpson’s rule with a fixed step size, 


we need to use h = =. In (E8) the step size h = = was just used on the subinterval 


(0 1) 32° 32 
>qd- 


Example C.3.1 
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In Section 2.4 we solved a number of inital value problems of the form 


y¥O=7 (Ey) 
y(to) = Yo 


Here f(t,y) is a given function, to is a given initial time and yo is a given initial value 
for y. The unknown in the problem is the function y(t). There are a number of other 
techniques for analytically solving some problems of this type. However it is often 
simply not possible to find an explicit solution. This appendix introduces some simple 
algorithms for generating approximate numerical solutions to such problems. 


D.14 Simple ODE Solvers — Derivation 


The first order of business is to derive three simple algorithms for generating approxi- 
mate numerical solutions to the initial value problem 


y(t) = f(t,y()) 
y(to) = Yo 
The first is called Euler’s method because it was developed by (surprise!) Euler. 


e OS @ 


1 Leonhard Euler (1707-1783) was a Swiss mathematician and physicist who spent most of his adult 
life in Saint Petersberg and Berlin. He gave the name 7z to the ratio of a circle’s circumference to 
its diameter. He also developed the constant e. 
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D.1.1 » Euler’s Method 


Our goal is to approximate (numerically) the unknown function 


u(t) =vtto) + f (rar 


to 


= y(te) +f #(ru(r)) ar 


to 


for t > to. We are told explicitly the value of y(tg), namely yo. So we know f (a y(T)) = = 
f (to, Yo): But we do not know the integrand f(r, y(7)) for T > tp. On the other hand, 


if 7 is close tp, then f(r, y(T)) will remain close? to f (to, Yo) - So pick a small number 
h and define 
=o eh 
yi = y(to) + [ f (to, yo) dt = yo + f (to, yo) (ti — to) 
0 
= yo + f (to, yo)h 


By the above argument 


y = yo + f (to, yo) (t — to) 


(t1, Y1) 


t 


Now we start over from the new point (t;, y,). We now know an approximate value 
for y at time t,. If y(t,) were exactly y;, then the instantaneous rate of change of y 


at time t,, namely y’(t,) = f(t, y(t)), would be exactly f(t,, y,) and f(t.y(t)) would 
remain close to f(t;, yi) for t close to t;. Defining 


to =ty th=to+2h 


ta 
y2 = Yr t+ / f(t, ym) dt = y+ f(t, m1) (t2 — 4) 
ty 


e OS @ 


2 This will be the case as long as f(t, y) is continuous. 


587 


NUMERICAL SOLUTION OF ODE’S D.1 SIMPLE ODE SOLVERS — DERIVATION 


=ytfltiyjr 
we have 
y(to) © Yo 
We just repeat this argument ad infinitum. Define, for n = 0,1, 2,3,--- 
tn = to + nh 


Suppose that, for some value of n, we have already computed an approximate value y,, 
for y(t,). Then the rate of change of y(t) for t close to ty, is 7G, y(t)) =) Fig y(tn)) ~ 
‘i (tess Yn) and 


Equation D.1.1 Euler’s Method. 


Ue)  Ynti = Yn + ia Yn)h 


This algorithm is called Euler’s Method. The parameter h is called the step size. 
Here is a table applying a few steps of Euler’s method to the initial value problem 


y =—2t+y 
y(0) =3 
with step size h = 0.1. For this initial value problem 
f(t,y) = —2t+y 
tp =0 
yo =3 


Of course this initial value problem has been chosen for illustrative purposes only. The 
exact solution is? y(t) = 2+ 2t+et. 


Yn f(tns Yn) = —2tn + Yn Ynt1 = Yn + f (tr; Yn) *h 
—2 *« 0.0+ 3.000 = 3.000 | 3.000 + 3.000 *« 0.1 = 3.300 
—2 «0.14 3.300 = 3.100 | 3.300 + 3.100 « 0.1 = 3.610 
—2 * 0.2+ 3.610 = 3.210 | 3.610 + 3.210 * 0.1 = 3.931 


—2 * 0.3 + 3.931 = 3.331 | 3.931 + 3.331 * 0.1 = 4.264 
—2 «0.44 4.264 = 3.464 | 4.264+ 3.464 * 0.1 = 4.611 


The exact solution at t = 0.5 is 4.6487, to four decimal places. We expect that 
Euler’s method will become more accurate as the step size becomes smaller. But, of 
course, the amount of effort goes up as well. If we recompute using h = 0.01, we get 
(after much more work) 4.6446. 


3 Even if you haven’t learned how to solve initial value problems like this one, you can check that 
y(t) = 2+ 2t+ e' obeys both y’(t) = —2t+ y(t) and y(0) = 3. 
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D.1.2 » The Improved Euler’s Method 


Euler’s method is one algorithm which generates approximate solutions to the initial 
value problem 


y(t) = f(t, y(t) 
y(to) = Yo 


In applications, f(t, y) is a given function and to and yp are given numbers. The function 
y(t) is unknown. Denote by y(t) the exact solution‘ for this initial value problem. In 
other words y(t) is the function that obeys 


y(t) = f(t, et) 
y(to) = Yo 


exactly. 

Fix a step size h and define t, = to + nh. By turning the problem into one of 
approximating integrals, we now derive another algorithm that generates approximate 
values for y at the sequence of equally spaced time values to, t,, to, ---. We shall 
denote the approximate values y,, with 


Yn © p(tn) 
By the fundamental theorem of calculus and the differential equation, the exact solution 
obeys 
tn+1 
oltnss) = ottn) + f(t) at 
tn 
tn+41 
= lt) +f F(t, e(0) at 
tn 
Fix any n and suppose that we have already found yo, yi, --- ; Yn. Our algorithm for 


computing y,+41 will be of the form 


tn41 
Yn+i = Yn + approximate value of / f(t, p(t) de 
tn 


In Euler’s method, we approximated f(t, y(t) for th < t < tnii by the constant 
f tata): Thus 


tn+41 
Euler’s approximate value for ‘i f (t, y(t) dt is 
tn 


/  f (tm Yn) dt = f(tns Ya) h 


n 


4 Under reasonable hypotheses on f, there is exactly one such solution. The interested reader should 
search engine their way to the Picard-Lindeléf theorem. 
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So Euler approximates the area of the complicated region 0 < y < ras y(t), oe aM 
tn41 (represented by the shaded region under the parabola in the left half of the figure 
below) by the area of the rectangle 0 < y < f (rises) 5 ty <t < tnii1 (the shaded 
rectangle in the right half of the figure below). 


ct ()) oe F (tn (tn) —_, 
f (tus Yn) f (tn; Yn) 
y= 7, y(t) y= f(t, y(t)) 

tn tn+1 ty tnt 


Our second algorithm, the improved Euler’s method, gets a better approximation 
by using the trapezoidal rule. That is, we approximate the integral by the area of the 
trapezoid on the right below, rather than the rectangle on the right above. 


F (tmst;‘p(tns1)) —, F(tm+1, P(tn+1)) 
f (tas P(tn)) F (tn, P(tn)) 
y = f(t, (t)) y = f(t, e(t)) 

tn eT En tn+1 


The exact area of this trapezoid is the length h of the base multiplied by the average 
of the heights of the two sides, which is $[f(tn, p(tn)) + f(tr41, e(tn41))]- Of course 
we do not know (tn) or y(tn4i) exactly. 

Recall that we have already found yo,--- ,Y, and are in the process of finding yn4+1. 
So we already have an approximation for y(t,), namely y,. But we still need to ap- 
proximate y(t,,1). We can do so by using one step of the original Euler method! That 
is 

Pltnt1) ¥ Pltn) + E'(tn)h & Yn + (tas Yn)h 


So our approximation of cif (bn, ~(tn)) - f (tra, y(tn+1)) | is 


5 [ (basta) + F (teas te + Fltms dn)A) 


and 
tn41 
Improved Euler’s approximate value for / f re y(t)) dt is 
tn 

1 

; (tn Yn) + f (tras, Yn + F(tns un)h) | h 
Putting everything together’, the improved Euler’s method algorithm is 

e OS @ 


5 Notice that we have made a first approximation for y(t,41) by using Euler’s method. Then 
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Equation D.1.2 Improved Euler. 


Y(tn4i) © Ynti = Yn + = | (tart) -- JAG gancth - (tn, yn)h) | h 


Here are the first two steps of the improved Euler’s method applied to 


y=—2t+y y(0)=3 


with h = 0.1. In each step we compute f(tn, Yn), followed by yn + f(tn, Yn)h, which 
we denote Yn+1) followed by F(tnsi Gat), followed by Ynt1 = Yn + +l f (tn Yn) oT 
f (tras, Gn4i) | he 


to = 0 Yo=3 => f(to, yo) = —2*0+3=3 
ae i= 32oe01=44 
2+ 77,9 )\=-2e0it3as34 


1 
f=01 y,=3.305 —> flti,y) = —2 «0.1 + 3.305 = 3.105 
=> Yo = 3.305 + 3.105 * 0.1 = 3.6155 
—> f (to, fj) = —2 * 0.2 + 3.6155 = 3.2155 
1 
= yo = 3.305 + [3.105 + 3.2155] * 0.1 
=> = 3.621025 


Here is a table which gives the first five steps. 


Flin Yn) ACIS Yn+1) 


tn 
0.0 


0.1 
O.2 


0.3 
0.4 
0.5 


As we saw at the end of Section D.1.1, the exact y(0.5) is 4.6487, to four decimal 
places, and Euler’s method gave 4.611. 


e OO @ 


improved Euler uses the first approximation to build a better approximation for y(tn41). Building 
an approximation on top of another approximation does not always work, but it works very well 
here. 
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D.1.3 > The Runge-Kutta Method 


The Runge-Kutta® algorithm is similar to the Euler and improved Euler methods in 
that it also uses, in the notation of the last subsection, 


tn41 
Ynt1 = Yn + approximate value for / f(t, p(t) at 
tr 


: a y(t) dt by the area of a rectangle, as does 
Euler, or by the area of a trapezoid, as does improved Euler, it approximates by the 
area under a parabola. That is, it uses Simpson’s rule. According to Simpson’s rule 
(which is derived in Section 1.11.3) 


/ f(t o(8) at 


nz | F (tm, pltm)) + 4F (tn + 8, elim + $)) + F(tn +h, elim + h)) | 


Analogously to what happened in our development of the improved Euler method, we 
don’t know y(tn), (tn + 4) or Y(tr +h). So we have to approximate them as well. The 
Runge-Kutta algorithm, incorporating all these approximations, is’ 


Equation D.1.3 Runge-Kutta. 


King = 7 


But rather than approximating i i 


Cn) 


( 
Kon aa Ce ote sh, Un =F AK, n) 
( 


k3n = if tn + sh, Yn + Ak n) 
Kan 7 fit. Sir its Yn ale hk3,n) 
Yn+1 — Un + h [Ain + Qkon + okay + Rig 


That is, Runge-Kutta uses 
e k,,, to approximate i ing v(tn)) =i (bal 
e both ky, and kz, to approximate f(t, + 4, p(tn + 4)) = y'(tn + %), and 
e k4, to approximate f(t, +h, y(tn +h)). 
Here are the first two steps of the Runge-Kutta algorithm applied to 
y =—2t+y gO) =3 


e e 
6 Carl David Tolmé Runge (1856-1927) and Martin Wilhelm Kutta (1867-1944) were German 
mathematicians. 


7 It is well beyond our scope to derive this algorithm, though the derivation is similar in flavour to 
that of the improved Euler method. You can find more in, for example, Wikipedia. 
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with h = 0.1. 
t=0 yw=3 
=> kip = (0,3) =-2*04+3=3 
= = yot Bip = 340.05 *3 = 3.15 
==> koo = f (0.05, 3.15) = —2 « 0.05 + 3.15 = 3.05 
= — yo + Shoo = 3 + 0.05 * 3.05 = 3.1525 
==> kso = f (0.05, 3.1525) = —2 « 0.05 + 3.1525 = 3.0525 
= — yo thk39 =3 +. 0.1 * 3.0525 = 3.30525 
=> kag = f (0.1, 3.30525) = —2 « 0.1 + 3.30525 = 3.10525 
=> y =3+ YB + 2 «3.05 + 2 «3.0525 + 3.10525] = 3.3051708 
t; =0.1 y, = 3.3051708 


ki = f(0.1,3.3051708) = —2 * 0.1 + 3.3051708 = 3.1051708 
yi + &ky,1 = 3.3051708 + 0.05 * 3.1051708 = 3.4604293 
ko = f (0.15, 3.4604293) = —2 « 0.15 + 3.4604293 = 3.1604293 
yi + &ky1 = 3.3051708 + 0.05 * 3.1604293 = 3.4631923 
ka. = f (0.15, 3.4631923) = —2 «0.15 + 3.4631923 = 3.1631923 
yi + hk3,1 = 3.3051708 + 0.1 * 3.4631923 = 3.62149 
kay = f (0.2, 3.62149) = —2 « 0.2 + 3.62149 = 3.22149 
yo = 3.3051708 + 9+[3.1051708 + 2 * 3.1604293+ 
+ 2 * 3.1631923 + 3.22149] = 3.6214025 


flbeduedd 


tg = 0.2 yo = 3.6214025 


Now, while this might look intimidating written out in full like this, one should keep in 
mind that it is quite easy to write a program to do this. Here is a table giving the first 
five steps. The data is only given to three decimal places even though the computation 
has been done to many more. 


3.000 
3.305 
3.621 


3.950 
4.292 
4.6487206 


As we saw at the end of Section D.1.2, the exact y(0.5) is 4.6487213, to seven decimal 
places, Euler’s method gave 4.611, and improved Euler gave 4.647. 

So far we have, hopefully, motivated the Euler, improved Euler and Runge-Kutta 
algorithms. We have not attempted to see how efficient and how accurate the algorithms 
are. A first look at those questions is provided in the next section. 
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D.24 Simple ODE Solvers — Error Behaviour 


We now provide an introduction to the error behaviour of Euler’s Method, the improved 
Euler’s method and the Runge-Kutta algorithm for generating approximate solutions 
to the initial value problem 


y(t) = f(t, y(t) 
y(to) = Yo 


Here f(t, y) is a given known function, to is a given initial time and yp is a given initial 
value for y. The unknown in the problem is the function y(t). 

Two obvious considerations in deciding whether or not a given algorithm is of any 
practical value are 


(a) the amount of computational effort required to execute the algorithm and 
(b) the accuracy that this computational effort yields. 


For algorithms like our simple ODE solvers, the bulk of the computational effort usually 
goes into evaluating the function! f(t, y). Euler’s method uses one evaluation of f(t, y) 
for each step; the improved Euler’s method uses two evaluations of f per step; the 
Runge-Kutta algorithm uses four evaluations of f per step. So Runge-Kutta costs four 
times as much work per step as does Euler. But this fact is extremely deceptive because, 
as we shall see, you typically get the same accuracy with a few steps of Runge-Kutta 
as you do with hundreds of steps of Euler. 

To get a first impression of the error behaviour of these methods, we apply them 
to a problem that we know the answer to. The solution to the first order constant 
coefficient linear initial value problem 


y'(t) = y — 2t 
y(0)=3 
is 
y(t) =2+2t+e' 
In particular, the exact value of y(1), to ten decimal places, is 4 + e = 6.7182818285. 
The following table lists the error in the approximate value for this number generated 


by our three methods applied with three different step sizes. It also lists the number of 
evaluations of f required to compute the approximation. 


1 Typically, evaluating a complicated function will take a great many arithmetic operations, while 
the actual ODE solver method (as per, for example, (D.1.3)) takes only an additional handful of 
operations. So the great bulk of computational time goes into evaulating f and we want to do it 
as few times as possible. 
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Euler Improved Euler Runge Kutta 
steps error #evals error #evals error #evals 


Observe 


e Using 20 evaluations of f worth of Runge-Kutta gives an error 90 times smaller 
than 500 evaluations of f worth of Euler. 


e With Euler’s method, decreasing the step size by a factor of ten appears to reduce 
the error by about a factor of ten. 


e With improved Euler, decreasing the step size by a factor of ten appears to reduce 
the error by about a factor of one hundred. 


e With Runge-Kutta, decreasing the step size by a factor of ten appears to reduce 
the error by about a factor of about 10+. 


Use Az(h), Arg(h) and Ar«(h) to denote the approximate value of y(1) given by Euler, 
improved Euler and Runge-Kutta, respectively, with step size h. It looks like 


Equation D.2.1 


with some constants Kz, Kyg and Krx. 


To test these conjectures further, we apply our three methods with about ten dif- 
ferent step sizes of the form 4 = aa with m integer. Below are three graphs, one for 
each method. Each contains a plot of Y = log, e,, the (base 2) logarithm of the error 
for step size =. against the logarithm (of base 2) of n. The logarithm of base 2 is used 
because log, n = log, 2” = m — nice and simple. 

Here is why it is a good reason to plot Y = log, e, against 7 = log, n. If, for some 


algorithm, there are (unknown) constants AK and k such that 
approx value of y(1) with step size h = y(1) + Kh* 
then the error with step size t is e, = Kk . and obeys 
logs €n = log. K — klogyn (E1) 


The graph of Y = log, e, against x = log, n is the straight line Y = —kx + log, K of 
slope —k and y intercept log, K. 
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Remark D.2.2 This procedure can still be used even if we do not know the exact 
value of y(1). Suppose, more generally, that we have some algorithm that generates 
approximate values for some (unknown) exact value A. Call A, the approximate value 


with step size h. Suppose that 
A, =A+Kh* 


with kK and k constant (but also unknown). Then plotting 
y = log(A, — Any) = log (ani ie (#)") =log (K — £) + klogh 


against « = logh gives the straight line y = mx + b with slope m = k and y intercept 
b = log (kK — Ff). So we can 

e read off k from the slope of the line and then 

e compute K = e? (1 — co from the y intercept b and then 


e compute? A = A; — Kh‘. 


a This is the type of strategy used by the Richardson extrapolation of Section C.1. 


Here are the three graphs — one each for the Euler method, the improved Euler 
method and the Runge-Kutta method. 


123 45 6 7 8 9 10111213 
potoi tpt tp tpt tt 
x = logan 
_9-| Euler 
Al 
_6- 
_g- 
—104 
_12- 
Y = 0.414 — 0.998 x 
Y = log, e, 
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1 3 5) 7 9 il 1s ee RS OS al Ig 
a= lossn Ls) x = log ,n 
al Improved Euler es Runge Kutta 
aon Y=-1180-1.9972 —97 Po DOOR See 
_8- —l11- 
—13- 
—10- {5 
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-144 “a 
—16- —23 
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Each graph contains about a dozen data points, (1, Y) = (logy n, logs en), and also 
contains a straight line, chosen by linear regression, to best fit the data. The method 
of linear regression for finding the straight line which best fits a given set of data points 
is covered in Example 2.9.11 of the CLP-3 text. The three straight lines have slopes 
—0.998 for Euler, —1.997 for improved Euler and —3.997 for Runge Kutta. Reviewing 
(E1), it sure looks like k = 1 for Euler, k = 2 for improved Euler and k = 4 for 
Runge-Kutta (at least if k is integer). 

So far we have only looked at the error in the approximate value of y(tr) as a 
function of the step size h with ty held fixed. The graph below illustrates how the error 
behaves as a function of t, with h held fixed. That is, we hold the step size fixed and 
look at the error as a function of the distance, t, from the initial point. 
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100e(t) Error e(t) in the y(t) generated by improved Euler 
_| with step size 0.1 applied to y’ = y — 2t, y(0) =3 7 
4.0- : 
3.0 . 
2.04 ; 
1.04 iat 
faa tice ai i ie 
0.2 04 06 08 10 12 14 16 18 20 2.2 24 


From the graph, it appears that the error grows exponentially with ¢. But it is not 
so easy to visually distinguish exponential curves from other upward curving curves. 
On the other hand, it is pretty easy to visually distinguish straight lines from other 
curves, and taking a logarithm converts the exponential curve y = e** into the straight 
line Y = logy =k«. Here is a graph of the logarithm, log e(t), of the error at time t, 
e(t), against t. We have added a straight line as an aide to your eye. 


t 


ler ea ei De eT sii aa elle Te ee aS TT] 
yj. 02 04 06 08 10 12 14 16 18 20 2.2 2.4 


It looks like the log of the error grows very quickly initially, but then settles into a 
straight line. Hence it really does look like, at least in this example, except at the very 
beginning, the error e(t) grows exponentially with t. 

The above numerical experiments have given a little intuition about the error be- 
haviour of the Euler, improved Euler and Runge-Kutta methods. It’s time to try and 
understand what is going on more rigorously. 
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D.2.1 »® Local Truncation Error for Euler’s Method 


We now try to develop some understanding as to why we got the above experimental 
results. We start with the error generated by a single step of Euler’s method. 


The (signed) error generated by a single step of Euler’s method, under the as- 
sumptions that we start the step with the exact solution and that there is no 
roundoff error, is called the local truncation error for Euler’s method. That is, if 
o(t) obeys ¢/(t) = fale o(t)) and O(tn) = Yn, and if Yns1 = Yn + hf (tn, Yn), then 
the local truncation error for Euler’s method is 


b(tn41) — Yn+1 


That is, it is difference between the exact value, b(tn+1), and the approximate 
value generated by a single Euler method step, yn41, ignoring any numerical issues 
caused by storing numbers in a computer. 


Denote by ¢(t) the exact solution to the initial value problem 


¥Y@=fy) yln)=% 


That is, @(t) obeys 
P(t) = F(t 9(t)) (tn) = Yn 


for all t. Now execute one more step of Euler’s method with step size h: 
Ynti = Yn + hf (tr, Yn) 
Because we are assuming that yn = O(tn) 
Yn = P(tn) + hf (tn, O(tn)) 
Because ¢(t) is the exact solution, @'(tn) = f (tn, O(tn)) = f(tns Ym) and 
Ynt1 = P(tn) + ho'(tn) 


The local truncation error in y,+1 is, by definition, 6(tn41) — Yn41- 
Taylor expanding (see (3.4.10) in the CLP-1 text) @(tn41) = @(tn +h) about t, 


(tn + A) = O(tn) + O'(tn)h + $0" (En) h? + '" (tn) PF + 


so that 


P(tn41) — Yn41 
= [#ltn) + oC njh+ b(t nalts aP (tn)h® +--+] — [O(tn) + hd" (tn) 
"(én)h® + 


= 56" (tr )h? + 7¢" (E2) 
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Notice that the constant and h! terms have cancelled out. So the first term that appears 
is proportional to h?. Since h is typically a very small number, the h°, h*, --- terms 
will usually be much smaller than the h? term. 

We conclude that the local truncation error for Euler’s method is h? times some 
unknown constant (we usually don’t know the value of $’(t,) because we don’t usu- 
ally know the solution ¢(t) of the differential equation) plus smaller terms that are 
proportional to h" with r > 3. This conclusion is typically written 


Equation D.2.4 


Local truncation error for Euler’s method = Kh? + O(h?) 


The symbol O(h°) is used to designate any function that, for small h, is bounded 
by a constant times h°. So, if h is very small, O(h?) will be a lot smaller than h?. 

To get from an initial time ¢ = fo to a final time t = ty using steps of size h requires 
(tp — to)/h steps. If each step were to introduce an error? Kh? + O(h?), then the final 
error in the approximate value of y(t) would be 


io [Kh? + O(R8)] = K (ty — to) h + OH?) 

This very rough estimate is consistent with the experimental data for the dependence of 
error on step size with ty held fixed, shown on the first graph after Remark D.2.2. But 
it is not consistent with the experimental time dependence data above, which shows 
the error growing exponentially, rather than linearly, in t+ — to. 

We can get some rough understanding of this exponential growth as follows. The 
general solution to y/ = y — 2t is y = 2+ 2t+ coe’. The arbitrary constant, co, is to 
be determined by initial conditions. When y(0) = 3, co = 1. At the end of step 1, we 
have computed an approximation y; to y(h). This y; is not exactly y(h) = 2+2h+e". 
Instead, it is a number that differs from 2+ 2h +e" by O(h?). We choose to write the 
number y; = 2+ 2h +e" + O(h?) as 24+ 2h4+ (1+ .6)e” with « = e~"O(h?) of order of 
magnitude h?. That is, we choose to write 


yy = 2+ 2t + coe’ with co =1+e 


t=h 


If we were to make no further errors we would end up with the solution to 
y=y—2t, = y(h) =24+2h+(1+ee” 
which is® 


y(t) = 2+ 2+ (1+eje’ = 242+ e+ ce! 


e OO @ 


2 For simplicity, we are assuming that K takes the same value in every step. If, instead, there is a 
different K in each of the n = (t¢ —to)/h steps, the final error would be Kyh?+Koh?+- + -+Ky,h?+ 
nO(h?) = Knh?+nO(h?) = K(t — to) h+O(h?), where K is the average of Ky, Ko, ++, Kn. 

3 Note that this y(t) obeys both the differential equation y’ = y — 2t and the initial condition 
y(h) =2+2h+ (1+ .)e”. 
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= p(t) + ee? 


So, once as error has been introduced, the natural time evolution of the solutions to this 
differential equation cause the error to grow exponentially. Other differential equations 
with other time evolution characteristics will exhibit different ¢; dependence of errors’. 
In the next section, we show that, for many differential equations, errors grow at worst 


exponentially with ty. 


D.2.2 © Global Truncation Error for Euler’s Method 


Suppose once again that we are applying Euler’s method with step size h to the initial 
value problem 


Denote by ¢(t) the exact solution to the initial value problem and by y, the approx- 
imation to $(tn), tr = to + nh, given by n steps of Euler’s method (applied without 
roundoff error). 


The (signed) error in Y, is @(tn) — Yn and is called the global truncation error 
at time t,,. 


The word “truncation” is supposed to signify that this error is due solely to Euler’s 
method and does not include any effects of roundoff error that might be introduced 
by our not writing down an infinite number of decimal digits for each number that we 
compute along the way. We now derive a bound on the global truncation error. 

Define 


En = (tn) — Yn 


The first half of the derivation is to find a bound on €,,4; in terms of én. 
En4+1 = (tn41) — Un+1 


= P(tn41) — Yn — ey Gas Yn) 
_ [O(tn) a Yn] + Alf (tn, (tn)) i Flin Yn)| 


+ [b(tn+1) — Ot) — AF (tas (tn) (E3) 
where we have massaged the expression into three manageable pieces. 
e The first [---] is exactly €,. 
e e 


4 For example, if the solution is polynomial, then we might expect (by a similar argument) that the 
error also grows polynomially in ts 
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e The third |---] is exactly the local truncation error. Assuming that |¢"(t)| < A 
for all t of interest”, we can bound the third [---] by 


|P(tnt1) — (tn) — hf (tn (tn) | S 5 "An? 


This bound follows quickly from the Taylor expansion with remainder ((3.4.32) 
in the CLP-1 text), 


lines) = Olin) + PEA + SOR 
= Gln) FPF (tus Oltn)) + 50M 


for some tn < t < tn41. 


e Finally, by the mean value theorem, the magnitude of the second [---] is h times 


= | Fi,(9)| 1o(tn) — yn 

for some y between y, and $(t,) 
= | Fi,(9)| len| 
= Bley! 


assuming that |FY(y)| < B for all t and y of interest°®. 


Substituting into (E3) gives 
1 ape 1 4,2 
lentil < |én| + Bhlen| + Ah = (1+ BA)le,| + gah (E4-n) 


Hence the (bound on the) magnitude of the total error, |€,+41|, consists of two parts. 
One part is the magnitude of the local truncation error, which is no more than 5 Ah? 
and which is present even if we start the step with no error at all, i.e. with ¢, = 0. The 
other part is due to the combined error from all previous steps. This is the ¢, term. 
At the beginning of step number n+ 1, the combined error has magnitude |e,,|. During 
the step, this error gets magnified by no more than a factor of 1+ Bh. 

The second half of the derivation is to repeatedly apply (E4-n) with n = 0,1, 2,---. 
By definition ¢(to) = yo so that €9 = 0, so 


(E4-0) => |e,| < (1+ Bh)|eo| + Sh? = 4h? 
(E4-1) => |eo| < (1+ Bh)ler] + gh? = (1+ Bh) gh? + Fh? 
(E42) => |es| < (1+ Bh)|eo| + 4h? = (1+ Bh)? $h? + (1+ Bh) Sh? + Sh? 


5 We are assuming that the derivative ¢/(t) doesn’t change too rapidly. This will be the case if 
f(t,y) is a reasonably smooth function. 
6 Again, this will be the case if f(t, y) is a reasonably smooth function. 
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Continuing in this way 


n-1 
lenl < (1+ Bh)” *$h? + +--+ (14+ Bh) Sh? + Sh? = S°(1+ Bh)™ 4h? 
m=0 
n—-1 
This is the beginning of a geometric series, and we can sum it up by using }> ar” = 
m=0 


“=a (which is Theorem 1.1.6(a)) with a= 4h? and r=1+ Bh gives 


(1+ Bh)"-1A,,_ A 
(1+ Bh)—1 2 = api 


len| < 1+ Bh)" — 1h 

We are interested in how this behaves as t,, — to increases and/or h decreases. Now 
n = ™='0 so that (1+ Bh)” = (1+ Bh)~o)/h, When h is small, the behaviour of 
(1 + Bh)»-t)/" is not so obvious. So we'll use a little trickery to make it easier to 
understand. Setting « = Bh in 


1 
C20 Sr bees lea a? be oe eg? 


(the exponential series e” = 1+2a+4+ 5a? + ae +--+ was derived in Example 3.6.5. 
gives’ 1+ Bh < e?”. Hence (1+ Bh)” < eB" = eBlr—to) since t, = to + nh, and we 
arrive at the conclusion 


Equation D.2.6 


A 


al S =sS 
lenl < 3B 


[eBlén—to) a 1] i 


This is of the form K(t,)h* with k = 1 and the coefficient K(t;) growing exponen- 
tially with tr — to. If we keep h fixed and increase t, we see exponential growth, but 
if we fix t, and decrease h we see the error decrease linearly. This is just what our 
experimental data suggested. 


D.34 Variable Step Size Methods 


We now introduce a family of procedures that decide by themselves what step size 
to use. In all of these procedures the user specifies an acceptable error rate and the 
procedure attempts to adjust the step size so that each step introduces error at no 
more than that rate. That way the procedure uses a small step size when it is hard 


7 When z = Bh is large, it is not wise to bound the linear 1+ x by the much larger exponential e”. 
However when x is small, 1 + 2 and e® are almost the same. 
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to get an accurate approximation, and a large step size when it is easy to get a good 
approximation. 
Suppose that we wish to generate an approximation to the initial value problem 


y =f(t.y), y(to) = yo 


for some range of t’s and we want the error introduced per unit increase! of t to be no 
more than about some small fixed number ¢. This means that if y, © y(to + nh) and 
Yn4i © y(t + (n+ 1)h), then we want the local truncation error in the step from y, to 
Yn+1 to be no more than about eh. Suppose further that we have already produced the 
approximate solution as far as t,,. The rough strategy is as follows. We do the step from 
t, to t, + h twice using two different algorithms, giving two different approximations 
to y(tn4i), that we call Ajnyi and Ao,,41. The two algorithms are chosen so that 


(1) we can use Ajn4i — Agn41 to compute an approximate local truncation error and 


(2) for efficiency, the two algorithms use almost the same evaluations of f. Remember 
that evaluating the function f is typically the most time-consuming part of our 
computation. 


In the event that the local truncation error, divided by h, (i.e. the error per unit 
increase of t) is smaller than e, we set t,41 =t, +h, accept Ao »+41 as the approximate 
value? for y(tn41), and move on to the next step. Otherwise we pick, using what we 
have learned from Aj 41 — Agn+i, a new trial step size h and start over again at t,. 

Now for the details. We start with a very simple procedure. We will later soup it 
up to get a much more efficient procedure. 


D.3.1 » Euler and Euler-2step (preliminary version) 


Denote by ¢(t) the exact solution to y’ = f(t,y) that satisfies the initial condition 
(tn) = Yn. If we apply one step of Euler with step size h, giving 


Aig = Yn + hf (tn, Yn) 
we know, from (D.2.4), that 
Ain+i = O(tn + h) + Kh? + O(h?) 


The problem, of course, is that we don’t know what the error is, even approximately, 
because we don’t know what the constant K is. But we can estimate K simply by 
redoing the step from f¢,, to t, +h using a judiciously chosen second algorithm. There 
are a number of different second algorithms that will work. We call the simple algorithm 


1 We know that the error will get larger the further we go in t. So it makes sense to try to limit the 
error per unit increase in t. 

2 Better still, accept Ag ,41 minus the computed approximate error in Aj,41 as the approximate 
value for y(tn41). 
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that we use in this subsection Euler-2step®. One step of Euler-2step with step size h 
just consists of doing two steps of Euler with step size h/2: 


Aan+1 = Yn + 2 (tn, Yn) a LE (tn ar 2 Un os 2 (tn, Yn)) 


Here, the first half-step took us from y, to Ymia = Ynt4 f (tn; Yn) and the second half-step 
took us from Ymia tO Ymia + a f (fn + A aii): The local truncation error introduced in 
the first half-step is K(h/2)?+O(h?). That for the second half-step is K(h/2)? + O(h?) 
with the same* K, though with a different O(h?). All together 


Aontt = (tn +h) + [K(#)° + O(h°)] + [K(8)” + O(F9)] 
= (in +h) + 5Kh? + O(°) 


The difference is” 


Aisi — Aang = [O(tn +h) + Kh? + O(h?)] — [b(tn +h) - Sih — O(h*)| 
= 5 Kh? + O(h®) 


So if we do one step of both Euler and Euler-2step, we can estimate 
Loewe 3 
gith = Ai nti — Aanti + O(h*) 
We now know that in the step just completed Euler-2step introduced an error of about 


; ‘ Ai ni—A: 
sKh? Ain — Agnsi. That is, the current error rate is about r = Banta Aamtl ~) 
5|A|h per unit increase of t. 


e If this r = Aunti— Aantal > e, we reject® Ay,4, and repeat the current step with 
a new trial step size chosen so that $|/|(new h) < ¢, i.e. £(new h) <e. To give 
ourselves a small safety margin, we could use’ 


ner 00 7h 
r 


e OS @ 


w 


This name is begging for a dance related footnote and we invite the reader to supply their own. 

4 Because the two half-steps start at values of t only h/2 apart, and we are thinking of h as being 
very small, it should not be surprising that we can use the same value of K in both. In case you 
don’t believe us, we have included a derivation of the local truncation error for Euler-2step later 
in this appendix. 

5 Recall that every time the symbol O(h?) is used it can stand for a different function that is 
bounded by some constant times h® for small h. Thus O(h®) — O(h) need not be zero, but is 
O(h?). What is important here is that if K is not zero and if h is very small, then O(h?) is much 
smaller than }Kh?. 

6 The measured error rate, r, is bigger than the desired error rate ¢. That means that it is harder 
to get the accuracy we want than we thought. So we have to take smaller steps. 

7 We don’t want to make the new h too close to £h since we are only estimating things and we 

might end up with an error rate bigger that ¢. On the other hand, we don’t want to make the 

new h too small because that means too much work — so we choose it to be just a little smaller 

than fh... say 0.95h . 


605 


NUMERICAL SOLUTION OF ODE’S D.3 VARIABLE STEP SIZE METHODS 


Aaa 
elfr= Fa ntie Aantal < € we can accept® Ay,41 aS an approximate value for 


Y(tn41), With try, = ty, +h, and move on to the next step, starting with the new 
trial step size° 
E 
new h=0.9-h 
‘a 


That is our preliminary version of the Euler/Euler-2step variable step size method. We 
call it the preliminary version, because we will shortly tweak it to get a much more 
efficient procedure. 


Example D.3.1 


As a concrete example, suppose that our problem is 

y(0) =e”, y! = 8(1 — 2t)y, e = 0.1 
and that we have gotten as far as 

in =U.38.. vo = 0-75, thal i= 0.094 


Then, using F = |Ajn4i1 — Agn+il to denote the magnitude of the estimated local 
truncation error in Ag,4; and r the corresponding error rate 


f (tas Yn) = 8(1 — 2 x 0.33)0.75 = 2.04 
Ainti = Yn + hf (tas Yn) = 0.75 + 0.094 x 2.04 = 0.942 
Ymid = Yn + Ef (tn; Yn) = 0.75 + 24 x 2.04 = 0.846 
f(t + 8, ymia) = 8[1 — 2(0.33 + 29%) ]0.846 = 1.66 
Agn+ = Ymia + Ef (tr + 4, Ymia) = 0.846 + 21.66 = 0.924 
EB = [Aandi —_ Ao n+ = |0.942 = 0.924| = 0.018 


= 0.19 
h 0.094 
Since r = 0.19 > ¢ = 0.1, the current step size is unacceptable and we have to 
recompute with the new step size 
h = 0.92 (old h) = 0.9 —~ 0.094 = 0.045 
new h = 0.9-(o = 0.9 ——-0, =f, 
r 0.19 


to give 


F (tn, Yn) = 8(1 — 2 x 0.33)0.75 = 2.04 
Ainst = Yn + Rf (tas Yn) = 0.75 + 0.045 x 2.04 = 0.842 
Ymid = Yn + 2 F (tn, Yn) = 0.75 + ue x 2.04 = 0.796 


8 The measured error rate, r, is smaller than the desired error rate ¢«. That means that it is easier 
to get the accuracy we want than we thought. So we can make the next step larger. 
9 Note that in this case = > 1. So the new h can be bigger than the last h. 
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f(tn + $,mia) = 8 [1 — 2(0.33 + 28)]0.796 = 1.88 


Aan+t = Ymia + Ef (tr + 2, Ymia) = 0.796 + 1.88 = 0.838 
EB = Aint = Ao n+l = 0.842 —_ 0.838 = 0.004 
|E| 0.004 
r=——_—= 


i (ode 


This time r = 0.09 < ¢ = 0.1, is acceptable so we set tr41 = 0.33 + 0.045 = 0.375 and 


Yn41 = Agn+t1 = 0.838 


The initial trial step size from ty41 to tn+2 is 


0.1 
new h = 0.9-(old h) = 0.9 —— .045 = .045 
r 0.09 
By a fluke, it has turned out that the new h is the same as the old h (to three decimal 
places). If r had been significantly smaller than ¢, then the new h would have been 
signficantly bigger than the old h - indicating that it is (relatively) easy to estimate 


things in this region, making a larger step size sufficient. 
Example D.3.1 


As we said above, we will shortly upgrade the above variable step size method, that 
we are calling the preliminary version of the Euler/Euler-2step method, to get a much 
more efficient procedure. Before we do so, let’s pause to investigate a little how well 
our preliminary procedure does at controlling the rate of error production. 

We have been referring, loosely, to ¢ as the desired rate for introduction of error, 
by our variable step size method, as t advances. If the rate of increase of error were 
exactly ¢, then at final time ty the accumulated error would be exactly e(t¢ — to). But 
our algorithm actually chooses the step size h for each step so that the estimated local 
truncation error in A241 for that step is about eh. We have seen that, once some local 
truncation error has been introduced, its contribution to the global truncation error 
can grow exponentially with ty. 

Here are the results of a numerical experiment that illustrate this effect. In this 
experiment, the above preliminary Euler/Euler-2step method is applied to the initial 


value problem y/ = ¢t—2y, y(0) =3 fore = 4,%,--- (ten different values) and for 
actual error at t=ty 


ty = 0.2, 0.4, --- , 3.8. Here is a plot of the resulting =e 


against tf. 
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error(ty) 
E ty 


9.0- 
8.0 5 
7.07 
6.0 - i 
5.0 74 I 
4.05 I 

3.0 i 

2.074 i. 

R0c «a7 


1 2 3 4 


actual error at t=ty __ 1 
et f Tale 

There is a small square on the graph for each different pair ¢,t7. So for each value 

of tr there are ten (possibly overlapping) squares on the line x = ty. This numerical 

actual error at t=tys 
et f 

tr is small, at about one, as we want, but grows (perhaps exponentially) with ty. 


If the rate of introduction of error were exactly €¢, we would have 


is relatively independent of ¢ and starts, when 


experiment suggests that 


D.3.2 » Euler and Euler-2step (final version) 


We are now ready to use a sneaky bit of arithemtic to supercharge our Euler/Euler- 
2step method. As in our development of the preliminary version of the method, denote 
by $(t) the exact solution to y’ = f(t, y) that satisfies the initial condition (tn) = Yn. 
We have seen, at the beginning of §D.3.1, that applying one step of Euler with step size 
h, gives 


Ai nit = Un a Ad (tng Yn) 
= (ty +h) + Kh? + O(n?) (E5) 


and applying one step of Euler-2step with step size h (i.e. applying two steps of Euler 
with step size h/2) gives 


Ag n+ = Un + EF ins tha) 2 (ve 7 Yn 4 (tn, Yn)) 
= (tn +h) + 3 Kh? + O(n) (E6) 


because the local truncation error introduced in the first half-step was K (h/2)? + O(h?) 
and that introduced in the second half-step was K(h/2)? + O(h?). Now here is the 
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sneaky bit. Equations (E5) and (E6) are very similar and we can eliminate all Kh?’s 
by subtracting (E5) from 2 times (E6). This gives 


2(E6) —(E5): = 2Aena1 — Atnsi = O(tn +h) + O(h°) 
(no more h? term!) or 
b(tn +h) = 2Aons1 — Aimsi + O(h?) (E7) 
which tells us that choosing 
Ynt1 = 2Aandi — Atn+i (E8) 


would give a local truncation error of order h, rather than the order h? of the prelimi- 
nary Euler/Euler-2step method. To convert the preliminary version to the final version, 
we just replace Yn41= Agni bY Yn4i = 2Aant1 — Atn4i: 


Equation D.3.2 Euler/Euler-2step Method. 


Given ¢ > 0, tn, Yn and the current step size h 
e compute 
Aint = Yn + hf (tr, Yn) 
Agel = Yn al Pi (Gna Ua) alg LE (th als B > Yn a5 2 (tn, Yn)) 


= [Aint1 — Aantal 
h 


e Ifr >e, repeat the first bullet but with the new step size 


(new h) = 0.9 : (old h) 


e Ifr <ée set 


na ere oe) 


Uni = 2Aan+i — Aipzti ond the new trial step size 


(new h) = 0.9 : (old h) 
r 


and move on to the next step. Note that since r < e, h > h which indicates 


that the new h can be larger than the old h. We include the 0.9 to be careful 
not to make the error of the next step too big. 


Let’s think a bit about how our final Euler/Euler-2step method should perform. 


e The step size here, as in the preliminary version, is chosen so that the local 
: : oe Ainti—A 
truncation error in Ag,41 per unit increase of t, namely r = a ntie Aantal ~ 
Kh? /2 


t= Eh, is approximately ¢. So h is roughly proportional to e. 
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e On the other hand, (E7) shows that, in the full method, local truncation error is 


being added to yn+41 at a rate of 2) = O(h?) per unit increase in t. 


e So one would expect that local truncation increases the error at a rate proportional 
to €? per unit increase in f. 


e If the rate of increase of error were exactly a constant time ¢?, then the error 
accumulated between the initial time ¢ = 0 and the final time t = ty would be 
exactly a constant times €?t f 


e However we have seen that, once some local truncation error has been introduced, 
its contribution to the global error can grow exponentially with tr. So we would 
expect that, under the full Euler/Euler-2step method, siden — wt to be more 
or less independent of ¢, but still growing exponentially in t,. ' 


Here are the results of a numerical experiment that illustrate this. In this experi- 
ment, the above final Euler/Euler-2step method, (D.3.2), is applied to the initial value 


problem y/ = t— 2y, y(0) = 3 for e = %,3,--- (ten different values) and for 


ty = 0.2, 0.4, ---, 3.8. In the following plot, there is a small square for the resulting 
suet 2p “ut for each different pair ¢,t fe 
error(tf) 
e2 tf . 
al i 
12-4 . 
4 : | 
10-4 
84 : | 
6 ; | 
zi i i 
45 i! I 
| il 1 I 
24 4 : 
ott te 
1 2 3 4 


It does indeed look like 2“ — Bet is relatively independent of ¢ but grows 


(perhaps exponentially) with t,. Note that = a, at contains a factor of <2 


in the denominator. The actual error rate 2 ee at tf ig much smaller than is 
suggested by the graph. 
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D.3.3 » Fehlberg’s Method 


Of course, in practice more efficient and more accurate methods” than Euler and Euler- 
2step are used. Fehlberg’s method!! uses improved Euler and a second more accurate 
method. Each step involves three calculations of f: 


fin = F(Ens Yn) 
fan = F(tn +R, Yn + hfin) 
Lin = i (tn A Un AT fin fon]) 


Once these three evaluations have been made, the method generates two approximations 
for y(tn + A): 


Aint = Yn t+ a Fina Fan! 

Ao nt = Yn 4 AT fin jon 4 fn] 
Denote by ¢(t) the exact solution to y’ = f(t,y) that satisfies the initial condition 
(tn) = Yn Now Aj n41 is just the y,41 produced by the improved Euler’s method. 


The local truncation error for the improved Euler’s method is of order h?, one power 
of h smaller than that for Euler’s method. So 


Aint = (tn +h) + Kh? + O(h*) 


and it turns out!? that 
Aan+i = O(tn + h) + O(h*) 


So the error in Aj,41 is 
E = |Kh? + O(h*)| = |Arnti — O(tn + A)| + OCR") 
= |Ain41 a Aan+1| = O(h*) 


and our estimate for rate at which error is being introduced into Aj,,+1 is 


Ai nti — Aan 


per unit increase of t. 


e Ifr > € we redo this step with a new trial step size chosen so that | |(new h)? < «, 
ie. (new h)? < ¢. With our traditional safety factor, we take 


new h = a.9\/=h (the new h is smaller) 
7: 


10 There are a very large number of such methods. We will only look briefly at a couple of the simpler 
ones. The interested reader can find more by search engining for such keywords as “Runge-Kutta 
methods” and “adaptive step size”. 

11 E. Fehlberg, NASA Technical Report R315 (1969) and NASA Technical Report R287 (1968). 

12 The interested reader can find Fehlberg’s original paper online (at NASA!) and follow the deriva- 
tion. It requires careful Taylor expansions and then clever algebra to cancel the bigger error 
terms. 
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e Ifr <eweset thai =trth and yny1 = Agn+ (since A241 should be considerably 
more accurate than Aj,,41) and move on to the next step with trial step size 


new h= a9yf=h (the new h is usually bigger) 
r 


D.3.4 © The Kutta-Merson Process 


The Kutta-Merson process!® uses two variations of the Runge-Kutta method. Each 


step involves five calculations™ of f: 


= f (tn; Yn) 

(tn + $h, Yn + shkin) 

(t, + 1 Yn + Akin + ghken) 

= f (tr + 4h, Yn + ghkin + 2hk3n) 

a =f(trt+ h. Yn + $hkin — Shk3n + 2hk4n) 


=a 
i 


Once these five evaluations have been made, the process generates two approximations 
for y(tn +h): 


Aint = Ynth [Skin a 3 h3n + kan 
Ao n+1 = Yn 4 h [akan okay tks ,.n| 


The (signed) error in Ain4i is qgh®K + O(h®) while that in Aony1 is Bh’ K + O(A*) 
with the same constant K. So Ainii — Agni = kh? + O(h®) and the unknown 
constant A can be determined, to within an error O(h), by 


720 
k= 5 pS — = (Ain41 — A2n+41) 


and the approximate (signed) error in Ay, and its corresponding rate per unit increase 


of t are 
ae 
R= 720" = 5 (Aint = Aon41) 
_|El _ a_i 


e Ifr > € we redo this step with a new trial step size chosen so that +5|A|(new h)* < 
é, i.e. (new h)* < e. With our traditional safety factor, we take 


1/4 
new h = 0.9 (=) h 
r 


13. R.H. Merson, **An operational method for the study of integration processes” , Proc. Symp. 
Data Processing , Weapons Res. Establ. Salisbury , Salisbury (1957) pp. 110-125. 

14 Like the other methods described above, the coefficients 1/3, 1/6, 1/8 etc. are chosen so as to 
cancel larger error terms. While determining the correct choice of coefficients is not conceptually 
difficult, it does take some work and is beyond the scope of this appendix. The interested reader 
should search-engine their way to a discussion of adaptive Runge-Kutta methods. 
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e Ifr <e we set tng = tr +h and yni1 = Aans — E (since F is our estimate of 
the signed error in A241) and move on to the next step with trial step size 


E 1/4 
new h = 0.9 (=) h 
r 


D.3.5 » The Local Truncation Error for Euler-2step 


In our description of Euler/Euler-2step above we simply stated the local truncation 
error without an explanation. In this section, we show how it may be derived. We note 
that very similar calculations underpin the other methods we have described. 

In this section, we will be using partial derivatives and, in particular, the chain rule 
for functions of two variables. That material is covered in Chapter 2 of the CLP-3 text. 
If you are not yet comfortable with it, you can either take our word for those bits, or 
you can delay reading this section until you have learned a little multivariable calculus. 

Recall that, by definition, the local truncation error for an algorithm is the (signed) 
error generated by a single step of the algorithm, under the assumptions that we start 
the step with the exact solution and that there is no roundoff error’. Denote by ¢(t) 
the exact solution to 


y(t) = F(t.y) 
y(tr) = Yn 
In other words, $(t) obeys 


e'(t) 
(tn) 


In particular ¢'(t,) = F bas b(tn)) = f (tn, Yn) and, carefully using the chain rule, which 
is (2.4.2) in the CLP-3 text, 


f(t, o(t)) for all t 
Yn 


(tn) = <r(t,ot)|_ = [Al o) +H 0) 0] 


t=tn t=tn 


= fi (tn, Yn) + fy (tn, Yn) F(tns Yn) (E9) 


Remember that f; is the partial derivative of f with respect to t, and that f, is the 
partial derivative of f with respect to y. We’ll need (E9) below. 
By definition, the local truncation error for Euler is 


E,(h) = (tn +h) — yn — AF (Ens Yn) 


while that for Euler-2step is 


E,(h) a (tn 7 h) — Un — 4 F (tn, Yn) = AE (tn 4 Un ar AF (tns Yn) 


e OO @ 


15 We should note that in serious big numerical computations, one really does have to take rounding 
errors into account because they can cause serious problems. The interested reader should search- 
engine their way to the story of Edward Lorenz’s numerical simulations and the beginnings of 
chaos theory. Unfortunately we simply do not have space in this text to discuss all aspects of 
mathematics. 
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To understand how F\(h) and £2(h) behave for small h we can use Taylor expansions 
((3.4.10) in the CLP-1 text) to write them as power series in h. To be precise, we use 


g(h) = (0) + of (0) h + 5a!"(0) h? + O(R') 


to expand both E,(h) and E2(h) in powers of h to order h?. Note that, in the expression 
for E\(h), t, and y, are constants — they do not vary with h. So computing derivatives 
of E(h) with respect to h is actually quite simple. 


Ey (h) = (tn +h) — Yn — hf (tns Yn) E,(0) = O(n) — Yn = 0 
E\(h) = P (tn a h) ~~ f (tns Yn) E;(0) = ¢' (tn) ~~ t Gate) = 0 
EY(h) = $"(tn + h) EY (0) = $"(tn) 


By Taylor, the local truncation error for Euler obeys 


Equation D.3.3 


FE, (h) = so" tn)h +OR\=KV +O) with k= so"(tn 


Computing arguments of F(h) with respect to h is a little harder, since h now 
appears in the arguments of the function f. As a consequence, we have to include some 
partial derivatives. 


h h h h 
E3(h) = O(tn + h) — Un — 54 (tn, Ue.) = sf (tn 5 Yn af (tn n)) 
h h 
hd h 


leave this expression as is for now 


Bott h h 
EE! h = Nl = 9 es “ aa 
(h) = 6" ln +h) — 2x = — Ff (tn + 5.4m + SF llnstn)) 
leave this one too 
hd? h h 
_ 2 sat (tn a g7 Yn + 5 f(tnstm)) 


and leave this one too 


Since we only need F2(h) and its derivatives at h = 0, we don’t have to compute the 
2 
<~ term (thankfully) and we also do not need to compute the a term in £5. We do, 


however, need uw = for E3(0). 


E5(0) = @(tn) — Yn = 0 


B5(0) = $'(tn) ~ 5 (tm ta) — 5 (rm tn) = 0 
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ES(0) = 8" tn) — SF (tn + Ste + gfltmdn))| 


_ An 9 h=0 
= (tn) _ sh (tn oe . Yn + * Fltn:tn)) ao 
— 5 tate) Su(tn + Sota + 5 Ftd), 


= $" (tn) = sfeltns tn) -_ sults Yn) F (tn, Yn) 
= 50m) by (B9) 


By Taylor, the local truncation error for Euler-2step obeys 


Equation D.3.4 


i 1 i 
zn) h? + O(h*) = she +O(h®) with K = 5% (tn) 


Observe that the K in (D.3.4) is identical to the K in (D.3.3). This is exactly what 
we needed in our analysis of Sections D.3.1 and D.3.2. 
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HINTS FOR EXERCISES 


1 - Integration 
1.1 - Definition of the Integral 
1.1.8 - Exercises 


Exercises — Stage 1 
1.1.8.1. Hint. Draw a rectangle that encompasses the entire shaded area, and 


one that is encompassed by the shaded area. The shaded area is no more than the 
area of the bigger rectangle, and no less than the area of the smaller rectangle. 


1.1.8.2. Hint. We can improve on the method of Question 1 by using three 
rectangles that together encompass the shaded region, and three rectangles that 
together are encompassed by the shaded region. 


1.1.8.3. Hint. Four rectangles suffice. 
1.1.8.4. Hint. Try drawing a picture. 
1.1.8.5. Hint. Try an oscillating function. 


1.1.8.6. Hint. The ordering of the parts is intentional: each sum can be written 
by changing some small part of the sum before it. 


1.1.8.7. Hint. If we raise —1 to an even power, we get +1, and if we raise it to 
an odd power, we get —1. 


1.1.8.8. Hint. Sometimes a little anti-simplification can make the pattern more 
clear. 


. 1,3, 5 7 9 
a Re-write as a 6 eer gq) aaa" 


b Compare to the sum in the hint for (a). 


; ae a 6 7 
e Re-wite as» 1000 --2> 100 43+ 10 42 Stag aaa 
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1.1.8.9. Hint. 
e (a), (b) These are geometric sums. 
e (c) You can write this as three separate sums. 


e (d) You can write this as two separate sums. Remember that e is a constant. 
Don’t be thrown off by the index being n instead of 2. 


1.1.8.10. Hint. 
a Write out the terms of the two sums. 
b A change of index is an easier option than expanding the cubic. 
c Which terms cancel? 


d Remember 2n + 1 is odd for every integer n. The index starts at n = 2, not 
n=, 
1.1.8.11. Hint. Since the sum adds four pieces, there will be four rectangles. 
However, one might be extremely small. 


1.1.8.12. *. Hint. Write out the general formula for the left Riemann sum from 
Definition 1.1.11 and choose a, b and n to make it match the given sum. 


1.1.8.13. Hint. Since the sum runs from 1| to 3, there are three intervals. Suppose 
2=A7¢= a You may assume the sum given is a right Riemann sum (as opposed 
to left or midpoint). 


1.1.8.14. Hint. Let Av = aa Then what is b — a? 


1.1.8.15. *. Hint. Notice that the index starts at k = 0, instead of k = 1. Write 
out the given sum explicitly without using summation notation, and sketch where 
the rectangles would fall on a graph of y = f(z). 

Then try to identify b — a, and n, followed by “right”, “left”, or “midpoint”, and 
finally a. 


1.1.8.16. Hint. The area is a triangle. 


1.1.8.17. Hint. There is one triangle of positive area, and one of negative area. 


Exercises — Stage 2 
1.1.8.18. *. Hint. Review Definition 1.1.11. 


1.1.8.20. *. Hint. You'll want the limit as n goes to infinity of a sum with n 
terms. If you’re having a hard time coming up with the sum in terms of n, try 
writing a sum with a finite number of terms of your choosing. Then, think about 
how that sum would change if it had n terms. 


1.1.8.21. *. Hint. The main step is to express the given sum as the right 
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Riemann sum, 
S- fiat+tiAz)Az. 
i=1 


Don’t be afraid to guess Az and f(x) (review Definition 1.1.11). Then write out 

explicitly > f(a+iAzx)Ax with your guess substituted in, and compare the result 

with the ven sum. Adjust your guess if they don’t match. 

1.1.8.22. »*. Hint. The main step is to express the given sum as the right 

Riemann sum 3 f(a+kAz)Az. Don’t be afraid to guess Ax and f(x) (review 
k=1 


Definition 1.1.11). Then write out explicitly > f(a+ kAx)Ax with your guess 


substituted in, and compare the result with the. given sum. Adjust your guess if 
they don’t match. 


1.1.8.23. «*. Hint. The main step is to express the given sum in the form 
yo f(a7)Ax. Don’t be afraid to guess Ax, x7 (for either a left or a right or 
a midpoint sum — review Definition 1.1.11) and f(x). Then write out explicitly 
oe, f(z7) Az with your guess substituted in, and compare the result with the given 
sum. Adjust your guess if they don’t match. 


1.1.8.24. «*. Hint. The main step is to express the given sum in the form 
3 f(a7)Az. Don’t be afraid to guess Ax, x* (probably, based on the symbol Rp, 
aaeticiine we have a right Riemann sum — review Definition 1.1.11) and f(a). Then 
write out explicitly 3 f(a})Ax with your guess substituted in, and compare the 
result with the given sti Adjust your guess if they don’t match. 

1.1.8.25. *. Hint. Try several different choices of Ax and 2*. 

1.1.8.26. Hint. Let 2 = r°, and re-write the sum in terms of z. 

1.1.8.27. Hint. Note the sum does not start at r° = 1. 

1.1.8.28. *. Hint. Draw a picture. See Example 1.1.15. 


x x£>0 


1.1.8.29. Hint. Draw a picture. Remember |z| = { 25. 
—-x“£ 2 


1.1.8.30. Hint. Draw a picture: the area we want is a trapezoid. If you don’t 
remember a formula for the area of a trapezoid, think of it as the difference of two 
triangles. 


1.1.8.31. Hint. You can draw a very similar picture to Question 30, but remem- 
ber the areas are negative. 


1.1.8.32. Hint. If y = V16 — 22, then y is nonnegative, and y? + x? = 16. 
1.1.8.33. *. Hint. Sketch the graph of f(z). 


618 


HINTS FOR EXERCISES 


1.1.8.34. *. Hint. At which time in the interval, for example, 0 < t < 0.5, is 
the car moving the fastest? 


1.1.8.35. Hint. What are the possible speeds the car could have reached at time 
t=0.207 

1.1.8.36. Hint. You need to know the speed of the plane at the midpoints of 
your intervals, so (for example) noon to lpm is not one of your intervals. 


Exercises — Stage 3 
1.1.8.37. *. Hint. Sure looks like a Riemann sum. 
1.1.8.38. *. Hint. For part (b): don’t panic! Just take it one step at a time. 
The first step is to write down the Riemann sum. The second step is to evaluate 
the sum, using the given identity. The third step is to evaluate the limit n — oo. 


1.1.8.39. *. Hint. The first step is to write down the Riemann sum. The second 
step is to evaluate the sum, using the given formulas. The third step is to evaluate 
the limit as n — oo. 


1.1.8.40. *. Hint. The first step is to write down the Riemann sum. The second 
step is to evaluate the sum, using the given formulas. The third step is to evaluate 
the limit n > oo. 


1.1.8.41. *. Hint. You’ve probably seen this hint before. It is worth repeating. 
Don’t panic! Just take it one step at a time. The first step is to write down the 
Riemann sum. The second step is to evaluate the sum, using the given formula. 
The third step is to evaluate the limit n — oo. 


1.1.8.42. Hint. Using the definition of a right Riemann sum, we can come up 
with an expression for f(—5 + 10). In order to find f(x), set s = —5 + 102. 


1.1.8.43. Hint. Recall that for a positive constant a, a {a*} = a*loga, where 
log a is the natural logarithm (base e) of a. 


1.1.8.44. Hint. Part (a) follows the same pattern as Question 43-there’s just a 
little more algebra involved, since our lower limit of integration is not 0. 


1.1.8.45. Hint. Your area can be divided into a section of a circle and a triangle. 
Then you can use geometry to find the area of each piece. 


1.1.8.46. Hint. 


a The difference between the upper and lower bounds is the area that is outside 
of the smaller rectangles but inside the larger rectangles. Drawing both sets 
of rectangles on one picture might make things clearer. Look for an easy way 
to compute the area you want. 


b Use your answer from Part (a). Your answer will depend on f, a, and b. 


1.1.8.47. Hint. Since f(x) is linear, there exist real numbers m and c such that 
f(x) = mz +c. It’s a little easier to first look at a single triangle from each sum, 
rather than the sums in their entirety. 


619 


HINTS FOR EXERCISES 


1.2 - Basic properties of the definite integral 
1.2.3 - Exercises 


Exercises —— Stage 1 
1.2.3.1. Hint. 


a What is the length of this figure? 
b Think about cutting the area into two pieces vertically. 


c Think about cutting the area into two pieces another way. 


Cc 


b b 
1.2.3.2. Hint. Use the identity f f(x)dx = f f(x)da+ f f(x)dz. 


a 


1.2.3.4. Hint. Note that the limits of the integral given are in the opposite order 
from what we might expect: the smaller number is the top limit of integration. 


Recall Ax = ©2. 


n 


Exercises —— Stage 2 
1.2.3.5. *. Hint. Split the “target integral’ up into pieces that can be evaluated 


using the given integrals. 


1.2.3.6. *. Hint. Split the “target integral’ up into pieces that can be evaluated 
using the given integrals. 


1.2.3.7. *. Hint. Split the “target integral’ up into pieces that can be evaluated 
using the given integrals. 


1.2.3.8. Hint. For part (a), use the symmetry of the integrand. For part (b), the 
1 

area [ 1 —x?dz is easy to find-how is this useful to you? 
0 


1.2.3.9. *. Hint. The evaluation of this integral was also the subject of Question 
1.2.3.9 in Section 1.1. This time try using the method of Example 1.2.7. 


1.2.3.10. Hint. Use symmetry. 
1.2.3.11. Hint. Check Theorem 1.2.12. 


Exercises — Stage 3 
1.2.3.12. *. Hint. Split the integral into a sum of two integrals. Interpret each 
geometrically. 


1.2.3.13. *. Hint. Hmmmm. Looks like a complicated integral. It’s probably a 
trick question. Check for symmetries. 


1.2.3.14. *. Hint. Check for symmetries again. 
1.2.3.15. Hint. What does the integrand look like to the left and right of x = 3? 
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1.2.3.16. Hint. In part (b), you’ll have to factor a constant out through a square 
root. Remember the upper half of a circle looks like Vr? — x?. 


1.2.3.17. Hint. For two functions f(x) and g(x), define h(x) = f(x) - g(x). If 
h(—x) = h(x), then the product is even; if h(—x) = —h(z), then the product is 
odd. 

The table will not be the same as if we were multiplying even and odd numbers. 


1.2.3.18. Hint. Note f(0) = f(—0). 
1.2.3.19. Hint. If f(x) is even and odd, then f(x) = —f(x) for every zx. 


1.2.3.20. Hint. Think about mirroring a function across an axis. What does this 
do to the slope? 


1.3 - The Fundamental Theorem of Calculus 
1.3.2 - Exercises 


Exercises —— Stage 1 
1.3.2.2. *. Hint. First find the general antiderivative by guessing and checking. 


1.3.2.3. *. Hint. Be careful. Two of these make no sense at all. 
1.3.2.4. Hint. Check by differentiating. 


1.3.2.5. Hint. Check by differentiating. 


1.3.2.6. Hint. Use the Fundamental Theorem of Calculus Part 1. 
1.3.2.7. Hint. Use the Fundamental Theorem of Calculus, Part 1. 


1.3.2.8. Hint. You already know that F'(x) is an antiderivative of f(z). 


1.3.2.9. Hint. (a) Recall 4 {arccosx} = — 


(b) All antiderivatives of V1 — 2? differ from one another by a constant. You already 
know one antiderivative. 


1.3.2.10. Hint. In order to apply the Fundamental Theorem of Calculus Part 2, 
the integrand must be continuous over the interval of integration. 


1.3.2.11. Hint. Use the definition of F(x) as an area. 
1.3.2.12. Hint. F(x) represents net signed area. 
1.3.2.13. Hint. Note G(x) = —F(ax), when F(z) is defined as in Question 12. 


1.3.2.14. Hint. Using the definition of the derivative, F’(z#) = 
_ F(a+h)— F(z) 

lim ; 

h—+0 h 


The area of a trapezoid with base 6 and heights h; and hg is Sb(hy + hg). 
1.3.2.15. Hint. There is only one! 

1.3.2.16. Hint. If 4{F(x)} = f(a), that tells us f f(x)dx = F(x) +C. 
1.3.2.17. Hint. When you're differentiating, you can leave the e” factored out. 
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1.3.2.18. Hint. After differentiation, you can simplify pretty far. Keep at it! 


1.3.2.19. Hint. This derivative also simplifies considerably. You might need to 
add fractions by finding a common denominator. 


Exercises —— Stage 2 
1.3.2.20. *. Hint. Guess a function whose derivative is the integrand, then use 


the Fundamental Theorem of Calculus Part 2. 


1.3.2.21. *. Hint. Split the given integral up into two integrals. 


1 
1.3.2.22. Hint. The integrand is similar to Tee 


5, 80 something with arctangent 
x 


seems in order. 


1.3.2.23. Hint. The integrand is similar to so factoring out 2 from 


1 
J1 — x?’ 


the denominator will make it look like some flavour of arcsine. 


1.3.2.24. Hint. We know how to antidifferentiate sec? 7, and there is an identity 
linking sec? x with tan? x. 


1.3.2.25. Hint. Recall 2sin x cosa = sin(2z). 


1 + cos(2z) 
2 


1.3.2.28. *. Hint. There is a good way to test where a function is increasing, 
decreasing, or constant, that also has something to do with topic of this section. 


1.3.2.29. *. Hint. See Example 1.3.5. 
1.3.2.30. *. Hint. See Example 1.3.5. 
1.3.2.31. *. Hint. See Example 1.3.5. 
1.3.2.32. *. Hint. See Example 1.3.5. 
1.3.2.33. *. Hint. See Example 1.3.6. 


1.3.2.26. Hint. cos? x = 


1.3.2.34. *. Hint. Apply a to both sides. 

1.3.2.35. *. Hint. What is the title of this section? 
1.3.2.36. *. Hint. See Example 1.3.6. 

1.3.2.37. *. Hint. See Example 1.3.6. 

1.3.2.38. *. Hint. See Example 1.3.6. 

1.3.2.39. *. Hint. See Example 1.3.6. 

1.3.2.40. *. Hint. Split up the domain of integration. 


Exercises —— Stage 3 
1.3.2.41. *. Hint. It is possible to guess an antiderivative for f’(x) f”(x) that is 


expressed in terms of f’(x). 
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1.3.2.42. *. Hint. When does the car stop? What is the relation between 
velocity and distance travelled? 


1.3.2.43. *. Hint. See Example 1.3.5. For the absolute maximum part of the 
question, study the sign of f’(x). 
1.3.2.44. *. Hint. See Example 1.3.5. For the “minimum value” part of the 
question, study the sign of f’(x). 


1.3.2.45. *. Hint. See Example 1.3.5. For the “maximum” part of the question, 
study the sign of F’(x). 


1.3.2.46. *. Hint. Review the definition of the definite integral and in particular 
Definitions 1.1.9 and 1.1.11. 


1.3.2.47. *. Hint. Review the definition of the definite integral and in particular 
Definitions 1.1.9 and 1.1.11. 


1.3.2.48. Hint. Carefully check the Fundamental Theorem of Calculus: as writ- 
ten, it only applies directly to F'(a#) when x > 0. 
Is F(a) even or odd? 


1.3.2.49. *. Hint. In general, the equation of the tangent line to the graph of 
y= f(x) at cx =aisy= f(a) + f’(a)(x—a). 
1.3.2.50. Hint. Recall tan? x + 1 = sec? z. 


1.3.2.51. Hint. Since the integration is with respect to t, the x? term can be 
moved outside the integral. 


1.3.2.52. Hint. Remember that antiderivatives may have a constant term. 


1.4 - Substitution 
1.4.2 - Exercises 


Exercises —— Stage 1 
1.4.2.1. Hint. One is true, the other false. 


1.4.2.2. Hint. You can check whether the final answer is correct by differentiat- 
ing. 

1.4.2.3. Hint. Check the limits. 

1.4.2.4. Hint. Check every step. Do they all make sense? 


1.4.2.6. Hint. What is 4{f(g(x))}? 


Exercises —— Stage 2 
1.4.2.7. *. Hint. What is the derivative of the argument of the cosine? 


1.4.2.8. *. Hint. What is the title of the current section? 
1.4.2.9. *. Hint. What is the derivative of x? + 1? 
1.4.2.10. *. Hint. What is the derivative of log x? 
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1.4.2.11. *. Hint. What is the derivative of 1 + sin x? 
1.4.2.12. *. Hint. cosz is the derivative of what? 
1.4.2.13. *. Hint. What is the derivative of the exponent? 


1.4.2.14. *. Hint. What is the derivative of the argument of the square root? 
1.4.2.15. Hint. What is ¢ {/logx}? 


Exercises — Diane 3 
1.4.2.16. x. int. There is a short, slightly sneaky method — guess an an- 


tiderivative — and a really short, still-more-sneaky method. 


1.4.2.17. *. Hint. Review the definition of the definite integral and in particular 
Definitions 1.1.9 and 1.1.11. 


1.4.2.18. Hint. If w=wu?+4+1, then u2 = w —1. 


1.4.2.19. Hint. Using a trigonometric identity, this is similar (though not iden- 
tical) to f tan @ - sec? 6d. 


1.4.2.20. Hint. If you multiply the top and the bottom by e”, what does this 
look like the antiderivative of? 


1.4.2.21. Hint. You know methods other than substitution to evaluate definite 
integrals. 


1.4.2.22. Hint. tang =~ 


COS & 


1.4.2.23. *. Hint. Review the definition of the definite integral and in particular 
Definitions 1.1.9 and 1.1.11. 


1.4.2.24. *. Hint. Review the definition of the definite integral and in particular 
Definitions 1.1.9 and 1.1.11. 


1.4.2.25. Hint. Find the right Riemann sum for both definite integrals. 


1.5 - Area between curves 
1.5.2 - Exercises 


Exercises — Stage 1 
1.5.2.1. Hint. When we say “area between,” we want positive area, not signed 
area. 


1.5.2.2. Hint. We’re taking rectangles that reach from one function to the other. 
1.5.2.3. *. Hint. Draw a sketch first. 

1.5.2.4. *. Hint. Draw a sketch first. 

1.5.2.5. *. Hint. You can probably find the intersections by inspection. 


1.5.2.6. +. Hint. To find the intersection, plug x = 4y? into the equation 
gop lly po = 0, 
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Exercises —— Stage 2 
1.5.2.7. *. Hint. Ifthe bottom function is the x-axis, this is a familiar question. 


1.5.2.8. *. Hint. Part of the job is to determine whether y = x lies above or 
below y = 32 — 2’. 


1.5.2.9. *. Hint. Guess the intersection points by trying small integers. 


1.5.2.10. *. Hint. Draw a sketch first. You can also exploit a symmetry of the 
region to simplify your solution. 


1.5.2.11. *. Hint. Figure out where the two curves cross. To determine which 
curve is above the other, try evaluating f(x) and g(x) for some simple value of x. 
Alternatively, consider x very close to zero. 


1.5.2.12. *. Hint. Think about whether it will easier to use vertical strips or 
horizontal strips. 


1.5.2.13. Hint. Writing an integral for this is nasty. How can you avoid it? 


Exercises — Stage 
1.5.2.14. x. int. You are asked for the area, not the signed area. Be very 
careful about signs. 


1.5.2.15. *. Hint. You are asked for the area, not the signed area. Draw a 
sketch of the region and be very careful about signs. 


1.5.2.16. *. Hint. You have to determine whether 


e the curve y = f(x) = 2V25 — x? lies above the line y = g(x) = 3a for all 
O0<a<4or 


e the curve y = f(x) lies below the line y = g(x) for allO < a < 4 or 
e y = f(x) and y = g(x) cross somewhere between x = 0 and x = 4. 
One way to do so is to study the sign of f(x) — g(x) = t(Vv 25 — x? — 3). 


1.5.2.17. Hint. Flex those geometry muscles. 


1.5.2.18. Hint. These two functions have three points of intersection. This 
question is slightly messy, but uses the same concepts we’ve been practicing so far. 


1.6 - Volumes 
1.6.2 - Exercises 


Exercises —— Stage 1 
1.6.2.1. Hint. The horizontal cross-sections were discussed in Example 1.6.1. 


1.6.2.2. Hint. What are the dimensions of the cross-sections? 
1.6.2.3. Hint. There are two different kinds of washers. 
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1.6.2.4. *. Hint. Draw sketches. The mechanically easiest way to answer part 
(b) uses the method of cylindrical shells, which is in the optional section 1.6. The 
method of washers also works, but requires you to have more patience and also to 
have a good idea what the specified region looks like. Look at your sketch very 
careful when identifying the ends of your horizontal strips. 


1.6.2.5. *. Hint. Draw sketchs. 
1.6.2.6. *. Hint. Draw a sketch. 


1.6.2.7. Hint. If you take horizontal slices (parallel to one face), they will all be 
equilateral triangles. 
Be careful not to confuse the height of a triangle with the height of the tetrahedron. 


Exercises —— Stage 2 
1.6.2.8. *. Hint. Sketch the region. 


1.6.2.9. *. Hint. Sketch the region first. 


1.6.2.10. *. Hint. You can save yourself quite a bit of work by interpreting the 
integral as the area of a known geometric figure. 


1.6.2.11. *. Hint. See Example 1.6.3. 
1.6.2.12. *. Hint. See Example 1.6.5. 


1.6.2.13. *. Hint. Sketch the region. To find where the curves intersect, look at 
where cos(#) and 2” — 7” both have roots. 


1.6.2.14. *. Hint. See Example 1.6.6. 


1.6.2.15. *. Hint. See Example 1.6.6. Imagine cross-sections with shadow 
parallel to the y-axis, sticking straight out of the xy-plane. 


1.6.2.16. *. Hint. See Example 1.6.1. 


Exercises —— Stage 3 
1.6.2.17. Hint. (a) Don’t be put off by phrases like “rotating an ellipse about its 


minor axis.” This is the same kind of volume you’ve been calculating all section. 
(b) Hopefully, you sketched the ellipse in part (a). What was its smallest radius? 
Its largest? These correspond to the polar and equitorial radii, respectively. 

(c) Combine your answers from (a) and (b). 

(d) Remember that the absolute error is the absolute difference of your two results— 
that is, you subtract them and take the absolute value. The relative error is the 
absolute error divided by the actual value (which we’re taking, for our purposes, 
to be your answer from (c)). When you take the relative error, lots of terms will 
cancel, so it’s easiest to not use a calculator till the end. 


1.6.2.18. «. Hint. To find the points of intersection, set 4— (2-1)? =a+1. 
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1.6.2.19. *. Hint. You can somewhat simplify your calculations in part (a) (but 
not part (b)) by using the fact that R is symmetric about the line y = z. 
When youre solving an equation for x, be careful about your signs: «—1 is negative. 


1.6.2.20. »*. Hint. The mechanically easiest way to answer part (b) uses the 
method of cylindrical shells, which we have not covered. The method of washers 
also works, but requires you have enough patience and also to have a good idea what 
R looks like. So it is crucial to first sketch R. Then be very careful in identifying 
the left end of your horizontal strips. 


1.6.2.21. *. Hint. Note that the curves cross. The area of this region was found 
in Problem 1.5.2.14 of Section 1.5. It would be useful to review that problem. 


1.6.2.22. Hint. You can use ideas from this section to answer the question. If 
you take a very thin slice of the column, the density is almost constant, so you can 
find the mass. Then you can add up all your little slices. It’s the same idea as 
volume, only applied to mass. 

Do be careful about units: in the problem statement, some are given in metres, 
others in kilometres. 

If you’re having a hard time with the antiderivative, try writing the exponential 
function with base e. Remember 2 = e!°8?. 


1.7 - Integration by parts 
1.7.2 - Exercises 


Exercises —— Stage 1 
1.7.2.1. Hint. Read back over Sections 1.4 and 1.7. When these methods are 


introduced, they are justified using the corresponding differentiation rules. 


1.7.2.2. Hint. Remember our rule: [udu = uv — f{ vdu. So, we take u and use 
it to make du, and we take dv and use it to make v. 


1.7.2.3. Hint. According to the quotient rule, 


d a3} g(x) f(x) — flx)g'(2) 
dx | g(x) 


Antidifferentiate both sides of the equation, then solve for the expression in the 
question. 


1.7.2.4. Hint. Remember all the antiderivatives differ only by a constant, so you 
can write them all as v(x) + C for some C. 


1.7.2.5. Hint. What integral do you have to evaluate, after you plug in your 
choices to the integration by parts formula? 
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Exercises —— Stage 2 
1.7.2.6. *. Hint. You'll probably want to use integration by parts. (It’s the title 


of the section, after all). You’ll break the integrand into two parts, integrate one, 
and differentiate the other. Would you rather integrate log x, or differentiate it? 


1.7.2.7. *. Hint. This problem is similar to Question 6. 


1.7.2.8. *. Hint. Example 1.7.5 shows you how to find the antiderivative. Then 
the Fundamental Theorem of Calculus Part 2 gives you the definite integral. 


1.7.2.9. *. Hint. Compare to Question 8. Try to do this one all the way through 
without peeking at another solution! 


1.7.2.10. Hint. If at first you don’t succeed, try using integration by parts a few 
times in a row. Eventually, one part will go away. 


1.7.2.11. Hint. Similarly to Question 10, look for a way to use integration by 
parts a few times to simplify the integrand until it is antidifferentiatable. 


1.7.2.12. Hint. Use integration by parts twice to get an integral with only a 
trigonometric function in it. 


1.7.2.13. Hint. If you let wu = logt in the integration by parts, then du works 
quite nicely with the rest of the integrand. 


1.7.2.14. Hint. Those square roots are a little disconcerting— get rid of them 
with a substitution. 


1.7.2.15. Hint. This can be solved using the same ideas as Example 1.7.8 in your 
text. 


1.7.2.16. Hint. Not every integral should be evaluated using integration by parts. 


1.7.2.17. *. Hint. You know, or can easily look up, the derivative of arccosine. 
You can use a similar trick as the book did when antidifferentiating other inverse 
trigonometric functions in Example 1.7.9. 


Exercises — Shaae 3 
1.7.2.18. *. Hint. After integrating by parts, do some algebraic manipulation 
to the integral until it’s clear how to evaluate it. 


1.7.2.19. Hint. After integration by parts, use a substitution. 


1.7.2.20. Hint. This example is similar to Example 1.7.10 in the text. The 
functions e*/? and cos(2x) both do not substantially alter when we differentiate or 
antidifferentiate them. If we use integration by parts twice, we’ll end up with an 
expression that includes our original integral. Then we can just solve for the original 
integral in the equation, without actually integrating. 


1.7.2.21. Hint. This looks a bit like a substitution problem, because we have an 
“inside function.” 
It might help to review Example 1.7.11. 


1.7.2.22. Hint. Start by simplifying. 
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1.7.2.23. Hint. sin(2x) = 2sinxzcosx 


1.7.2.24. Hint. What is the derivative of re~*? 


1.7.2.25. *. Hint. You'll want to do an integration by parts for (a)—check the 
end result to get a guess as to what your parts should be. A trig identity and some 
amount of algebraic manipulation will be necessary to get the final form. 


1.7.2.26. »*. Hint. See Examples 1.7.9 and 1.6.5 for refreshers on integrating 
arctangent, and using washers. 
Remember tan? xz + 1 = sec? x, and sec? x is easy to integrate. 


1.7.2.27. *. Hint. Your integral can be broken into two integrals, which yield 
to two different integration methods. 


1.7.2.28. *. Hint. Think, first, about how to get rid of the square root in the 
argument of f”, and, second, how to convert f” into f’. Note that you are told that 


f'(2) =4 and f(0) = 1, f2) =3. 
1.7.2.29. Hint. Interpret the limit as a right Riemann sum. 


1.8 - ‘Trigonometric Integrals 
1.8.4 - Exercises 


Exercises —— Stage 1 
1.8.4.1. Hint. Go ahead and try it! 


1.8.4.2. Hint. Use the substitution u = sec x. 
1.8.4.3. Hint. Divide both sides of the second identity by cos? x. 


Exercises — Stage 2 
1.8.4.4. *. Hint. See Example 1.8.6. Note that the power of cosine is odd, and 


the power of sine is even (it’s zero). 
1.8.4.5. *. Hint. See Example 1.8.7. All you need is a helpful trig identity. 


1.8.4.6. *. Hint. The power of cosine is odd, so we can reserve one cosine for 
du, and turn the rest into sines using the identity sin? x + cos? x = 1. 

1.8.4.7. Hint. Since the power of sine is odd (and positive), we can reserve one 
sine for du, and turn the rest into cosines using the identity sin? + cos? x = 1. 
1.8.4.8. Hint. When we have even powers of sine and cosine both, we use the 
identities in the last two lines of Equation 1.8.3. 


1.8.4.9. Hint. Since the power of sine is odd, you can use the substitution u = 
COS &. 

1.8.4.10. Hint. Which substitution will work better: u = sin x, or u = cosx? 
1.8.4.11. Hint. Try a substitution. 


1.8.4.12. *. Hint. For practice, try doing this in two ways, with different 
substitutions. 
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1.8.4.13. *. Hint. A substitution will work. See Example 1.8.14 for a template 
for integrands with even powers of secant. 


1.8.4.14. Hint. Try the substitution u = sec x. 
1.8.4.15. Hint. Compare to Question 14. 
1.8.4.16. Hint. What is the derivative of tangent? 


1.8.4.17. Hint. Don’t be scared off by the non-integer power of secant. You can 
still use the strategies in the notes for an odd power of tangent. 


1.8.4.18. Hint. Since there are no secants in the problem, it’s difficult to use the 
substitution u = seca that we’ve enjoyed in the past. Example 1.8.12 in the text 
provides a template for antidifferentiating an odd power of tangent. 


1.8.4.19. Hint. Integrating even powers of tangent is surprisingly different from 
integrating odd powers of tangent. You'll want to use the identity tan? x = sec? —1, 
then use the substitution u = tan x, du = sec? xdzx on (perhaps only a part of) the 
resulting integral. Example 1.8.16 show you how this can be accomplished. 


1.8.4.20. Hint. Since there is an even power of secant in the integrand, we can 
use the substitution u = tan 2. 


1.8.4.21. Hint. How have we handled integration in the past that involved an 
odd power of tangent? 


1.8.4.22. Hint. Remember e is some constant. What are our strategies when 
the power of secant is even and positive? We’ve seen one such substitution in 
Example 1.8.15. 


Exercises —— Stage 3 
1.8.4.23. *. Hint. See Example 1.8.16 for a strategy for integrating powers of 
tangent. 
1.8.4.24. Hint. Write tanz = ——. 
COS & 
. 1 
1.8.4.25. Hint. = sec 0 
cos 

1.8.4.26. Hint. cot = —— 

sin x 


1.8.4.27. Hint. Try substituting. 
1.8.4.28. Hint. To deal with the “inside function,” start with a substitution. 


1.8.4.29. Hint. Try an integration by parts. 


1.9 - Trigonometric Substitution 
1.9.2 - Exercises 


Exercises —— Stage 1 
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1.9.2.1. *. Hint. The beginning of this section has a template for choosing a 
substitution. Your goal is to use a trig identity to turn the argument of the square 


root into a perfect square, so you can cancel ,/(something)? = |something]. 


1.9.2.2. Hint. You want to do the same thing you did in Question 1, but you’ll 
have to complete the square first. 


1.9.2.3. Hint. Since 6 is acute, you can draw it as an angle of aright triangle. The 
given information will let you label two sides of the triangle, and the Pythagorean 
Theorem will lead you to the third. 


1.9.2.4. Hint. You can draw a right triangle with angle 6, and use the given 
information to label two of the sides. The Pythagorean Theorem gives you the 
third side. 


Exercises —— Stage 2 
1.9.2.5. *. Hint. As in Question 1, choose an appropriate substitution. Your 


answer should be in terms of your original variable, x, which can be achieved using 
the methods of Question 3. 


1.9.2.6. *. Hint. As in Question 1, choose an appropriate substitution. Your 
answer will be a number, so as long as you change your limits of integration when 
you substitute, you don’t need to bother changing the antiderivative back into the 
original variable x. However, you might want to use the techniques of Question 4 
to simplify your final answer. 


1.9.2.7. *. Hint. Question | guides the way to finding the appropriate substitu- 
tion. Since the integral is definite, your final answer will be a number. Your limits 
of integration should be common reference angles. 


1.9.2.8. *. Hint. Question 1 guides the way to finding the appropriate substi- 
tution. Since you have in indefinite integral, make sure to get your answer back in 
terms of the original variable, x. Question 3 gives a reliable method for this. 


1.9.2.9. Hint. A trig substitution is not the easiest path. 


1.9.2.10. *. Hint. To antidifferentiate, change your trig functions into sines and 
cosines. 


1.9.2.11. *. Hint. The integrand should simplify quite far after your substitu- 
tion. 


1.9.2.12. *. Hint. In part (a) you are asked to integrate an even power of cos x. 
For part (b) you can use a trigonometric substitution to reduce the integral of part 
(b) almost to the integral of part (a). 


1.9.2.13. Hint. What is the symmetry of the integrand? 
1.9.2.14. *. Hint. See Example 1.9.3. 


1.9.2.15. *. Hint. To integrate an even power of tangent, use the identity 
tan? x = sec? xz — 1. 


1.9.2.16. Hint. A trig substitution is not the easiest path. 
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1.9.2.17. *. Hint. Complete the square. Your final answer will have an inverse 
trig function in it. 


1.9.2.18. Hint. To antidifferentiate even powers of cosine, use the formula 
cos? 6 = (1 + cos(20)). Then, remember sin(20) = 2 sin @ cos 0. 


1.9.2.19. Hint. After substituting, use the identity tan? 2 = sec? x —1 more than 
once. 


Remember [sx xdx = log | sec © + tan 2| +C. 


1.9.2.20. Hint. There’s no square root, but we can still make use of the substi- 
tution « = tané. 


Exercises — Stage 3 
1.9.2.21. Hint. You'll probably want to use the identity tan? 6 + 1 = sec? @ more 
than once. 


1.9.2.22. Hint. Complete the square — refer to Question 2 if you want a re- 
fresher. The constants aren’t pretty, but don’t let them scare you. 


1.9.2.23. Hint. After substituting, use the identity sec? u = tan?u+ 1. It might 
help to break the integral into a few pieces. 


1.9.2.24. Hint. Make use of symmetry, and integrate with respect to y (rather 
than x). 


1.9.2.25. Hint. Use the symmetry of the function to re-write your integrals 
without an absolute value. 


1.9.2.26. Hint. Think of e” as (er/?)’, and use a trig substitution. Then, use 
the identity sec? 6 = tan? 0 + 1. 


1.9.2.27. Hint. 
a Use logarithm rules to simplify first. 
b Think about domains. 


c What went wrong in part (b)? At what point in the work was that problem 
introduced? 


There is a subtle but important point mentioned in the introductory text to 
Section 1.9 that may help you make sense of things. 


1.9.2.28. Hint. Consider the ranges of the inverse trigonometric functions. For 
(c), also consider the domain of Vx? — a?. 


1.10 - Partial Fractions 
1.10.4 - Exercises 


Exercises — Stage 1 
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1.10.4.1. Hint. If a quadratic function can be factored as (ax + b)(cx + d) for 
some constants a,b, c,d, then it has roots —! and —# 


1.10.4.2. *. Hint. Review Equations 1.10.7 through 1.10.11. Be careful to fully 
factor the denominator. 


1.10.4.3. *. Hint. Review Example 1.10.1. Is the “Algebraic Method” or the 
“Sneaky Method” going to be easier? 


1.10.4.4. Hint. For each part, use long division as in Example 1.10.4. 


1.10.4.5. Hint. (a) Look for a pattern you can exploit to factor out a linear term. 
(b) If you set y = x”, this is quadratic. Remember (2? — a) = (4 + \/a)(x — V/a) as 
long as a is positive 

(c),(d) Look for integer roots, then use long division. 


1.10.4.6. Hint. Why do we do partial fraction decomposition at all? 


Exercises — Stage 2 
1.10.4.7. *. Hint. What is the title of this section? 


1.10.4.8. *. Hint. You can save yourself some work in developing your partial 
fraction decomposition by renaming x? to y and comparing the result with Ques- 
tion 7. 


1.10.4.9. *. Hint. Review Steps 3 (particularly the “Sneaky Method”) and 4 of 
Example 1.10.3. 


1.10.4.10. +. Hint. Review Steps 3 (particularly the “Sneaky Method”) and 4 
of Example 1.10.3. Remember # {arctan x} = = 


1+x2° 
1.10.4.11. *. Hint. Fill in the blank: the integrand is a function. 
1.10.4.12. *. Hint. The integrand is yet another function. 


1.10.4.13. Hint. Since the degree of the numerator is the same as the degree of 
the denominator, we can’t do our partial fraction decomposition before we simplify 
the integrand. 


1.10.4.14. Hint. The degree of the numerator is not smaller than the degree of 
the denominator. 
Your final answer will have an arctangent in it. 


1.10.4.15. Hint. In the partial fraction decomposition, several constants turn 
out to be 0. 


1.10.4.16. Hint. Factor (27% — 1) out of the denominator to get started. You 
don’t need long division for this step. 


1.10.4.17. Hint. When it comes time to integrate, look for a convenient substi- 
tution. 


Exercises —— Stage 3 
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: . 
1.10.4.18. Hint. csex = —— = =" 
S1n Vv Sin” v 


1.10.4.19. Hint. Use the partial fraction decomposition from Queston 18 to save 
yourself some time. 


1.10.4.20. Hint. In the final integration, complete the square to make a piece of 
the integrand look more like the derivative of arctangent. 


1.10.4.21. Hint. Review Question 1.9.2.20 in Section 1.9 for antidifferentiation 
tips. 
1.10.4.22. Hint. Partial fraction decomposition won’t simplify this any more. 


Use a trig substitution. 


1.10.4.23. Hint. To evaluate the antiderivative, break one of the fractions into 
two fractions. 


1.10.4.24. Hint. cos?6 = 1 — sin’ 
1.10.4.25. Hint. If you’re having a hard time making the substitution, multiply 


the numerator and the denominator by e”. 


1.10.4.26. Hint. Try the substitution wu = /1+e*. You'll need to do long 
division before you can use partial fraction decomposition. 


1.10.4.27. *. Hint. The mechanically easiest way to answer part (c) uses the 
method of cylindrical shells, which we have not covered. The method of washers 
also works, but requires you have enough patience and also to have a good idea 
what R looks like. So look at the sketch in part (a) very carefully when identifying 
the left endpoints of your horizontal strips. 


1.10.4.28. Hint. You'll need to use two regions, because the curves cross. 


1.10.4.29. Hint. For (b), use the Fundamental Theorem of Calculus Part 1. 


1.11 - Numerical Integration 
1.11.6 - Exercises 


Exercises —— Stage 1 
1.11.6.1. Hint. The absolute error is the difference of the two values; the relative 


error is the absolute error divided by the exact value; the percent error is one 
hundred times the relative error. 

1.11.6.2. Hint. You should have four rectangles in one drawing, and four trape- 
zoids in another. 


1.11.6.3. Hint. Sketch the second derivative—it’s quadratic. 


1.11.6.4. Hint. You don’t have to find the actual, exact maximum the second 
derivative achieves—you only have to give a reasonable “ceiling” that it never breaks 
through. 


1.11.6.5. Hint. To compute the upper bound on the error, find an upper bound 
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on the fourth derivative of cosine, then use Theorem 1.11.13 in the text. 
To find the actual error, you need to find the actual value of A. 


1.11.6.6. Hint. Find a function with f”’(x) = 3 for all x in [0, 1]. 


1.11.6.7. Hint. You're allowed to use common sense for this one. 


1.11.6.8. Hint. For part (b), consider Question 7. 


1.11.6.9. *. Hint. Draw a sketch. 


1.11.6.10. Hint. The error bound for the approximation is given in Theo- 
rem 1.11.13 in the text. You want this bound to be zero. 


Exercises —— Stage 2 
1.11.6.11. Hint. Follow the formulas in Equations 1.11.2, 1.11.6, and 1.11.9 in 


the text. 
1.11.6.12. *. Hint. See Section 1.11.1. You should be able to simplify your 
answer to an exact value (in terms of 7). 


1.11.6.13. *. Hint. See Section 1.11.2. To set up the volume integral, see 
Example 1.6.6. Note the dimensions given for the cross sections are diameters, not 
radii. 

1.11.6.14. *. Hint. See Section 1.11.3 and compare to Question 1.11.6.138. Note 
the table gives diameters, not radii. 


1.11.6.15. *. Hint. See §1.11.3. To set up the volume integral, see Example 
1.6.6, or Question 14. 
Note that the table gives the circumference, not radius, of the tree at a given height. 


1.11.6.18. *. Hint. The main step is to find an appropriate value of MW. It is 
not necessary to find the smallest possible M. 


1.11.6.19. *. Hint. The main step is to find M. This question is unusual in 
that its wording requires you to find the smallest possible allowed M. 


1.11.6.20. *. Hint. The main steps in part (b) are to find the smallest possible 


values of M and L. 

1.11.6.21. *. Hint. As usual, the biggest part of this problem is finding L. 
Don’t be thrown off by the error bound being given slightly differently from Theo- 
rem 1.11.13 in the text: these expressions are equivalent, since Ax = 2-4 


wee 


1 
1.11.6.22. *. Hint. The function e~?* = —, 18 positive and decreasing, so its 


e€ 
maximum occurs when x is as small as possible. 


1 
1.11.6.23. *. Hint. Since — is a decreasing function when x > 0, look for its 
maximum value when 2 is as small as possible. 
1.11.6.24. *. Hint. The “best ... approximations that you can” means using the 


maximum number of intervals, given the information available. 
The final sentence in part (b) is just a re-statement of the error bounds we’re familiar 
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k; 
with from Theorem 1.11.13 in the text. The information |s (x)| = 000 gives you 
values of M and L when you set k = 2 and k = 4, respectively. 


1.11.6.25. *. Hint. Set the error bound to be less than 0.001, then solve for n. 


Exercises —— Stage 3 
1.11.6.26. *. Hint. See Section 1.11.3. To set up the volume integral, see 


Example 1.6.2. 

Since the cross-sections of the pool are semi-circular disks, a section that is d metres 
across will have area ST (2 square feet. Based on the drawing, you may assume 
the very ends of the pool have distance 0 feet across. 

1.11.6.27. *. Hint. See Example 1.11.15. 

Don’t get caught up in the interpretation of the integral. It’s nice to see how 
integrals can be used, but for this problem, you’re still just approximating the 
integral given, and bounding the error. 

When you find the second derivative to bound your error, pay attention to the 
difference between the integrand and g(r). 


1.11.6.28. *. Hint. See Example 1.11.16. You'll want to use a calculator for the 
approximation in (a), and for finding the appropriate number of intervals in (b). 
Remember that Simpson’s rule requires an even number of intervals. 

1.11.6.29. *. Hint. See Example 1.11.16. 

Rather than calculating the fourth derivative of the integrand, use the graph to find 
the largest absolute value it attains over our interval. 

1.11.6.30. *. Hint. See Example 1.11.15. 

You'll have to differentiate f(x). To that end, you may also want to review the 
fundamental theorem of calculus and, in particular, Example 1.3.5. 

You don’t have to find the best possible value for M. A reasonable upper bound 
on |f”(x)| will do. 

To have five decimal places of accuracy, your error must be less than 0.000005. This 
ensures that, if you round your approximation to five decimal places, they will all 
be correct. 

1.11.6.31. Hint. To find the maximum value of |f”(x)|, check its critical points 
and endpoints. 


vag 
1.11.6.32. Hint. In using Simpson’s rule to approximate / zit with n intervals, 
1 
He 
a 


c=1,6=%, and At = 
1.11.6.33. Hint. 
‘ Hig ide = arctan(2) — F, so arctan(2) = $ + i de 


e If an approximation A of the integral fP de has error at most ¢, then 
A-ex< SP pizds < Ate. 
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e Looking at our target interval will tell you how small ¢ needs to be, which in 
turn will tell you how many intervals you need to use. 


e You can show, by considering the numerator and denominator separately, that 
| f(a)| < 30.75 for every x in [1,2]. 


e If you use Simpson’s rule to approximate [ : mde, you won't need very many 
intervals to get the requisite accuracy. 


1.12 - Improper Integrals 
1.12.4 - Exercises 


Exercises —— Stage 1 
1.12.4.1. Hint. There are two kinds of impropreity in an integral: an infinite 


discontinuity in the integrand, and an infinite limit of integration. 
1.12.4.2. Hint. The integrand is continuous for all x. 


1.12.4.3. Hint. What matters is which function is bigger for large values of 2, 
not near the origin. 


1.12.4.4. *. Hint. Read both the question and Theorem 1.12.17 very carefully. 


1.12.4.5. Hint. (a) What if h(a) is negative? What if it’s not? 
(b) What if h(x) is very close to f(x) or g(x), rather than right in the middle? 
(c) Note |h(x)| < 2f (x). 


Exercises — Stage 2 
1.12.4.6. *. Hint. First: is the integrand unbounded, and if so, where? 


Second: when evaluating integrals, always check to see if you can use a simple 
substitution before trying a complicated procedure like partial fractions. 


1.12.4.7. *. Hint. Is the integrand bounded? 


1.12.4.8. *. Hint. See Example 1.12.21. Rather than antidifferentiating, you 
can find a nice comparison. 


1.12.4.9. *. Hint. Which of the two terms in the denominator is more important 
when x © 0? Which one is more important when x is very large? 


1.12.4.10. Hint. Remember to break the integral into two pieces. 
1.12.4.11. Hint. Remember to break the integral into two pieces. 


1.12.4.12. Hint. The easiest test in this case is limiting comparison, Theo- 
rem 1,12,22. 


1.12.4.13. Hint. Not all discontinuities cause an integral to be improper-—only 
infinite discontinuities. 


1.12.4.14. *. Hint. Which of the two terms in the denominator is more impor- 
tant when « is very large? 
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1.12.4.15. *. Hint. Which of the two terms in the denominator is more impor- 
tant when x & 0? Which one is more important when « is very large? 


1.12.4.16. *. Hint. What are the “problem «’s” for this integral? Get a simple 
approximation to the integrand near each. 


Exercises — Stage 3 
1.12.4.17. Hint. To find the volume of the solid, cut it into horizontal slices, 


which are thin circular disks. 
The true/false statement is equivalent to saying that the improper integral giving 
the volume of the solid when a = 0 diverges to infinity. 


1.12.4.18. *. Hint. Review Example 1.12.8. Remember the antiderivative of t 
looks very different from the antiderivative of other powers of «x. 


1.12.4.19. Hint. Compare to Example 1.12.14 in the text. You can antidifferen- 
tiate with a u-substitution. 


1.12.4.20. Hint. To evaluate the integral, you can factor the denominator. 


Recall lim arctanxz = _ For the other limits, use logarithm rules, and beware of 
L200 


indeterminate forms. 

1.12.4.21. Hint. Break up the integral. The absolute values give you a nice even 
function, so you can replace |” — a| with « — a if you’re careful about the limits of 
integration. 


1.12.4.22. Hint. Use integration by parts twice to find the antiderivative of 
e-*sinx, as in Example 1.7.10. Be careful with your signs-it’s easy to make a 
mistake with all those negatives. 

If you're having a hard time taking the limit at the end, review the Squeeze Theorem 
(see the CLP-1 text). 


1.12.4.23. *. Hint. What is the limit of the integrand when x —> 0? 


1.12.4.24. Hint. The only “source of impropriety” is the infinite domain of inte- 
gration. Don’t be afraid to be a little creative to make a comparison work. 


1.12.4.25. *. Hint. There are two things that contribute to your error: using t¢ 
as the upper bound instead of infinity, and using n intervals for the approximation. 


First, find a t so that the error introduced by approximating i <—da by fis ¢~dr 


is at most 510-4. Then, find your n. 


1.12.4.26. Hint. Look for a place to use Theorem 1.12.20. 
Examples 1.2.10 and 1.2.11 have nice results about the area under an even/odd 
curve. 


1.12.4.27. Hint. z should be a real number 


1.13 - More Integration Examples 
- Exercises 


Exercises —— Stage 1 
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1.13.1. Hint. Each option in each column should be used exactly once. 


Exercises —— Stage 2 
1.13.2. Hint. The integrand is the product of sines and cosines. See how this 


was handled with a substitution in Section 1.8.1. 
After your substitution, you should have a polynomial expression in u—but it might 
take some simplification to get it into a form you can easily integrate. 


1.13.3. Hint. We notice that the integrand has a quadratic polynomial under 
the square root. If that polynomial were a perfect square, we could get rid of the 
square root: try a trig substitution, as in Section 1.9. 

The identity sin(20) = 2sin@cos@ might come in handy. 


1.13.4. Hint. Notice the integral is improper. When you compute the limit, 

VH6pital’s rule might help. 

eae | 
e& 


If yow’re struggling to think of how to antidifferentiate, try writing 
lie, 


= (x —- 


1.13.5. Hint. Which method usually works for rational functions (the quotient 
of two polynomials)? 


1.13.6. Hint. It would be nice to replace logarithm with its derivative, — 


1.13.7. *. Hint. The integrand is a rational function, so it is possible to use 
partial fractions. But there is a much easier way! 


1.13.8. *. Hint. You should prepare your own personal internal list of integration 
techniques ordered from easiest to hardest. You should have associated to each 
technique your own personal list of signals that you use to decide when the technique 
is likely to be useful. 


1.13.9. *. Hint. Despite both containing a trig function, the two integrals are 
easiest to evaluate using different methods. 


1.13.10. *. Hint. For the integral of secant, see See Section 1.8.3 or Example 
1.10.5. 
In (c), notice the denominator is not yet entirely factored. 


1.13.11. *. Hint. Part (a) can be done by inspection — use a little highschool 
geometry! Part (b) is reminiscent of the antiderivative of logarithm—how did we 
find that one out? Part (c) is an improper integral. 


1.13.12. Hint. Use the substitution wu = sin @. 


1.13.13. *. Hint. For (c), try a little algebra to split the integral into pieces 
that are easy to antidifferentiate. 


1.13.14. *. Hint. If you’re stumped, review Sections 1.8, 1.9, and 1.10. 


1.13.15. *. Hint. For part (a), see Example 1.7.11. For part (d), see Example 
LGA. 
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1.13.16. *. Hint. For part (b), first complete the square in the denominator. 
You can save some work by first comparing the derivative of the denominator with 
the numerator. For part (d) use a simple substitution. 


1.13.17. *. Hint. For part (b), complete the square in the denominator. You 
can save some work by first comparing the derivative of the denominator with the 
numerator. 


1.13.18. *. Hint. For part (a), the numerator is the derivative of a function that 
appears in the denominator. 


1.13.19. Hint. The integral is improper. 


1.13.20. +. Hint. For part (a), can you convert this into a partial fractions 
integral? For part (b), start by completing the square inside the square root. 


1.13.21. *. Hint. For part (b), the numerator is the derivative of a function that 
is embedded in the denominator. 
1.13.22. Hint. Try a substitution. 


1.13.23. Hint. Note the quadratic function under the square root: you can solve 
this with trigonometric substitution, as in Section 1.9. 


1.13.24. Hint. Try a u-substitution, as in Section 1.8.2. 

1.13.25. Hint. What’s the usual trick for evaluating a rational function (quotient 
of polynomials)? 

1.13.26. Hint. If the denominator were x? + 1, the antiderivative would be 
arctangent. 

1.13.27. Hint. Simplify first. 

1.13.28. Hint. 2°+1=(r+1)(2?-2+1) 


1.13.29. Hint. You have the product of two quite dissimilar functions in the 
integrand—try integration by parts. 


Exercises —— Stage 3 
1.13.30. Hint. Use the identity cos(2r) = 2 cos? x — 1. 


1.13.31. Hint. Using logarithm rules can make the integrand simpler. 


1.13.32. Hint. What is the derivative of the function in the denominator? How 
could that be useful to you? 


1.13.33. *. Hint. For part (a), the substitution u = log x gives an integral that 
you have seen before. 


1.13.34. *. Hint. For part (a), split the integral in two. One part may be 
evaluated by interpreting it geometrically, without doing any integration at all. For 
part (c), multiply both the numerator and denominator by e” and then make a 
substitution. 


1.13.35. Hint. Let u= V/1—vz. 
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1.13.36. Hint. Use the substitution u = e”. 
1.13.37. Hint. Use integration by parts. If you choose your parts well, the 
resulting integration will be very simple. 


1.13.38. Hint. 222 =tanzsecx 


COSs* & 


1.13.39. Hint. The cases n = —1 and n = —2 are different from all other values 
of n. 


1.13.40. Hint. 24 +1 = (2? + V2x 4+ 1)(2? — 224+ 1) 


2 - Applications of Integration 


2.1 - Work 
2.1.2 - Exercises 


Exercises —— Stage 1 


2.1.2.1. Hint. Watch your units: 1J = 1 kgm’ but your mass is not given in 


kilograms, and your height is not given in metres. 


2.1.2.2. Hint. The force of the rock on the ground is the product of its mass and 
the acceleration due to gravity. 


2.1.2.3. Hint. Adding or subtracting two quantities of the same units doesn’t 
change the units. For example, if I have one metre of rope, and I tie on two more 
metres of rope, I have 1+ 2 = 3 metres of rope — not 3 centimetres of rope, or 3 
kilograms of rope. 

Multiplying or dividing quantities of some units gives rise to a quantity with the 
product or quotient of those units. For example, if I buy ten pounds of salmon 


50 dollars BU get: a 
10 pounds 10 Pound S coun: (Not 5 pound- 


for $50, the price of my salmon is 
dollars, or 5 pounds.) 
2.1.2.4. Hint. See Question 3. 


2.1.2.5. Hint. Hooke’s law says that the force required to stretch a spring x 
units past its natural length is proportional to x; that is, there is some constant k 
associated with the individual spring such that the force required to stretch it x m 
past its natural length is ka. 


2.1.2.6. Hint. Definition 2.1.1 tells us the work done by the force from x = 1 to 
e=bisW(b)= fr F(a)dx, where F(z) is the force on the object at position x. To 
recover the equation for F(x), use the Fundamental Theorem of Calculus. 


Exercises —— Stage 2 
Piketet. int. Review Definition 2.1.1 for calculating the work done by a 


force over a distance. 


2.1.2.8. Hint. For (a), 7 is meausured in Newtons, while ¢ and x are in metres. 


For (b), notice the similarities and differences between the tube of air and a spring 
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obeying Hooke’s law. 

2.1.2.9. *. Hint. See Example 2.1.2. Be careful about your units. 

2.1.2.10. *. Hint. Be careful about the units. 

2.1.2.11. *. Hint. Suppose that the bucket is a distance y above the ground. 
How much work is required to raise it an additional height dy? 


2.1.2.12. Hint. Since you’re given the area of the cross-section, it doesn’t matter 
what shape it has. However, the density of water is given in cubic centimetres, 
while the measurements of the tank are given in metres. 


2.1.2.13. *. Hint. Consider the work done to lift a horizontal plate from 2 m 
below the ground to a height z. You’ll need to know the mass of the plate, which 
you can calculate from its volume, since its density is given to you. 


2.1.2.14. Hint. ‘You can find the spring constant k from the information about 
the hanging kilogram. 


2.1.2.15. Hint. Follow the method of Example 2.1.6 and Question 11 in this 
section. 


2.1.2.16. Hint. Calculating the work done on the rope and the weight separately 
makes the computation somewhat easier. 


2.1.2.17. Hint. When you pull the box, the force you’re exerting is exactly the 
same as the frictional force, but in the opposite direction. In (a), that force is 
constant. In (b), it changes. Check Definition 2.1.1 for how to turn force into work. 


2.1.2.18. Hint. Remember that the work done on an object is equal to the change 
in its kinetic energy, which is smu", where m is the mass of the object and v is its 
velocity. Hooke’s law will tell you how much work was done stretching the spring. 

2.1.2.19. Hint. Asin Question 18 in this section, the change in kinetic energy of 
the car is equal to the work done by the compressing struts. The only added step 
is to calculate the spring constant, given that a car with mass 2000 kg compresses 
the spring 2 cm in Earth’s gravity. You’re not calculating work to find the spring 
constant: you're using the fact that when the car is sitting still, the force exerted 
upward by the struts is equal to the force exerted downward by the mass of the car 
under gravity. 


Exercises —— Stage 3 


642 


HINTS FOR EXERCISES 


2.1.2.20. Hint. To find the radius of a horizontal layer of water, use similar 
triangles. Be careful with centimetres versus metres. 


2.1.2.21. *. Hint. See Example 2.1.4 for a basic method for calculating the work 
done pumping water. 

To find the area of a horizontal layer of water, use some geometry. A horizontal 
cross-section of a sphere is a circle, and its radius will depend on the height of the 
layer in the tank. 


2.1.2.22. Hint. The basic ideas you’ve used already with “cable problems” still 
work, you only need to take care that the density of the cable is no longer constant. 
The mass of a tiny piece of cable, say of length dz, is (density) x (length) = (10 — 
x)dx, where zx is the distance of our piece from the bottom of the cable. 

If you want more work to reference, Question 1.6.2.22 in Section 1.6 finds the mass 
of an object of variable density. 


2.1.2.23. Hint. To calculate the force on the entire plunger, first find the force 
on a horizontal rectangle with height dy at depth y. 
Checking units can be a good way to make sure your calculation makes sense. 


2.1.2.24. Hint. When y metres of rope have been hauled up, what is the mass 
of the water? 


2.1.2.25. Hint. The work you’re asked for is an improper integral, moving the 
earth and moon infinitely far apart. 


2.1.2.26. Hint. You can formulate a guess by considering the work done on the 
ball versus the work done on the rope in Question 16, Solution 1. But be careful — 
the ball in that problem did not have the same mass as the rope. 


2.1.2.27. Hint. There are two things that vary with height: the density of 
the liquid, and the area of the cross-section of the tank. Make a formula M(h) 
for the mass of a thin layer of liquid h metres below the top of the tank, using 
mass=volume xdensity. The rest of the problem is similar to other tank-pumping 
problems in this section. 


2.1.2.28. Hint. You can model the motion, instead of a rotation, as dividing the 
sand into thin horizontal slices and lifting each of them to their new position. 


e In order to calculate the work involved lifting a layer of sand, you need to 
know the mass of the layer of sand. 


e To find the mass of a layer of sand, you need its volume and the density of 
the sand. 


e To find the density of the sand, you need to the volume of the sand: that is, 
the volume of half the hourglass. 


e The hourglass is a solid of rotation: you can find its volume using an integral, 
as in Section 1.6. 


2.1.2.29. Hint. Theorem 1.11.13 gives error bounds for the standard types of 
numerical approximations. You won’t need very many intervals to achieve the 
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desired accuracy. 


2.2 - Averages 
2.2.2 - Exercises 


Exercises —— Stage 1 
2.2.2.1. Hint. See Definition 2.2.2 and the discussion following it for the link 


between area under the curve and averages. 


2.2.2.2. Hint. Average velocity is discussed in Example 2.2.5. You don’t need an 
integral for this. 


2.2.2.3. Hint. Much like Problem 2, you don’t need to do any integration here. 


2.2.2.4. Hint. Part (a) is asking the length of the pieces we’ve cut our interval 
into. Part (c) should be given in terms of f. Our final answer in (d) will resemble 
a Riemann sum, but without some extra manipulation it won’t be in exactly the 
form of a Riemann sum we’re used to. 


2.2.2.5. Hint. For (b), the value of f(0) could be much, much larger than g(0). 


2.2.2.6. Hint. The answer is something very simple. 


Exercises —— Stage 2 
2.2.2.7. *. Hint. Apply the definition of “average value” in Section 2.2. 


2.2.2.8. *. Hint. You can antidifferentiate x? log x using integration by parts. 


2.2.2.9. *. Hint. You can antidifferentiate an odd power of cosine with a sub- 
stitution; for an even power of cosine, use the identity cos? 7 = (1 + cos(2z)). 


2.2.2.10. *. Hint. If you’re not sure how to antidifferentiate, try the substitution 
u = kx, du = kdz, keeping in mind that k is a constant. Interestingly, your final 
answer won’t depend on k. 


2.2.2.11. *. Hint. The method of partial fractions can help you antidifferentiate. 
2.2.2.12. *. Hint. Try the substitution u = logx, du = + de. 


2.2.2.13. *. Hint. Remember cos? x = $(1 + cos(2z)). 


2.2.2.14. Hint. Notice the term 50 cos (47) has a period of 24 hours, while the 
term 200 cos (57) has a period of one year. 


If n is an approximation of c, then the relative error of n is aml 


2.2.2.15. Hint. A cross section of S at location zx is a circle with radius x”, so 
area 72". Part (a) is asking for the average of this function on [0, 2]. 

2.2.2.16. Hint. (a) can be done without calculation 

2.2.2.17. Hint. tan? x =sec?z—-1 
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2.2.2.18. Hint. Remember force is the product of the spring constant with the 
distance it’s stretched past its natural length. The units given in the question are 
not exactly standard, but they are compatible with each other. 

You can find part (b) without any calculation. For (c), remember sin? « = }(1— 
cos(2z)). 


Exercises —— Stage 3 
2.2.2.19. *. Hint. The trapezoidal rule is found in Section 1.11.2. 


2.2.2.20. Hint. To find a definite integral of the absolute value of a function, 
break up the interval of integration into regions where the function is positive, and 
intervals where it’s negative. 


2.2.2.21. Hint. This is an application of the ideas in Question 20. 


2.2.2.22. Hint. Slice the solid into circular disks of radius |f(x)| and thickness 
dz. 


2.2.2.23. Hint. The question tells you ;+5 i fi2jd¢ = POFFO) 


2.2.2.24. Hint. Set up this question just like Question 23, but with variables for 
your limits of integration. 
Note (s — t)? = s* — 2st + t?. 


2.2.2.25. Hint. What are the graphs of f(x) and f(a+b— 2) like? 
2.2.2.26. Hint. For (b), express A(a) as an integral, then differentiate. 


2.2.2.27. Hint. For (b), consider the cases that f(x) is always bigger or always 
smaller than 0. Then, use the intermediate value theorem (see the CLP-1 text). 


2.2.2.28. Hint. Try l’Hopital’s rule. 
2.2.2.29. Hint. Use the result of Question 28. 


2.3 - Centre of Mass and Torque 
2.3.3 - Exercises 


Exercises —— Stage 1 
2.3.3.1. Hint. It might help to know that —x? + 2x + 1 = 2—(a#—-1)?. 


2.3.3.2. Hint. The centroid of a region doesn’t have to be a point in the region. 


2.3.3.3. Hint. Read over the very beginning of Section 2.3, specifically Equa- 
tion 2.3.1. 


2.3.3.4. Hint. Use Equation 2.3.1. 


2.3.3.5. Hint. Imagine cutting out the shape and setting it on top of a pencil, 
so that the pencil lines up with the vertical line x = a. Will the figure balance, or 
fall to one side? Which side? 


2.3.3.6. Hint. You can find the heights of the centres of mass using symmetry. 
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2.3.3.7. Hint. Think about whether your answers should have repetition. 


2.3.3.8. Hint. The definition of a definite integral (Definition 1.1.9) will tell you 
how to convert your limits of sums into integrals. 


2.3.3.9. Hint. In (a), the slices all have the same width, so the area of the slices 
is larger (and hence the density of R is higher) where T(x) — B(x) is larger. 


2.3.3.10. Hint. Part (a) is a significantly different model from the last question. 


2.3.3.11.  *. Hint. Which method involves more work: horizontal strips or 
vertical strips? 


Exercises —— Stage 2 
2.3.3.12. Hint. This is a straightforward application of Equation 2.3.4. 


2.3.3.13. Hint. Remember the derivative of arctangent is ae 


2.3.3.14. *. Hint. This is a straightforward application of Equations 2.3.5 and 
2.3.6. Note that you’re only asked for the y-coordinate of the centroid. 


2.3.3.15. *. Hint. You can use a trigonometric substitution to find the area, then 
a partial fraction decomposition to find the y-coordinate of the centroid. Remember 
sim 1) 2) at 6. 


2.3.3.16. *. Hint. Vertical slices will be easier than horizontal. An integration 
by parts might be helpful to find x, while trigonometric identities are important to 
finding y. 

2.3.3.17. *. Hint. No trigonometric substitution is necessary if you’re clever 
with your u-substitutions, and remember the derivative of arctangent. 


2.3.3.18. *. Hint. In R, the top function is x — x”, and the bottom function is 
x? — 3a. 


2.3.3.19. *. Hint. Remember # {arctan x} = am 


2.3.3.20. *. Hint. You can save quite a bit of work by, firstly, exploiting symme- 


try and, secondly, thinking about whether it is more efficient to use vertical strips 
or horizontal strips. 


2.3.3.21. *. Hint. Sketch the region, being careful the domain of 9 — 4x?. You 
can save quite a bit of work by exploiting symmetry. 
2.3.3.22. Hint. Horizontal slices will be easier than vertical. 


2.3.3.23. Hint. Start with a picture: whether you use vertical slices or horizontal, 
you'll need to break your integral into multiple pieces. 


Exercises — Stage 3 
2.3.3.24. *. Hint. For practice, do the computation twice — once with horizon- 


tal strips and once with vertical strips. Watch for improper integrals. 
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2.3.3.25. *. Hint. Draw a sketch. In part (b) be careful about the equation of 
the right hand boundary of A. 


2.3.3.26. *. Hint. Draw a sketch. Rotating about a horizontal line is similar to 
rotating about the z-axis, but for the radius of a slice, you’ll need to know |y—(—1)|: 
the distance from the outer edge of the region (the boundary function’s y-value) to 
g==—1, 


2.3.3.27. Hint. Go back to the derivation of Equation 2.3.5 (centroid for a region) 
to figure out what to do when your surface does not have uniform density. We will 
consider a rod R that reaches from x = 0 to x = 4, and the mass of the section of 
the rod along |a, | is equal to the mass of the strip of our rectangle along {a, 0]. 


2.3.3.28. Hint. Horizontal slices will help you, where symmetry doesn’t, to set 
up arod R whose centre of mass is the same as one coordinate of the centre of mass 
of the circle. When you’re integrating, trigonometric substitutions are sometimes 
the easiest way, and sometimes not. 

The equation of a circle of radius 3, centred at (0,3), is 7+ (y — 3)? =9. 


2.3.3.29. Hint. The model in the question gives you the setup to solve this 
problem. You know how to find the centre of mass of a rod — that’s Equation 2.3.4 
— so all you need to find is p(y), the density of the rod at position y. To find this, 
consider a thin slice of the cone at position y with thickness dy. Its volume V(y) 
is the same as the mass of the small section of the rod at position y with thickness 
dy. So, the density of the rod at position y is p(y) = Ww) 

2.3.3.30. Hint. Use similar triangles to show that the shape of the lower (also 
upper) half of the hourglass is a truncated cone, where the untruncated cone would 
have had a height 10 cm. 

To calculate the centre of mass of the upturned sand using the result of Question 29, 
you should find h = 9.8 (not h = 10 — think carefully about our model from 
Question 29) and k = 8.8. For the centre of mass of the sand before turning, h = 10 
and k = 6. 


2.3.3.31. Hint. The techniques of Section 2.1 get pretty complicated here, so it’s 
easiest to use the techniques we developed in Questions 6, 29, and 30 in this section. 
That is, (1) find the height of the centre of mass of the water in its starting and 
ending positions, and then (2) model the work done as the work moving a point 
mass with the weight of the water from the first centre of mass to the second. 

The height change of the centre of mass is all that matters to calculate the work 
done against gravity, so you only have to worry about the height of the centres of 
mass. 


2.3.3.32. Hint. The area of RF is precisely one, so the error in your approximation 


is the error involved in approximating AP 7/2 942 sin(x?) dz. 


2.4 - Separable Differential Equations 
2.4.7 - Exercises 
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Exercises —— Stage 1 
2.4.7.1. Hint. You don’t need to solve the differential equation from scratch, 


only verify whether the given function y = f(x) makes it true. Find ue and plug it 
into the differential equation. 


2.4.7.2. Hint. For (d), note the equation given is quadratic in the variable wy 


1 
2.4.7.3. Hint. The step a dy = [to dx shows up whether we’re using 
gy 
our mnemonic or not. 


2.4.7.4. Hint. Note ¢{f(x)} = <{f(x) +C}. Plug in y = f(z) +C to the 


equation oe = xy to see whether it makes the equation is true. 


2.4.7.5. Hint. Ifa function is differentiable at a point, it is also continuous at 
that point. 


2.4.7.6. Hint. Let Q(t) be the quantity of morphine in a patient’s bloodstream 
at time t, where t is measured in minutes. 
Using the definition of a derivative, 


dQ _ Qt +h - QW) _ A+)- A) 


~ 


dt ho0 h 1 


So, a is roughly the change in the amount of morphine in one minute, from t to 


ee 

2.4.7.7. Hint. If p(t) is the proportion of the new form, then 1 — p(t) is the 
proportion of the old form. 

When we say two quantities are proportional, we mean that one is a constant 
multiple of the other. 


2.4.7.8. Hint. The red marks show the slope y(x) would have at a point if it 
crosses that point. So, pick a value of y(0); based on the red marks, you can see 
how fast y(x) is increasing or decreasing at that point, which leads you roughly to a 
value of y(1); again, the red marks tell you how fast y(z) is increasing or decreasing, 
which leads you to a value of y(2), etc (unless you’re already off the graph). 


2.4.7.9. Hint. To draw the sketch similar to Question 8(d), don’t actually cal- 
culate every single slope; find a few (for instance, where the slope is zero, or where 
it’s negative), and use a pattern (for instance, the slope increases as y increases) to 
approximate most of the points. 


Exercises —— Stage 2 
2.4.7.10. *. Hint. Start by multiplying both sides of the equation by e” and dz, 


pretending that oe is a fraction, according to our mnemonic. 


2.4.7.11. *. Hint. You need to solve for your function y(x) explicitly. Be careful 
with absolute values: if |y| = F', then y = F or y = —F’. However, y = +F is not 
a function. You have to choose one: y = F' or y = —F. 
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2.4.7.12. *. Hint. If your answer doesn’t quite look like the answer given, try 
manipulating it with logarithm rules: log a + log b = log(ab), and alog b = log(b*). 


2.4.7.13. *. Hint. Simplify the equation. 
2.4.7.14. *. Hint. Be careful with the arbitrary constant. 
2.4.7.15. *. Hint. Start by cross-multiplying. 


2.4.7.16. *. Hint. Be careful about signs. If y? = F, then possibly y = VF, 
and possibly y = —VF. However, y = £VF is not a function. 


2.4.7.17. *. Hint. Be careful about signs. 


2.4.7.18. *. Hint. Be careful about signs. If log|y| = F, then |y| = e”. Since 
you should give your answer as an explicit function y(«), you need to decide whether 


y=eF or y=—e®. 


2.4.7.19. *. Hint. Move the y from the left hand side to the right hand side, 
then use partial fractions to integrate. 

Be careful about the signs. Remember that we need y = —1 when x = 1. This 
suggests how to deal with absolute values. 


2.4.7.20. *. Hint. The unknown function f(x) satisfies an equation that involves 
the derivative of f. 


2.4.7.21. *. Hint. Try guessing the partial fractions expansion of 2G) 
Ce 

Since x = 1 is in the domain and x = 0 is not, you may assume x > 0 for all x in 
the domain. 


d 
2.4.7.22. «x. Hint. qa tees =secx tan x 
a 


2.4.7.23. *. Hint. The general solution to the differential equation will contain 
the constant k and one other constant. They are determined by the data given in 
the question. 


2.4.7.24. *. Hint. 


e When you're solving the differential equation, you should have an integral 
that you can massage to look something like arctangent. 


e What is the velocity of the object at its highest point? 


e Your final answer will depend on the (unspecified) constants v9, m, g and k. 


2.4.7.25. *. Hint. The general solution to the differential equation will contain 
the constant k and one other constant. They are determined by the data given in 
the question. 


2.4.7.26. *. Hint. The method of partial fractions will help you integrate. 


To solve “—" = Y for x, move the terms containing x out of the denominator, then 
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gather them on one side of the equals sign and factor out the z. 


L—-a 
z—b 
z—-a=Y(x—b)=Ya-Yb 

c= VES 2= 2) 
z(l1—-Y)=a-—Yb 

a—Yb 

1-Y 


‘— 


To find the limit, you can avoid l’Hépital’s rule using some clever algebra—but you 
can also just use l|’H6pital’s rule. 


2.4.7.27. *. Hint. Be careful about signs. 
Part (a) has some algebraic similarities to Question 26. 


2.4.7.28. *. Hint. The general solution to the differential equation will contain 
a constant of proportionality and one other constant. They are determined by the 
data given in the question. 


Exercises — aa 3 

2.4.7.29. *. Hint. You do not need to know anything about investing or con- 
tinuous compounding to do this problem. You are given the differential equation 
explicitly. The whole first sentence is just window dressing. 


2.4.7.30. *. Hint. Again, you do not need to know anything about investing to 
do this problem. You are given the differential equation explicitly. 


2.4.7.31. *. Hint. Differentiate the given integral equation. Plugging in x = 0 
gives you y(0). 


2.4.7.32. *. Hint. Suppose that in a very short time interval dt, the height of 
water in the tank changes by dh (which is negative). Express in two different ways 
the volume of water that has escaped during this time interval. Equating the two 
gives the needed differential equation. 

As the water escapes, it forms a cylinder of radius 1 cm. 


2.4.7.33. *. Hint. Sketch the mercury in the tank at time ¢t, when it has height 
h, and also at time t+ dt, when it has height h+ dh (with dh < 0). The difference 
between those two volumes is the volume of (essentially) a disk of thickness —dh. 
Figure out the radius and then the volume of that disk. This volume has to be 
the same as the volume of mercury that left through the hole in the bottom of the 
sphere, which runs out in the shape of a cylinder. Toricelli’s law tells you what the 
length of that cylinder is, and from there you can find its volume. Setting the two 
volumes equal to each other gives the differential equation that determines h(t). 


2.4.7.34. *. Hint. The fundamental theorem of calculus will be useful in part 


(b). 
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2.4.7.35. *. Hint. For any p > 0, determine first y(t) (in terms of p and c) and 
then the times (also depending on p and c) at which y = 2, y= 1 and y=0. The 
condition that “the top half takes exactly the same amount of time to drain as the 
bottom half” then gives an equation that determines p. 


2.4.7.36. Hint. For (a), think of a very simple function. 
The equation in the question statement is equivalent to the equation 


a= | fae - | fro 


which is, in some cases, easier to use. 
For (d), you'll want to let Y(x) = [” f(¢) dt, and use the quadratic equation. 


2.4.7.37. Hint. Start by antidifferentiating both sides of the equation with re- 
spect to 2. 

3 - Sequence and series 

3.1 - Sequences 

3.1.2 - Exercises 


Exercises —— Stage 1 
3.1.2.1. Hint. Not every limit exists. 


3.1.2.2. Hint. 100 isn’t all that big when you’re contemplating infinity. (Neither 
is any other number.) 


3.1.2.3. Hint. lim ag,,5 = lim a, 
Noo nN—-Ooo 


3.1.2.4. Hint. ‘The sequence might be defined by different functions when 7 is 
large than when n is small. 


3.1.2.5. Hint. Recall (—1)” is positive when n is even, and negative when n is 
odd. 


3.1.2.6. Hint. Modify your answer from Question 5, but make the terms ap- 
proach zero. 


als 

nr 
3.1.2.8. Hint. What might cause your answers in (a) and (b) to differ? Carefully 
read Theorem 3.1.6 about convergent functions and their corresponding sequences. 


3.1.2.7. Hint. (—n)-" = 


22 
3.1.2.9. Hint. You can use the fact that 7 is somewhat close to 7 or you can 


use trial and error. 


Exercises —— Stage 2 
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3.1.2.10. Hint. You can compare the leading terms, or factor a high power of n 
from the numerator and denominator. 


3.1.2.11. Hint. This isn’t a rational expression, but you can treat it in a similar 
way. Recall e < 3. 


3.1.2.12. Hint. The techniques of evaluating limits of rational sequences are 


again useful here. 
3.1.2.13. Hint. Use the squeeze theorem. 

1 F 
3.1.2.14. Hint. —<n'"™"<n 
n 


1 1 

3.1.2.15. Hint. eV" = cin? what happens to — as n grows? 
ert n 

3.1.2.16. Hint. Use the squeeze theorem. 


3.1.2.17. Hint. L’H6pital’s rule might help you decide what happens if you are 
unsure. 


3.1.2.18. *. Hint. Simplify ax. 
1 

3.1.2.19. *. Hint. What happens to — as n gets very big? 
n 


3.1.2.20. *. Hint. cos0O=1 


Exercises —— Stage 3 
3.1.2.21. *. Hint. This is trickier than it looks. Write = x and look at the 
limit as x > 0. 
3.1.2.22. Hint. Multiply and divide by the conjugate. 
3.1.2.23. Hint. Compared to Question 22, there’s an easier path. 
3.1.2.24. Hint. Consider f’(x), when f(r) = 21. 
3.1.2.25. Hint. Look to Question 24 for inspiration. 


3.1.2.26. Hint. The area of an isosceles triangle with two sides of length 1, 
meeting at an angle 0, is 5 sin 0. 


3.1.2.27. Hint. Every term of A,, is the same, and g(x) is a constant function. 
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3.1.2.28. Hint. You'll need to use a logarithm before you can apply l’Hépital’s 
rule. 


3.1.2.29. Hint. (a) Write out the first few terms of the sequence. 
(c) Consider how a,,,; — L relates to a, — L. What should happen to these numbers 
if a, converges to L? 


3.1.2.30. Hint. Your answer from (b) will help you a lot with the subsequent 
parts. 


3.2 - Series 
3.2.2 - Exercises 


Exercises —— Stage 1 
3.2.2.1. Hint. Sy is the sum of the terms corresponding to n = 1 through n = N. 


3.2.2.2. Hint. Note C; is the cumulative number of cookies. 
3.2.2.3. Hint. How is (a) related to Question 2? 
3.2.2.4. Hint. You'll have to calculate a, separately from the other terms. 


3.2.2.5. Hint. When does adding a number decrease the total sum? 


3.2.2.6. Hint. For (b), imagine cutting up the triangle into its black and white 
parts, then sharing it equally among a certain number of friends. What is the easiest 
number of friends to share with, making sure each has the same area in their pile? 


3.2.2.7. Hint. Compare to Question 6. 
3.2.2.8. Hint. Iteratively divide a shape into thirds. 


N _— pNtl1 
3.2.2.9. Hint. Lemma 3.2.5 tells us ae = a———__, forr £1. 
7 Lay 
3.2.2.10. Hint. Note C; is the cumulative number of cookies. 
3.2.2.11. Hint. To adjust the starting index, either factor out the first term in 
the series, or subtract two series. For the subtraction option, consider Question 10. 


3.2.2.12. Hint. Express your gains in (a) and (c) as series. 


3.2.2.13. Hint. To find the difference between S- Cn and eer try writing 
n=1 n=1 
out the first few terms. 


3.2.2.14. Hint. You might want to first consider a simpler true or false: 


Le 


asl 


Exercises —— Stage 2 
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3.2.2.15. *. Hint. What kind of a series is this? 
3.2.2.16. *. Hint. This is a special kind of series, that you should recognize. 


3.2.2.17. *. Hint. When you see S- (ck — ---k+ Lee), you should 
k 

think “telescoping series.” 

3.2.2.18. *. Hint. When you see ‘> (ane = se3gep Lee), you should 


immediately think “telescoping series”. But be careful not to jump to conclusions 
— evaluate the n™ partial sum explicitly. 
3.2.2.19. *. Hint. Review Definition 3.2.3. 


3.2.2.20. *. Hint. This is a special case of a general series whose sum we know. 


3.2.2.21. *. Hint. Review Example 3.2.6. To write the number as a geometric 
series, the first few terms might not fit the pattern of the rest of the terms. 


3.2.2.22. x. Hint. Start by writing it as a geometric series. 
3.2.2.23. *. Hint. Review Example 3.2.6. Since the pattern repeats every three 


decimals, your common ratio r will be 03° 


3.2.2.24. x. Hint. Split the series into two parts. 
3.2.2.25. *. Hint. Split the series into two parts. 
3.2.2.26. *. Hint. Split the series into two parts. 


3.2.2.27. Hint. Use logarithm rules to turn this into a more obvious telescoping 
series. 


3.2.2.28. Hint. ‘This is a telescoping series. 


Exercises —— Stage 3 i 
3.2.2.29. Hint. The stone at position x has mass ie kg, and we have to pull it 
a distance of 2” metres. From this, you can find the work involved in pulling up a 


single stone. Then, add up the work involved in pulling up all the stones. 


4 
3.2.2.30. Hint. The volume of a sphere of radius r is 3 


3.2.2.31. Hint. Use the properties of a telescoping series to simplify the terms. 
Recall sin? 6 + cos? @ = 1. 
3.2.2.32. Hint. Review Question 3 for using the sequence of partial sums. 
3.2.2.33. Hint. What is the ratio of areas between the outermost (red) ring and 
the next (blue) ring? 

3.3 - Convergence ‘Tests 

3.3.11 - Exercises 
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Exercises —— Stage 1 
3.3.11.1. Hint. That is, which series have terms whose limit is not zero? 


3.3.11.2. Hint. That is, if f(x) is a function with f(n) = a, for all whole numbers 
n, is f(x) nonnegative and decreasing? 


3.3.11.3. Hint. This isn’t a trick. It’s meant to give you intuition to the direct 
comparison test. 


3.3.11.4. Hint. The comparison test is Theorem 3.3.8. However, rather than 
trying to memorize which way the inequalities go in all cases, you can use the same 
reasoning as Question 3. 


3.3.11.5. Hint. Think about Question 4 to remind yourself which way the in- 
equalities have to go for direct comparison. 

Note that all the comparison series have positive terms, so we don’t need to worry 
about that part of the limit comparison test. 


3.3.11.6. Hint. The divergence test is Theorem 3.3.1. 
3.3.11.7. Hint. The limit is calculated correctly. 


3.3.11.8. Hint. It is true that f(a) is positive. What else has to be true of f(z) 
for the integral test to apply? 


3.3.11.9. Hint. Refer to Question 4. 


3.3.11.10. Hint. The definition of an alternating series is given in the start of 
Section 3.3.4. 


An+1 
Qn 


3.3.11.11. Hint. For the ratio test to be inconclusive, lim should be 1 or 


i 
— Co 


nonexistent. 


3.3.11.12. Hint. By the divergence test, for a series }* a, to converge, we need 


lim a, = 0. That is, the magnitude (absolute value) of the terms needs to be 
Noo 


getting smaller. 


3.3.11.13. Hint. If f(x) is positive and decreasing, then the integral test tells 
you that the integral and the series either both increase or both decrease. So, in 
order to find an example with the properties required in the question, you need f(x) 
to not be both positive and decreasing. 


3.3.11.14. *. Hint. Review Theorem 3.3.11 and Example 3.3.12. 


3.3.11.15. *. Hint. Don’t jump to conclusions about properties of the a,,’s. 


Exercises —— Stage 2 
3.3.11.16. *. Hint. Always try the divergence test first (in your head). 


3.3.11.17. *. Hint. Which test should you always try first (in your head)? 
3.3.11.18. *. Hint. Review the integral test, which is Theorem 3.3.5. 
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3.3.11.19. Hint. A comparison might be helpful — try some algebraic manipu- 
lation to find a likely series to compare it to. 


3.3.11.20. Hint. This is a geometric series. 
3.3.11.21. Hint. Notice that the series is geometric, but it doesn’t start at n = 0. 


3.3.11.22. Hint. Note n only takes integer values: what’s sin(7m) when n is an 
integer? 
3.3.11.23. Hint. Note n only takes integer values: what’s cos(7n) when n is an 
integer? 


3.3.11.24. Hint. What’s the test that you should always think of when you see 
a factorial? 


3.3.11.25. Hint. This is a geometric series, but you’ll need to do a little algebra 
to figure out r. 


3.3.11.26. Hint. Which test fits most often with factorials? 
3.3.11.27. Hint. ‘Try finding a nice comparison. 


1 
3.3.11.28. *. Hint. With the substitution u = logz, the function ————, is 
x(log x)3/? 
easily integrable. 


3.3.11.29. *. Hint. Combine the integral test with the results about p-series, 
Example 3.3.6. 


3.3.11.30. *. Hint. Try the substitution u = /z. 


3.3.11.31. *. Hint. Review Example 3.3.9 for developing intuition about com- 
parisons, and Example 3.3.10 for an example where finding an appropriate compar- 
ison series calls for some creativity. 


3.3.11.32. *. Hint. What does the summand look like when k is very large? 
3.3.11.33. *. Hint. What does the summand look like when n is very large? 
3.3.11.34. *. Hint. cos(nz) is a sneaky way to write (—1)”. 

3.3.11.35. *. Hint. What is the behaviour for large k? 

3.3.11.36. *. Hint. When m is large, 3m +4 sin,/m & 3m. 

3.3.11.37. Hint. This is a geometric series, but it doesn’t start at n = 0. 
3.3.11.38. *. Hint. The series is geometric. 


3.3.11.39. *. Hint. The first series can be written as ~ 


n=1 


3.3.11.41. *. Hint. What does the summand look like when n is very large? 


1 
2n-—1- 


3.3.11.42. *. Hint. Review the alternating series test, which is given in Theorem 
3.3.14, 
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3.3.11.43. *. Hint. Review the alternating series test, which is given in Theorem 
ool. 


3.3.11.44. *. Hint. Review the alternating series test, which is given in Theorem 
out l4. 


Exercises — Stage 3 
3.3.11.46. *. Hint. For part (a), see Example 1.12.23. 


For part (b), review Theorem 3.3.5. 
For part (c), see Example 3.3.12. 


3.3.11.47.  *. Hint. The truncation error arising from the approximation 


evil 


—/n Ne e-vn 

e e e 

y — y —— is precisely Ey = y . You'll want to find a bound 
n=1 vn n=1 vn n=N+1 vn 


on this sum using the integral test. 


Va 


e€ 
A key observation is that, since f(x) = is decreasing, we can show that 


ae 
evn < Me e7vt d 
= de 
vn n—-1 Vx 


for every n > 1. 


3.3.11.48. *. Hint. What does the fact that the series }> a, converges guarantee 
n=0 
about the behavior of a, for large n? 


3.3.11.49. *. Hint. What does the fact that the series 5*(1— a,) converges 


n=0 
guarantee about the behavior of a, for large n? 
‘ . = Na, —2n+1 
3.3.11.50. *. Hint. What does the fact that the series ~ —_————— __ con- 
art n+l 


verges guarantee about the behavior of a, for large n? 


3.3.11.51. *. Hint. What does the fact that the series }>~, a, converges guar- 
antee about the behavior of a, for large n? When is x? < x? 


3.3.11.52. Hint. If we add together the frequencies of all the words, they should 
amount to 100%. We can approximate this sum using ideas from Example 3.3.4. 


3.3.11.53. Hint. We are approximating a finite sum — not an infinite series. To 
get greater accuracy, use exact values for the first several terms in the sum, and use 
an integral to approximate the rest. 


3.4 - Absolute and Conditional Convergence 
3.4.3 - Exercises 


Exercises —— Stage 1 


657 


HINTS FOR EXERCISES 


3.4.3.1. *. Hint. What is conditional convergence? 


3.4.3.2. Hint. If >> |a,| converges, then 5° a, is guaranteed to converge as well. 
(That’s Theorem 3.4.2.) So, one of the blank spaces describes an impossible se- 
quence. 


Exercises — Stage 2 
3.4.3.4. *. Hint. Be careful about the signs. 


3.4.3.5. *. Hint. Does the alternating series test really apply? 
3.4.3.6. *. Hint. What does the summand look like when n is very large? 
3.4.3.7. *. Hint. What does the summand look like when n is very large? 


3.4.3.8. *. Hint. This is a trick question. Be sure to verify all of the hypotheses 
of any convergence test you apply. 


3.4.3.9. *. Hint. Try the substitution u = log x. 
3.4.3.10. Hint. Show that it converges absolutely. 
3.4.3.11. Hint. Use a similar method to Queston 10. 


3.4.3.12. Hint. Show it converges absolutely using a direct comparison test. 


Exercises — Stage 3 
3.4.3.13. »*. Hint. For part (a), replace n by x in the absolute value of the 


summand. Can you integrate the resulting function? 


3.4.3.14. Hint. You don’t need to add up very many terms for this level of 
accuracy. 


3.4.3.15. Hint. Use the direct comparison test to show that the series converges 
absolutely. 

3.5 - Power Series 

3.5.3 - Exercises 


Exercises —— Stage 1 
3.5.3.1. Hint. (1) is the sum of a geometric series. 
d —5)” 
3.5.3.2. Hint. Calculate — or when n is a constant. 
dx | n!+2 


3.5.3.3. Hint. There is only one. 
3.5.3.4. Hint. Use Theorem 3.5.9. 


Exercises —— Stage 2 
3.5.3.5. *. Hint. Review the discussion immediately following Definition 3.5.1. 
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3.5.3.6. *. Hint. Review the discussion immediately following Definition 3.5.1. 

3.5.3.7. *. Hint. Review the discussion immediately following Definition 3.5.1. 

3.5.3.8. *. Hint. See Example 3.5.11. 

3.5.3.9. *. Hint. See Example 3.5.11. 

neal x. Hint. Start part (b) by computing the partial sums of 

3 ( Qk at) 
Ape 


a 
k=1 k+1 


3.5.3.16. *. Hint. You should know a power series representation for i 
Use it. 


3.5.3.17. Hint. You can safely ignore one of the given equations, but not the 
other. 


ome O 


Exercises — Stage 3 
3.5.3.18. *. Hint. n> logn for all n> 1. 


3.5.3.19. *. Hint. See Example 3.5.21. For part (b), review §3.3.4. 
3.5.3.20. *. Hint. You know the geometric series expansion of =. What 


(calculus) operation(s) can you apply to that geometric series to convert it into the 
given series? 


3.5.3.21. *. Hint. First show that the fact that the series )**° )(1—b,,) converges 
guarantees that lim,_,.. bn = 1. 
3.5.3.22. *. Hint. What does a, look like for large n? 


3.5.3.23. Hint. Equation 2.3.1 tells us the centre of mass of a rod with weights 
YE Mnln 


an 


3.5.3.24. Hint. Use the second derivative test. 


{mn} at positions {z,} is f= 


3.5.3.25. Hint. What function has S- na"! as its power series representation? 


n=1 


3.5.3.26. Hint. The power series representation in Example 3.5.20 is an alter- 
nating series when x is positive. 


3.5.3.27. Hint. The power series representation in Example 3.5.21 is an alter- 
nating series when x is nonzero. 


3.6 - Taylor Series 
3.6.8 - Exercises 


Exercises —— Stage 1 
3.6.8.1. Hint. Which of the functions are constant, linear, and quadratic? 
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3.6.8.2. Hint. You don’t have to actually calculate the entire series T(x) to 
answer the question. 


3.6.8.3. Hint. If you don’t have these memorized, it’s good to be able to derive 
1 
them. For instance, log(1 + x) is the antiderivative of ae whose Taylor series 
x 
can be found by modifying the geometric series 5) 2”. 


3.6.8.4. Hint. See Example 3.6.18. 


Exercises —— Stage 2 
3.6.8.5. Hint. The series will bear some resemblance to the Maclaurin series for 


log(1 + 2). 


3.6.8.6. Hint. The terms f)(z) are going to be similar to the terms f)(0) that 
we used in the Maclaurin series for sine. 


3.6.8.7. Hint. The Taylor series will look similar to a geometric series. 


3.6.8.8. Hint. Your answer will depend on a. 


1 
3.6.8.9. *. Hint. You should know the Maclaurin series for i . Use it. 
£ 


Use it. 


1 
3.6.8.10. *. Hint. You should know the Maclaurin series for i : 
—2£ 


3.6.8.11. *. Hint. You should know the Maclaurin series for e”. Use it. 
3.6.8.12. *. Hint. Review Example 3.5.20. 
3.6.8.13. *. Hint. You should know the Maclaurin series for sinx. Use it. 
3.6.8.14. *. Hint. You should know the Maclaurin series for e”. Use it. 
3.6.8.15. *. Hint. You should know the Maclaurin series for arctan(x). Use it. 


1 
3.6.8.16. *. Hint. You should know the Maclaurin series for i . Use it. 
£ 


gent (—1)” 


3.6.8.17. *. Hint. Set (-1)"5 a ad Qn+13 
n n e 


, for some constant C’. What 


are x and C? 


3.6.8.18. *. Hint. There is an important Taylor series, one of the series in 
Theorem 3.6.7, that looks a lot like the given series. 


3.6.8.19. *. Hint. There is an important Taylor series, one of the series in 
Theorem 3.6.7, that looks a lot like the given series. 


3.6.8.20. »*. Hint. There is an important Taylor series, one of the series in 
Theorem 3.6.7, that looks a lot like the given series. Be careful about the limits of 
summation. 
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3.6.8.21. »*. Hint. There is an important Taylor series, one of the series in 
Theorem 3.6.7, that looks a lot like the given series. 


3.6.8.22. *. Hint. Split the series into a sum of two series. There is an important 
Taylor series, one of the series in Theorem 3.6.7, that looks a lot like each of the 
two series. 


3.6.8.23. Hint. Try the ratio test. 
3.6.8.24. Hint. Write it as the sum of two Taylor series. 


3.6.8.25. *. Hint. Can you think of a way to eliminate the odd terms from 


3.6.8.26. Hint. The series you’re adding up are alternating, so it’s simple to 
bound the error using a partial sum. 


3.6.8.27. Hint. The Taylor Series is alternating, so bounding the error in a 
partial-sum approximation is straightforward. 


3.6.8.28. Hint. The Taylor Series is not alternating, so use Theorem 3.6.3 to 
bound the error in a partial-sum approximation. 


3.6.8.29. Hint. The Taylor Series is not alternating, so use Theorem 3.6.3 to 
bound the error in a partial-sum approximation. 


3.6.8.30. Hint. Use Theorem 3.6.3 to bound the error in a partial-sum approx- 
imation. This theorem requires you to consider values of c between x and x = 0; 
since x could be anything from —2 to 1, you should think about values of c between 


—2 and 1. 
3.6.8.31. Hint. Use Theorem 3.6.3 to bound the error in a partial-sum approxi- 
mation. 
To bound the derivative over the appropriate range, remember how to find absolute 
extrema. 

Exercises — Stage 3 


3.6.8.32. *. Hint. See Example 3.6.23. 
3.6.8.33. *. Hint. See Example 3.6.23. 


3.6.8.34. Hint. Set f(x) =(1+2 +42)”, and find lim log (f(e)). 
wt 


1 
3.6.8.35. Hint. Use the substitution y = —, and compare to Question 34. 
x 


3.6.8.36. Hint. Start by differentiating > a, 


n=0 
3.6.8.37. Hint. The series bears a resemblance to the Taylor series for arctangent. 


3.6.8.38. Hint. For simplification purposes, note (1)(3)(5)(7)---(2n — 1) = 
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(2n)! 
2 yl” 
3.6.8.39. *. Hint. You know the Maclaurin series for log(1+ y). Use it! Re 


member that you are asked for a series expansion in powers of x — 2. So you want 
y to be some constant times x — 2. 


3.6.8.40. *. Hint. See Example 3.5.21. For parts (b) and (c), review § 3.3.4. 


3.6.8.41. *. Hint. Look at the signs of successive terms in the series. 
3.6.8.42. x. Hint. The magic word is “series”. 
3.6.8.43. *. Hint. See Example 3.6.16. For parts (b) and (c), review § 3.3.4. 


3.6.8.44. *. Hint. See Example 3.6.16. For part (b), review the fundamental 
theorem of calculus in § 1.3. For part (c), review § 3.3.4. 


3.6.8.45. *. Hint. See Example 3.6.16. For parts (b) and (c), review § 3.3.4. 
3.6.8.46. *. Hint. See Example 3.6.16. For parts (b) and (c), review § 3.3.4. 
3.6.8.48. *. Hint. Use the Maclaurin series for e”. 


3.6.8.49. *. Hint. For part (c), compare two power series term-by-term. 


3.6.8.50. Hint. For Newton’s method, recall we approximate a root of the 
function g(x) in iterations: given an approximation z,, our next approximation 
— Gl&n 

g' (Zn) 
To gauge your error, note that from approximation to approximation, the first digits 
stabilize. Keep refining your approximation until the first two digits stop changing. 


iS Cua = Vp 


3.6.8.51. Hint. First, modify your known Maclaurin series for arctangent into a 
Maclaurin series for f(z). This series is not hard to repeatedly differentiate, so use 
it to find a power series for f“° (z). 


3.6.8.52. Hint. Remember e” is never negative for any real number 2. 


3.6.8.53. Hint. Since f(x) is odd, f(—x) = —f(x) for all x in its domain. 
Consider the even-indexed terms and odd-indexed terms of the Taylor series. 
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1 - Integration 
1.1 - Definition of the Integral 
1.1.8 - Exercises 


Exercises —— Stage 1 
1.1.8.1. Answer. The area is between 1.5 and 2.5 square units. 


1.1.8.2. Answer. The shaded area is between 2.75 and 4.25 square units. (Other 
estimates are possible, but this is a reasonable estimate, using methods from this 
chapter. ) 


1.1.8.3. Answer. ‘The area under the curve is a number in the interval 
($ [3+ A] 8 [1+ A]) 
8|2' vals Val }° 


1.1.8.4. Answer. left 


1.1.8.5. Answer. Many answers are possible. One example is f(x) = sing, 
[a, b] = [0,7], n = 1. Another example is f(x) = sing, [a,b] = [0,57], n = 5. 


1.1.8.6. Answer. Some of the possible answers are given, but more exist. 


7 5 
a Soi ; Soli +2) 
1=3 al 
7 5 
bY 92 ; S$ (2+4) 
1=3 ~=1 
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7 


d S°i-1) ; S041) 


i=0 


1.1.8.7. Answer. Some answers are below, but others are possible. 


7 7 
c Soi -10*~* and ao 
i=1 i=l 


1.1.8.9. Answer. 


1.1.8.10. Answer. 
a 50-51 = 2550 
b [4(95)(96)]* — [2(4)(5)]* = 20, 793, 500 


c —-l 
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d —10 
1.1.8.11. Answer. 


& a 


1.1.8.12. *. Answer. n=4,a=2, andb=6 


1.1.8.13. Answer. One answer is below, but other interpretations exist. 


XY S 


1.1.8.14. Answer. Many interpretations are possible-see the solution to Ques- 
tion 13 for a more thorough discussion—but the most obvious is given below. 
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XN 


y y = tanz 


1.1.8.15. *. Answer. 


Three answers are possible. It is a midpoint Riemann sum 


for f on the interval [1,5] with n = 4. It is also a left Riemann sum for f on the 
interval [1.5,5.5] with n = 4. It is also a right Riemann sum for f on the interval 
(0.5, 4.5] with n = 4. 


1.1.8.16. Answer. 


1.1.8.17. Answer. 


Exercises —— Stage 2 


1.1.8.18. «. Answer. 


1,1.6.19. *. 


1.1.8.20. 


1.18.21. 


1.1,8.22. 


1,1,.8.23. 


1.1.8.24. 


1.1.8.25. 


*, 


Answer. 


. Answer. 


. Answer. 


. Answer. 


. Answer. 


Answer. 


. Answer. 


f(x) =sin?(2+2z) and b=4 
fiz) =2V1-—2 


i e~*/3 cos(x) dx 


i 
| ze” dx 
0 


Possible answers include: 


2 


fem dx 


0 
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fe dz 


1 


3/2 
2 | e 2" dx and 


1/2 
1 


Cea dz. 


1.1.8.26. Answer. 


i 
1.1.8.27. Answer. r° € ) 


1.1.8.28. *. Answer. 5 
1.1.8.29. Answer. 16 


1.1.8.30. Answer. 


1.1.8.31. Answer. 


1.1.8.32. Answer. 47 
3 

1.1.8.33. *. Answer. | J(g) de=25 
0 


1.1.8.34. *«. Answer. 53m 
1.1.8.35. Answer. true 
1.1.8.36. Answer. 3200 km 


Exercises — Stage 3 
1.1.8.37. *. Answer. (a) There are many possible answers. Two are 


. V4 —2? dx and f° /4— ( —2+ 2)? dz. 


(b) m 
1.1.8.38. *. Answer. (a) 30 
(b) 415 


1.1.8.39. *. Answer. — 


1.1.8.40. «. Answer. 6 
1.1.8.41. *. Answer. 12 


3 2 2 
1.1.8.42. Answer. f(x) => (= + 8) sin (= : 2) 


667 


ANSWERS TO EXERCISES 


1.1.8.43. Answer. 


og 2 
1 
1.1.8.44. A 0° — 10° 
nswer. (a) loz 10 ( ) 
1 
(b) ine (c? — c*); yes, it agrees. 


1.1.8.45. Answer. 4 — éarccos(a) + $av/1 — a? 
1.1.8.46. Answer. 


o-7o~— 


n 
b Choose n to be an integer that is greater than or equal to 100 [f(b) — f(a)] (b- 
a). 


1.1.8.47. Answer. true (but note, for a non-linear function, it is possible that 
the midpoint Riemann sum is not the average of the other two) 


1.2 - Basic properties of the definite integral 
1.2.3 - Exercises 


Exercises —— Stage 1 
1.2.3.1. Answer. Possible drawings: 
y y y 
y = f(x) + g(x) 
y = f(x) y = f(x) ps 
: a 
U by 
a ac b 


1.2.3.2. Answer. sinb—sina 


1.2.3.3. *. Answer. (a) False. For example, the function 


ee ‘ forxz <0 


1 forx>0 


provides a counterexample. 
(b) False. For example, the function f(z) = x provides a counterexample. 
(c) False. For example, the functions 


f(a) = . for © < 


1 forz> 1 forrz< 


NlF wle 


f > 
and ao)= |" or 2 > 


NIF wle 


provide a counterexample. 
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1.2.3.4. Answer. (a) — 


Exercises —— Stage 2 


1.2.3.5. *«. Answer. —21 
1.2.3.6. *. Answer. —6 


1.2.3.7. «. Answer. 20 
1.2.3.8. Answer. 


1.2.3.9. «. Answer. 5 
1.2.3.10. Answer. 0 
1.2.3.11. Answer. 5 


Exercises —— Stage 3 
1.2.3. 


20’ 


—$arccos(—a) — $aV1—a? = 
b Sarccos(a) — sal — a? 


12. *«. Answer. 20+ 27 


1.2.3.13. *«. Answer. 0 


1.2.3.14. *«. Answer. 0 


1.2.3.15. Answer. 0 


—£4 4 arccos(a) — sav 1—a? 


(b) positive, (c) negative, (d) positive. 


1 
1.2.3.16. Answer. = 1 — (ax)? 
nef, fq — ade 

(c) at 

1.2.3.17. Answer. 
x even | odd 
even | even | odd 
odd | odd | even 


1.2.3.18. Answer. (0) =0; g(0) can be any real number 


1.2.3.19. Answer. f(x) =0 for every x 


1.2.3.20. Answer. The derivative of an even function is odd, and the derivative 
of an odd function is even. 


1.3 - The Fundamental Theorem of Calculus 


1.3.2 - Exercises 


Exercises —— Stage 1 
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1.3.2.1. *. Answer. e?—e~? 


eA i 
1.3.2.2. *. Answer. F(x) = —+—cos2zr+ =. 
4 2 2 
1.3.2.3. *. Answer. (a) True 
(b) False 


(c) False, unless ct je\de= iM at (ade 0. 
1.3.2.4. Answer. false 

1.3.2.5. Answer. false 

1.3.2.6. Answer.  sin(z”) 

1.3.2.7. Answer. (/e 


1.3.2.8. Answer. For any constant C, F(x)+C is an antiderivative of f(a). So, 
for example, F(a) and F(x) +1 are both antiderivatives of f(x). 


1.3.2.9. Answer. 


a We differentiate with respect to a. Recall “ {arccos = mer To differen- 
tiate Sav 1 — a?, we use the product and chain rules. 


1 1 
= ‘7 =e arccos(a) + sav — a 


da | 4 

i <i 1 ~2a 1 
7 1 eG i=" 
~ofln@ Wine! Rtn 
_1-a+1-a? 
n/t — a 

2(1 — a?) 


2/1 =e? 
=vVl-a? 
5 i 1 
eee =< arccos(x) + sev — x? 


1.3.2.10. Answer. (a) 0 
(b),(c) The FTC does not apply, because the integrand is not continuous over the 
interval of integration. 


1.3.2.11. Answer. 
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Nes SS 


1.3.2.12. Answer. (a) zero 
(b) increasing when 0 < x <1 and 3 < x < 4; decreasing when 1 < x < 3 


1.3.2.13. Answer. (a) zero 
(b) G(x) is increasing when 1 < x < 3, and it is decreasing when 0 < x < 1 and 
when 3 < ¢ < 4. 


1.3.2.14. Answer. Using the definition of the derivative, 
F —F 
P(e) = lam ere) (2) 
h—0 h 
er dt = [tat 


a 


= h 


ea tdt 


= lm 
h—0 h 


The numerator describes the area of a trapezoid with base h and heights x and 
ae ae 


= h 
= lim (: + 5h) 
h-0 2 

=£ 


De. Fa aa. 
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1.3.2.15. Answer. f(t) =0 


1.3.2.16. Answer. f[ log(ax)dxz = x log(ax) —«+C, where a is a given constant, 
and C’' is any constant. 


1.3.2.17. Answer. f z°e"dz = e* (x® — 3a? + 64 — 6) + C 


1 
1.3.2.18. Answer. [== = log [a + V2? 4+ a? 
Vx? + a? 
constant. As usual, C' is an arbitrary constant. 


Va(a+ x) —alog (V+ Va+2)+C 


+ C' when a is a given 


1.3.2.19. Answer. 


b=" 


Exercises —— Stage 2 
1.3.2.20. +. Answer. 5 —cos2 


1.3.2.21. «. Answer. 2 


1 
1.3.2.22. Answer. = arctan(5z) + C 


x 
1.3.2.23. Answer. arcsin | —])+C 
(<5) 


1.3.2.24. Answer. tanzx—x+C 


3 
1.3.2.25. Answer. -s cos(2xz) + C, or equivalently, a sin? 2+ C 
1 dh 
1.3.2.26. Answer. 52 + zi sin(2r) +C 
1.3.2.27. *. Answer. F” (2) = log(3) 
G' (S) = —log(3) 


1.3.2.28. *. Answer. f(x) is increasing when —co < x < 1 and when 2< 24 < 
OO. 
1.3.2.29. *. Answer. F'(x) = -———— 

cos? x + 6 
1.3.2.30. *. Answer. 423e¢(1+#") 


1.3.2.31. *. Answer. (sin® x + 8) cosx 

1.3.2.32. *. Answer. F’(1) = 3e7! 
sin u 

1+ cos? u 


1.3.2.34. *. Answer. f(x) = 2x 


1.3.2.33. *«. Answer. 


1.3.2.35. *. Answer. f(4) = 4a 
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1.3.2.36. x. Answer. (a) (21 +1)e"™ 
(bi #=—1/2 


1.3.2.37. *. Answer. ¢8@* — ¢sin(*-2°) (423 = Ba") 


1.3.2.38. *. Answer. —2zx cos (e-*”) — 52* cos (e*’) 


1.3.2.39. *. Answer. e?,/sin(e") — \/sin(z) 
1.3.2.40. *. Answer. 14 


Exercises — Stage 3 : 


1.3.2.41. *. Answer. 5 


1.3.2.42. *, Answer. 45m 
1.3.2.43. *. Answer. f’(x) = (2 — 2x) log (1+ go) and f(x) achieves its 


absolute maximum at xz = 1, because f(x) is increasing for x < 1 and decreasing 
iLO) a ra 


dt 
1414° 


1.3.2.44. *. Answer. The minimum is i ig As x runs from —oo to oo, the 


. 2_9 . . 
function f(x) = fs a Er decreases until x reaches 1 and then increases all x > 1. 


So the minimum is achieved for x = 1. At x = 1, x? —24 = —1. 
1.3.2.45. *. Answer. F achieves its maximum value at x = 7. 
1.3.2.46. +. Answer. 2 

1.3.2.47. *. Answer. log 2 


1.3.2.48. Answer. In the sketch below, open dots denote inflection points, and 
closed dots denote extrema. 


3 


a?+l 

1.3.2.49. *. Answer. (a) an? f edt + 3a°e(@ +)" 
0 

(b) y= —3(2 +1) 
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1.3.2.50. Answer. Both students. 
1.3.2.51. Answer. (a) 27(1 —cos3) 
(b) x? sin(x) + 3x7[1 — cos(x)] 


1.3.2.52. Answer. If f(x) =0 for all x, then F(z) is even and possibly also odd. 
If f(x) € 0 for some xz, then F(x) is not even. It might be odd, and it might be 


neither even nor odd. 
(Perhaps surprisingly, every antiderivative of an odd function is even.) 


1.4 - Substitution 
1.4.2 - Exercises 


Exercises —— Stage 1 
1.4.2.1. Answer. (a) true 


(b) false 


1.4.2.2. Answer. The reasoning is not sound: when we do a substitution, we 
need to take care of the differential (dz). Remember the method of substitution 
comes from the chain rule: there should be a function and its derivative. Here’s the 


way to do it: 


Problem: Evaluate ic + 1)?dz. 


Work: We use the substitution u = 27+1. Then du = 2dz, so dx = Sdu: 


ic + 1)*dzx = fe sdlu 


1 
=p re 


1 


1.4.2.3. Answer. The problem is with the limits of integration, as in Question 1. 
Here’s how it ought to go: 


Problem: Evaluate i: cos(log #) 4, 


t 

1 

Work: We use the substitution u = logt, so du = tdt. When t = 1, we 
have u = log 1 = 0 and when t = 7, we have u = log(z). Then: 


T 1 log(7) 
| eosle 4, = / cos(u)du 
1 1 


t og 1 
log() 
= | cos(u)du 
0 
= sin(log(7)) — sin(0) = sin(log(z)). 
1.4.2.4. Answer. This one is OK. 
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ar AC 
Vi-w 


0 
ishes when u = 1, this is what is known as an improper integral. Improper integrals 
will be discussed in Section 1.12. 


1.4.2.5. *«. Answer. du. Because the denominator V1 — u? van- 


1.4.2.6. Answer. some constant C’ 


Exercises —— Stage 2 


1.4.2.7. *. Answer. =(sin(e) — sin(1)) 


1.4.2.8. *«. Answer. 


WlrR Dlr 


= : Pe 
300(a3 + 1)'°° 

1.4.2.10. *. Answer. log4 

1.4.2.11. *. Answer. log2 


1.4.2.9. «x. Answer. 


1.4.2.12. *. Answer. — 

1.4.2.13. *. Answer. e®—1 

1.4.2.14. *. Answer. (4 —27)3?24C 
1.4.2.15. Answer. eY!°4(C 


Exercises — Stage 3 
1.4.2.16. *. Answer. 0 


1 
1.4.2.17. *. Answer. 5 [eos 1 — cos 2] © 0.478 


— 


1 
1.4.2.18. Answer. —— 5 los? 


1.4.2.19. Answer. i tan? —log|sec6|+C 


i) 


1.4.2.20. Answer. arctan(e”) + C 
2 


7 
4 3 
1.4.2.22. Answer. —3 (log(cos at)? +C 


1.4.2.21. Answer. 


1.4.2.23. x. Answer. $sin(1) 


1 
1.4.2.24. *. Answer. 32v2—- 1] = 0.609 
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1.4.2.25. Answer. Using the definition of a definite integral with right Riemann 


sums: 
[ 21eae- lim y Az -2f(2(a+ iAz)) A= = 
noo a n 


- 1nd (2) (oC) 
“1 52) roe) 


i 2b — 2a 
= (2 & Ae = 
/ flzjdz— lim Daas. f(2a + iAz) ic . 


2b — 2a 2b — 2a 
= jj . 2 ) 
tn 5( at) 4 (2048(A*)) 


Since the Riemann sums are exactly the same, 


[ 2renar 2 [seo 


1.5 - Area between curves 
1.5.2 - Exercises 


a 


Exercises —— Stage 1 
1.5.2.1. Answer. Area between curves © 7 (2 44/9 2) 


Y 


1.5.2.2. Answer. (a) Vertical rectangles: 
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y = arcsin (2“) 


Tv 


only 


XN 


mia 


(b) One possible answer: 


V2 
1.5.2.3. *. Answer. | [22 — 2°] dx 
0 


‘ [4 
1.5.2.4. *. Answer. / (0 —y") | dy 
—3/2 i) 
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25 
1 
1.5.2.6. *. Answer. / [- Feet) + ive da 
1 


Exercises — Stage 2 i 
1.5.2.7. *«. Answer. 3 
4 
1.5.2.8. *«. Answer. 3 
1 
1.5.2.9. *«. Answer. —_ — 
3. log2 
8 
1.5.2.10. «. Answer. ——1 
T 
1.5.2.11. *. Answer. > 
1 
1.5.2.12. *. Answer. 6 


1.5.2.13. Answer. 27 


Exercises — Stage 3 
1.5.2.14. *. Answer. 2m - in| 


1 
1.5.2.15. *. Answer. ~ 


1.5.2.16. *. Answer. . 


nr 1 
1.5.2.17. A ._o—Ts 
nswer 3 5 


i 
1.5.2.18. Answer. 12/2 — a 


1.6 - Volumes 
1.6.2 - Exercises 


Exercises —— Stage 1 
1.6.2.1. Answer. The horizontal cross-sections are circles, but the vertical cross- 


sections are not. 
1.6.2.2. Answer. The columns have the same volume. 
1.6.2.3. Answer. 


e Washers when 1 < y < 6: If y > 1, then our washer has inner radius 2 + 2, 
outer radius 6 — 2Y, and height dy. 
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a thickness: dy 


e Washers when 0 < y < 1: When 0 < y < 1, we have a “double washer,” two 
concentric rings. The inner washer has inner radius r; = y and outer radius 
R, =2-—y. The outer washer has inner radius rg = 2 + 2y and outer radius 
Ro =6- Zy. The thickness of the washers is dy. 


thickness: dy 
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3 
1.6.2.4. *. Answer. (a) «if ve dax 
0 


0) f ala+ va? - @- vay"lav+ [all -2)* - 8 vay 


1.6.2.5. *«. Answer. (a) a m[(5— da)? —(2- x”)"| da 


0) f a[(6+ Vora)? - (6- Vy) ey 


2 


1.6.2.6. *. Answer. nf [(9 - a?) — (x? + 1)"]dx 


2 


V2 


-— 93 
12 


1.6.2.7. Answer. 


Exercises —— Stage 2 : 
1.6.2.8. *. Answer. = (e” — 1) 


38 _ 51d 


1.6.2.9. x. Answer. 7 E | — 512 


3. 34] "BL 


1.6.2.10. *. Answer. (a) 87 f, V1l—22 dr 
(b) 47? 


1.6.2.11. *. Answer. (a) The region R is the region between the blue and red 
curves, with 3 < x <5, in the figures below. 


y? = 27 +15 


(5, V40) 
(3, V24) 


(b) on ~ 4.19 


1.6.2.12. *. Answer. (a) The region R is sketched below. 
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(b) |Alog 2 = | ~ 3.998 


1.6.2.13. *. Answer. 72+ 873 + 8% 


1.6.2.14. *. Answer. : 
2 
1.6.2.15. *. Answer. “* 5 _ 136.53 
2 
1.6.2.16. *. Answer. ah 
Exercises —— Stage 3 
1.6.2.17. Answer. 
( ) 7 i - 
e oe c units 
a a cubic units, 
1 1 
© (b) a= Bre 7p Om 6378.137’ 


e (c) Approximately 1.08321 x 10’¥km®, or 1.08321 x 10?'m’, 


e (d) Absolute error is about 3.64 x 10°km’®, and relative error is about 0.00336, 
or 0.336%. 


1.6.2.18. *. Answer. (a) 5 (b) nf [(4- x)’ —(1+(x- 1)?)"] da 


1 


1.6.2.19. *. Answer. (a) ~—1 (b) — —7 1.793 


1.6.2.20. *. Answer. (a) Vj = =2c? (b) Vo = —[4v2- 2|\ (ea lorce 
2-4 
1.6.2.21. *. Answer. 
a m[(5+msin x)? — (5 + 20 — 2x)*] da 
” 3/2 
+f m[(5 + 2x — 2x)? — (5+ msinz)] dx 
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6000cr 

log 2 log2 ~ 

(b) 6km: that is, there is roughly the same mass of air in the lowest 6 km of the 
column as there is in the remaining 54 km. 


6000 1 
1.6.2.22. Answer. (a) ——— (1 = 


10 


i: which is close to 


1.7 - Integration by parts 
1.7.2 - Exercises 


Exercises —— Stage 1 
1.7.2.1. Answer. chain; product 
1.7.2.2. Answer. The part chosen as u will be differentiated. The part chosen 
as dv will be antidifferentiated. 


T\%) 4... $2) Flx)g'(x) 
1.7.2.3. Answer. ee dz = a) oe d 


1.7.2.4. Answer. All the antiderivatives differ only by a constant, so we can 
write them all as v(x) + C for some C’. Then, using the formula for integration by 
parts, 


fw -u'(x)dx = u(x) [v(x) + C] -{ [v(x) + C] u'(x)dax 
~~ SS ——S_——{—t > —”’ 


= u(x)u(x) — [@u'@ac +D 


where D is any constant. 
Since the terms with C’ cancel out, it didn’t matter what we chose for C—all choices 
end up the same. 


1.7.2.5. Answer. Suppose we choose du = f(x)dz, u= 1. Then v = [tee 


and du = dx. So, our integral becomes: 
[QL nde = { Ope Risoogs BE, ([so) ae dx 
Se ao 


In order to figure out the first product (and the second integrand), you need to 
know the antiderivative of f(a)—but that’s exactly what you’re trying to figure out! 


Exercises —— Stage 2 


682 


ANSWERS TO EXERCISES 


24 

1.7.2.6. *. Answer. ou ae +C 
2 4 

log x 1 

L727. * X% — — 
* nswer 625 3626 
1.7.2.8. *. Answer. 7 
1.7.2.9. *. Answer. a 1 
1.7.2.10. Answer. e” (x? — 3x7 + 6x — 6) + C 
2 3 2 3 2 3 2 

1.7.2.11. Answer. 7s log? x — — log? x + — log x — — +C 


1.7.2.12. Answer. (2—27)cosr+2rsinzx+C 

1.7.2.13. Answer. (t? — 3t? + 6t) logt — 5¢? + 3#?-6¢+C 
1.7.2.14. Answer. eV* (2s —4,/s+4)+C 

1.7.2.15. Answer. «xlog?x —2rlogr+2x+C 

1.7.2.16. Answer. e™*1+C 

1.7.2.17. *. Answer. yarccosy — Jl —y? + C 


Exercises — Stage 3 
1.7.2.18. *. Answer. 2y? arctan(2y) — y+ + arctan(2y) +C 


3 


1 1 
1.7.2.19. Answer. > arctan © — gl + x7) + 7 log(1+ 27) +C 


2 8 
1.7.2.20. Answer. Tall cos(2x) + ial sin(2x) + C 
1.7.2.21. Answer. 5 [sin (log x) — cos(log x)| + C 
L7.2.22. A al : +C 
.7.2.22. Answer. — (x — —— 
ai log 2 : log 2 
1.7.2.23. Answer. 2e°**[1 — cosa] +C 


1.7.2.24. Answer. ~~— +6740 = LC 
1-2 1-2 


1.7.2.25. *. Answer. (a) We integrate by parts with u = sin"! a and dv = 
sin z dz, so that du = (n — 1) sin” * xcosz and v = —cosz. 


[ow gdz = —sin” +z cosz+(n—1) [cos x sin” * x dz 
e——}+ SS 


WU Se 
— fudu 
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Using the identity sin? x + cos? x = 1, 


=—sin"' x cos +(n—1) Jo — sin’ x) sin”? x dx 


= —sin” ‘x cosx+(n—1) pow xz dz — (n—1) / sin” x dx 
Moving the last term on the right hand side to the left hand side gives 
n f sin oda = -—sin”'z cosx+(n—1) pow 2 daz 


Dividing across by n gives the desired reduction formula. 


35 
b) —rz #& 0.42 
(b) 556" 0.4295 


1.7.2.26. *. Answer. (a) Area 


Y| y=tan tes 


2 


b) Volume: —— 1 
( 2 


18 _ 
1.7.2.27. *. Answer. 7 So) 


36 
1.7.2.28. *. Answer. 12 


2 
1.7.2.29. Answer. — 
€ 


1.8 - Trigonometric Integrals 
1.8.4 - Exercises 


Exercises — Stage 1 
1.8.4.1. Answer. (e) 


1 
1.8.4.2. Answer. —sec”“x%+C 
n 
1.8.4.3. Answer. We divide both sides by cos? x, and simplify. 


sin? x + cos?a = 1 
sin? x + cos? x 1 


cos? © cos? © 
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sin? x 


; +l=sec?xr 
COs? © 


tan? x2 +1=sec? x 


Exercises —— Stage 2 
; no 
1.8.4.4. *. Answer. sinz — G 
T 
1.8.4.5. *. Answer. 5 
2 37 - 39 
sin” ¢t sin’ t 
1.8.4.6. *. A : — + C 
* nswer 37 39 
1 1 
1.8.4.7. Answer. + C 


3cos?xz cosx 


nr 9/3 


1.8.4.8. A = 
newer | 6A 


2 1 
1.8.4.9. Answer. —cosx+ 3 cos? x — 5 coe r+C 


1 
1.8.4.10. Answer. 55 sin?? ¢ + C 


1 1 
1.8.4.11. Answer. 3 tan? x + C, or equivalently, 5 sec? +C 


1 1 
1.8.4.12. *. Answer. 7 sec! x — —ger r+ 


tan 7 tan*’ x 
1.8.4.13. *. A ; C 
* nswer 19 7 + 


1 1 
1.8.4.14. Answer. —~sec®> x — —~sec!®°r+C 
4 LG i 4 
1.8.4.15. Answer. 7h secs x — 5 sec’ x +C or Z tan°x+C 
1 
1.8.4.16. Answer. : tanna+C 


1 1 
1.8.4.17. Answer. —sec!? 2+ —cos®?2+C 


1 
1.8.4.18. Answer. = —sec’x — sec? x + log|secx|+C 


A 
Al 1 
1.8.4.19. Answer. ——-— — 
45/3 6 
1.8.4.20. A : ae 1 
.8.4.20. Answer. —-+-— 
wr i” G 
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1.8.4.21. Answer. 2,/secr+C 


tan°@ 3tan*@ 3tan?0 i! 
1.8.4.22. Answer. tanttg (Se eae = J+e 


Tite ” je 7 3+€e ve 


Exercises — Stage 3 
1.8.4.23. *. Answer. (a) Using the trig identity tan?x = sec? 2 — 1 and the 


substitution y = tanx, dy = sec? x dz, 
[ow adx = fro?s tan? dx 


rots sec? rdx — pow wddx 
= pe ay — f tan cde 


n-1 
=e — f tan rdx 


n—1 
t n—-1 
Sees few yi 
i 
13 
(b) — — ~ ~ 0.0813 
15 4 
1 — 
1.8.4.24. Answer. x + 2log|cosz| — =cos*x+C 
200s? @ 2 


1.8.4.25. Answer. tané+C 
1.8.4.26. Answer. log|sina|+C 


1 
1.8.4.27. Answer. 5 sin?(e7) + C 
1.8.4.28. Answer. (sin? xz +2) cos(cosz) + 2coszsin(cos x) + C 


1 
1.8.4.29. Answer. 5 sin? L— 7 + Z sinxzcosx+C 


1.9 - Trigonometric Substitution 
1.9.2 - Exercises 


Exercises — Stage 1 
4 
1.9.2.1. *, Answer. (a) = 3 sec 8 


— 5 sind 
av = 5tand 


(c) 
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1.9.2.2. Answer. (a) x—2=V/3secu 
(b)2-1l=V5sinu 


2 
1 1 
(d) t—-5 = 5 secu 
V 399 
1.9.2.3. Answer. (a) 50 
5/2 
ira 
x—5 
oO 
a) 
1.9.2.4. Answer. (a) a 
1 
b= 
(b) 5 
(c) i 
V1l—-—2 
Exercises —— Stage 2 i 
1.9.2.5. *. Answer. — zs +C 
4 Var?+4 
1.9.2.6 A : 
.9.2.6. *. Answer. —— 
2/5 
1 
1.9.2.7. *. Answer. ' 
ne & 
1.9.2.8. *. Answer. log |4/1+——+<=|/+C 
20. =#~O 
1 
1.9.2.9. Answer. 5V 20" +4r+C 
1 Vx?74+1 
Peay. eAnewer, 222 = 
16 £ 
x2 —9 
1.9.2.11. *. Answer. qe 
mt 


1.9.2.12. *. Amswer. (a) We’ll use the trig identity cos20 = 2cos?6— 1. It 
implies that 


20+ 1 1 
cos? @ = _ = cos" 8 = 7 | cos” 26 + 2c0s26 + 1] 
1 46 +1 
= z|— 5 = | 2c0s20 + 1] 
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So, 


as required. 
8+ 37 
b 


1.9.2.13. Answer. 


0 


1.9.2.14. *. Answer. 


1.9.2.15. *. Answer. 


1.9.2.16. Answer. 


1.9.2.17. *. Answer. 


1.9.2.18. A : : +P : 
9.2.18. nswer. — (ar 
q (arecos | 5 —3 | 
1 
lently, A (arose (22 — 3) + ) +C 
1.9.2.19. Answer. 


1.9.2.20. Answer. 


Exercises — Stage 3 


1.9.2.21. Answer. 


1.9.2.22. Answer. 


4x? — 127 +8 
(22 — 3)? 
log(1 + V2) - = 
J2 


hole 


342 


1 


V3 


2 ae = aes 


V 252? — 4 — 


~ a+ 
arcsin 


1 
+C 


cos 40 


cos26 3 


8 


2 8 


rr ( Ee 4 eS ao 
0 2 8 


sin40 sin20 3 


1 
4 
8 


i) 


4 78 


ma 


2 arcsec 


5v4 =7P OU 


ere 


ev? —127%+8 


log 


6 2 
& -- i) -- Vv Ox? + 15x 


2x — 3)? 


x 
(arctan. + zo) +C 
e+ 


+C 


) + C, or equiva- 


1 
Va? — 2x +2+ 5 log | v2? —2e +2+a-1]/+C 
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1 
1.9.2.23. Answer. ae! + 22(4+ 27) + log 


1l-vl = 
by Vee +C 
x 


8 
1.9.2.24. Answer. = +4v3 


4 
1.9.2.25. Answer. Area: 5 a 


2/4 
3 


1.9.2.26. Answer. 2/1 +e +2log|1— VI +e*|-—2+C 
1.9.2.27. Answer. 


1 
1-27? 


False 


The work in the question is not correct. The most salient problem is that 
when we make the substitution 7 = sin @, we restrict the possible values of x 
to [-1, 1], since this is the range of the sine function. However, the original 
integral had no such restriction. 


How can we be sure we avoid this problem in the future? In the introductory 
text to Section 1.9 (before Example 1.9.1), the notes tell us that we are allowed 
to write our old variable as a function of a new variable (say x = s(u)) as long 
as that function is invertible to recover our original variable x. There is one 
very obvious reason why invertibility is necessary: after we antidifferentiate 
using our new variable u, we need to get it back in terms of our original 
variable, so we need to be able to recover x. Moreover, invertibility reconciles 
potential problems with domains: if an inverse function u = s~'() exists, 
then for any x, there exists a u with s(u) = a. (This was not the case in the 
work for the question, because we chose x = sin@, but if = 2, there is no 
corresponding @. Note, however, that « = sin@ is invertible over [—1, 1], so 
the work is correct if we restrict x to those values.) 


1.9.2.28. Answer. (a), (b): None. 
(c): < —a 


1.10 - Partial Fractions 
1.10.4 - Exercises 


Exercises —— Stage 1 
1.10.4.1. Answer. (a) (iii) 
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A B C D Ea F 
1.10.4.2. *. A : 
oe erie P= Gee eo @aie” gx 


1.10.4.3. *«. Answer. 3 


1.10.4.4. Answer. (a) =2+4 


(b) 1524 + 6x? + 34x? + 4x + 20 oa 
= Xe — 
5a? +2r44+8 5a? +274+8 
(c) 


22°+ 92° +1227+102+30  , 
1.10.4.5. Answer. (a) 52° — 32? — 102 + 6 = (x + V2)(2 — V2) (5a — 3) 
) 


20? +5 
b 


p= 27 = 5 


34+ /29 3+ 29 » Vv29-3 
= a i > a ar 


(c) at — 423 — 102? — 1lz — 6 = (x1 +1)(a — 6) (a? +2 +1) 
(d) 


Qx* + 120? — x? —52e +15 


= (e+ 3)(x +5) (+- (1+ 2) (> 0-¥)] 


1.10.4.6. Answer. The goal of partial fraction decomposition is to write our 
integrand in a form that is easy to integrate. The antiderivative of (1) can be 
easily determined with the substitution u = (az + b). It’s less clear how to find the 
antiderivative of (2). 


Exercises —— Stage 2 


1.10.4.7. *«. Answer. log 5 


1 
1.10.4.8. *. Answer. —-— —arctanzr+C 
x 


1.10.4.9. *. Answer. 4log|x — 3] — 2log(z?+1)+C 

1.10.4.10. *. Answer. F(x) = log |x — 2| + log |x? + 4| + 2arctan(2/2) + D 
1.10.4.11. *. Answer. —2log |x — 3) + 3log|a+2|/+C 

1.10.4.12. *. Answer. —9log |x + 2| + 14log|x 43] +C 


1 7 
1.10.4.13. Answer. 52+ 5 log |a — 1] — 5 08 jr +1/+C 
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2 9 
1.10.4.14. Answer. x——+ 5 arctan(2xr) + C 
o 


1 2 
1.10.4.15. Answer. — — 
x «-1 


M 1 3 
1.10.4.16. Answer. ~9 les |x — 2| + D log |a + 2| + x log |2x —1]/+C 


4-63 
1.10.4.17. Answer. log {| —— 


Exercises —— Stage 3 
1 1- 
1.10.4.18. Answer. = log |——"* 
Z 1+ cos x 
+ Ie: Anes cee 1 —cosz 
.10.4.19. Answer. Oo 
Qsin?z 4 . 1+ cosx 
1.10.4.20. A ol a a ( t (z=) t (= 
.10.4.20. Answer. ) ~ + —— | arctan | —— } — arctan | —— 
oT i V15 15 
9 24+3 
1.10.4.21. Answer. = Fag onetan ( = ) — ad a +C 
4/2 J2) A(x? +2) 
3 32° +5 
1.10.4.22. Answer. 3 arctan x + siaa eG 
3 1 | 3 
1.10.4.23. Answer. 5 + 73 arctan (=) + 5 log |x? + 5| — da? +10 
ind—1 
1.10.4.24. Answer. log |——| + C 
sin @ — 2 
1 1 2e° +1 
1.10.4.25. Answer. t— -—log |e” +e! +1] — —~arctan ( ile ) +C 
2 V3 V3 
Vil+e*—-1 | 
1.10.4.26. Answer. 2V/1+e*%+lo 
yf lane se 
1.10.4.27. +. Answer. (a) The region R is 
_ 10 
y Y = Ta 
a. 4. 2% 
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3 
(b) 10a log + = 207 log 5 
(c) 207 


5 4 | 
1.10.4.28. Answer. 2log— + —~ arctan —~— 


a: a/e 4/3 
2. =) 
r+3 


1.11 - Numerical Integration 
1.11.6 - Exercises 


1 
1.10.4.29. Answer. (a) 5 (108 
(b) F(t) = ay 


x 


Exercises — Stage 1 
1.11.6.1. Answer. Relative error: ~ 0.08147; absolute error: 0.113; percent 


error: & 8.147%. 
1.11.6.2. Answer. Midpoint rule: 


Y 


XQ S 


Trapezoidal rule: 


XQ S 


1.11.6.3. Answer. M =6.25, L=2 


1.11.6.4. Answer. One reasonable answer is M = 3. 
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1 
1.11.6.5. : 

6.5. Answer. (a) 780-8 
(b) 0 
(c) 0 


3 
1.11.6.6. Answer. Possible answers: f(x) = a +Cx-+ D for any constants C, 
D. 
1.11.6.7. Answer. my mother 


1.11.6.8. Answer. (a) true 
(b) false 


1.11.6.9. *. Answer. True. Because f(x) is positive and concave up, the graph 
of f(a) is always below the top edges of the trapezoids used in the trapezoidal rule. 


Y 


y = f(x) 


1.11.6.10. Answer. Any polynomial of degree at most 3 will do. For example, 
f(a) = b2* = 27,08 F(a) 2: 


Exercises — Stage 2 
1.11.6.11. Ate wer. Midpoint: 


30 
1 1 1 
| 20k, oe dx ~ - T 3 + 3 } 3 
> 41 @sy+1 ° (7.5)8 41 (12.5) +1 (17.5)? +1 


Trapezoidal: 


i’ 1 1/2 1 i 1 1 
—— dr = - 
9 x+1 O3+1 534+1 103+1 153 +1 20341 
1 1/2 
+ — + 5 
253+1 303+1 


Simpson’s: 
p 


if 1 d 1 5 4 i 2 4, 4 " 2 
——— dz 
> w+1 O41 ° 5341 10° +1 ° 15°41 ° 30°41 
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4 1 5 
25°>+1 ° 30°+11/3 


2 
3 
1.11.6.13. *. Answer. 17207 % 5403.5 cm? 


1.11.6.12. *. Answer. 


T 
12 


12.94 
1.11.6.15. *. Answer. a =~ 0.6865 m® 
a 


1.11.6.14. +. Answer. (16.72) = 4.377 m? 


1.11.6.16. *. Answer. (a) 363,500 


(b) 367,000 

1.11.6.17. *. Answer. (a) * 
tf 

b) — 

wo) 


1.11.6.18. *. Answer. Let f(x) =sin(x”). Then f’(x) = 2x cos(x?) and 
f(x) = 2cos(x”) — 4x? sin(2”). 
Since |z?| < 1 when |z| <1, and |sin6| < 1 and |cos6| < 1 for all 6, we have 


|2 cos(x?) — 4a? sin(x?)| < 2| cos(x?)| + 427| sin(x”) 


<2x1+4x1x1=24+4=6 


We can therefore choose M = 6, and it follows that the error is at most 


Mib—al? . 6-[1—(—1)28 
24n? 24 - 10002 106 


3 
1.11.6.19. *. A . == 
+; AMSWER, oA) 


1.11.6.20. *. Answer. (a) 


“3 ((-ay +4(5 -3)" +2(5 -3)" +4(-2)° +2(5 -3)" 


(b) Simpson’s Rule results in a smaller error bound. 


1.11.6.21. *. Answer. = 


1.11.6.22. *. Answer. : aye 
180 x 34. 14580 
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1 1 ee 1 il 
1.11.6.23. *. Answer. (a) Ty, = rales 1j)+=4+-4 7 ( x ale 


9 5 3 5 
1 4 D 4\ 1 
62. fa fae ax = des \ Gee 
D4 3 
To 8i\< = 
2) | S4| S 79 xcq4 = 5760 


1.11.6.24. *. Answer. (a) 7, = 8.03515, S4 = 8.03509 


(b) 
ives 
[teva 


1.11.6.25. *. Answer. Any n > 68 works. 


g3 
< 0.00533 

12(4)? ~ 

4 8° 

ae 


< 0.00284 


Exercises —— Stage 3 i 
1.11.6.26. *. Answer. a ~ 494 ft? 
1.11.6.27. *. Answer. (a) 0.025635 
(b) 1.8 x 107° 


1.11.6.28. *. Answer. (a) © 0.6931698 
(b) n > 12 with n even 


1.11.6.29. *. Answer. (a) 0.01345 
(b) n > 28 with n even 


1.11.6.30. *. Answer. n > 259 
1.11.6.31. Answer. (a) When 0 < x <1, then x? <1 andx+1>1, so 


x? 1 
1 _— < = =] 
1 

Rie 
(b) 5 
(c) m > 65 
(d) n > 46 

—1 16 4 16 1 
1.11.6.32. Answer. = 13 ! | ! 

12 xr+3 ex+1 3r4+1 2 


1.11.6.33. Answer. Note: for more detail, see the solutions. 

First, we use Simpson’s rule with n = 4 to approximate ib ae dx. The choice 
of this method (what we’re approximating, why n = 4, etc.) is explained in the 
solutions—here, we only show that it works. 


re 1fl 64 8 64 1 
———__ dr & ~ 0.321748 
laze slatatitets| 
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For ease of notation, define A = 0.321748. 

Now, we bound the error associated with this approximation. Define N(x) = 
24(5a4 — 10x? + 1) and D(x) = (x? + 1)°, so N(x)/D(zx) gives the fourth derivative 
of aa When 1 < x < 2, |N(x)| < N(2) = 984 (because N(x) is increasing over 
that interval) and |D(x)| > D(1) = 2° (because D(z) is also increasing over that 


interval), so | ie {+ a }| = a = a = 30.75. Now we find the error bound for 


Simpson’s rule with L = 30.75, b= 2,a=1, and n = 4. 


; L(b— a)? ; 
/ =o dx — A = |jerror| < O28)? 2) < 0.00067 
1 


1+ 2 180-n4 ~~ 180-44 


So, 
it 
—0.00067 < i —. dx — A < 0.00067 
1 1 + i 


2 
1 
A — 0.0067 < / —§ dz < A+ 0.00067 
1 1+ 2? 


A — 0.00067 < arctan(2) — arctan(1) < A+ 0.00067 
A — 0.00067 < arctan(2) — = <A +0.00067 


(2) 
@)-4 
+ A — 0.00067 < arctan(2) < “ A + 0.00067 
7 + 0.321748 — 0.00067 < arctan(2) < 7 + 0.321748 + 0.00067 
; + 0.321078 < arctan(2) < - + 0.322418 
. + 0.321 < arctan(2) < : + 0.323 


This was the desired bound. 


1.12 - Improper Integrals 
1.12.4 - Exercises 


Exercises —— Stage 1 
1.12.4.1. Answer. Any real number in [1, 00) or (—oo, —1], and b = too. 


1.12.4.2. Answer. 6 = +00 
1.12.4.3. Answer. The red function is f(x), and the blue function is g(z). 


1.12.4.4. *. Answer. False. For example, the functions f(z) = e~* and g(x) = 1 
provide a counterexample. 


1.12.4.5. Answer. 


a Not enough information to decide. For example, consider h(x) = 0 versus 


h(x) = -1. 


b Not enough information to decide. For example, consider h(x) = f(a) versus 
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1.12.4.6. 
1.12.4.7. 
1.12.4.8. 
1.12.4.9. 


* 


* 


* 


* 


1.12.4.10. 
1.12.4.11. 
1.12.4.12. 
1.12.4.13. 
1.12.4.14. 
1.12.4.15. 
1.12.4.16. 


Exercises — Stage 2 
. Answer. 


. Answer. 
. Answer. 


. Answer. 


Answer. 
Answer. 
Answer. 


Answer. 


«x. Answer. 
«x. Answer. 


*. Answer. 


Exercises — Stage 3 
1.12. . Answer. 


4.17 


1.12.4.18. 


1.12.4.19. 


1.12.4.20. 


1.12.4.21. 


1.12.4.22. 


1.12.4.23. 
1.12.4.24. 


1,12.4.25. 
other correct answers. 
1.12.4.26. Answer. 
(b) The interval converges. 


1.12.4.27. Answer. 


The integral diverges. 
The integral diverges. 
The integral does not converge. 
The integral converges. 
The integral diverges. 
The integral diverges. 
The integral diverges. 
The integral diverges. 
The integral diverges. 
The integral converges. 


The integral converges. 


false 


x, Answer. g = : 


Answer. 


Answer. 


Answer. 


Answer. 


«x. Answer. 


Answer. 


*, 


Answer. 


pol 
log 3 — 1 
So + 5 arctan 2 


The integral converges. 


The integral converges. 
The integral converges. 


t = 10 and n = 2042 will do the job. There are many 
(a) The integral converges. 


false 
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1.13 - More Integration Examples 
- Exercises 


Exercises —— Stage 1 
1.13.1. Answer. (A)-(I), (B)-(IV), (C)-(II), (D)-(III) 


Exercises —— Stage 2 
f 2. it 
1.13.2. Answer. 5 + ~ = 


5 
1.13.3. Answer. ——arcsin (3) + 5v3 —5er7+C 


1.13.4. Answer. 0 


SH al 
1.13.5. A . if C 
nswer. log 3041 | ae 
1.13.6. Answer. 5 log? = i 


1 
1.13.7. *. Answer. 5 log |x? — 3] +C 


1.13.8. *. Answer. (a) 2 
2 

b) — 

( 5, 
€ 

) 36 + 76 

1.13.9. *. Answer. (a) 1 


(b) = 


1.13.10. *. Answer. (a) e? +1 (b) log(v2 +1) (c) log 8 © 0.1431 


9 
1.13.11. *. Answer. (a) a" 
(b) log2 —2 + . ~ 0.264 
(c) 2log2 — 3 = 0.886 


sind — 3 


1 
1.13.12. Answer. —sin® 6 —2sin@ + 12log | ——— 
3 sin @ — 2 


+c 
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1.13.13. *. Answer. (a) — 
1 o 

oo 

9 Vx?+9 


1 1 1 
(c) 5 log |x —1\|- qos" +1)- 5 arctan x + C 


+C 


1 
(d) 5 (a? arctan x — x + arctanz] +C 


1 
1.13.14. *. Answer. (a) ei 


2 
b) tae fa i 
(b) 2 sin 5 +2 =? 


1 
(c) —2log|z| + — + 2log |x —1]+C 
ry 


1.13.15. *. Answer. (a) 
1 

2/2 

(c) log 2 — ; ~ 0.193 


Ot] b 


1 
(d) log2 — ras 0.193 


1.13.16. *. Answer. (a) sn log x — 2 +C 
(b) 5 loaf? + 4¢ + 5] — 8arctan(z + 2)+C 

(c) slog |e — 3 — 5 log | — 1]+C 

(d) = arctan ced 


x-1 


+C 


iL 1 
1.13.17. *. Answer. (a) - — 3 los 2 (b) log |z? — 2a + 5| + 5 arctan 


1 


ee 6 
300(a3 + 1)100 f 


1.13.18. *. Answer. (a) 


sin’x sin’ x 


(b) = 7 


1.13.19. Answer. -2 


1 1 4 
1.13.20. *. Answer. (a) =F log |e? +1] + 78 |e” — 3| + C (b) > — 2/3 


A 
1.13.21. *. Answer. (a) 5 See # + log | cos 2| +C 


1 
(b) To arctan 8 © 0.1446 


9 2 
1.13.22. Answer. =(x — ae a0 Weer: 
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Ja —2 
1.13.23. Answer. log |x + Vx? — 2| =e +C 
i 
1.13.24. Answer Ea 
ASA. * 5a 
2 5 
1.13.25. Answer. 3log|x+1]4 = tC 
zr+1 2(¢+1) 
1.13.26. Answe a t (= +z) +e 
13.26. wer. —=arctan r+— 
V3 V3 V3 
1 
1.13.27. Answer. 5 (x —sinxcosz)+C 


1.13.28. A ioe ell — eee ee dt (==) +e 
. . ° nswer. — 102 |v — = 102 |@ x —= arctan 
ar ie V3 V3 


1.13.29. Answer. 32° arcsing + 3/1 — 2? — (1—27)9/?+C 


Exercises — Stage 3 
1.13.30. Answer. 


Ble bw 


1.13.31. Answer. 


Al 
1.13.32. Answer. log | 


1 
1.13.33. *. Answer. (a) 5% [sin(log 2) — cos(log x)] + C 
(b) 2log 2 — log3 = log $ 


1.13.34. *. Answer. (a) om +9 
(b) 2log |x — 2| —log(x? + 4) + C (c) . 

1.13.35. Answer. —arcsin(./1—2)—- Vl—a2/%#+C 
1.13.36. Answer. e(e — 1) 


eX 


c+l1 


1.13.37. Answer. +C 


1.13.38. Answer. xsecx — log|secx +tanz|+C 


ae Oe ee, te 


1.13.39. Answer. [etanas = 4(¢£+a)—alog|z+al\+C ifn=-1 
log a= O| 445 + © ifn = —2 
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1.13.40. Answer. 


+ arctan (v2e + 1) 


+1 
+1 


1/1 
tan(2”) — l 
x arctan(x*) “(3 og 
+ arctan (v2e — 1) +C 


2 - Applications of Integration 


2.1 - Work 
2.1.2 - Exercises 


Exercises —— Stage 1 
2.1.2.1. Answer. (0.00294 J 


1 
2.1.2.2. Answer. The rock has mass 98 kg (about 102 grams); lifting it one 
metre takes 1 J of work. , 


2.1.2.3. Answer. (a) metres 
(b) newtons 
(c) joules 


smoot - barn 
2.1.2.4. Answer. ————— (smoot-barns per megaFonzie) 
megaFonzie 


2.1.2.5. Answer. 10cm below the bottom of the unloaded spring 
2.1.2.6. Answer. x1 =2 


Exercises — Stage 2 
2.1.2.7. *. Answer. a=3 


2.1.2.8. Answer. (a) joules 
£-1 

b) cl 

ee os (75) : 


2.1.2.9. *«. Answer. 


d 


me] Re 


2.1.2.10. *. Answer. 25 J 
2.1.2.11. *. Answer. 196 J 
2.1.2.12. Answer. 14700 J 


3 
2.1.2.13. *. Answer. | (9.8)(8000)(2+ 2)(3—z)?dz joules 
0 


2.1.2.14. Answer. 0.2352 J 


20 
2.1.2.15. Answer. 79 kg, or about 408 grams 
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2.1.2.16. Answer. 
2.1.2.17. Answer. 


294 J 
(a) 117.6 J 


(b) 3.92 [30 — 2/3] = 104 J 


2.1.2.18. Answer. 


2.1.2.19. Answer. 


Exercises — Stage 3 
2.1.2.20. Answer. 


1 
—— m/sec, or about 22.36 cm/sec 


2/5 


yes (at least, the car won’t scrape the ground) 


~ 0.144 J 


2.1.2.21. *. Answer. 904,0507 J 


ye Wey AN 
a1 2.20. 


Answer. 


Answer. 


(b) ae N 
(c) 29.400 J 


2.1.2.24. 
2.1.2.25. 
2.1.2.26. 
yal Woe Ai 


2.1.2.28. 


pre eee: 


Answer. 
Answer. 
Answer. 


Answer. 


Answer. 


Answer. 


2.2 - Averages 
2.2.2 - Exercises 


Exercises —— Stage 1 


2.2.2.1. Answer. 


10202 J 
(a) 4900 N 


220.5 J 
About 7 x 1028 J 
true 


92552 J 


7 
—_=0.1 
yp 70175 J 


One possible answer: . L= . ” 1- 3)" 
. (4 8 8 


The most straightforward of many possible answers is shown. 
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2.2.2.2. Answer. 500 km 


2.2.2.3. Answer. 


2.2.2.4. Answer. (a) 


2.2.2.5. Answer. (a) yes 
(b) not enough information 


2.2.2.6. Answer. 0 


Exercises —— Stage 2 
2.2.2.7. x. Answer. 1 


t 72,4 
2.2.2.8. *. Answer. -| me 
e— 


4 
2.2.2.9. «. Answer. —+1 
T 


St 


2.2.2.10. *. Answer. 
10 . 
2.2.2.11. *. Answer. g log? degrees Celsius 


2.2.2.12. «. Answer. 


2.2.2.13. «. Answer. 
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2.2.2.14. Answer. (a) 400 ppm 
(b) © 599.99 ppm 
(c) 0.126, or 12.5% 


2.2.2.15. Answer. (a) — 
(b) 327 
(c) 


2.2.2.16. Answer. (a) 0 
(b) v3 


2.2.2.17. Answer. 4/ a —1 0.52 
1 


2.2.2.18. Answer. (a) F(t) = 3f(t) = 3sin (tz) N 


“By 
327 
5 


(b) 0 
(c) 2 22 
C)—= FS 2. 
V2 
Exercises — Stage 3 


2.2.2.19. *. Answer. (a) 130 km 
(b) 65 km/hr 


2.2.2.20. Answer. (a) A=e-1 

(b) 0 

(c) 4 — 2e + 2(e — 1) log(e — 1) & 0.42 

2.2.2.21. Answer. (a) neither — both are zero 
(b) | f(a) — Al has the larger average on [0, 4] 
2.2.2.22. Answer. (b—a)aR? 


2.2.2.23. Answer. 0 
2.2.2.24. Answer. Yes, but if a #0, then s =t. 
2.2.2.25. Answer. A 
bA(b) — aA(a) 
b-—a 


2.2.2.26. Answer. (a) 
(b) f(t) = AG) + tA) 
2.2.2.27. Answer. 


—-1 ifx<0 
a One of many possible answers: f(x) = Beat 

1 te >| 
b No such function exists. 


e Note 1: Suppose f(x) > 0 for all x in [—1,1]. Then Efe t@) dz > 
aes Odxz = 0. That is, the average value of f(x) on the interval [—1, 1] 
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is not zero — it’s something greater than zero. 
e Note 2: Suppose f(x) < 0 for all 2 in [—1,1]. Then 1 ft f(z) dx < 


ade Odxz =0. That is, the average value of f(x) on the interval [—1, 1] 
is not zero — it’s something less than zero. 


So, if the average value of f(x) is zero, then f(z) > 0 for some zx in [—1, 1], 
and f(y) < 0 for some y € [—1,1]. Since f is a continuous function, and 0 
is between f(x) and f(y), by the intermediate value theorem (see the CLP-1 
text) there is some value c between x and y such that f(c) = 0. Since x and y 
are both in [—1, 1], then c is as well. Therefore, no function exists as described 
in the question. 

2.2.2.28. Answer. true 


2.2.2.29. Answer. 0 


2.3 - Centre of Mass and Torque 
2.3.3 - Exercises 


Exercises —— Stage 1 
2.3.3.1. Answer. (1,1) 


2.3.3.2. Answer. (0,0) 
2.3.3.3. Answer. In general, false. 


2.3.3.4. Answer. 3.5 metres from the left end 


2.3.3.5. Answer. (a) to the left 
(b) to the left 
(c) not enough information 
(d) along the line x =a 
(e) to the right 
392007 
9 


2.3.3.6. Answer. 


(12 — 7) & 121,212 J 


2.3.3.7. Answer. (a), (b) ae 
(c), (d) log3 
(e), (f) log 3 


2.3.3.8. Answer. (a) 
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2.3.3.9. Answer. (a) 


y T(x 


Sr 


2.3.3.10. Answer. (a) The strips between x = a and x = a’ at the left end of the 
figure all have the same centre of mass, which is the y-value where T(x) = B(x), 
x < 0. So, there should be multiple weights of different mass piled up at that 
y-value. 

Similarly, the strips between x = b’ and x = b at the right end of the figure all have 
the same centre of mass, which is the y-value where T(x) = B(x), x > 0. So, there 
should be a second pile of weights of different mass, at that (higher) y-value. 
Between these two piles, there are a collection of weights with identical mass dis- 
tributed fairly evenly. The top and bottom ends of R (above the uppermost pile, 
and below the lowermost pile) have no weights. 

One possible answer (using twelve slices): 
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(b) The area of the strip is (T(x) — B(x)) daz, and its centre of mass is at height 
T(a) + BZ) 

Ta 

i (T(x)? — B(z)?) dx 


a 


2 rh (T(x) — B(2)) dx 


(c) ¥= 


1 0 
2.3.3.11. *. Answer. == -; | 6x7dax 


1 


Exercises — Stage 2 a 
2.3.3.12. Answer. %= S 
log 10.1 
2.3.3.13. Answer. = 08 ~ 0.43 
2(arctan 10 + arctan(3)) 

3 
2.3.3.14. *. Answer. g=——< 

4de 4 


2.3.3.15. «x. Answer. (a) 
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3 log 3 
b 
(b) 87 
2.3.3.16. *. A ga ahs : 
.3.3.16. *. Answer. Z = —=—— andy= 
J2-1 ? 4(/2 — 1) 
k; ken 
Bose. ee A ; T=—|Vv2-1 y= — 
*x. Answer. (a) Z A [v2 |, U= 3A 
(b) k= —[V2—]] 
2.3.3.18. x. Answer. (a) 
8 
by 
(b) 5 
(c) 1 
2 
2.3.3.19. *. Answer. — log2 = 0.44127 
1 
2.3.3.20 A e=(0 andy ze 
.3.3.20. *. Answer. Z = — 
wer. Z and 9 = 97 on 
9 
2.3.3.21. *. Answer. (a) an 
4 
(b) #=0 and y= — 
1 
8 2 
2.3.3.22. Answer. (Z,y) = (1,-2) 
1 
e? —3/2 e+—-7 
2.3.3.23. A : & (1.2,2.4 
ii (5 5/2’ 4e2 =) ore 
Exercises — Stage 3 P 
2.3.3.24. *. Answer. y= 5 
8 166 
2.3.3.25. *. A . t= —,y=— 
3.3.25. *. Answer. (a) Z a4 = 3 


(b) rf vaytn f o-wiay 
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2.3.3.26. x. Answer. (a) 7 = 


(o) 1 (F +265) 


2.3.3.27. Answer. (3, 1.5) 
2.3.3.28. Answer. (0,3.45) 


| > 


2.3.3.29. Answer. (a) 
sh?k — 2hk? + 7k? 
0) Sa 
h? —hk + 3k? 
2.3.3.30. Answer. about 0.833 N 
2.3.3.31. Answer. (a) 17,1507 J 
2450 
(b) eagrot (87 — 9) © 13,797 J 
(c) about 74% 


2.3.3.32. A = = ~|sin (=) + 2sin(4) + 9sin(Z) + 
sade ° nswer. ae = 162 9 sin 79 sin 18 sin 8 


27 2077 
8sin | — 25 sin | —— 9| = 0.976 
sin (=) + sin (=) +9] 


2.4 - Separable Differential Equations 
2.4.7 - Exercises 


Exercises —— Stage 1 
2.4.7.1. Answer. (a) yes 
(b) yes 
(c) no 


2.4.7.2. Answer. 


a One possible answer: f(x) = x, g(y) = 


b One possible answer: f(x) = e*, g(y) =e’. 


c One possible answer: f(x) = x—1, g(y) =1. 
d The given equation is equivalent to the equation ae = x, which fits the form 
of a separable equation with f(x) = x, g(y) = 1. 


2.4.7.3. Answer. The mnemonic allows us to skip from the separable differential 
equation we want to solve (very first line) to the equation 


[apu- [tox 
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2.4.7.4. Answer. false 


2.4.7.5. Answer. (a) [0, 00) 
(b) No such function exists. If |f(x)| = Ca and f(x) switches from f(x) = Cz to 
f(x) = —Cx at some point, then that point is a jump discontinuity. Where f(z) 
contains a discontinuity, aw does not exist. 

dQ 


2.4.7.6. Answer. a —0.003Q(t) 


d 
2.4.7.7. Answer. “ = ap(t)(1 — p(t), for some constant a. 
(a 


2.4.7.8. Answer. 
(b) 0 

(c) 0.5 

(d) Two possible answers are shown below: 


att 


gee eee x or 
we 


Another possible answer is the constant function y = 2. 
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1 


2.4.7.9. Answer. (a) es 
3 
>. 
(c) —5 
(d) Your sketch should look something like this: 
y 
Dg eg gel \ 
! ) =a 
1 : i : 
eee pee me omnanl pron ne 
canna 
(e) There are lots of possible answers. Several are shown below. 
Y 
noe ee 
a a aes 
aa: ea a 
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y 
ee ee _ 
WA ge ag i ee 
1 ee MR NY 
| ‘ 
1 
‘ \ 
\ \ 
y 
/ 


pe} 
oe 
a. 
ae 


Exercises —— Stage 2 
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2.4.7.10. *. Answer. y = log(z? + 2) 
2.4.7.11. *. Answer. y(xz) =3V1+4 2? 
—3 
2.4.7.12. *. A : Hj=s3) y= ae 
*x. Answer. y(t) og (3 rm ) 


sint 


2.4.7.13. *. Answer. y= ¢/ Sex? Ss 


2 
2.4.7.14. *. Answer. y = —log (c = =) 


2 
The solution only exists for C — x > 0, ie. C > 0 and the function has domain 
{e: |z| < voc}. 
2.4.7.15. *. Answer. y = (3e" — 3x? + 24)1¥/8 
1 
2.4.7.16. *. Answer. =o) = 
y= 18) = — Tas 


2.4.7.17. *«. Answer. y = 10x? + 4x? + 62 — 4 

2.4.7.18. *. Answer. y(x) =e" /4 

2.4.7.19. x. Answer. y = —- 

2.4.7.20. *. Answer. f(x) =e-e”/? 

2.4.7.21. *. Answer. y(x) = /4+2log 2%. Note that, to satisfy y(1) = 2, we 


need the positive square root. 


2 
2.4.7.22. *. Answer. y? + Ca — 4)3/? — Iseca +2 


2.4.7.23. *«. Answer. 12 weeks 


k 
2.4.7.24. *. Answer. t= Fantom ( «| 
\ kg ] mg 


2.4.7.25. *. Answer. (a) k= x 
(b) t = 70sec 
3 — de 
2.4.7.26. *. Answer. (a) x(t) = a 
— 2e 
(b) As t > co, x > 2. 
4 
2.4.7.27. x. Answer. (a) P= =e 
a 


1 
(b) Att = 5, P 3.528. Ast— oo, P > 4. 
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2.4.7.28. *. Answer. (a) — = —kv* 


400 
Y= eT 
(qjt=7 


Exercises —— Stage 3 
2.4.7.29. *. Answer. (a) B(t) = Ce%%t02cost with the arbitrary constant 


C0. 
(b) $1159.89 


2.4.7.30. *. Answer. (a) B(t) = {30000 — 50m} e‘/>° + 50m 
(b) $600 


4— el—cos x 


2.4.7.31. x. Answer. y(x) = . The largest allowed interval is 


2 — el-cosx 
—arccos(1 — log 2) < x < arccos(1 — log 2) 
or, roughly, —1.259 < x < 1.259. 


2.4.7.32. x. Answer. 180, 000,/2 ~ 99,591 sec © 27.66 hr 


[495 
2.4.7.33. *. Answer. t= si S & 2,394sec & 0.665 hr 
g 


15 


2.4.7.34. x. Answer. (a) 3 
(b) vv =(y 7 DY — 2) 


ev 
2—e% 


2.4.7.35. *. Answer. p= 1+ 


2.4.7.36. Answer. 


a One possible answer: f(t) = 0 


7 [4 Tea) [1 | - aS dt 
of roa lt@-gt5 f toa] = Pe 


d Y (a) = D(x — a), where D is any constant 


e f(t) = D, for any nonnegative constant D 


2.4.7.37. Answer. x = — (u —l4 
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3 - Sequence and series 
3.1 - Sequences 
3.1.2 - Exercises 


Exercises —— Stage 1 
3.1.2.1. Answer. (a) —2 (b) 0 (c) the limit does not exist 


3.1.2.2. Answer. true 


3.1.2.3. Answer. (a) 
3.1.2.4. Answer. Two possible answers, of many: 


3000—n if n < 1000 
An = 
-2+1 ifn > 1000 


1,002, 001 
© ad, = ————_- 2 
n 
3.1.2.5. Answer. One possible answer is a, = (-l)") = 


ae es es ye 
Another is a, = n(—1)”" = {—1, 2, —3, 4, —5, 6, —7,...}. 


3.1.2.6. Answer. One sequence of many possible is a, = = 
1 1 1 1 11 
? oy? 20 4’ 5’ 6’ op r 


3.1.2.7. Answer. Some possible answers: 


—l sinn 1 
< < 


a = = 
n n n 
2 2 2 
» 2 < =a n 
13e” ~— e"(7+sinn —5cosn) ~ e” 
—1 1 
= (an) SS 
. nr (-ny" Ss n” 


S128. Answer. (a) ¢,—= 6; = hin) =1(n), cq =J(); d, = 7), ee = On) 
(b) fini.@, = limo, = lim he) = 1, imc, = lime, = dim gia) = lim o(4) = 
n> Co Noo xwL—->0O Noo Noo be A @,0) ee @,0) 
0, lim d,, lim f(a) and lim i(x) do not exist. 
nN— oo LOO w—-0O 


3.1.2.9. Answer. (a) Some possible answers: dg. ~ —0.99996, age ~ —0.99965, 
and aj10 ~ —0.99902. 
(b) Some possible answers: a1; * 0.0044, a33 * —0.0133, and as5 ~ 0.0221. 


22 
The integers 11, 33, and 55 were found by approximating 7 by 7 and finding when 


11 
an odd multiple of 7 (which is the corresponding approximation of 7/2) is an 
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integer. 


Exercises —— Stage 2 
3.1.2.10. Answer. (a) co (b) 


3.1.2.11. Answer. co 
3.1.2.12. Answer. 0 
3.1.2.13. Answer. 0 
3.1.2.14. Answer. 0 
3.1.2.15. Answer. 1 
3.1.2.16. Answer. 0 
3.1.2.17. Answer. co 
3.1.2.18. *. Answer. lim a; = 0. 


k- 00 
3.1.2.19. *. Answer. The sequence converges to 0. 


3.1.2.20. *. Answer. 9 


Exercises — Stage 3 
+ le Bes 2 Answer: log 2 


3.1.2.22. Answer. 5 
3.1.2.23. Answer. —oco 


3.1.2.24. Answer. 100- 2%. 


1 
3.1.2.25. Answer. Possible answers are {a,} = 4n fi a+— - s(a)|} or 
n 


w=(of-r6-2)]} 


2 
3.1.2.26. Answer. (a) A, = ~ sin (=) (b) 
n 


3.1.2.27. Answer. 


a 
Y 
1 —- e——O 
0 ¢——_ 1 
, i 
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b 


c A, = 1 for all n 


d lim A, = 1. 


noo 


e g(x) =0 


tf (x) da = 0: 

0 

3.1.2.28. Answer. e?° 

3.1.2.29. Answer. (a) 4 (b) e=4 (c) see solution 


3.1.2.30. Answer. (a) decreasing (b) fp = 4h (c) 2% (d) 0.18% 
(e) “be”: 11,019,308; “and”: 7,346,205 


3.2 - Series 
3.2.2 - Exercises 


Exercises —— Stage 1 
3.2.2.1. Answer. 
N | Sn 
1} 1 
2 |14+4 
3 |1+5+ 3 
4 }1+54+44+4 
Pyijzdisztl 
S jltargtats 
3.2.2.2. Answer. 3 
5 it 7 = 
3.2.2.3. Answer. (a) ad, = 1 1 (b) 0 (e) 1 
noe D) else 
0 i 
3.2.2.4. Answer. a, = a , 
2(—1)" — ana) elise 
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3.2.2.5. Answer. a,, <0 for alln > 2 


2 ‘2 
3.2.2.6. Answer. aa S 
n=1 p | 3 
3.2.2.7. Answer. ae (b) 5 
n=1 


3.2.2.8. Answer. Two possible pictures: 


5101 —] 

4 . 5100 

3.2.2.10. Answer. All together, there were 36 cookies brought by Student 11 
through Student 20. 


3.2.2.9. Answer. 
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51 — 1 
3.2.2.11. Answer. 4.5100 
3.2.2.12. Answer. (a) As time passes, your gains increase, approaching $1. 
(b) 1 
(c) As time passes, you lose more and more money, without bound. (d) —oo 


3.2.2.13. Answer. A+B+C—-—c 


3.2.2.14. Answer. in general, false 


Exercises —— Stage 2 ; 
3.2.2.15. *. Answer. 5 
3.2.2.16 A . 

.2.2.16. *. Answer. 
Wer TK BG 


3.2.2.17. «. Answer. 


3.2.2.18. *. Answer. cos (=) — cos(0) = —= 


11 3 
3.2.2.19. *«. A : — b) - 
oe BOWER, MEO Teoma 
24 
3.2.2.20. «. Answer. S 
7 
3.2.2.21. *. Answer. — 
30 
2 
3.2.2.22. «. Answer. aie 
99 
3.2.2.23. «. Answer. ont = wd 
999 =. 3383 
3.2.2.24. *. Answer. 3 
1 5 #17 
2.2.25. *«. A . ate > = 
3 5. * nswer 5 + 7 id 
0 
3.2.2.26. «. Answer. a 
3.2.2.27. Answer. ‘The series diverges to —oo. 
1 
3.2.2.28. Answer. -3 
Exercises — Stage 3 
3.2.2.29. Answer. 9.8 J 
3.2.2.30. Answer. zal 
3 (a3 — 1) 


719 


ANSWERS TO EXERCISES 


3.2.2.31. Answer. 


3.2.2.33. Answer. 


sin? 3 


wlio. 3 


3.3 - Convergence ‘Tests 
3.3.11 - Exercises 


Exercises —— Stage 1 
3.3.11.1. Answer. (B), (C) 


3.3.11.2. Answer. (A) 


3.3.11.3. Answer. (a) I am old 
(c) not enough information to tell 


3.3.11.4. Answer. 


—1)(n—2) 
3.2.2.32. Answer. a, = < — 


+ 32 % 32.0025 


i oy 
ifn = 2, 
ifn=l 


(b) not enough information to tell 


(d) I am young 


if S$) a, converges 


if }> a, diverges 


and if {a,} is the red series 


then >> b, CONVERGES 


inconclusive 


and if {a,,} is the blue series 


inconclusive 


then *b, DIV] 


ERGES 


3.3.11.5. Answer. 


(b) direct comparison 


(c) limit comparison 


(d) neither 


(a) both direct comparison and limit comparison 


3.3.11.6. Answer. It diverges by the divergence test, because lim a, 4 0. 
Noo 


3.3.11.7. Answer. 


converges. It is inconclusive in this case. 


We cannot use the divergence test to show that a series 


3.3.11.8. Answer. The integral test does not apply because f (2) is not decreas- 


ing. 


3.3.11.9. Answer. 


test (with this comparison series) is inconclusive. 


3.3.11.10. Answer. (B), (D) 


1 
3.3.11.11. Answer. One possible answer: Sos. 
n 


n=l 


The inequality goes the wrong way, so the direct comparison 


3.3.11.12. Answer. By the divergence test, for a series }> a, to converge, we 
need lim a, = 0. That is, the magnitude (absolute value) of the terms needs 


n—>co 
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An+1 


If lim 


n—->co 


to be getting smaller. < 1 or (equivalently) lim > 1, then 
n> oo 


Qn+1 
lan41| > |@n| for sufficiently large n, so the terms are actually growing in magnitude. 


That means the series diverges, by the divergence test. 


3.3.11.13. Answer. One possible answer: f(x) = sin(7x), a, = 0 for every n. 
By the integral test, any answer will use a function f(x) that is not both positive 
and decreasing. 


Qn 


3.3.11.14. *. Answer. One possible answer: b, = or 


3.3.11.15. *. Answer. (a) In general false. The harmonic series }> = provides 


n=1 
a counterexample. 
oo 


(b) In general false. If a, = (—1)"+, then }>(—1)"a, is again the harmonic series 
n=1 


> 4, which diverges. 
In 


general false. Take, for example, a, = 0 and b, = 1. 


Exercises — Stage 2 
3.3.11.16. *. Answer. No. It diverges. 
3.3.11.17. *. Answer. 


3.3.11.18. *. Answer. 


It diverges. 


The series diverges. 


3.3.11.19. 


3.3.11.20. 
is divergent. 


Answer. 


Answer. 


It diverges. 


This is a geometric series with r = 1.001. Since |r| > 1, it 


1 
The series converges to ———~ 


3.3.11.21. Answer. 

150° 
3.3.11.22. Answer. ‘The series converges. 
3.3.11.23. Answer. It diverges. 
3.3.11.24. Answer. ‘The series converges. 

1 
3.3.11.25. Answer. ‘The series converges to 3° 
3.3.11.26. Answer. The series converges. 
3.3.11.27. Answer. It converges. 

5 
3.3.11.28. *. Answer. Let f(r) = loan)? Then f(x) is positive and 


decreases as x increases. So the sum > f(n) and the integral [ f(x) da either 


both converge or both diverge, by the nieetal test, which is Theorem 3.3.5. For the 
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integral, we use the substitution u = log x, du = Ze to get 
5dz 


[ = 5 du 
3 x(log 8 7 log 3 ad 


which converges by the p-test (which is Example 1.12.8) with p = - cael 


3.3.11.29. *. Answer. p>1 


3.3.11.30. *. Answer. It converges. 
yw v3 
3.3.11.31. *. Answer. The series > —, converges by the p-test with p = 2. 
n 
n=2 
Note that 
3n? —7 3n? 3 
(ee een ea 
n n n 
for alln > 2. As the series > v3 converges, the comparison test says that }> ¥ jneat 


n=2 n=2 


converges too. 


3.3.11.32. *. Answer. The series converges. 
3.3.11.33. *. Answer. It diverges. 

3.3.11.34. *«. Answer. (a) diverges (b) converges 
3.3.11.35. *. Answer. The series diverges. 
3.3.11.36. *. Answer. (a) converges (b) diverges 
3.3.11.37. Answer. ae 

3.3.11.38. *. Answer. 7 


3.3.11.39. *. Answer. (a) diverges by limit comparison with the harmonic series 
(b) converges by the ratio test 


3.3.11.40. *. Answer. (a) Converges by the limit comparison test with b = rae 
(b) Diverges by the ratio test. 
(c) Diverges by the integral test. 


3.3.11.41. *. Answer. It converges. 

3.3.11.42. *. Answer. N =5 

3.3.11.43. *. Answer. N > 999 

3.3.11.44. *. Answer. We need N = 4 and then S, = 2 _ * = — . 
Exercises — Stage 3 


3.3.11.45. x. Answer. (a) converges (b) converges 
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3.3.11.46. x. Answer. (a) See the solution. 
(b) fiz) = a is not a decreasing function. 
% 


(c) See the solution. 


3.3.11.47. *. Answer. The sum is between 0.9035 and 0.9535. 


3.3.11.48. *. Answer. Since lim a, = 0, there must be some integer N such 
Noo 


that ; >a, > 0 for alln > N. Then, forn > N, 


An An 
< = 
iw bee 


2Qn, 


From the information in the problem statement, we know 


3 24, = 2 3 An converges. 


So, by the direct comparison test, 


[oe] 
an 
y i converges as well. 
= 
n=N+1 1 


Since the convergence of a series is not affected by its first N terms, as long as N 
is finite, we conclude 


CoO 
an 
y converges. 
l-a, 


n=1 
3.3.11.49. *. Answer. It diverges. 
3.3.11.50. *. Answer. It converges to — log 2 = log 3, 


3.3.11.51. *. Answer. See the solution. 
3.3.11.52. Answer. About 9% to 10% 
3.3.11.53. Answer. The total population is between 29,820,091 and 30,631,021 
people. 
3.4 - Absolute and Conditional Convergence 
3.4.3 - Exercises 


Exercises —— Stage 1 
3.4.3.1. *. Answer. False. For example, b, = + provides a counterexample. 


3.4.3.2. Answer. 
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>> Gy converges >> ay, diverges 


S> |a,| converges | converges absolutely not possible 


S> |a,| diverges | converges conditionally | diverges 


Exercises —— Stage 2 
3. *. Answer. Conditionally convergent 


3.4.3.4. *. Answer. The series diverges. 
3.4.3.5. *. Answer. It diverges. 

3.4.3.6. *. Answer. It converges absolutely. 
3.4.3.7. *. Answer. It converges absolutely. 
3.4.3.8. *. Answer. It diverges. 

3.4.3.9. *. Answer. It converges absolutely. 


3.4.3.10. Answer. See solution. 
3.4.3.11. Answer. See solution. 
3.4.3.12. Answer. See solution. 


Exercises —— Stage 3 
3.4.3.13. *. Answer. (a) See the solution. 


(b) |S — S5| < 24 x 36e-™ 


3.4.3.14. Answer. cosl & 388; the actual associated error (using a calculator) is 
about 0.000025. 


3.4.3.15. Answer. See solution. 


3.5 - Power Series 
3.5.3 - Exercises 


Exercises —— Stage 1 
3.5.3.1. Answer. 2 
ee — 5)” 1 
3.5.3.2. Answer. f(z) = ea le 
3.5.3.3. Answer. Only 7 =c 
3.5.3.4. Answer. R= 


Exercises —— Stage 2 
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3.5.3.5. *. Answer. (a) R= 


(b) 1 2a 
3.5.3.6. *. Answer. R= oo 

3.5.3.7. *«. Answer. 1 

3.5.3.8. *. Answer. The interval of convergence is —1 <x+2 <1 or (—3,—l]. 


1 
2 


for all |a| < u 
2 


3.5.3.9. *. Answer. The interval of convergence is —4 < x < 2, or simply 
(—4, 2]. 


3.5.3.10. *. Answer. —3 < x <7 or [-3,7) 


3.5.3.11. *. Answer. The given series converges if and only if -3 < # < —-1. 
Equivalently, the series has interval of convergence [—3, —1]. 


3.5.3.12. *. Answer. The interval of convergence is 3 —o< 7 or [3 2). 


3.5.3.13. *. Answer. The radius of convergence is 2. The interval of convergence 
is -1 <2 <3, or (-1,3]. 


3.5.3.14. *. Answer. The interval of convergence is a—1<2<a+l1,or 
(a—1,a+1). 


3.5.3.15. *. Answer. (a) |x+1| <9 or —-10 <2 < 8 or [—10, 8] 
(b) This series converges only for x = 1. 


3.5.3.16. *. Answer. sro = oe 
n=3 


n=0 


ea) 
3.5.3.17. A : =3-+ oe 
nswer. f(x) 2 re D 


Exercises —— Stage 3 
3.5.3.18. »*. Answer. The series converges absolutely for |x| < 9, converges 


conditionally for x = —9 and diverges otherwise. 
sea 3n+1 
3.5.3.19. *. Answer. (a) S°(-1)"——— +C 


n=0 


(b) We need to keep two terms (the n = 0 and n = | terms). 
3.5.3.20. *. Answer. (a) See the solution. 


oe) 


1 
(b) pee = tr The series converges for —1 < x < 1. 
3.5.3.21. *. Answer. See the solution. 
3.5.3.22. *. Answer. (a) 1. 


(b) The series converges for —1 < x < 1, i.e. for the interval [—1, 1) 
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3.5.3.23. Answer. ; 


3.5.3.24. Answer. The point x = c corresponds to a local maximum if Ag < 0 
and a local minimum if A» > 0. 


13 
3.5.3.25. A = 
mswer. 2h 


ge 
3.5.3.26. Answer. x — ee 


3 


3.5.3.27. Answer. x — a 


3.6 - Taylor Series 
3.6.8 - Exercises 


Exercises —— Stage 1 
3.6.8.1. Answer. A: linear 


B: constant 
C: quadratic 


3.6.8.2. Answer. T(5) = arctan? (e° + 7) 


3.6.8.3. Answer. A-V 
B-I 

C-IV 

De VI 

B =I 

r= 


20! 
3.6.8.4. Answer. (a) f(°)(3) = 20? (= ih 7 


20! 
b) g?(3) = 10? 
(b) g°(3) ica 

|. 513 
(c) R20) =0; h@(0) = 22!-5 
13 
Exercises — Stage 2 

ose =], n-1 
3.6.8.5. Answer. ( : @=1y" 

n=1 

ce 1 n+1 
3.6.8.6. Answer. (=1) (x aye 

= (2n + 1)! 


3.6.8.7. Answer. 


(oe) 1 _ n 
( = *) with interval of convergence (0, 20). 
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co 
37 e3a 
3.6.8.8. Answer. Ds (« — a)”, with infinite radius of convergence 
n! 
n=0 


3.6.8.9. *. Answer. —S 02%" 


n=0 


3.6.8.10. *. Answer. 6, = 3(—1)"+2” 
35 
3.6.8.11. *. Answer. cs = BI 
OO gntlyntl ; 
3.6.8.12. *. Answer. dD a for all |z| < 5 
1 1 
3.6.8.13. *. Answer. a=1,b=—-— =-—-=. 
3! 6 
2 
ae | 2 4 
3.6.8.14. *. Answer. —— =C— = + > +--+, 


x 
It is not clear from the wording of the question whether or not the arbitrary constant 
C is to be counted as one of the “first two nonzero terms”. 


eS 92n+1 2n+6 


x 
3.6.8.15. *. Answer. (—1)” + C = 
> (2n + 1)(2n + 6) 
090 921 7.2N+6 
ay" C¢ 
d| Gaines) 


[oe] gn 
3.6.8.16. *. Answer. f(x) =1+ So(-1"= 
= 3n +2 


3.6.8.17. *. Answer. —— 


3.6.8.18. *. Answer. — 
€ 


3.6.8.19. *. Answer. e!/¢ 

3.6.8.20. *. Answer. e!/™—1 

3.6.8.21. *. Answer. log(3/2) 

3.6.8.22. *. Answer. (e+ 2)e°—2 

3.6.8.23. Answer. ‘The sum diverges — see the solution. 


Tba/2 


3.6.8.24. Answer. 
J2 
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3.6.8.25. *. Answer. (a) See the solution. 


) 5 (e+ =) 


3.6.8.26. Answer. (a) 50,000 
(b) three terms (n = 0 to n = 2) 
(c) six terms (n = 0 to n = 5) 


3.6.8.27. Answer. 29 

3.6.8.28. Answer. 5}3 or higher 
3.6.8.29. Answer. Sg or higher 
3.6.8.30. Answer. Sj or higher 


—5! 1 —57 
6.8.31. A « hi is in the interval ey 
3.6.8.3 nswer e error is in the interva Ge h+5| , =a) 
(—0.199, —0.040) 
Exercises —— Stage 3 
3.6.8.32. *. Answer. —1 
1 1 
3.6.8.33. *. Answer. — = — 
5! = 120 
3.6.8.34. Answer. e? 
3.6.8.35. Answer. ,/e 
2 
3.6.8.36. Answer. = a 
(6/7)? = 108 
oo pant : 7 : 
3.6.8.37. Answer. man (n+ 1)Qn+2) =< arctany — y lost + 2°) 

A he Maclaurin series f end 
3.6.8.38. Answer. (a) the Maclaurin series for f(x) is DB (ale , and its 
radius of convergence is R = 1. 

(2n)! 2n+1 


(b) the Maclaurin series for arcsin x is > , and its radius of 


=a (n!)?(2n 4+ 1) 


convergence is R = 1. 


ge —1)r-1 
3.6.8.39. *. Answer. log(x) = log24 s-! ) (a — 2)". It converges when 
= m2" 
0O<a2<4. 
oS gint 
3.6.8.40. *. A : —1)” 
x. Answer. (a) § (—1) a 


n=0 
(b) 0.493967 
(c) The approximate value of part (b) is larger than the true value of [(1/2) 
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3.6.8.41. *. Answer. & 
66 


3.6.8.42. *. Answer. Any interval of length 0.0002 that contains 0.03592 and 
0.03600 is fine. 


[oe] gr 
3.6.8.43. *. A : —1)” 
+. Answer. (a) dS eae 
(b)—0.80 
(c) See the solution. 
ord gent 
3.6.8.44. *. A : u(2) = —1)” 
*. Answer. (a) U(x) du ) Gna Dn +t) 
(b) ar 
(c) 1.8525 
99 genni 
3.6.8.45. *«. Answer. (a) I(x) = dA) (Qn)\(2n — 1) 
Die Se eo 
7 2 413 615 a 
DD) a 
oe 2n—1 
_ ayn 1. tg, tls Le, 
3.6.8.46. *. Answer. (a) I(x) = dS 1) (Oni = mtg? tat at 
(b) 0.460 
(1 : : : 0.460 
(eat ao a a 
3.6.8.47. *. Answer. (a) See the solution. 
(b) The series converges for all x. 
3.6.8.48. *. Answer. See the solution. 
9° gr eo en 
3.6.8.49. *. Answer. (a) cosh(z) = » a > (On)! for all x 
(b), (c) See the solution. _— 
3.6.8.50. Answer. (a) V/3 ~ 1.26 
(b) 12 terms (54;) 
15! 21! 20! 33! 


3.6.8.51. Answer. 


Bl56 7-dule5ut Ol-d7l-517 Iq! 031-523 
3.6.8.52. Answer. (a) 
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b) the constant function 0 
c) everywhere 
d) only at x = 0 


( 
( 
(d) 

3.6.8.53. Answer. 0 
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1 - Integration 
1.1 - Definition of the Integral 
1.1.8 - Exercises 


Exercises — Stage 1 
1.1.8.1. Solution. 


Le oy 


The diagram on the left shows a rectangle with area 2 x 1.25 = 2.5 square units. 
Since the blue-shaded region is entirely inside this rectangle, the area of the blue- 
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shaded region is no more than 2.5 square units. 

The diagram on the right shows a rectangle with area 2 x 0.75 = 1.5 square units. 
Since the blue-shaded region contains this entire rectangle, the area of the blue 
region is no less than 1.5 square units. 

So, the area of the blue-shaded region is between 1.5 and 2.5 square units. 
Remark: we could also give an obvious range, like “the shaded area is between zero 
and one million square units.” This would be true, but not very useful or interesting. 


1.1.8.2. Solution. 


e Solution 1: One naive way to solve this is to simply use the same method as 
Question 1. 


The rectangle on the left has area 3 x 2.25 = 6.75 square units, and en- 
compasses the entire shaded region. The rectangle on the right has area 
3 x 0.25 = 0.75 square units, and is entirely contained inside the blue-shaded 
region. So, the area of the blue-shaded region is between 0.75 and 6.75 square 
units. 


This is a legitimate approximation, but we can easily do much better. The 
shape of this graph suggests that using the areas of three rectangles would be 
a natural way to improve our estimate. 


e Solution 2: Let’s use these rectangles instead: 
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In the left picture, the red area is (1x 1.25)+(1x2.25)+(1x0.75) = 4.25 square 
units. In the right picture, the red area is (1 x 0.75) + (1 x 1.75) + (1 x 0.25) = 
2.75 square units. So, the blue shaded area is between 2.75 and 4.25 square 
units. 


1.1.8.3. Solution. Remark: in the solution below, we find the appropriate ap- 
proximation using trial and error. In Question 46, we take a more systematic 
approach. 


e Try 1: First, we can try by using a single rectangle as an overestimate, and a 
single rectangle as an underestimate. 


1/2 + 1/2 


The area under the curve is less than the area of the rectangle on the left 
(2x 5 = 1) and greater than the area of the rectangle on the right (2 x } = 3). 
So, the area is in the range (4, 1). Unfortunately, this range is too big—-we 
need our range to have length at most 0.2. So, we refine our approximation 


by using more rectangles. 


e Try 2: Let’s try using two rectangles each for the upper and lower bounds. 
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The rectangles in the left picture have area (1 x 5) + (1 x i) = 3, and the 

= 3. So, the area 
under the curve is in the interval Q, 2). The length of this interval is 3, and 
2> 3 =:=0.2. (Indeed, 2 = 0.375 > 0.2.) Since the length of our interval 


is still bigger than 0.2, we need even more rectangles. 


e Try 3: Let’s go ahead and try four rectangles each for the upper and lower 
estimates. 


The area of the rectangles on the left is: 
1 . 1 i 1 . 1 4. 1 . 1 i 
2-2 2 94/9 2 #4 


and the area of the rectangles on the right is: 


(2 aya) * (2%) * (2%) + 0%5) 


oe : St gc) 3 1 
So, the area under the curve is in the interval (3 E | 35 E + 5| : The 
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length of this interval is J, and a < 3 = 5 = 0.2, as desired. (Indeed, 
# = 0.1875 < 0.2.) 


Note, if we choose any value in the interval (3 E + +5 3 E + 45]) as an 


approximation for the area under the curve, our error is no more than 0.2. 


1.1.8.4. Solution. Since f(a) is decreasing, it is larger on the left endpoint of an 
interval than on the right endpoint of an interval. So, a left Riemann sum gives a 
larger approximation. Notice this does not depend on n. 


Furthermore, the actual area | f(x)dz is larger than its right Riemann sum, and 


0 
smaller than its left Riemann sum. 


Y y 


i 


left Riemann sum right Riemann sum 


1.1.8.5. Solution. If f(x) is always increasing or always decreasing, then the 
midpoint Riemann sum will be between the left and right Riemann sums. So, we 
need a function that goes up and down. Many examples are possible, but let’s work 
with a familiar one: sin 2. 

If our intervals have endpoints that are integer multiples of 7, then the left and 
right Riemann sums will be 0, since sin(0) = sin(7) = sin(27) = --- = 0. The 
midpoints of these intervals will give y-values of 1 and -1. So, for example, we can 
let f(x) = sing, [a,b] = [0,7], and n = 1. Then the right and left Riemann sums 
are 0, while the midpoint Riemann sum is 7. 

We can extend the example of f(x) = sinx to have more intervals. As long as 
we have more positive terms than negative, the midpoint approximation will be 
a positive number, and so it will be larger than both the left and right Riemann 
sums. So, for example, we can let f(x) = sina, [a,b] = [0,57], and n = 5. Then 
the midpoint Riemann sum is 7 — 7 + 7 — 27 +7 = 7, which is strictly larger than 
0 and so it is larger than both the left and right Riemann sums. 


7] 
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1.1.8.6. Solution. 


7 5 
a Two possible answers are yt and Sli +2). The first has simpler terms (7 
i=3 i=1 
versus i + 2), while the second has simpler indices (we often like to start at 
i = 1). Neither is objectively better than the other, but depending on your 
purposes you might find one more useful. 


b The terms of this sum are each double the terms of the sum from part (a), 
fg 5 


so two possible answers are S- 27 and S-(2i +4). We often want to write a 
i=3 i=1 

sum that involves even numbers: it will be useful for you to remember that 

the term 27 (with index 7) generates evens. 


c The terms of this sum are each one more than the terms of the sum from part 
is 5 


(b), so two possible answers are S-(2i +1) and S (2% +5). 

i=3 i=1 
In the last part, we used the expression 27 to generate even numbers; 22 + 1 
will generate odds. So will the index 27 + 5, and indeed, 27 + k for any odd 
number k. The choice of what you add will depend on the bounds of 7. 


d This sum adds up the odd numbers from 1 to 15. From Part (c), we know 
that the formula 27 + 1 is a simple way of generating odd numbers. Since our 
first term should be 1 and our last term should be 15, if we use 5>(2i + 1), 


then 7 should run from 0 to 7. So, one way of expressing our sum in sigma 
7 


notation is Si +1). 
i=0 
Sometimes we like our sum to start at 7 = 1 instead of 7 = 0. If this is our 


desire, we can use 27 — 1 as our terms, and let 7 run from | to 8. This gives 
8 


us another way of expressing our sum: So (2i —1). 
i=1 


1.1.8.7. Solution. 


a The denominators are successive powers of three, so one way of writing this 
4 


is > 3° Equivalently, the terms we’re adding are powers of 1/3, so we can 
i=1 


4 i 
1 
also write y (5) . 


i=1 


b This sum is obtained from the sum in (a) by multiplying each term by two, 
4 4 i 
2 1 
it = 2{-). 
sO we can write oe 3i or ys (5) 


c The difference between this sum and the previous sum is its alternating sign, 
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minus-plus-minus-plus. This behaviour appears when we raise a negative num- 
ber to successive powers. We can multiply each term by (—1)’, or we can slip 
4 
2 


a 


a negative into the number that is already raised to the power 2: So(-1) 3 


5 =1 
or 2 (3)! 5 


7=1 


d This sum is the negative of the sum in part (c), so we can simply multiply 


4 

hope 2 

each term by negative one: ) oe ae or ) “Tay 
= i=1 


Be careful with the second form: a common mistake is to think that ———— = 


; (—3)' 
3 but these are not the same. 
1.1.8.8. Solution. 


3 


5 instead of i our sum becomes: 


a If we re-write the second term as 


The numerators are the first five odd numbers, and the denominators are the 
first five positive powers of 3. We learned how to generate odd numbers in 
Question 6, and we learned how to generate powers of three in Question 7. 
5. 
2-1 
Combining these, we can write our sum as i a 


i=1 


b The denominators of these terms differ from the denominators of part (a) 
by precisely two, while the numerators are simply 1. So, we can modify our 
5 
: 1 
revious answer: ——. 


c Let’s re-write the sum to make the pattern clearer. 


1000’ «== = 0 is: 30 ee 4 

1 3 7 

2 50 1000 

= 1-1000 + 2-100 + 3-10 + #¢ 
5 6 7 

=F 10 a T00 + i900 

= 1-10? + 2-10? + 3-10' + 4-10° 
& fei0-? & G10" = 7-19 
= 1-10¢! + 2-10*? + 3-103 + 4-1044 
+ 510° 9 + 6-10" +: 7-10-7 
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7 
If we let the red numbers be our index 2, this gives us the expression SA Ons 
i=1 
7; : 
Equivalently, we can write be Tom: 
i=1 


1.1.8.9. Solution. 


a Using Theorem 1.1.6, part (a) with a = 1, r = 3 and n = 100: 


¥() Serf) | 


b We want to use Theorem 1.1.6, part (a) again, but our sum doesn’t start 


at (2)" = 1. We have two options: factor out the leading term, or use the 


difference of two sums that start where we want them to. 


e Solution 1: In this solution, we’ll make our sum start at 1 by factoring 
out the leading term. We wrote our work out the long way (expanding 
the sigma into “dot-dot-dot” notation) for clarity, but it’s faster to do the 
algebra in sigma notation all the way through. 


SOC OR Cre Om 


5 (3\ 0 3\ 5 
=—|> 1-(- ; 
rs) EG) | 
e Solution 2: In this solution, we write our given expression as the differ- 
ence of two sums, both starting at 2 = 0. 


= 0) -£0-£0) 
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c Before we can use the equations in Theorem 1.1.6, we’ll need to do a little 
simplification. 


10 10 10 
S- (? - 3145) =S P+ 5° 314+ 505 
i=l i=1 i=1 
10 10 10 
=S0?-35 0i+55 01 
i=1 t=1. i=1 
1 1 
= ¢(10)(11)(21) — 3 (50 11)) +5-10 
= 270 


d As in part (c), we'll simplify first. The first part (shown here in red) is a 
geometric sum, but it does not start at 1 = eae 


SI) +] 20) 
=() 


b 


= 


<i 1 ) 

= ae tele 
eae l 2 
— 2 To1 +e] 500+) 


1.1.8.10. Solution. 


a The two pieces are very similar, which we can see by changing the index, or 
expanding them out: 


100 50 
So -50)+ S04 
1=50 i=0 

OF1 42 4+2450)4 C41404 +450) 
(PAD taceeh0) 4 (1 ee 50) 
=2(1+2+---+50) 

50 
=2S0i 

i=l 


(2) — 50-51 = 2550 


b If we expand (i — 5)? = 7? — 157? + 757 — 125, we can break the sum into four 
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parts, and evaluate each separately. However, it is much simpler to change 
the index and make the term (i — 5)? into 73. 


100 

S$) (@- 5)? = 5° +68 + 77 4---+95° 

i=10 
We have a formula to evaluate the sum of cubes if they start at 1, so we turn 
our expression into the difference of two sums starting at 1: 


= [1° + 23+ 3°+ 47 +55 +684 77 +--- +955] 
— [18 + 2° + 3° + 49] 


= 20, 793, 500. 


c Notice every two terms cancel with each other, since the sum is (—1) + (+1), 
etc. Then the terms n = 1 through n = 10 cancel, and we’re left only with 
the final term, (—1)!’ = —1. 


Written out more explicitly: 
in 
So(-1)” = -14+1-14+1-14+1-141-141-1 
n=1 
= [-14 1] + [-1+ 1] + [-1+1]+[-14+1]+[-14+1]-1 
=0+0+0+0+0=-1=-1. 


u 
d For every integer n, 2n + 1 is odd, so (—1)?"*! = —1. Then So(-1)?""1 = 


n=2 


1.1.8.11. Solution. The index of the sum runs from 1 to 4: the first, second, 
third, and fourth rectangles. So, we have four rectangles in our Riemann sum. Let’s 


start by drawing in the intervals along the x-axis taken up by these four rectangles. 
. b-—a 
Note each has the same width: 
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Since this is a midpoint Riemann sum, the height of each rectangle is given by the 
y-value of the function in the midpoint of the interval. So, now let’s find the height 
of the function at the midpoints of each of the four intervals. 


The left-most interval has a height of about 0, so it gives a “trivial” rectangle with 
no height and no area. The middle two intervals have rectangles of about the same 
height, and the right-most interval has the highest rectangle. 


y = f(a) 


XN S 


1.1.8.12. »*. Solution. In general, the {left} Riemann sum for the integral 


741 


SOLUTIONS TO EXERCISES 


ie f(x) dz is of the form 


e To get the limits of summation to match the given sum, we need n = 4. 


e Then to get the factor multiplying f to match that in the given sum, we need 
b-a 
-“=1,sob-—a=4. 


e Finally, to get the argument of f to match that in the given sum, we need 


a+(b-1)-—* sa" 4 ee ath 


Subbing inn = 4 and b—a=4 givesa—-1+k=1+k,soa=2 and b=6. 


1.1.8.13. Solution. The general form of a Riemann sum is >, Az: f(x*), where 
i=1 

Ax = §* is the width of each rectangle, and f(z?) is the height. 

There are different ways to interpret the given sum as a Riemann sum. The most 

obvious is given in Solution 1. You may notice that we make some convenient 

assumptions in this solution about values for Av and a, and we assume the sum 

is a right Riemann sum. Other visualizations of the sum arise from making more 

exotic choices. Some of these are explored in Solutions 2-4. 

All cases have three rectangles, and the three rectangles will have the same areas: 

98, 162, and 242 square units, respectively. This is because the terms of the given 

sum simplify to 98 + 162 + 242. 


e Solution 1: 


o Because the index runs from 1 to 3, there are three intervals: n = 3. 
o Looking at our sum, it seems reasonable to interpret Ax = 2. Then, 


since n = 3, we conclude ea = 2, hence b—a=6. 


o If Ar = 2, then f(x*) = (5+ 2%)”. Recall that x* is the x-coordinate we 
use to decide the height of the 7th rectangle. In a right Riemann sum, 
a* =a+i-Az. So, using 2 = Az, we can let f(x*) = f(a+2i) = (5 + 21). 
This fits with the function f(x) = x”, anda =5. 


o Since b—a=6, and a=5, this tells us b= 11 


To sum up, we can interpret the Riemann sum as a right Riemann sum, with 
three intervals, of the function f(x) = x? from x = 5 tov = 11. 


742 


SOLUTIONS TO EXERCISES 


e Solution 2: We could have chosen a different value for Az. 


o The index of the sum runs from 1 to 3, so we have n = 3. 


o We didn’t have to interpret Av as 2-that was just the path of least 
resistance. We could have chosen it to be any other number-for the 
sake of argument, let’s say Ax = 10. (Positive numbers are easiest to 
interpret, but negatives are technically allowed as well.) 


fo) Then 10 = =* = ©*, s0b-a=30. 


o Let’s use the paradigm of a right Riemann sum, and match up the terms 
of the sum given in the problem to the terms in the definition: 


Aa: f (a+i- Aa) =2- (542%) 
10- f(a +101) = 2- (54 24)? 
1 
f(a +10) = a (5 + 2%)? 
Hat Ao = ss ( 5p 2c0 
a 1 5° 104 
o The easiest value of a in this case is a = 0. Then f(10i) = ¢- 


(5+4- 10%)’, so f(z) =1-(5 44-2)’. 
o Ifa=0 and b—a = 30, then b = 30. 
o To sum up: n = 3,a=0, b 30, Az = 10, and f(z) = }- (5+ 2)’. 
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y=3(5+8)" 


No 


By changing Az, we changed the widths of the rectangles. The rectangles 
in this picture are wider and shorter than the rectangles in Solution 1. 
Their areas are the same: 98, 162, and 242. 


e Solution 3: We could have chosen a different value of a. 


o Suppose Ax = 2, and we interpret our sum as a right Riemann sum, but 
we didn’t assume a = 5. We could have chosen a to be any number-say, 
a= 1. 


o Let’s match up what we’re given in the problem to what we’re given as 
a definition: 


Ag: f (a+i- Aa) =2- (5 +2i)? 
2-f (1+ 2%) =2-(542i)° 

f (14+ 2%) = (54.21)? 
f (142i) = (441421) 


o Since f(1+2i) = (4+1+ 27)”, we have f(x) = (4+2) 
o Since a = 1 and a = 2, in this case b = 7. 
e To sum up an =—4, @—1,b—=7, Av —2, and f(z) = (442). 
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y= (442) 


A 


This picture is a lot like the picture in Solution 1, but shifted to the left. 
By changing a, we changed the left endpoint of our region. 


e Solution 4: We could have chosen a different kind of Riemann sum. 
o We didn’t have to assume that we were dealing with a right Riemann 
sum. Suppose Ax = 2, and we have a midpoint Riemann sum. 


o Let’s match up what we’re given in the problem with what we’re given 
in the definition: 


Az: f (a+ (i—4) Ax) =2-(5 +21)? 
2-f (a+ (i —$) 2) =2-(5 +21)" 

f (a+ (@—2)2) = (+28) 

f (a+2i—1) = (542i) 

f ((a—1) + 2%) = (542i)? 


[e) 


It is now convenient to set a — 1 = 5, hence a = 6. 
Then f(5 + 2%) = (5+ 21)”, so f(z) = 2? 
b-a 


o Since 2 = 3 
2 Tosum up? w= 3, a=6,>b=12, Av=2..and fic) =a". 


[e) 


and a = 6, we see b = 12. 
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81-5 


49 —- 


By choosing to interpret our sum as a midpoint Riemann sum instead 
of a right Riemann sum, we changed where our rectangles intersect the 
graph y = f(x): instead of the graph hitting the right corner of the 
rectangle, it hits in the middle. 


1.1.8.14. Solution. Many interpretations are possible-see the solution to Ques- 
tion 13 for a more thorough discussion—but the most obvious is given below. Recall 
the definition of a left Riemann sum: 


S° Ac: f (at (é- 1)Az) 

i=1 
We chose a left Riemann sum instead of right or midpoint because our given sum 
has (i — 1) in it, rather than (¢ — $) or simply i. 


e Since the sum has five terms (7 runs from 1 to 5), there are 5 rectangles. That 
is, 2 = 0. 


e In the definition of the Riemann sum, note that the term Az appears twice: 
once multiplied by the entire term, and once multiplied by i— 1. So, a conve- 
nient choice for Az is 4, because this is the constant that is both multiplied 


20° 
at the start of the term, and multiplied by 7 — 1. 
b— b— 5 
e Since 7 = Agr = — = = we see ba = 5 = 7. 


e We match the terms in the definition with the terms in the problem: 


f(a+ (i- VAs) = tan (4) 


f (a+ (G— er) — tan (G- a) 


So, we choose a = 0 and f(x) = tanz. 


e Since a = 0 and b—a= 7, we see b= 


AIS 
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y y = tanz 


a Qn 3a An 5a 
20 20 20 20 20 


NS S 


We note that the first rectangle of the five is a “trivial” rectangle, with height (and 
area) 0. 


1.1.8.15. *. Solution. Since there are four terms in the sum, n = 4. (Note 


the sum starts at k = 0, instead of k = 1.) Since the function is multiplied by 1, 
b— b— 
L=Ay = = ==, hence b—a=4. 
n 
We can choose to view the given sum as a left, right, or midpoint Riemann sum. 
The choice we make determines the interval. Note that the heights of the rectangles 
are determined when x = 1.5, 2.5, 3.5, and 4.5. 


e Option 1: right Riemann sum. If our sum is a right Riemann sum, then we 
take the heights of the rectangles from the right endpoint of each interval. 
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15 25 3.5 4.5 


Me S 


3 
Then a = 0.5 and b = 4.5. Therefore: 5> f(1.5+k)-1 is a right Riemann 
k=0 
sum on the interval [0.5, 4.5] with n = 4. 


e Option 2: left Riemann sum. If our sum is a left Riemann sum, then we take 
the heights of the rectangles from the left endpoint of each interval. 


15 25 3.5 4.5 


XQ , 


3 
Then a = 1.5 and b= 5.5. Therefore: 5> f(1.5+k)-1 is a left Riemann sum 
k=0 
on the interval [1.5, 5.5] with n = 4. 


e Option 3: midpoint Riemann sum. If our sum is a midpoint Riemann sum, 
then we take the heights of the rectangles from the midpoint of each interval. 
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15 25 35 45 


3 
Then a = 1 and b=5. Therefore: 5° f(1.5+k)-1 is a midpoint Riemann 
k=0 
sum on the interval [1,5] with n = 4. 
1.1.8.16. Solution. The area in question is a triangle with base 5 and height 5, 


. _ 20 
so its area 1s a" 


1.1.8.17. Solution. ‘There is a positive and a negative portion of this area. The 


positive area is a triangle with base 5 and height 5, so area 5 Square units. The 


4 
negative area is a triangle with base 2 and height 2, so negative area = 2 square 


25 A 21 
units. So, the net area is og 7 > Square units. 
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Exercises —— Stage 2 
1.1.8.18. *. Solution. In general, the midpoint Riemann sum is given by 


Yo 1(a+ @-9)4e) aia where Ae = 2—", 


In this problem we are told that f(x) = 2°, a = 5, b = 15 and n = 50, so that 
A= boa = : and the desired Riemann sum is: 
50 
1,1\8 1 
54 (0-22) 
» (5+( 5) 5 


i=1 


1.1.8.19. *. Solution. The given integral has interval of integration going from 
a = —1tob=5. So when we use three approximating rectangles, all of the same 
width, the common width is Ax = boa = 2. The first rectangle has left endpoint 
Xp = a = —1, the second has left hand endpoint 7, = a+ Az = 1, and the third 
has left hand end point x. = a+ 2Az = 3. So 


5 
i a dx = [f(xo) + f(x1) + f(v2)] Az = [(-1)? + 1° +. 3°] x 2 = 54 
-1 
1.1.8.20. *. Solution. In the given integral, the domain of integration runs from 
a =-—1tob=7. So, we have Ax = Ga) = ce) = 5. The left-hand end of the 
first subinterval is at x9 = a = —1. So, the right-hand end of the i interval is at 
f= =—1- Se So: 


[sea li sy ies : 
= lim = —)- 
4 n—00 = nin 
1.1.8.21. *. Solution. We identify the given sum as the right Riemann sum 


> f(a+iAz)Az, with a = 0 (that’s specified in the statement of the question). 
i=1 
4 


Since ~ is multiplied in every term, and is also multiplied by 2, we let Av = 
Then 27 =a+iAz = * and f(x) =sin?(2+ 2). So,b=a+nAc=04+n-4=4 


A 
n 
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1.1.8.22. *. Solution. The given sum is of the form 


wk Reo A (1\ Kk EY 
in eVt-eaee G) at GG) 


= lim 3 Avy) 
=1 


N—->Co 


with Ar = +,a=0, = £ =a+kAz and f(x) = zV1—2?. Since z§ = 0 
and x* = oe the right hand side j is the definition (using the right Riemann sum) of 


Io £( 


1.1.8.23. *. Solution. As i ranges from 1 to n, 3i/n range from 3/n to 3 with 
jumps of Ax = 3/n, so this is 


n 3 n b 
lim >; ae cos(3i/n) = lim So f(atAr = f(z) dz 
i=1 i=1 % 


where x* = 3i/n, f(x) = e~*/ cos(x), a = 49 = 0 and b= 2, = 3. Thus 


3 
—i/n —«/3 
tim 2 “e ‘cos(3i/n) = i e “!* cos(x) dx 


1.1.8.24. *. Solution. As i ranges from 1 to n, the exponent 4 ranges from = 


to 1 with jumps of Ar = 1. So let’s try z7 = 2, Ag = 4, Then: 


with f(x) = xe”, and the limit 


n b 
lim R, = lim S> f(atAz = f (2) da 
i=1 oe 


Since we chose x7 = 4+ = 0+ iAz, we let a=0. Then 4 = Ar = ©4 = ® tells us 
b= 1, ‘Thus, 


1 
lim wl xe” dz. 
0 


n—->co 


1.1.8.25. *. Solution. 


e Choice #1: If we set Ax = 2 and 7. = 24 Le. xf =a+iAz with a= 0, then 


L 


: —1-2i/n 7 |) _ }: —1l-a* 
din, (SoewanZ) = tim (em sas) 
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a 


with ¢=—75 = Vaid =7.=2 


2 
= e 1? dr 
0 


e Choice #2: If we set Ar = 2 and gj =1+ 2 ie. c} =a+iAz witha =1, 
then 


n ; 9 n 
: —1-2i/n 7 |) _ }; 5 
Bee 3 ea) is ( ear) 


a 


with o=7o:=-1 41d b= a, :=3 


3 
=) e” dz 
1 


e Choice #3: If we set Ax = 4 and 7 = a ie. c* =a+iAz with a = 0, then 


v 


n ; y) n : 
: =1—2t/ns, = \ 8 —1-223 
lin, (eet 2) = bm (oe 282) 


= lim (Xsen4e) 


with f(x) = 2e7'- 


=f 1) da 


with a= 25 = 0 and b= 4, —1 


1 
=2{ eet de 
0 


e Choice #4: If we set Ax = + and ze = $++4,i¢. 2 =a+iAz witha= 


1 
2° pw 2? 
then 


: S125) Vit 8 22; 
im ( z e€ = | = tim, ( y € 2A.) 


i=1 
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l 3 
with a = 2% = 5 and b= 2, = 5 


3/2 
— 2 | e 7 dx 
1/2 


1.1.8.26. Solution. This is similar to the familiar form of a geometric sum, but 
the powers go up by threes. So, we make a subsitution. If = r?, then: 


L+retrotro+- tr ™al+aetar ter +- eta" 
Now, using Equation 1.1.3, 
n+l _oy 
(pede? +o) eg = 
z—1 
ad tie =| p3nt3 =| 


r3—1 r3— 1 


3 


Substituting back in x = r’, we find our sum is equal to 


1.1.8.27. Solution. The sum does not start at 1, so we need to do some algebra. 
We can either factor out the first term, or subtract off the initial terms that are 
missing. 


e Solution 1: If we factor out r°, then what’s left fits the form of Equation 1.1.3: 
Pre tr +e trM ar [Lert te tr%] 
96 1 
r= 
e Solution 2: We know how to evaluate sums of this form if they start at 1, so 
we re-write our sum as follows: 


Prt tri tre gt ®t. + 700) 


—(l+rt+r?+retrt 
ee ee | 

r-1 r-l 

rl _ yop 44 pill _ pS 


r—l r—l 


96 
r—l 
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1.1.8.28. *. Solution. Recall that 


x if 7 >0 
so that 
—2 fx<0 
20] = x ifa 
24 ifx >0 


To picture the geometric figure whose area the integral represents observe that 


e at the left hand end of the domain of integration « = —1 and the integrand 
(22) =| = 2) =2 and 

e as x increases from —1 towards 0, the integrand |2a7| = —2 decreases linearly, 
until 


e when z hits 0 the integrand hits |2z7| = |0| = 0 and then 
e as x increases from 0, the integrand |2z| = 2x increases linearly, until 


e when z hits +2, the right hand end of the domain of integration, the integrand 
hits |2x| = |4| = 4. 


So the integral i |2x| da is the area of the union of the two shaded triangles (one 
of base 1 and of height 2 and the other of base 2 and height 4) in the figure on the 
right below and 


: 1 1 
im de=—x1x2+—x2x4=5 
- 2 2 


—1 of 


1.1.8.29. Solution. The area we want is two triangles, both above the x-axis. 
4-4 
Each triangle has base 4 and height 4, so the total area is 2 - (=) = 16. 
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—3 1 5 


Me a: 


If you had a hard time sketching the function, recall that the absolute value of a 
number leaves it unchanged if it is positive or zero, and flips the sign if it is negative. 
So, when t—1 > 0 (that is, when t > 1), our function is simply f(t) = |t—1] =t—1. 
On the other hand, when t = 1 is negative (that is, when t < 1), the absolute value 
changes the sign, so f(t) = |f - 1] = —(¢-1) = -t +1. 
1.1.8.30. Solution. The area we want is a trapezoid with base (b—a) and heights 
(b—a)(b+a) 0? —a? 

2 a = 


a and b, so its area is 


Instead of using a formula for the area of a trapezoid, you can find the blue area as 
the area of a triangle with base and height 6, minus the area of a triangle with base 
and height a. 


1.1.8.31. Solution. The area is negative. The shape is a trapezoid with base 
length (b— a) and heights 0 — a = —a and 0—b = —b (note: those are nonnegative 
._ (b—a)(—b-—a) —-+a? .. 
numbers), so its area is 5 = a Since the shape is below the 
_— 


b*—a 
x-axis, we change its sign. Thus, the integral evaluates to 
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The signs can be a little hard to keep track of. The base of our trapezoid is |a — 6]; 
since b > a, this is b—a. The heights of the trapezoid are |a| and |b]; since these 
are both negative, |a| = —a and |b| = —d. 

We note that this is the same result as in Question 30. 


1.1.8.32. Solution. If y = V16 — 22, then y is nonnegative, and y? + 2? = 16. 
So, the graph y = 16 — 2? is the upper half of a circle of radius 4. Since x only 
runs from 0 to 4, we have a quarter of a circle of radius 4. Then the area under the 


i) 
curve is A [a - 47] = 4m. 


y = V16— 2? 


1.1.8.33. *. Solution. Here is a sketch the graph of f(z). 


y = f(z) 


There is a linear increase from x = 0 to x = 1, followed by a constant. Using the 
interpretation of ie f(x) dx as the area between y = f(x) and the x-axis with x 
between 0 and 3, we can break this area into: 
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e fae ) dx: a right-angled triangle of height 1 and base 1 and hence area 0.5. 
e sae ) dx: a rectangle of height 1 and base 2 and hence area 2. 


Summing up: a f(a) dr= 2.5, 


1.1.8.34. *. Solution. The car’s speed increases with time. So its highest speed 
on any time interval occurs at the right hand end of the interval and the best 
possible upper estimate for the distance traveled is given by the right Riemann sum 
with Az = 0.5, which is 


[v(0.5) + v(1.0) + v(1.5) + v(2.0)] x 0.5 = [14 + 22 + 30 + 40] x 0.5 
=d3m 


1.1.8.35. Solution. There is a key detail in the statement of Question 34: namely, 
that the car is continuously accelerating. So, although we don’t know exactly what’s 
going on in between our brief snippets of information, we know that the car is not 
going any faster during an interval than at the end of that interval. Therefore, the 
car certainly travelled no farther than our estimation. 

We ask this question in order to point out an important detail. If we did not have 
the information that the car was continuously accelerating, we would not be able 
to give a certain upper bound on its distance travelled. It would be possible that, 
when the car is not being observed (for example, when t = 0.25), it is going much 
faster than when it is being observed. 


1.1.8.36. Solution. First, note that the distance travelled by the plane is equal 
to the area under the graph of its speed. 

We need to know the speed of the plane at the midpoints of our intervals. So (for 
example) noon to lpm is not one of your intervals-we don’t know the speed at 
12:30. (A common idea is to average the two end values, 700 and 800. This is a fine 
approximation, but it is not a Riemann sum.) So, we use the two intervals 12:00 to 
2:00, and 2:00 to 4:00. Then our intervals have length 2 hours, and at the midpoints 
of the intervals the speed of the plane is 700 kph and 900 kph, respectively. So, our 
midpoint Riemann sum gives us: 


700(2) + 900(2) = 3200 


an approximation of 3200 km travelled by the plane from noon to 4:00 pm. 
Remark: if we had been asked to approximate the distance travelled from 11:30 
am to 4:30 pm, then we could have used the midpoint rule with five intervals and 
made use of every entry in the data table. With the question as stated, however, 
we ignore three out of five entries in the table because they are not the midpoints 
of our intervals. 


Exercises — Stage 3 
1.1.8.37. x. Salution: 


e Solution #1: Set 77 = —2+ 2 Then a = %) = —2 and b = x, = 0 and 
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9 2i\? 
li a eg ee 
Le oe ( + =| 
=lim }o f(a7)Av with f(x) = V4—2? and Ar = S 
noo = n 


0 
-/ V4— 2x? dx 
2 


For the integral Whe V4—22 dz, y = V4—2? is equivalent to x? + y? = 4, 
y => 0. So the integral represents the area between the upper half of the circle 
x? + y? = 4 (which has radius 2) and the z-axis with —2 < x < 0, which is a 
quarter circle with area 5 72 =n. 


% 


e Solution #2: Set x} = %. Then a = 2%) =0 and b=2, = 2 and Az = 2. So 


n 


For the integral Vis /4—(-24+ 2)? dz ,y = ,/4— (x — 2) is equivalent to 
(x — 2)?+y? = 4, y > 0. So the integral represents the area between the 
upper half of the circle (2 — 2)? + y? = 4 (which is centered at (2,0) and has 
radius 2) and the z-axis with 0 < x < 2, which is a quarter circle with area 
i 


—ay a 
: T2°=T. 
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1.1.8.38. *. Solution. (a) The left Riemann sum is defined as 
LS > f (aj-1) Ax with x4; =a+iAr 
i=1 


We subdivide into n = 3 intervals, so that Ax boa a Ly y= 1 


and x. = 2. The function f(z) = 7+ 2° has the values f(xp) = 7+ 0° = 7, 
f(a) =7+1° =8, and f(r2) = 7 + 2° = 15, from which we evaluate 


Ls = [f(to) + f(t1) + f (x2) | Ax = [7+ 8415] x 1 = 30 
(b) We divide into n intervals so that Ax = &* = 2 and x; =a+iAx = . The 
right Riemann sum is therefore: 


R, = Yo fla)ae =a + a a> E ; a 


i=1 


To calculate the sum: 


De Se. 
m= (251)+ (RE) 


21 81 n*+2n3+n? 
=([—xn]+ x 
n nt 4 


81 
=i qe + 2/n + 1/n?) 


To evaluate the limit exactly, we take n — oo. The expressions involving 1/n vanish 
leaving: 


81 if 
[ +2) ae = jim Ry = 214+ F = 417 
0 n—0o 4 4 


1.1.8.39. *. Solution. In general, the right-endpoint Riemann sum approxima- 
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tion to the integral i f(x) dx using n rectangles is 


oy f(a+iAx)Ar 


i=1 


b-—a 


2. In this problem, a = 2, b = 4, and f(x) = x”, so that Ax = 
and the right-endpoint Riemann sum approximation becomes 


where Ar = 


8 i 16i 8i? 
a te a ne 
=] i=1 i=1 
By, Wo. 82 
7 a aie i "oe 
i=l lL 7= 1 
_ 8 _16 n(mt+1) , 8 nin+1)(2n+1) 
nn 2 re 6 


ly 47 1 1 
=8+8(1+ )+ (1+ \(2+=) 
n 3 n n 


So 
‘ 1, 4 u ul 
[2 ae= Jim [a +8(14 )+5(1+=)(2+-)| 
2 noo n 3 n n 
4 56 
=84+8+=-x2=— 
+ +3 3 
1.1.8.40. *. Solution. We'll use right Riemann sums with a = 0 and b = 2. 


When there are n rectangles, Ax = = 


to evaluate 


—4 = 2 and x; = a+ iAx = 2i/n. So we need 
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= lim 


— 


I 
= 


1.1.8.41. *. Solution. We’ll use right Riemann sums with a = 1, 6 = 4 and 
f(x) = 22 —1. When there are n rectangles, Ax = ©* = 2 and xj =a+iAr = 
1+ 3i/n. So we need to evaluate 


oe Ag = lin 2x; —1) Ax 


n2 -2 n 
; 1 
= lim (9(1+=) +3) 
n—0o n 
=9+3=12 


1.1.8.42. Solution. Using the definition of a right Riemann sum, 
10 10 


EN (7 + 2i)? sin(42) = Aer (a + iAz) 


q=1 4=1 
Since Ax = 10 and a = —5, 
10 


pei (7 + 27)? sin(4i) ~ J 104( (—5 + 104) 


i=1 i=1 
Dividing both expressions by 10, 
10 


3 
yg? + 26)” sin (47) -ys —5 + 102) 


a=1 


So, we have an expression for f(—5 + 102): 


f(—5 + 10%) = =(7 + 21)? sin(4i) 
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In order to find f(x), let c= —5 + 107. Then i = 75 + 
ee (7402 2) aie! 
ag T 102 sin 10 5 
2x 


1.1.8.43. Solution. As in the text, we'll set up a Riemann sum for the given 
integral. Right Riemann sums have the simplest form, so we use a right Riemann 
sum, but we could equally well use left or midpoint. 


1 n 
| 2 da = ln >, Azf(a+ iAz) 
0 n—0o = 


i 
= lim — (2/" 4 2/7 4 93/n 4... 4 grin) 
noo nN 
1/n naa 
= lim (+20 92/n fone 2x") 
noo 71 
1/n ea 
= lim (2 Qn (gin) 4... 4 (2/7) ) 
n>0o nN 


The sum in parenthesis has the form of a geometric sum, with r = 2!/": 


gin ((guny” = 4 
aa ( p/n — J 


_ avn / 2-1 

Gs i, NES 
91/n 

= lim 


Note as n — oo, 1/n — 0, so the numerator has limit 1, while the denominator has 
indeterminate form oo-0. So, we’ll do a little algebra to get this into a l’H6pital-style 
indeterminate form: 


1 


ea a 


num—-0O 
den—0 
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Now we can use |’H6pital’s rule. Recall 4 ~ {2°} = 2” log x, where log x is the natural 
logarithm of x, also sometimes written es We'll need to use the chain rule when 
we differentiate the denominator. 


= im i 
nro —2-V" log 2. 5 
91/n 
= fh 
noo log 2 
ae 
~ log 2 


Using a calculator, we see this is about 1.44 square units. 


1.1.8.44. Solution. As in the text, we'll set up a Riemann sum for the given 
integral. Right Riemann sums have the simplest form: 


b n 
/ 10*°dx =a Saat) 


a ee) b—a 
ae i 
mi go “ = ) 
-19¢tt a 
n—Cco 
. a a. bea a 
mi anor) 
b— b-—a 1 b-a 2 b-—a 3 b-a n 
“in 408 ((10**) 4 (10°=") x (10°) tare (10°) ) 
n>co nN 
b— b-a i pa X24 n—-1 
= tim "20". 10 = (14 (10°) 4. (10°) wees (10° : ‘) ) 
n>co 6 


Now the sum in parentheses has the form of a geometric sum, with r = 10a 


b-a \ 
7 _, [(uo') 1 
#107. 10°s* | \__/ 


= lim —= 
b— -. (10° ?—-1 
= lim ~—* . 107-1075" (T=) 
noo io = 1 


The coloured parts do not depend on n, so for simplicity we can move them outside 
the limit. 


1 ile 
= (b— a) - 10° (10°-* — 1) lim ( a 


= (b—a)- (10” — 10°) lim (5) 


num—-0 
den—0 
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Now we can use l’H6pital’s rule. Recall 4 {107} = 10" log x, where log x is the 
natural logarithm of x, also sometimes written Inz. For the denominator, we will 
have to use the chain rule. 


= (b—a)- (10° — 10°) lim ( ae 


noc | 10> "n" - log 10 - 2 


= (b— a) - (10” — 10°) in ( = 


noo \ 10-*S* - log 10 - (b — a) 


b a : 
= (b—a)- (10° — 10°) Gancen 
(10° — 10°) 


~ Jog 10 


For part (b), we can guess that if 10 were changed to c, our answer would be 


ae if ba 
[« ear c’) 


In Question 43, we had a = 0, b = 1, and c = 2. In this case, the formula we 
guessed above gives 


1 
1 
dx = —— (2'- 2°) = 
i . pea ) log 2 


This does indeed match the answer we calculated. 


1 

(In fact, we can directly show / Cur = ieee (c? ~ e) using the method of this 
- og c 

problem. ) 


1.1.8.45. Solution. First, we note y = V1 — 2? is the upper half of a circle of 
radius 1, centred at the origin. We’re taking the area under the curve from 0 to a, 
so the area in question is as shown in the picture below. 


Y 


—1 aj 


In order to use geometry to find this area, we break it up into two pieces: a sector 
of a circle, and a triangle, shown below. 
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0 


Qn 


(area of circle) = £ (m) = 2. 


angle @. So, its area is 5 


Our job now is to find @ in terms of a. Note 5 — @ is the inner angle of 
the red triangle, which lies in the unit circle. So, cos ( _ ) =a. Then 
5 — 6 =arccos(a), and so @ = 5 — arccos(a). 

1 
~ 2 


Then the area of the sector is arccos(a) square units. 


e Area of triangle: The triangle has base a. Its height is the y-value of the 
function when x = a, so its height is 1 —a?. Then the area of the triangle 


is sav/1 — a?. 
. i] i] 
We conclude | V1—<2?dr = 7 = arccos(a) + rad 1 — a?. 
0 


1.1.8.46. Solution. 


a The difference between our upper and lower bounds is the difference in areas 
between the larger set of rectangles and the smaller set of rectangles. Drawing 
them on a single picture makes this a little clearer. 


oy 


eS 


“ey 


see 


“ay 


x 


x 


“arene 
Rxe 


ar 


30; 


ror 


x 


x 


05 


ee 


“05 


6 


“eee 
saeeg 


“a 


Each of the rectangles has width oe since we took a segment of the x-axis 
with length b—a and chopped it into n pieces. We could calculate the height 
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of each rectangle, but it would be a little complicated, since it differs for each 
of them. An easier method is to notice that the area we want to calculate can 
be imagined as a single rectangle: 


The rectangle has base 2. Its highest coordinate is f(a), and its lowest is 
f(b), so its height is f(b) — f(a). Therefore, the difference in area between 


our lower bound and our upper bound is: 


b-—a 


n 


[f(b) — fl@)] 


b We want to give a range with length at most 0.01, and guarantee that the area 
under the curve y = f(z) is inside that range. In the previous part, we figured 
out that when we use n rectangles, the length of our range is [| f(b) — f(a)]- baa 
So, all we have to do is set this to be less than or equal to 0.01, and solve for 
n: 


100 [f(b) — f(a) -(b-a) <n 


We can choose n to be an integer that is greater than or equal to 
100 [f(b) — f(a)] -(b-—a). Using that many rectangles, we find an upper and 
lower bound for the area under the curve. If we choose any number between 
our upper and lower bound as an approximation for the area under the curve, 
our error is no more than 0.01. 


Remark: this question depends on the fact that f is decreasing and positive from a to 
b. In general, bounding errors on approximations like this is not so straightforward. 


1.1.8.47. Solution. Since f(x) is linear, there exist real numbers m and c such 
that f(a) = max-+c. Now we can do some calculations. Suppose we have a rectangle 
in our Riemann sum that takes up the interval [x, x + w]. 


e If we are using a left Riemann sum, our rectangle has height f(z) = ma +c. 
Then it has area w(ma + c). 
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e If we are using a right Riemann sum, our rectangle has height f(z + w) = 
m(z+w)+c=mrz+c+mw. Then it has area w(mz+c+ mw). 


e If we are using a midpoint Riemann sum, our rectangle has height f (a+ sw) = 
m(a + sw) +c=ma+c+ 3mw. Then it has area w (ma + c+ $u). 


So, for each rectangle in our sums, the midpoint rectangle has the same area as the 
average of the left and right rectangles: 


w(ma + c) + w(mz + c+ mw) 
2 


1 
w(me+e+ simu) = 


It follows that the midpoint Riemann sum has a value equal to the average of 
the values of the left and right Riemann sums. To see this, let the rectangles 
in the midpoint Riemann sum have areas M), M2,...,Mn, let the rectangles in 
the left Riemann sum have areas Lj, L2,...,L,, and let the rectangles in the right 
Riemann sum have areas 2), Ro,..., R,. Then the midpoint Riemann sum evaluates 
to M, + Mj.+---+M,, and: 


[Ly + Lo+...+L,])+[Ri+ Rot+...+ R,] 


9 
_ MT, Tete, g et 
~~ 2 2 


=M,+Mo.+.:--+M, 


So, the statement is true. 
(Note, however, it is false for many non-linear functions f().) 


1.2 - Basic properties of the definite integral 
1.2.3 - Exercises 


Exercises — Stage 1 
1.2.3.1. Solution. 


a [ sear=o 


The area under the curve is zero, because it’s a region with no width. 


b [ sears f pears f seoyar 
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y y = f(x) 


If we assume a < c < J, then this identity simply tells us that if we add up 
the area under the curve from a to c, and from c to b, then we get the whole 
area under the curve from a to b. 


(The situation is slightly more complicated when c is not between a and 8, 
but it still works out.) 


c Pre tae arf seyart [oleae 


b 
The blue-shaded area in the picture above is 7 f(x)dxz. The area under the 
. b 
curve f(x) + g(x) but above the curve f(a) (shown in red) is / g(a)dax. 


1.2.3.2. Solution. Using the identity 


frerae= fear f stop 


we see 


0 
| cos xdx = | cos xdxz + | cos 7dx 
b 
= — f ewede+ f cose 
0 


0 
= —sina+sinb 


= sinb— sina 
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1.2.3.3. *. Solution. (a) False. For example if 


FO mt for x <0 


1 forx>0 


then as f(x)dx = 0 and — EK =-1. 


—3 -2 2 3 
\S J 
(b) False. For example, if f(r) = x, then ae f(x) dz is negative while [, f(x) dx 
is positive, so they cannot be the same. 


(c) False. For example, consider the functions 


0 forz< 5 0 forr>2 
xr) = and xr) = oe 
Hz) ‘ for x > (2) ‘ for x < $ 
Then f(x) - g(x) = 0 for all x, so HA )-g(x)dx = 0. However, ia f(z)dz = 5 and 
Jo 9( t)dz = 31 80 ia x)dx fo 9 ie — re 


1.2.3.4. Solution. 
b— 0-5 1 
a = =- 
n 100 20 
Note: if we were to use the Riemann-sum definition of a definite integral, this 
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b a 
is how we would justify the identity [ f(x)da = — f f(x)dz. 


b The heights of the rectangles are given by f(x;), where x; = a+iAgx = 5— oi 
Since f (a) only gives positive values, f(x;) > 0, so the heights of the rectangles 
are positive. 


c Our Riemann sum is the sum of the signed areas of individual rectangles. 
Each rectangle has a negative base (Az) and a positive height (f(2;)). So, 
each term of our sum is negative. If we add up negative numbers, the sum is 
negative. So, the Riemann sum is negative. 


d Since f(x) is always above the z-axis, i f(x)dz is positive. 


Exercises —— Stage 2 
1.2.3.5. *. Solution. The operation of integration is linear (that’s part (d) of 


the “arithmetic of integration” Theorem 1.2.1), so that: 


/ ‘[6f(2) — 39(2)| dx = - 6f(e)ax— f *3g(2) da 
a ie \dz —3 3 [ g(x) dx 


1)) — (8x 5) =—21 


1.2.3.6. *. Solution. The operation of integration is linear (that’s part (d) of 
the “arithmetic of integration” Theorem 1.2.1), so that: 


[ ere) +30t0) an = f2p(ayae+ f° ag(x)aa 
=2f seyar+3 [ o(2)ar 


= (2 x 3) + (3 x (-4)) = -6 


1.2.3.7. *. Solution. Using part (d) of the “arithmetic of integration” Theorem 
1.2.1, followed by parts (c) and (b) of the “arithmetic for the domain of integration” 
Theorem 1.2.3, 


=3f g(ojde+3 fgtoyae— ta)ar— f f(x)de 


1 0 
0 2 —1 2 

=3/ g(z)de +3 f g(x) da + f(a)dx— ] f(x)dz 
= 0 

=3x34+3x4+1-2=20 
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1.2.3.8. Solution. 


a Since V1 — x? is an even function 
F 


0 jal 
/ V1 —22dz = V1 —22dxr 


0) 


1 1 
= - a arccos(|a|) + 3lal 1—|al? 


1 1 
a 5 arccos(—a) — 5ev1 —a? 


a 


Alternatively, since arccos(—a) = m — arccos(a) we also have 


0 
1 1 
: Vl =o da = + 3 arecos(a) — sev 1 —a? 


1 
T 
b Note Vl—<a22dr = 7 since the area under the curve represents one- 
0 
quarter of the unit circle. Then, 


1 1 a 
i: Vl=—2*dz= | v1 = war — | V1 —27dz 
a 0) 0 
1 1 
= “ — (7 3 arccos(a) + tv 1 - *) 
1 | 
ar arccos(a) — sav 1-a? 


1.2.3.9. *. Solution. Recall that 


so that 


—2¢ ifx <0 
[2] = 
22 ifx >0 


Also recall, from Example 1.2.6, that 


S 


) 
2 0 2 0 2 
/ alae = f axjaz + f anlar = | (-20)ar + | 20de 
—1 —1 0 —1 0) 


0 2 2 2 2 2 
0* —(-1 2° —0 
=-2 | oda +2 f fe S 2s Sa. +2: 
-1 0 2 2 


=1+4+4=5 
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1.2.3.10. Solution. We note that the integrand f(x) = x|z| is an odd function, 
because f(—z) = —xz| — x| = —2z|z| = —f(x). Then by Theorem 1.2.12 part (b), 


5 
/ eleide = 0. 
—5 


1.2.3.11. Solution. Using Theorem 1.2.12 part (a), 
2 2 
i0= | flajdx =2 f fiejdx 
2 0 
2 
5= | f(x)da 
0 


Also, 

[feo = [. f(a)dz + [ fiejde 
So, 

0 2 2 
[ foe = I. Fade — | Finds 
=0=5=5 
Indeed, for any even function f(x), l f(@jdze= I f(w)ax. 
—a 0 
Exercises — Stage 3 


1.2.3.12. *. Solution. We first use additivity: 
2 2 2 
/ (5+ vi—2?) dr = [ sd [ V4—27 dx 
=2 =% =f 
The first integral represents the area of a rectangle of height 5 and width 4 and so 
equals 20. The second integral represents the area above the x—axis and below the 


curve y = V/4— 2? or 27+ y? = 4. That is a semicircle of radius 2, which has area 
192 
gm2. SO 


2, 
/ (5+ V4 a?) dx = 204 2n 
-2 


Te 
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y= V4 
Hi 
28 2 
i V4 —27dx = 20 
=3 
2 
f ide=6 
—2 
w 
1.2.3.13. »*. Solution. Note that the integrand f(x) = eee is an odd 
function, because: 
sin(—2) —sinz 
f(-2) = —f(z) 


~ log(3-+ (—2)2) — log(3 + 2?) 


The domain of integration —2012 < x < 2012 is symmetric about x = 0. So, by 


Theorem 1.2.12, 
+2012 . 
/ sin © : dz =0 
_oo12 log(3 + 2?) 


1.2.3.14. +. Solution. Note that the integrand f(x) = x!/3 cosa is an odd 
function, because: 


f(—2) = (—2)"? cos(—x) = —2/3 cosa = —f (2) 


The domain of integration —2012 < x < 2012 is symmetric about x = 0. So, by 


Theorem 1.2.12, 
+2012 
i xr? cosxdx =0 
—2012 


1.2.3.15. Solution. Our integrand f(x) = (a — 3)° is neither even nor odd. 
However, it does have a similar symmetry. Namely, f(3 +2) =—f(3— <2). So, f is 
“negatively symmetric” across the line x = 3. This suggests that the integral should 
be 0: the positive area to the right of x = 3 will be the same as the negative area 
to the left of x = 3. 

Another way to see this is to notice that the graph of f(x) = (x—3)? is equivalent to 
the graph of g(x) = x° shifted three units to the right, and g(x) is an odd function. 


So, 
6 3 
[@-sar= f x dx = 0 
0 ai 
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1.2.3.16. Solution. 
a 
(ax)? + (by)? = 
by = /1 — (ax)? 
1 
y=>5 1 — (az)? 


b The values of x in the domain of the function above are those that satisfy 
1 — (ax)? > 0. That is, —t ie ed 7 Therefore, the upper half of the ellipse 


has area 
1 
it fs 
; | V1 — (ax)?dx 
b Jia 
The upper half of a circle has equation y = Vr? = 2. 


1 
c The function y = ,/-— — 2? is the upper-half of the circle centred at the origin 
a 


1 a\ 7 T 
ith radius —. So, th ion from (b) evaluates t (5) =. 
with radius 7 o, the expression from (b) evaluates to 5) 9a2 Dab 


The expression from (b) was half of the ellipse, so the area of the ellipse is oe 
a 


Remark: this was a slightly long-winded way of getting the result. The reasoning 
is basically this: 
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e The area of the unit circle 2? + y? = 1 is 7. 


e The ellipse (az)? + y? = 1 is obtained by shrinking the unit circle horizontally 
by a factor of a. So, its area is a 
a 


e Further, the ellipse (ax)? + (by)? = 1 is obtained from the previous ellipse by 


T 
shrinking it vertically by a factor of b. So, its area is A 
a 


1.2.3.17. Solution. Let’s recall the definitions of even and odd functions: f(z) 
is even if f(—x) = f(x) for every x in its domain, and f(x) is odd if f(—x) = —f(z) 
for every x in its domain. 


Let h(x) = f(x) -9(2). 


e even x even: If f and g are both even, then h(—x) = f(—x) - g(-—x) = 
f(x) - g(x) = h(x), so their product is even. 


e odd x odd: If f and g are both odd, then h(—x) = f(—z)-g(—2x) = [-f(x)]- 
[—g(x)] = f(x) - g(x) = h(x), so their product is even. 


e even x odd: If f is even and g is odd, then h(—x) = f(—2x)- g(-—x) = 


f(x) -[-g(x)| = —[f(x) - g(x)] = —h(x), so their product is odd. Because 
multiplication is commutative, the order we multiply the functions in doesn’t 
matter. 


We note that the table would be the same as if we were adding (not multiplying) 
even and odd numbers (not functions). 


1.2.3.18. Solution. Since f(z) is odd, f(0) = —f(—0) = —f(0). So, f(0) = 0. 
However, this restriction does not apply to g(x). For example, for any constant c, 
let g(a) =c. Then g(x) is even and g(0) =c. So, g(0) can be any real number. 


1.2.3.19. Solution. Let x be any real number. 
e f(x) = f(—z) (since f(x) is even), and 
e f(x) = —f(—2) (since f(x) is odd). 
e So, f(x) = —f(). 
e Then (adding f(x) to both sides) we see 2f(x) =0, so f(x) =0. 


So, f(x) = 0 for every z. 
1.2.3.20. Solution. 


e Solution 1: Suppose f(x) is an odd function. We investigate f’(xz) using the 
chain rule: 


f(-«) = —f(z) (odd function) 
d d 
qe = aes 
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=f'(-@) ==7'G) (chain rule) 


So, when f(x) is odd, f’(x) is even. 


Similarly, suppose f(x) is even. 


f(-2) = f(z) (even function) 
d d 
gg tf(-2)} = a tht 
—f'(—2) = f'(z) (chain rule) 
f'(-2) = -f'(2) 


So, when f(x) is even, f’(x) is odd. 


e Solution 2: Another way to think about this problem is to notice that “mirror- 
ing’ a function changes the sign of its derivative. Then since an even function 
is “mirrored once” (across the y-axis), it should have f’(x) = —f’(—x), and 
so the derivative of an even function should be an odd function. Since an 
odd function is “mirrored twice” (across the y-axis and across the z-axis), 
it should have f’(#) = —(—f’(—xz)) = f’(—x). So the derivative of an odd 


function should be even. These ideas are presented in more detail below. 


First, we consider the case where f(x) is even, and investigate f’(). 


The whole function has a mirror-like symmetry across the y-axis. So, at x 
and —2, the function will have the same “steepness,” but if one is increasing 
then the other is decreasing. That is, f’(—x) = —f’(x). (In the picture above, 
compare the slope at some point a; with its corresponding point —a;.) So, 


f'(x) is odd when f(z) is even. 


Second, let’s consider the case where f(a) is odd, and investigate f’(x). Sup- 
pose the blue graph below is y = f(x). If f(x) were even, then to the left of 
the y-axis, it would look like the orange graph, which we'll call y = g(z). 
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From our work above, we know that, for every x > 0, —f’(x) = g'(—ax). When 
x <0, f(z) = —g(x). So, ifx > 0, then —f’(x) = g'(—x) = —f’(—2x). In other 
words, f’(z) = f’(—z). Similarly, if z < 0, then f’(z) = —g'(x) = f'(-2). 
Therefore f’(x) is even. (In the graph below, you can anecdotally verify that 
f'(ai) = f'(-ai)-) 


1.3 - The Fundamental Theorem of Calculus 
1.3.2 - Exercises 


Exercises —— Stage 1 
1.3.2.1. *. Solution. The Fundamental Theorem of Calculus Part 2 (Theorem 


1.3.1) tells us that 


V5 
/ f(x) de = F(V5) — F(W) 


= (eV) 41) = ("9 41) 


= 63 3. 2g 


1.3.2.2. *. Solution. First, let’s find a general antiderivative of x? — sin(2z). 
4 
3 


e One function with derivative x’ is —. 


4 


e To find an antiderivative of sin(27), we might first guess cos(2x); checking, 


gag 
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1 
we see “{cos(2x)} = —2sin(2x). So, we only need to multiply by = 
d 1 
in 1-5 COS 20} = siti(2%), 


4 
1 
So, the general antiderivative of f(x) is 7 -- 5 008 2x+C. To satisfy F(0) = 1, we 


need * 


4 


x 1 1 1 
—+-— 2 C =1l ss -4+C=1 S| C= 
z aaa ee, af 2 


oid 1 
So F(x) => + 5 cos 2x + 5. 


a The symbol <=> is read “if and only if”. This is used in mathematics to express the logical 
equivalence of two statements. To be more precise, the statement P <= > Q tells us that P 
is true whenever Q is true and Q is true whenever P is true. 


1.3.2.3. *. Solution. (a) This is true, by part 2 of the Fundamental Theorem of 
Calculus, Thereom 1.3.1, with G(x) = f(x) and f(x) replaced by f’(z). 

(b) This is not only false, but it makes no sense at all. The integrand is strictly 
positive so the integral has to be strictly positive. In fact it’s +oo. The Funda- 
mental Theorem of Calculus does not apply because the integrand has an infinite 
discontinuity at « = 0. 


(c) This is not only false, but it makes no sense at all, unless f f@idze = 
i. x f(x) dx = 0. The left hand side is a number. The right hand side is a number 
times 2. 


"f(a vs r aes 
l a7 


as variable ee 


area area 


For example, if a = 0, b = 1 and f(x) = 1, then the left hand side is fy vde =; 
and the right hand side is x i dz =z. 
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1.3.2.4. Solution. This is a tempting thought: 


1 
[oe = log |z|+C 
x 


so perhaps similarly 
1 2 2 2 
sda = log |x*| + C = log(x*) + C 
i 


We check by differentiating: 


d i. a. 9 
——{log(2?)} = —{2logz} == 4 5 


og ge 


So, it wasn’t so easy: false. 
When we’re guessing antiderivatives, we often need to adjust our original guesses a 
little. Changing constants works well; changing functions usually does not. 


1.3.2.5. Solution. This is tempting: 


lens = e” cos(e”) 


dx 
so perhaps 
d fsin(e”) | 7 
= a \ 2 cos( ) 


We check by differentiating: 
d — \ e” (cos(e*) - e”) — sin(e”)e* 


— (quotient rule) 


da et e 
7 2\ _ Sin(e*) 
= cos(e”) 38 
# cos(e”) 


So, the statement is false. 
When we’re guessing antiderivatives, we often need to adjust our original guesses a 
little. Dividing by constants works well; dividing by functions usually does not. 


1.3.2.6. Solution. “The instantaneous rate of change of F(a) with respect to x” 
is another way of saying “F’(x)”. From the Fundamental Theorem of Calculus Part 
1, we know this is sin(x?). 

1.3.2.7. Solution. The slope of the tangent line to y = F(x) when x = 3 is 
exactly F’(3). By the Fundamental Theorem of Calculus Part 1, F’(2) = e!/*, 
Then F’(3) = e/3 = We. 

1.3.2.8. Solution. For any constant C, F(#) + C is an antiderivative of f(z), 
because 4{F(x)+C} = £{F(2)} = f(x). So, for example, F(x) and F(x) +1 are 
both antiderivatives of f(z). 
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1.3.2.9. Solution. 


a We differentiate with respect to a. Recall 4{arccos x} = et To differen- 
tiate sav 1 — a?, we use the product and chain rules. 


ca ‘i - Scone) + svi — a 


da |4 2 

i ea 1 2a 1 
=0-5 ast (3) peta 
_ 1 or Tita 
"Sf Wie” Wie 
ee a ces 
(O/T — a2 
2(1 — a?) 


9 ae 
=vl-a? 


b Let G(x) = 4 — }arccos(x) + $21 — x?. We showed in part (a) that G(z) is 
an antiderivative of V1 —x?. Since F(x) is also an antiderivative of V1 — x?, 
F(x) = G(x) + C for some constant C' (this is Lemma 1.3.8). 


0 
Note G(0) = V1—<27dz = 0, so if F(0) =a, then F(x) = G(x) +7. That 
0 


is, 
5 1 1 
(gs) = = = arccos(x) + atv 1l—-a?. 


1.3.2.10. Solution. 


a The antiderivative of cosx is sinx, and cosx is continuous everywhere, so 


/ cos xdz = sin(7) — sin(—7) = 0. 


TT 


b Since sec? x is discontinuous at x = +5, the Fundamental Theorem of Calculus 


TT 


Part 2 does not apply to / sec” xda. 
1 
+1 


Part 2 does not apply to / 
Sa 


c Since is discontinuous at « = —1, the Fundamental Theorem of Calculus 


0 


da. 


1.3.2.11. Solution. Using the definition of F', F(x) is the area under the curve 
from a to x, and F(x +h) is the area under the curve from a to «+h. These are 
shown on the same diagram, below. 
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Ne 


Then the area represented by F(x + h) — F(x) is the area that is outside the red, 
zt+h 
but inside the blue. Equivalently, it is [ f(¢)dt. 


a i : 
| t 
ee o+h 


1.3.2.12. Solution. We evaluate F'(0) using the definition: F'(0) = i Jaidt=0. 
Although f(0) > 0, the area from t = 0 to t = 0 is zero. 

As x moves along, F(a) adds bits of signed area. If it’s adding positive area, it’s 
increasing, and if it’s adding negative area, it’s decreasing. So, F(x) is increasing 
when 0 < 2 <1and3< 2 <4, and F(z) is decreasing when 1 < x < 3. 


Y 


1.3.2.13. Solution. This question is nearly identical to Question 12, with 


G(x) -|/ f(t)dt = - f fat = Pte). 


So, G(x) increases when F(x) decreases, and vice-versa. Therefore: G(0) = 0, G(x) 
is increasing when 1 < x < 3, and G(x) is decreasing when 0 < x < 1 and when 
3<a"<4. 


1.3.2.14. Solution. Using the definition of the derivative, 


/ 4: 
a h 
1 fer tae — f? tat 
ee h 
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x 


ay (eee tdt 

jn 
The numerator describes the area of a trapezoid with base h and heights x and 
x+h. 


= h 
. 1 

= lim (: + 5h) 
h-0 2 

= 7 


56, 2 (a) =e 


1.3.2.15. Solution. If F(x) is constant, then F’(x) = 0. By the Fundamental 

Theorem of Calculus Part 1, F’(x) = f(a). So, the only possible continuous function 

fitting the question is f(x) = 0. 

This makes intuitive sense: if moving x doesn’t add or subtract area under the 

curve, then there must not be any area under the curve-the curve should be the 

same as the x-axis. 

As an aside, we mention that there are other, non-continuous functions f(t) such 

that {> f(t)dt = 0 for all x. For example, f(t) = { : id as . These kinds of 
— 

removable discontinuities will not factor heavily in our discussion of integrals. 


1.3.2.16. Solution. 
OE ioatag) —z}=2 (=) +log(ar) —1 (product rule, chain rule) 
dx ax 
= log(ax) 
So, we know 


J ros(ax)ae = tlog(ax) —x+C 


where a is a given constant, and C' is any constant. 
Remark: | log(ax)dx can be calculated using the method of Integration by Parts, 
which you will learn in Section 1.7. 
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1.3.2.17. Solution. 


< ao (x? — 30? + 6x — 6)} 
e” (327 — 6x + 6) + e® (x* — 347+ 62-6) (product rule) 
=¢ (32° — Gr +6 + 2° — 3x* + Ge — 6) 


= ze" 


So, 
[setae =e a = 327 +62 = 6) +C 


Remark: f[ «%e*dx can be calculated using the method of Integration by Parts, 
which you will learn in Section 1.7. 


1.3.2.18. Solution. 


iz (oe |e+ Vere} awewe (yee) 


(chain rule) 


Tk Vx2+a2+a 
Jere = Vx2+a2 


c+Vax2+ a? og 4+ f/x? + a? 
1 
7 Vx? + a? 


So, 
1 
————dr = log |4+ Va? +a7/4+C 
; 0° a : 
Remark: { —s—5dz can be calculated using the method of Trigonometric Substi- 


tution, ae a will learn in Section 1.9. 
1.3.2.19. Solution. Using the chain rule: 


pe ee 
_ +l a+z) 1 u] 
aVJelata) (Ge (aa * ass) 
_  at+a Vati+ Jz 
— 2/e(a+x cared €. a) 


= 2% +a a (2 
2,/x(a+ 2) 2./z(a+ 2) 
2 x 


7 2\/z(a+ 2) 7 V/zr(at+ x) 
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So, 


laa” = /x(a+ 2) — alog (Vx + Vata) + 


Remark: [ Ca a can be calculated using the method of Trigonometric Substi- 


tution, which you will learn in Section 1.9. 


Exercises —— Stage 2 
L.3G.2.20. *. Solution By the Fundamental Theorem of Calculus, 


2 x 2 
| (x* + sinz) dx = = — cos 7 
0 4 


0 


94 
= (= - 0052] — (0 —cos0) 
=4—cos2+1=5-—cos2. 


1.3.2.21. *. Solution. By part (d) of our “Arithmetic of Integration” theorem, 
Theorem 1.2.1, 


2) 2D 2 2 9 2 24 
f° a a= | [i+ S]ar= f arse f = Ae 
1 - 1 ag 1 1 2 


Then by the Fundamental Theorem of Calculus Part 2, 


frp 5 de = [2] ],+2[-<] = [2-1] +2[-541] 
=9 


1 
1.3.2.22. Solution. The integrand is similar to i= which is the derivative 


2 os 
x 
of arctangent. Indeed, we have 


i 1 
|e - | ee 


So, a reasonable first guess for the antiderivative might be 
F(x)= arctan(5z). 


However, because of the chain rule, 


5 


es aa (52)2" 


In order to “fix” the numerator, we make a second guess: 


1 
Fi e\= : arctan(5z) 
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1 5 1 
FF — — 
al (; de —) 1+ 2522 


1 1 
So, / ia 0a? di = F arctan(5x2) + C. 


1 
1.3.2.23. Solution. The integrand is similar to ————. In order to formulate 
‘ V/1— zx? 


a guess for the antiderivative, let’s factor out V2 from the denominator: 


At this point, we might guess that our antiderivative is something like F(x) = 


x 
arcsin (=) . To explore this possibility, we can differentiate, and see what we get. 


V2 
& one) de 


“eG 


a4 in () +e 
—_ art = arcsln —— 
V2 — x? J2 


1.3.2.24. Solution. We know that [ sec? xdxz = tanz+C, and sec? x = tan? 7+, 


6) 
[ow rdxz = [ste — ldx 
— [sctvar— f raz 


=tanzx—-—2x+C 


This is exactly what we want! So, 


1.3.2.25. Solution. 


e Solution 1: This might not obviously look like the derivative of anything 
familiar, but it does look like half of a familiar trig identity: 2sinxcosx = 
sin(22). 


3 
[ssinwcosede = [5 -2sine cos.rdz 


785 


SOLUTIONS TO EXERCISES 


= f Fsina)de 


So, we might guess that the antiderivative is something like —cos(2z). We 
only need to figure out the constants. 


“{- cos(2a)} = 2sin(2z) 
d 3 3, 
So, rs {3 cos(20) = 5 sin(2z) 


3 
Therefore, fe sin x cosadx = =F cos(2xz) + C 


e Solution 2: You might notice that the integrand looks like it came from the 
chain rule, since cos x is the derivative of sin x. Using this observation, we can 
work out the antideriative: 


d 
aa {sin? x} = 2sinxcosx 
t 
d 


3 
Aa {painter} = 3sinxcosx 


3 
So, [sine cosadz = 5 sin? x + C 


These two answers look different. Using the identity cos(2x) = 1 — 2sin?(x), we 
reconcile them: 


3 3 
=a cos(2z) +C = er (1 —2sin? x) +C 


3 3 
= 5 sin’ @ + (c-3) 


The : here is not significant. Remember that C' is used to designate a constant that 
can take any value between —oo and +00. So C' — 3 is also just a constant that 
can take any value between —co and +oo. As the two answers we found differ by a 
constant, they are equivalent. 


1.3.2.26. Solution. It’s not immediately obvious which function has cos? x7 as 


its derivative, but we can make the situation a little clearer by using the identity 


cos? a = a cos(2s) 


1 
[os ide = / rs (1 + cos(2x)) dx 


1 1 
= f jars f 5 c0stQn)az 
1 
_ x I 


1 
+ C4 J Seost2naz 


a 
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For the remaining integral, we might guess something like F(x) = sin(2z). Let’s 
figure out the appropriate constant: 


d.. 
in {sin(2x)} = 2 cos(2z) 


ad ft-, 1 
dn 17 sin(22)} 5 cos(22:) 
1 1, 
So, / 5 cos(2x)da = rt sin(2x) + C 


1 1 
Therefore, [os c= 52 + Z sin(2x) + C 


1.3.2.27. *. Solution. By the Fundamental Theorem of Calculus Part 1, 


d x 
Bg) = ae ) log(2 + sin t) dt = log(2 + sin) 


y 
G'(y) = = | - / log(2 + sin t) a = — log(2 +sin y) 


So, 
F(=) = log3 c'(5) = — log(3) 


1.3.2.28. *. Solution. By the Fundamental Theorem of Calculus Part 1, 


2 


f'(x) = 100(2? — 3a + 2)e™™ = 100(x — 1)(a — 2)e* 


As f(a) is increasing whenever f’(x) > 0 and 100e~*” is always strictly bigger than 
0, we have f(x) increasing if and only if (~ — 1)(a — 2) > 0, which is the case if and 
only if (« — 1) and (x — 2) are of the same sign. Both are positive when x > 2 and 
both are negative when x < 1. So f(x) is increasing when —oo < x < 1 and when 
2<2< OM, 

Remark: even without the Fundamental Theorem of Calculus, since f(z) is the area 
under a curve from 1 to a, f(x) is increasing when the curve is above the z-axis 
(because we’re adding positive area), and it’s decreasing when the curve is below 
the x-axis (because we’re adding negative area). 


* 1 
1.3.2.29. *. Solution. Write G(x) -| go By the Fundamental The- 
0 
orem of Calculus Part 1, G(r) = = oe Since F(a) = G(cosx), the chain rule 
x 
gives us 
F' a eg -(— si = __ sing 
(2) (cos x) - (— sin z) eG 


1.3.2.30. *. Solution. Define g(z) ai e’ dt. By the Fundamental Theorem 
0 
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of Calculus Part 1, g'(x) =e”. As f(x) = g(1+-2*) the chain rule gives us 
f@)= oe + a4) = 4p3eAte"? 


1.3.2.31. *. Solution. Define g(x =, 6 (t®° + 8)dt. By the fundamental theorem 
of calculus, g(x) = © +8. We are : compute the derivative of f(x) = g(sinz). 
The chain rule gives 


_ if (8 + sar} = g'(sin x) - cosa = (sin® x + 8) cosa 

w (Jo 

1.3.2.32. *. Solution. Let G(x) = e ‘sin = dt. By the Fundamental 

0 

Theorem of Calculus Part 1, G’(x) = e~* sin (%) and, since F(x) = G(2?), F’(x) = 

32?G" (23) = 30%e—™* sin (7 *). Then PL jae “sin (4) = Ba" 
mp = All 

1.3.2.33. »*. Solution. Define G(x) = / —. = -{ dt, so that 
, +6 » 1+¢8 

G' (x) = Part 1. Then by the 


chain rule, 


df f° dt d q 
mf ra} = GW loosu) = G'(cosu) - cos 


1 . 
—“Thase 


1.3.2.34. *. Solution. Applying 4 a; to both sides arg? =I +r f t)dt gives, by 
the Fundamental Theorem of Calculus Part 1, 2x = f(x). 


1.3.2.35. *. Solution. Apply <4 5, to both sides of x sin(72) =, 7 t) dt. Then, 
by the Fundamental Theorem of Calculus Part 1, 


= =f f(t) dt = ~ {rsin(rx)} 


= ‘a= “fa sin(7x)} = sin(mx) + mx cos(r2) 
= f (4) = sin(47) + 42 cos(47) = 4a 
1.3.2.36. *. Solution. (a) Write 


¥ y 
F(a) = Gla?) — H(-2) with Gy) = [etat, Hy) =f eFat 
0 0 
By the Fundamental Theorem of Calculus Part 1, 
Gity) =e, H'@\=e% 


2 


Hence, by the chain rule, 
F"(x) = 2xG! (x?) — (—1)H'(—2) = 2xe~@) +e O*” = (22 + Ie 
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(b) Observe that F’(x) < 0 for  < —1/2 and F’(x) > 0 for x > —1/2. Hence F(z) 
is decreasing for x < —1/2 and increasing for x > —1/2, and F(x) must take its 
minimum value when 7 = —1/2. 


y . 
1.3.2.37. *. Solution. Define G(y) =) e'™'dt. Then: 
0 


4 3 


x 0 x uw —x 
F(z) = | esint dt oe / esint dt = | esint dt — | esint dt 
0 r4—23 0 0 


= G(x) — G(x* — x?) 
By the Fundamental Theorem of Calculus Part 1, 
aly) =e 
Hence, by the chain rule, 
F'(z) = G'(z) — G'(a* — x) “fo! — x*} 

= G' (x) — G'(x* — 2°) (423 — 32”) 

— sing _ esin(a*—29) (42° = 37) 
1.3.2.38. *. Solution. Define with G(y) = [ cos (e") dt. Then: 

0 


2 2 


Lah : cos (e") dt = [- cos (e") dt + a cos (e) dt 
= G(-x”) — G(a°) 
By the Fundamental Theorem of Calculus, 
G'(y) = cos (e”) 
Hence, by the chain rule, 
F(x) = G'(—2?) ={ — a7} — G'(2*) o 55 
Zz da 


= G'(—x*) (—2x) — G'(x*) (52) 


= —27 Cos (e~™) — 5a* cos (e*’) 


y 
1.3.2.39. *. Solution. Define with G(y) -| Vsintdt. Then: 
0 


F(x) = [ Vsin t dt 
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e* 0 e” xv 
= vaintat+ f vaintat = | vaintat— f Vsint dt 
0 x 0 0 
= G(e*) — G(z) 
By the Fundamental Theorem of Calculus Part 1, 
G'(y) = Vsiny 
Hence, by the chain rule, 
F'(#)=G (e*) S fey — G(x) 
dx 
= e*G'(e”) — G'(z) 
= e”,/sin(e*) — +/sin(z) 


1.3.2.40. *. Solution. Splitting up the domain of integration, 


[ fev = [s@) art [£0) da 


5 
-/ sdc+ f xdx 
1 3 


r=3 x r=5 
= 32 5 aes 
r=1 2 xL=3 
= 14 
y 
y = f(z) 
3 
| ” 
Exercises — Stage 3 
1.3.2.41. *. Solution. By the chain rule, 
d / 2 ! " 
dn Fa) }=2 ere) 


so $f’(z)? is an antiderivative for f’(x) f”(x) and, by the Fundamental Theorem of 
Calculus Part 2, 


[ fereu 


I 
c——.-. =~ a1 
|e 
— 
es 
—— 
8 
WN 
Wa 
bo 
| a | 
| 
| 
pac 
— 
Nw 
Na 
i) 
| 
| 
= 
— 
Ke 
ar 
bo 
| 
bo] ot 
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Remark: evaluating antiderivatives of this type will occupy the next section, Sec- 
tion 1.4. 


1.3.2.42. *. Solution. The car stops when v(t) = 30 — 10t = 0, which occurs at 
time t = 3. The distance covered up to that time is 


3 3 
| v(t) dt = (30¢ — 5#?)| = (90 — 45) —0 = 45m. 
0 0) 


1.3.2.43. *. Solution. Define g(x) = fi log (1 - e') dt. By the Fundamental 


0 
Theorem of Calculus Part 1, g/(x) = log (1 +e"). But f(x) = g(2x — x”), so by the 
chain rule, 


f(x) =q'(2u —2”)- < (20 — 27} = (2 — 22) - log (1+ esa") 


Observe that e2"-*" > 0 for all x so that 1+e2*-*" > 1 for all x and log (1+e2-*") > 
0 for all x. Since 2 — 2z is positive for x < 1 and negative for x > 1, f’(x) is also 
positive for x < 1 and negative for x > 1. That is, f(x) is increasing for x < 1 and 
decreasing for x > 1. So f(a) achieves its absolute maximum at x = 1. 


1.3.2.44. *. Solution. Let f(x) = fy ee and g(x) = fy az. Then g'(x) = 

nt and, since f(z) = g(x?—2z), f’(z) = (22 —2)q' (az? —22) = 2 aa ome This is 
zero for x = 1, negative for x < 1 and positive for x > 1. Thus as x runs from —oo 
to oo, f(x) decreases until x reaches 1 and then increases all x ‘ 1. So the minimum 


of f(x) is achieved for x =1. At e=1, a? — 24 =—1 and f(1) = f, ' an. 


x 


1.3.2.45. *. Solution. Define G(x) = | sin(vt) dt. By the Fundamental 
0 
Theorem of Calculus Part 1, G’(x) = sin(,/z). Since F(x) = G(2x?), and since 


x > 0, we have 
F'(x) = 2G" (x*) = 2asin |x| = 2a sinz. 


Thus F increases as x runs from to 0 to 7 (since F’(x) > 0 there) and decreases as 
x runs from 7 to 4 (since F’(a) < 0 there). Thus F achieves its maximum value at 
C= 7, 


1.3.2.46. *. Solution. The given sum is of the form 
fin, Yo Fin (22) = fm YO Fe) 


with Ar = 7, aj = and f(x) =sin(x). Since z§ = 0 and x* = 7, the right hand 
side is the definition (using the right Riemann sum) of 


[ f(x) dz = [ sin(x) de = [—cos(x)]* = 2 


where we evaluate the definite integral using the Fundamental Theorem of Calculus 
Part 2. 
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1.3.2.47. *. Solution. The given sum is of the form 


with Az = 4, x; = 4 and f(x) = ee The right hand side is the definition (using 
the right Riemann sum) of 


1 14 i 
— = log |1 = log? 
/ fia)de / ioe og |1+2| ; og 


1.3.2.48. Solution. 


e F(x), x > 0: We learned quite a lot last semester about curve sketching. We 
can use those techniques here. We have to be quite careful about the sign of 
x, though. We can only directly apply the Fundamental Theorem of Calculus 
Part 1 (as it’s written in your text) when x > 0. So first, let’s graph the 
right-hand portion. Notice f(x) has even symmetry-so, if we know one half 
of F(a), we should be able to figure out the other half with relative ease. 


0 
o F(0)= | f (t)dt = 0 (so, F(x) passes through the origin) 
0 


o Using the Fundamental Theorem of Calculus Part 1, F’(x) > 0 when 
0 <a <1 and when 3 < « < 5; F’(x) < 0 when 1 < & < 3. So, F(z) is 
decreasing from 1 to 3, and increasing from 0 to 1 and also from 3 to 5. 
That gives us a skeleton to work with. 


Y 


We get the relative sizes of the maxes and mins by eyeballing the area 
under y = f(t). The first lobe (from x = 0 to x = 1 has a small positive 
area, so F'(1) is a small positive number. The next lobe (from x = 1 
to x = 3) has a larger absolute area than the first, so F'(3) is negative. 
Indeed, the second lobe seems to have more than twice the area of the 
first, so |F'(3)| should be larger than F'(1). The third lobe is larger still, 
and even after subtracting the area of the second lobe it looks much 
larger than the first or second lobe, so |F'(3)| < F'(5). 


o We can use F(x) to get the concavity of F(x). Note F’(x) = f'(z). 
We observe f(x) is decreasing on (roughly) (0, 2.5) and (4,5), so F(x) is 
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concave down on those intervals. Further, f(x) is increasing on (roughly) 
(2.5,4), so F(a) is concave up there, and has inflection points at about 
x= 2.5 and x= 4. 


y = F(x) 


In the sketch above, closed dots are extrema, and open dots are inflection 
points. 


e F(x), x < 0: Now we can consider the left half of the graph. If you stare at 


it long enough, you might convince yourself that F(a) is an odd function. We 
can also show this with the following calculation: 


ee /  f(t)de = / ” (tat 


as in Example 1.2.10, since f(t) is even, 
=- [sat 

0 
= —F(z) 


Knowing that F(x) is odd allows us to finish our sketch. 


1.3.2.49. *. Solution. (a) Using the product rule, followed by the chain rule, 
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followed by the Fundamental Theorem of Calculus Part 1, 


f(a) = 30° f . 


= a f edt 1 9 [3a 
0 


os d fet is 
et arate f e! dt 
dz Jo 
1 
- 


d - 3 
— e dt 


= ast f : edt +23 [327] Ea 
0 : 7 y 


y=r3+1 


= 37? ii 7 edt + 23 [3x7] e+)" 
‘ Lor | 


3 


=a a 7 ef dt + 3°e@ +” 
0 
(b) In general, the equation of the tangent line to the graph of y = f(x) at x =a is 


y = fla) + f'(@) (w-a) 


Substituting in the given f(x) and a = —1: 


=(=3=—<3 
(sc -—a)=x2—-(-l1l)=2+1 


So, the equation of the tangent line is 


y=—3(4+4+1). 


1.3.2.50. Solution. Recall that “+C” means that we can add any constant to 
the function. Since tan? x = sec? x — 1, Students A and B have equivalent answers: 
they only differ by a constant. 

So, if one is right, both are right; if one is wrong, both are wrong. We check Student 
A’s work: 


“fim? +2 +0} = © {tam?2} +140= f()—141= f(@) 


So, Student A’s answer is indeed an anditerivative of f(a). Therefore, both students 
ended up with the correct answer. 

Remark: it is a frequent occurrence that equivalent answers might look quite dif- 
ferent. As you are comparing your work to others’, this is a good thing to keep in 
mind! 
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1.3.2.51. Solution. 


a When z = 8, 


3 3 
F(3)= i 3° sin(f)di = 27 | sin tdt 
0 0 
Using the Fundamental Theorem of Calculus Part 2, 


= 27 [— cos t]= = 27 [— cos 3 — (— cos 0)] 
= 27(1 — cos3) 


b Since the integration is with respect to t, the x® term can be moved outside the 


integral. That is: for the purposes of the integral, x? is a constant (although 
for the purposes of the derivative, it certainly is not). 


F(a) = x sin(t)dt = cal sin(t)dt 
0 0 
Using the product rule and the Fundamental Theorem of Calculus Part 1, 
F'(x) = 2° - sin(x) + a f sin(t)dt 
0 


t= 
Jeo 


(— cos(0))] 


= x sin(x) + 327 [—cos(t) 
= x sin(x) + 3x?[— cos(x) 


= x sin(x) + 3x7[1 — cos(z)] 


Remark: Since x and t play different roles in our problem, it’s crucial that they 
have different names. This is one reason why we should avoid the common mistake 
of writing [” f(a)dxz when we mean f” f(t)d¢. 


1.3.2.52. Solution. If F(a) is even, then f(x) is odd (by the result of Ques- 
tion 1.2.3.20 in Section 1.2). So, F(a) can only be even if f(x) is both even and 
odd. By the result in Question 1.2.3.19, Section 1.2, this means F(x) is only even 
if f(z) = 0 for all x. Note if f(x) = 0, then F(x) is a constant function. So, it is 
certainly even, and it might be odd as well if F(x) = f(x) =0. 

Therefore, if f(x) ¢ 0 for some x, then F(z) is not even. It could be odd, or it could 
be neither even nor odd. We can come up with examples of both types: if f(x) = 1, 
then F(x) = x is an odd antiderivative, and F(x) = x + 1 is an antiderivative that 
is neither even nor odd. 

Interestingly, the antiderivative of an odd function is always even. The proof is a 
little beyond what we might ask you, but is given below for completeness. The proof 
goes like this: First, we’ll show that if g(a) is odd, then there is some antiderivative 
of g(a) that is even. Then, we'll show that every antiderivative of g(x) is even. 


So, suppose g(x) is odd and define G(x) = | g(t)dt. By the Fundamental Theorem 
0 
of Calculus Part 1, G’(x) = g(x), so G(x) is an antiderivative of g(x). Since g(x) is 
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odd, for any x > 0, the net signed area under the curve along [0,2] is the negative 
of the net signed area under the curve along |[—z, 0]. So, 


x 0 
| oid = -{ g(t)dt (See Example 1.2.11) 
0 = 


By the definition of G(x), 
G(x) = G(-2) 


That is, G(x) is even. We’ve shown that there exists some antiderivative of g(x) 
that is even; it remains to show that all of them are even. 

Recall that every antiderivative of g(x) differs from G(x) by some constant. So, any 
antiderivative of g(x) can be written as G(x) +C, and G(—x) + C = G(a) +C. So, 
every antiderivative of an odd function is even. 


1.4 - Substitution 
1.4.2 - Exercises 


Exercises — Stage 1 
1.4.2.1. Solution. (a) This is true: it is an application of Theorem 1.4.2 with 


je) sine and ay) =e". 
(b) This is false: the upper limit of integration is incorrect. Using Theorem 1.4.6, 
the correct form is 


[ sin(e”) - e*dr = [ sin(u)du = —cos(e) + cos(1) 
= cos(1) — cos(e). 


Alternately, we can use the Fundamental Theorem of Calculus Part 2, and our 
answer from (a): 


/ sin(e”) - e"dx = [—cos(e”) + C], = cos(1) — cos(e) . 


1.4.2.2. Solution. The reasoning is not sound: when we do a substitution, we 
need to take care of the differential (dz). Remember the method of substitution 
comes from the chain rule: there should be a function and its derivative. Here’s the 
way to do it: 


Problem: Evaluate for ese 


Work: We use the substitution u = 27+1. Then du = 2dz, so dx = 5du: 


ic + 1)*dzx = ic clu 
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ls 
= C 
gu Tt 


1 


1.4.2.3. Solution. The problem is with the limits of integration, as in Question 1. 
Here’s how it ought to go: 


Problem: Evaluate i, log (lost) a4 


t 

1 

Work: We use the substitution u = logt, so du = Fdt. When t = 1, we 
have u = log 1 = 0 and when t = 7, we have u = log(z). Then: 


T 1 log(7) 
| cote a= | cos(u)du 
1 


t 


sin(log(7)) — sin(0) = sin(log(7)). 


1.4.2.4. Solution. Perhaps shorter ways exist, but the reasoning here is valid. 


m/4 
Problem: Evaluate f x tan(x”)da. 
0 


Work: We begin with the substitution u = x7, du = 2¢dz: If u = 2’, 
then ae = 2x, so indeed du = 2xdz. 


m/4 m/A4 ‘i 
| x tan(2?)da = | 5 tan(x”) - 2rdx algebra 
0 0 


nm? /16 1 
a. — tan udu 
0 2 


Note that every piece was changed from x to u: integrand, differential, 


limits. So 
n/4 1 m/16 oO: 
| x tan(x*)dx = a sn du 
0 0 


2 COS U 
since tanu = =". Now we use the substitution v = cosu, dv = 
— sin udu: 
2 7 2: 
1 mw? /16 sin u 1 cos(1?/16) i) 
= dy = — ——dv 
2 Jo COS U 2 db aad v 


Note that every piece was changed from u to v: integrand, differential, 
limits. So 


m/4 1 cos(1?/16) 1 
| xtan(2”)da = -; | —dy 
0 21 v 
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since cos(0) = 1 


1 cos(1?/16) 
—5 | log |u| 
2 1 


FIC Part 2 
= -5 (log (cos(/16)) = log(1)) 
- -5 log (cos(7/16)) 


since log(1) = 0 
1.4.2.5. *. Solution. We substitute: 


“= sin 7, 
du = cosxdz, 
cosz = V1 —sin’?xs = V1— v2, 
du du 
dz = = 
COS & V/1— u2 
u(0) = sind = 0 


“(Q)=m(G)=1 


ee 


Because the denominator 1 — u? vanishes when u = 1, this is what is known as 
an improper integral. Improper integrals will be discussed in Section 1.12. 


So, 


1.4.2.6. Solution. Using the chain rule, we see that 


“{ila(o))} = F(al2))a(2) 
So, f(g(x)) is an antiderivative of f’(g(x))g'(a). All antiderivatives of f’(g(x))g'(x) 
differ by only a constant, so: 
[ Hole)a aw — Flo(2) = Fala) + C - Flaw) 
= 


That is, our expression simplifies to some constant C’. 
Remark: since 


[ Folo)a' wat — Flale)) = € 
we conclude 
[ Folo)w @ae= Hole) +0 


which is precisely how we perform substitution on integrals. 
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Exercises —— Stage 2 r : 
1.4.2.7. *. Solution. We write u(x) = e* and, find die lade = oe" ale. 


Note that u(1) =e! =e when « = 1, and u(0) = e® =1 when x = 0. Therefore: 


e 


7 5 [sin = = (sin(e) ~ sin(1)). 


1 


1.4.2.8. *. Solution. Substituting y = 7°, dy = 3x7dz: 


[erera =5f today 


1.4.2.9. *. Solution. Setting u = 2° +1, we have du = 3x? dz and so 
vdr —  f du/3 
(x3 he eae — 101 


i] 
= 5 f wita 


1 y 100 


~ 3° —100 
= aero 
3x 1004200 
1 
== Too 1 C 
300(x3 + 1) 


1.4.2.10. *. Solution. Setting u = logx, we have du = + dx and so 


4 4 
e d w=e 1 j u=4 1 
/ —_— ‘i -—dr= / — du, 
. #£- logs a=, loce = a1 tt 
since u = log(e) = 1 when x = e and u = log(e*) = 4 when x = e*. Then, by the 
Fundamental Theorem of Calculus Part 2, 


44 7 
/ —du= | log lu = log 4 — log 1 = log 4. 
1 U 1 


1.4.2.11. *. Solution. Setting u=1-+sinz, we have du = cosadz and so 


TI2 cosa a—1/2 1 u=2 dy 
———dz = —— cosrdr = — 
9 i+sing =o 47s u=1 OU 


since u = 1+sin0 =1 when zg = 0 and u=1+sin(a/2) = 2 when z = 7/2. Then, 
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by the Fundamental Theorem of Calculus Part 2, 
u=2 
d 2 
/ 2 [og ul] = log2 
- u 1 


=1 


1.4.2.12. *. Solution. Setting u = sinz, we have du = cosxdz and so 
n/2 z=n /2 
cosa: (1+ sin?x)dr = / (1+ sin?) - cos rdax 
0 x 


=0 


u=1 
= / (1+ u?) du, 


=0 


since u = sin0 = 0 when x = 0 and u = sin(z/2) = 1 when x = 7/2. Then, by the 
Fundamental Theorem of Calculus Part 2, 


1 3]? 1 4 
14+w)du=|lu+—| =(14+5)-0=-. 
fe +u*) du lu al ( +5) 0 - 


1.4.2.13. *. Solution. Substituting t = 2? — 2, dt = (2r—1)dz and noting 
that t = 0 when x = 1 and t = 6 when z = 8, 


3 6 
x22 == _ 6 6 
[ @e-1.¢ da = fet dt= [ep =F —1 


1.4.2.14. *. Solution. We use the substitution u—=4-— 2’, for which 
du = —22x dz: 


1.4.2.15. Solution. 


e Solution 1: If we let u = Vlog x, then du = dx, and: 


1 
2x/log x 


Vlog x 
e€ 
—____ dy = | e“ du=e"+C =e" 4+C 
= 


e Solution 2: In Solution 1, we made a pretty slick choice. We might have 
tried to work with something a little less convenient. For example, it’s not 


1 
unnatural to think that u = log x, du = —dx would be a good choice. In that 
x 
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case: 


vlogs evi 
——du 
[see 2/u 


Now, we should be able to see that w = /u, dw = du is a good choice: 


1 
2/u 


= VEE LC 


Exercises — Stage 3 
1.4.2.16. *. Solution. 


e The straightforward method: We use the substitution u = x7, for which 
du = 2x dz, and note that u = 4 for both x = 2 and x = —2: 


i og = 
- re” d= f —e” 2rde = | ~e"du =0 
—2 ee 4 2 


e The slightly sneaky method: We note that = {er} = 29 e so that 
< 


1 
a is a antiderivative for the integrand ze” . So 


2 3 | 1 
/ re” dx = |—e”” = et -e*= 9 
. a ae 


e The really sneaky method: The integrand f(x) = xe* is an odd function 
(meaning that f(—x) = —f(ax)). So by Theorem 1.2.12 every integral of the 
form JA xe® dx is zero. 


1.4.2.17. *. Solution. The given sum is of the form 
bin Yo Fos (1455) = fn ose) 


with Ac = 4, 2% = Z and f(x) = xsin(1 +42”). Since v§ = 0 and 2% = 1, the right 
hand side is the definition (using the right Riemann sum) of 


[ f(x) de = [sina +22) de 


1 
= >| sin(y) dy with y=1+27, dy = 2xdx 
1 
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=e 


y=1 


1 
= 3 lcos 1 — cos 2] 


Using a calculator, we see this is close to 0.478. 


1.4.2.18. Solution. Often, the denominator of a function is a good guess for the 
substitution. So, let’s try setting w = u2 +1. Then dw = 2udu: 


ae: i 2 
u 1 u 
d= 2udu 
/ w+ 2 / u?+1 
The numerator now is u?, and looking at our substitution, we see u? = w — 1: 
1 f?w-l 
=- / = dw 

2), w 


1 1 
=), (1-7) eu 


i w=2 

= 5 lw — log |wll=i 
1 1 1 

— —(2—log2 —1) = = — =log2 
mi og } 5 7 9 08 


1.4.2.19. Solution. The only thing we really have to work with is a tangent, 
so it’s worth considering what would happen if we substituted wu =tané. Then 
du = sec? 6d@. This doesn’t show up in the integrand as it’s written, but we can try 
and bring it out by using the identity tan? = sec? 6 — 1: 


[ra® 6 dé = frm -tan” 6d0 
= frm (sec? d— 1) dé 
= frm -sec? 6dé — fom 0dé 
In Example 1.4.17, we learned f tan @d6 = log | sec 0| + C 
= fe du — log | sec 6| + C 
1 
=o — log | sec 6| +C 
1 
= 5 tan’ 8 — log | sec 6| +C 
1.4.2.20. Solution. At first glance, it’s not clear what substitution to use. If we 
try the denominator, u = e” + e~*, then du = (e” — e~*)dz, but it’s not clear how 


to make this work with our integral. So, we can try something else. 
If we want to tidy things up, we might think to take u = e” as a substitution. Then 
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du = e*dx, so we need an e* in the numerator. That can be arranged. 
1 x x 
/ : (: ) = Jaa dx 
ere # et (e*) +1 
1 
= | ——d 
Ila "tee 


= arctan(u) + C 
= arctan(e”) +C 


1.4.2.21. Solution. We often like to take the “inside” function as our substitution, 
in this case u = 1 — x”, so du = —2axdz. This takes care of part of the integral: 


1 1 1 
| (1 — 22)V1 —22dz = | V1— «dz +f (—22)V1 — x? dx 
0 0 0 
The left integral is tough to solve with substitution, but luckily we don’t have to-it’s 
the area of a quarter of a circle of radius 1. 


+f via 


U 
D) u=0 
fae 


+ 


ALA BLA ALA 


1.4.2.22. Solution. 


e Solution 1: We often find it useful to take “inside” functions as our substitu- 


tions, so let’s try u = cosx, du = —sinadz. In order to dig up a sine, we use 
‘ ; sin £ 
the identity tanz = : 
COS & 
=e 
[ome - log (cos x) dx = -{ - log (cos x) da 
COS & 


1 
= —_— =| 
/; og(u)du 


Now, it is convenient to let w = logu, dw = + du: 


= | Zos(u)du = - fw diy 


T 
| 
| 
g, 
+ 
Q 


NLR MmM)Rbwle 


(log(cos x))* + C 


e Solution 2: We might guess that it’s useful to have u = log(cosz), 
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—sinz 


di= dz = —tanzdz: 


COS & 


—tanz- log (cosx)dx 


ae 
Sift 


prone, log (cos x)d 


a ok 


L 
“ae 
= La +C 


1.4.2.23. *. Solution. The given sum is of the form 


with Ag = 4, a = Z and f(x) = xcos(z?). Since x = 0 and z* = 1, the right 


hand side is the definition (using the right Riemann sum) of 


[ jliaz)dz = [ ecoste") ar 


ir 
= a cos(y) dy with y = x*, dy = 2x dx 
0 


i 


=} [50 


1 
0 


1. 1 
=-zsin 
2 


1.4.2.24. *. Solution. The given sum is of the form 


wT Po 
Heh a ee ee 
J j= 


with Ar = +, 2* = 4 and f(x) = 2/1 +27. Since x* = 0 and 2* = 1, the right 


n? "J n 
hand side is the definition (using the right Riemann sum) of 


1 1 
| Flayae = | gV1+ x? dx 
0 : , 
=5/ Jy dy with y = 1+427,dy =2xrdz 
1 
=2 
ia 
y=1 


= 32v2—- 1] 


Using a calculator, we see this is approximately 0.609. 
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1.4.2.25. Solution. Using the definition of a definite integral with right Riemann 


sums: 


b n 
/ 2f(2r)dx = lim } | Ax - 2f(2(a + iA) A= = 
a i=1 


tin > () 25 (2(a+3("))) 
tin (22) i (ns (P2)) 


” ” 2b — 2a 
| flzjdz— lim ee Az: f(2a+iAz) AG= . 
2 n—0o iy 


mt f Ub Oe 2b — 2a 
aja ( )-(2a+i( )) 


Since the Riemann sums are exactly the same, 


[ 2renax 2 [se 


Looking at the Riemann sum in this way is instructive, because it is very clear why 
the two integrals should be equal (without using substitution). The rectangles in 
the first Riemann sum are half as wide, but twice as tall, as the rectangles in the 
second Riemann sum. So, the two Riemann sums have rectangles of the same area. 


2f (227) 


In the integral on the left, the variable is red x and in the integral on the right, the 
variable is blue x. Red x and blue « are not the same. In fact 277 = x}. (Not every 
substitution corresponds to such a simple picture.) 


1.5 - Area between curves 
1.5.2 - Exercises 


Exercises —— Stage 1 
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1.5.2.1. Solution. 


Y 


y =sinz 


y = cosx 


The intervals of our rectangles are [0, *], [4,4], [%,*#], and [22,7]. Since we’re 
taking a left Riemann sum, we find the height of the rectangles at the left endpoints 


of the intervals. 


e x =0: The distance from cos 0 to sin0 is 1, so our first rectangle has height 


a 


e x = 7: The distance from cos 7 to sin | is 0, so our second rectangle has 
t 


e x = 4: The distance from cos 5 to sin 5 is 1, so our third rectangle has height 
1 


e x = *: The distance from cos to sin ¥ is sin(3m/4) — cos(3m/4) = B — 


(-3) = ,/2, so our fourth rectangle has height V2. 
So, our approximation for the area between the two curves is 


*(1+0+1+ v2) =" (2+ v2) 


1.5.2.2. Solution. 


a We are finding the area in the interval from x = 0 to x = §. Since we're 


taking n = 5 rectangles, our rectangles cover the following intervals: 


0 *) (2 r) T 30 on 27 20 7 
il ea 10’ 51’ BAe |? 10° 5 |? ae 
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y = arcsin (2") 


la 


| 
I 
x 3a 20 
5 a7 


S 


b We are finding the area in the interval from y = 0 to y = §. (In general, when 
we switch from horizontal rectangles to vertical, the limits of integration will 
change-it’s only coincidence that they are the same in this example.) Since 


we’re taking n = 5 rectangles, these rectangles cover the following intervals of 
the y-axis: 


0 *) (2 z] T 30 on 27 20 7 
10)? 10’ 5]’ 5710]? 10’ 5 |’ —e' 


The question doesn’t specify which endpoints we’re using. Let’s use upper 
endpoints, to match part (a). 
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1.5.2.3. *. Solution. The curves intersect when y = x and y = x? — x. To find 
these points, we set: 


3 


LS =f 
0=2°-—2x 
0 = x(x? — 2) 


O=x or 0=2?-2 


For x > 0, the curves intersect at (0,0) and (V2, V2). 

A handy observation is that, since both curves are continuous and they do not meet 
each other between « = 0 and « = V2, we don’t have to worry about dividing our 
area into two regions: one of the functions is always on the top, and the other is 
always on the bottom. 

Using vertical strips: 


The top and bottom boundaries of the specified region are y = T(x) = x and 
y = B(x) = x? — 2, respectively. So, 


Ate i 7 [T(2) — B(2)|dx = i: 7 [2 — (e* — 2)]de 
= a [22 — «| dx 


1.5.2.4. *. Solution. We need to find where the curves intersect. 


2 
x 9 5x 
ey =G§-— — 
4.7 4 
1 5 
ge + qz—-6=0 


+52 —24=0 
(x + 8)(z — 3) =0 
ct=-8, r=3 


The curves intersect at (—8,4) and (3, —2). Using horizontal strips: 
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(—8, 4) 


y = —2/2 or x = —2y 


we have 


4 4 ; 
Area = e(6-y ) + 2y|dy 


-3/2 


1.5.2.5. *. Solution. If the curves intersect at (x,y), then 


(2?)? = (4a)? y? = (4a)?4ax 
g* = (4a)%x 
zg — (4a)*z =0 


The curves intersect at (0,0) and (4a,4a). (It is also possible to find these points 
by inspection.) Using vertical strips: 


y 


2 
gg (Ve 


x* = day 


We want the y-values of the functions. We write the top function as y = //4az (we 
care about the positive square root, not the negative one) and we write the bottom 


a 2 
function as y = 7. Then we have 


2 


4a 
Area = | lv 4ax — _| dx: 
0 4a 
1.5.2.6. *. Solution. The curves intersect when x = 4y? and 0 = 4y?+12y+5 = 
(2y + 5)(2y + 1). So, the curves intersect at (1,—$) and (25,—3). Using vertical 
strips: 
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y /t =4y or y= +2 /2 
a+ 12y+5=0ory=—-3(¢+5) 


we have 


Exercises — Stage 2 
2.7. *. Solution. 


Y= GaP 


SQ 


The area between the curve y = Ene and x-axis, with x running from a = 0 


to b = 1, is exactly the definite integral of wre Gat? with limits 0 and 1. 


1 
Area =f ae “w=2e—4, du= 2dz 
0 \4t — 


1.5.2.8. »*. Solution. 


If the curves y = f(@) = 2 and y = g(a) = 32 — 2? 
intersect at (x,y), then 


LH 7 =f—7 
r= 22=0 
x(a — 2) =0 
x=0 or r=2 


Furthermore, g(x) — f(x) = 2x — x? = x(2 — x) is positive for all 0 < x < 2. That 
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is, the curve y = 3x — x? lies above the line y = x for all 0 < x < 2. 


We therefore evaluate the integral: 


1.5.2.9. *. Solution. The following sketch contains the graphs of y = 2” and 


y= Vet. 


y=VJVr+1 


From the sketch, it looks like the two curves cross when x = 0 and when x = 1 and 
nowhere’ else. Indeed, when x = 0 we have 27 = \/x + 1 = 1 and when x = 1 we 
have 27 = /zr+1=2. 


To antidifferentiate 2”, we write 2° = (e!°8?)* 


= et log 2. 


1 


: 2 1 
Area = / (Va + 1) = gene? | de= gre cae, og? 
2 1 5 1 
= ——|2 -_ 1] i 
3. log2 


° ° 
a To verify analytically that the curves have no other crossings, write f(x) = ./z + 1-— 27 and 
compute f’(x) = ae — (log 2)2”. Notice that f’(a) decreases as x increases and so can take 


the value 0 for at most a single value of x. Then, by the mean value theorem (or Rolle’s 
theorem, which is Theorem 2.13.1 in the CLP-1 text), f(a) can take the value 0 for at most 
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two distinct values of x. 


1.5.2.10. *. Solution. Here is a sketch of the specified region. 


y = V2cos(12/4) 


(-1, 1) 


y = |z| y = |2| 


Both functions are even, so the region is symmetric about the y-axis. So, we 
will compute the area of the part with x > 0 and multiply by 2. The curves 
y = V2cos(rx/4) and y = x intersect when 2 = V2 cos(72/4) or cos(r2/4) = en 
which is the case * when x = 1. So, using vertical strips as in the figure above, the 
area (including the multiplication by 2) is 


2 [ [vBcos(a/4)— 2] de = 2[ v2 4 sintaa/a) — S] 


2 Jo 


a The solution x = 1 was found by guessing. To guess a solution to cos(mx/4) = 4 just ask 


yourself what simple angle has a cosine that involves 2. This guessing strategy is essentially 
useless in the real world, but works great on problem sets and exams. 


1.5.2.11. *. Solution. For our computation, we will need an antiderivative of 
x*./x3 + 1, which can be found using the substitution u = 2? + 1, du = 3x? dz: 


1 1 
[vat las = Yi du = 5 f udu 


3 3 
1 uw? 2 
S35. OS ae 2 eee 
3° 3/27 ge +1) + 


The two functions f(x) and g(x) are clearly equal at x = 0. If x # 0, then the 
functions are equal when 


3a? = a? V 23 +1 
3=Ve%+4+1 


9=e2°41 

t=7 

2 = i 
The function g(x) = 3x? is the larger of the two on the interval [0,2], as can 
be seen by plugging in x = 1, say, or by observing that when x is very small 


f(g) H=2/0 +127 and g(z) = 32". 
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1.5.2.12. *. Solution. First, let’s figure out what our curve x = y?+y = y(y+1) 
looks like. 


e The curve intercepts the y-axis when y = 0 and y = —1. 


e The z-values of the curve are negative when —1 < y < 0, and positive else- 
where. 


This leads to the figure below. We’re evaluating the area from y = —1 to y = 0. 
Since y* + y is negative there, the length of our (horizontal) slices are 0 — (y? + y). 


0 3 279 
_-f o-& _[v ¥)P 21,121 
Area= [ (0 (y? + y)) dy = e+e] = oa 
y 
(0,0) * 
0, —1) 
r=yty 


1.5.2.13. Solution. Let’s begin by sketching our region. Note that y= V1 — 2? 
and y = V9 — x? are the top halves of circles centred at the origin with radii 1 and 
3, respectively. 
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y = |2| 


Our region is the difference of two quarter-circles, so we find its area using geometry: 
1 2 1 2 
Area = — (1-37) —= (7-1 ) = 27 
4 4 
Exercises — Sta 


e3 
1.5.2,14. x. Solution. We will compute the area by using thin vertical strips, 
as in the sketch below: 


y=442n -— 24 


y =447sin(z) 


By looking at the sketch above, we guess the line y = 4 + 27 — 22 intersects the 


curve y = 4+ 7sing when v = 5, © = 7, and x = ar Let’s make sure these 
are correct by plugging them into the two equations, and making sure the y-values 
match: 

xg |4+20 —2¢ | 4+asin(z) | match? 

5 | 4+ 44+ 7 v 

mn |A 4 v 

“ 4-7 4-7 v 


Also from the sketch, we see that: 


e When 5 < x2 <7, the top of the strip is at y = 4+-7 sin x and the bottom of the 
strip is at y = 44+27—2z. So the strip has height [(4+7 sin x) (44+27—22)] 
and width dx, and hence area [(4 + msinx) — (4+ 2m — 2z)|dz. 
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e Whenaz <a< an the top of the strip is at y = 4+ 27 —2z and the bottom of 
the strip is at y = 4+7 sin x. So the strip has height |(4+27—2x)—(4+7 sin z)| 
and width dx, and hence area [(4 + 27 — 2x) — (4+ sina) |dz. 


Now we can calculate: 


Area = [ [(4 + msinx) — (4+ 20 — 22)] da 
m/2 


37/2 
+f [(4 + 20 — 22) — (44+ msinx)|dz 


T 3r/2 

= [rsine — 2 + 2c]dx + [2x — 2a — msina|dx 
m/2 Tw 

3n/2 


— noosa ~ Ina +2" ; + lana — 2? + noosa 
a/2 


TT 


1 
= 2[n — 5n| 


1.5.2.15. *. Solution. First, here is a sketch of the region. We are not asked for 
it, but it is crucial for understanding the question. 


y=rt+?2 


x 


23 


The two curves y = x + 2 and y = 2? cross at (2,4). The area of the part between 
them with 0 < x < 2 is: 


‘ 1 1 472 8 10 
2-2] de = [50° 22 — =2°| =24+4-_= — 
[ [e+ w*| da = |5a° + 2a al ee ee ae 


The area of the part between the two curves with 2 < x < 3 is: 


1 1 3 
/ [a* — (e+ 2)| dx = Fa a 5e — 22] 
2 


10 11 31 
The total is — +—= —. 
GC DOLGR BL GGCE ae 6 
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1.5.2.16. *. Solution. We need to figure out which curve is on top, when. To 
do this, set h(x) = 3a — 4/25 — x2. If h(x) > 0, then y = 3z is the top curve; if 
h(x) < 0, then y = rV/25 — x? is the top curve. 


h(x) = 39 — 2/25 = 27? == [3 — V25 — 2? 


We only care about values of x in [0,4], so x is nonnegative. Then h(x) is positive 
when: 


3 > 725 — 2? 
9595 — 27" 
x? > 16 
r>A4 


That is, h(x) is never positive over the interval [0,4]. So, y = xV25 — 2? lies above 
y= ox ior all) — 2 = 4, 
The area we need to calculate is therefore: 


A= | [2vea# - 32] dx 
0 


4 4 

-|/ oV%5— dx - f 3x dx 
0 0 

= A; — Ag. 


To evaluate A,, we use the substitution u(x) = 25 — x”, for which du = u(x) dx = 
—2r dz; and u(4) = 25 — 4? = 9 when x = 4, while u(0) = 25 —0? = 25 when x = 0. 
Therefore 


UW 


a=4 1 =9 
A,= | ev25 — 2? dx = —5 Judu 
«z=0 u=25 


-| 1 “Al _ 125-27 _ 98 


“3 3 3 


25 


For A» we use the antiderivative directly: 


4 274 
Aa= | SCut = | = 24 
0 2 Jo 


Therefore the total area is: 


1.5.2.17. Solution. Let’s begin by sketching our region. Note that y = V9 — x? 
is the top half of a circle centred at the origin with radius 3, while y = \/1 — (x — 1)? 
is the top half of a circle of radius 1 centred at (1,0). 
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Note y = x intersects y = \/1 — (a — 1)? at (1,1), the highest part of the smaller 
half-circle. 

We can easily take the area of triangles and sectors of circles. With that in mind, 
we cut up our region the following way: 


Y 


e The desired area is A3 — (A; + Ag). 


e A, is the area of right a triangle with base 1 and height 1, so A; = 5. 


TT 


e A, is the area of a quarter circle of radius 1, so Ag = 4. 


e Az is the area of an eighth of a circle of radius 3, so Ag = on 


So. th f ee &, Oe SL op . Fee 1 

o, the area of our region is —-=- = — nx, 

ee . 2 4 = 2 

1.5.2.18. Solution. The first function is a cubic, with intercepts at x = 0, +2. 
The second is a straight line with a positive slope. 

We need to figure out what these functions look like in relation to one another, so 


let’s find their points of intersection. 


a(z?—4)=2-2 
a(a+2)(4-2)=x-2 
e=—-2=0) or av+2)=1 


re +2r-1=0 
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— -24 /4-4(1)(-1) 
7 2 


g =|-14/2 


So, our three points of intersection are when x = 2 and when « = —1+ V2. We 


note 
alH v2 <osleag <1 44 <8, 


So, we need to see which function is on top over the two_ intervals 
[-1 a ne V2| and [-1 44/9, vA It suffices to check points in these intervals. 


x | x(x? — 4) | x — 2 | top function: 
0 —2 | x(x? —4) 
1 | -3 —1 r-—2 


Since 0 is in the interval [—1 — V2, —1 + V2], x(x? — 4) is the top function in that 
interval. Since 1 is in the interval [-1 + V2, 2], x — 2 is the top function in that 
interval. Now we can set up the integral to evaluate the area: 


—1+v2 
Area = -_ [a(a? — 4) — (x — 2)] dx 


After some taxing but rudimentary algebra: 
13 13 
= (sv2) i. (v2- 2) = 12V2— — 


1.6 - Volumes 
1.6.2 - Exercises 


Exercises — Stage 1 
1.6.2.1. Solution. If we take a horizontal slice of a cone, we get a circle. If we 


take a vertical cross-section, the base is flat (it’s a chord on the circular base of the 


818 


SOLUTIONS TO EXERCISES 


cone), so we know right away it isn’t a circle. Indeed, if we slice down through the 
very centre, we get a triangle. (Other vertical slices have a curvy top, corresponding 
to a class of curves known as hyperbolas.) 


1.6.2.2. Solution. The columns have the same volume. We can see this by 
chopping up the columns into horizontal cross-sections. Each cross-section has the 
same area as the cookie cutter, A, and height dy. Then in both cases, the volume 
of the column is 
| Ady = hA cubic units 
0 

1.6.2.3. Solution. Notice f(x) is a piecewise linear function, so we can find 
explicit equations for each of its pieces from the graph. The radii will be determined 
by the x-values, so below we give the x-values as functions of y. 


N69 
a | 
N 

I 


If we imagine rotating the region from the picture about the y-axis, there will be two 
kinds of washers formed: when y < 1, we have a “double washer,” two concentric 
rings. When y > 1, we have a single ring. 


e Washers when 1 < y < 6: If y > 1, then our washer has inner radius 2 + 2y, 
outer radius 6 — 2y, and height dy. 
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a thickness: dy 


e Washers when 0 < y < 1: When 0 < y < 1, we have a “double washer,” two 
concentric rings corresponding to the two “humps” in the function. The inner 
washer has inner radius r; = y and outer radius Ry = 2—y. The outer washer 
has inner radius rg = 2 + zy and outer radius Re = 6 — ZY. The thickness of 
the washers is dy. 


eee 


thickness: dy 
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1.6.2.4. *. Solution. (a) When the strip shown in the figure 


v y= re" 


3 2 


is rotated about the x-axis, it forms a thin disk of radius Jie” and thickness dx 
and hence of cross sectional area txe2” and volume mxe2*” dx So the volume of the 


solid is 
2 
T | xe2* dx 
0 


(b) The curves intersect at (—1,1) and (2, 4). 


y=x2t2orr=y-2 


y= orz=t fy 


We'll use horizontal washers as in Example 1.6.5. 


e We use thin horizontal strips of width dy as in the figure above. 
e When we rotate about the line x = 3, each strip sweeps out a thin washer 


o whose inner radius is rj, = 3 — \/y, and 

o whose outer radius is ro, = 3 — (y— 2) = 5—y when y > 1 (see the 
red strip in the figure on the right above), and whose outer radius is 
Tout = 3 — (—./y) = 3+ ./y when y < 1 (see the blue strip in the figure 
on the right above) and 


o whose thickness is dy and hence 
o whose volume is 1(r2,,, —7?,)dy = m[(5 ~y)° —(3-/y) *) dy when y > 1 


out 


and whose volume is 7(r2,,—1?,)dy = 7[(3+ Jy) —(3-/y) | dy when 
y <1 and 


e As our bottommost strip is at y = 0 and our topmost strip is at y = 4, the 
total volume is 


SOLUTIONS TO EXERCISES 


1.6.2.5. *. Solution. (a) The curves intersect at (1,0) and (—1,0). When the 
strip shown in the figure 


2 


y=l1-2 


is rotated about the line y = —1, it forms a thin washer with: 
e inner radius (1 — x”) — (—1) = 2-2’, 
e outer radius (4 — 4x2”) — (—1) = 5 — 42? and 
e thickness dz ; so, it has 
e cross sectional area m[(5 — 4a?)* — (2 — x?)*| and 
e volume 7[(5 — 4x2)? — (2 — 2?)"] da. 


So the volume of the solid is 


/ m[(5— 4a?)* —(2- x?)"] da 


1 


(b) The curve y = x? — 1 intersects y = 0 at (1,0) and (—1,0). 


y 


(—1, 0) (1, 0) 


y=x?-lorrz=+J/yt+1 
(0,=1) 


We'll use horizontal washers. 
e We use thin horizontal strips of height dy as in the figure above. 
e When we rotate about the line x = 5, each strip sweeps out a thin washer 


o whose inner radius is rj, = 5 — fy +1, and 
o whose outer radius is ro,44 = 5 — (-/y + 1) = 54+ J/y+1 and 


o whose thickness is dy and hence 
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o whose volume is 1(r2,,—13,) dy = 7[(5+ Vy + 1)’ — (5-VyFt | dy 


e As our topmost strip is at y = 0 and our bottommost strip is at y = —1 (when 
x = 0), the total volume is 


[+ [e+ ver? - 6- ver) 


1.6.2.6. *. Solution. The curves intersect at (—2,4) and (2,4). When the strip 
shown in the figure 


y = re y 
(—2, 4) (2, 4) 
x 
y=-l 
y= 8-2" 


is rotated about the line y = —1, it forms a thin washer (punctured disc) of 
e inner radius 2? + 1, 
e outer radius 9 — x? and 
e thickness dx and hence of 
e cross sectional area 7[(9 — av)? — (42 + 1)’] and 
e volume 7[(9 — x)? — (a? +.1)"] de. 
So the volume of the solid is 
2 
‘i a [(9 — 22)? — (a? + 1)" Jax 


1.6.2.7. Solution. We'll make horizontal slices, parallel to one of the faces of the 
tetrahedron. Then our slices will be equilateral triangles, of varying sizes. 


For the sake of ease, as in Example 1.6.1, we picture the tetrahedron perched on a 
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tip, one base horizontal on top. 


Notice our slice forms the horizontal top of a smaller tetrahedron. The horizontal 
top of the full tetrahedron has side length ¢, which is V3 times the height of the 
full tetrahedron. Our slice is the horizontal top of a tetrahedron of height y and 
so has side length [3u- An equilateral triangle with side length LZ has base L and 


height 3 If, and hence area er? So, the area of our slice with side length 3u is 
2 

V3 { [3 SV8..%6 

BS A ahh =a 


So, the volume of a tetrahedron with side length @ is: 


/2e 
Volume = [ 7 BS ay 
0 


3 
3 2 2 
8 3 2 
You were given the height of a tetrahedron, but for completeness we calculate it here. 
Draw a line starting at one tip, and dropping straight down to the middle of the 


opposite face. It forms a right triangle with one edge of the tetrahedron, and a line 
from the middle of the face to the corner. 
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We know the length of the hypotenuse of this right triangle (it’s 0), so if we know 
the length of its base (labeled Ac in the diagram), we can figure out its third side, 
the height of our tetrahedron. Note by using the Pythagorean theorem, we see that 
the height of an equilateral triangle with edge length @ is 1/30. 

Here is a sketch of the base of the pyramid: 


A : Cc 


The triangles ABC and Abc are similar (since 6 and B are right angles, and also A 
has the same angle in both). Therefore, 


Ac AC 
Ab AB 
Ao 
t/2 /3e/2 
1 
Ac = —~é 


V3 


ale 
Ss 
ae 
two 
| 


With this in our pocket, we can find the height of the tetrahedron: 4/¢? — ( 


2 


Exercises —— Stage 2 
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1.6.2.8. *. Solution. Let f(x) = 1+ ze". On the vertical slice a distance x 
from the y-axis, sketched in the figure below, y runs from 1 to f(z). Upon rotation 
about the line y = 1, this thin slice sweeps out a thin disk of thickness dz and radius 
f(x) — 1 and hence of volume z[f (x) — 1]? dz. The full volume generated (for any 


fixed a > 0) is 
| a f(x) — 1]? dx = nf ve da. 
0 0 


Using the substitution u = 2x”, so that du = 42 dz: 


2a 2 
dus 7 ~, [24 T 2 
] _ uve fpu = +(e -1) 
Volume =f e€ 1 1° P 1 e€ 
y y=14+fre™ 
y=1 
z=a" 


Remark: we spent a good deal of time last semester developing highly accurate 
but time-consuming methods for sketching common functions. For the purposes of 
questions like this, we don’t need a detailed picture of a function—broad outlines 
suffice. Notice that \/z > 0 whenever x > 0, and e® > 0 forall z. Therefore, Jae 
is nonnegative over its entire domain, and so the graph y = 1+ Jie” is always the 
top function, above the bottom function y = 1. That is the only information we 
needed to perform our calculation. 


1.6.2.9. *. Solution. The curves y = 1/xz and 3x+ 3y = 10,ie. y= 2 —2x 
intersect when 
1 10 ; ; 
ae ae <= 3=10%-32° +> 32°-1024+3=0 
oe 
<> (32 —1)(4 — 3) =0 


=> 3 : 
c= = 
ee 
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When the region is rotated about the x-axis, the vertical strip in the figure above 


sweeps out a washer with thickness dz, outer radius T(x) = *2 — x and inner radius 


3 
B(x) = +. This washer has volume 


m(T(z)? — B(x)?) dz = (= = ae +? — : ) dx 


9 3 xe 


Hence the volume of the solid is 


[ee 20 a? ta 
7 SE ae Oe 
1/3 9 3 x? 

1 


i 10 , ies. ) 
=T7 =—£ x 
9 3 3 L11/3 
Ee aa 5012 
= _ = 7 
3 a 81 


1.6.2.10. *. Solution. (a) The top and the bottom of the circle have equations 


y=T(r) =2+V1-—-2? and y = B(x) = 2 — V1 — 2?, respectively. 


y = T(z) 
y = B(z) 
r=-l r=1 


When R is rotated about the x-axis, the vertical strip of R in the figure above 
sweeps out a washer with thickness dz, outer radius T(x) and inner radius B(x). 
This washer has volume 


m(T(x)* — B(x)*) dx = r(T(x) + B(x)) (T(x) — B(x)) dx 
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=n7x4x2V1l—22dz 


Hence the volume of the solid is 
1 
Sr / Vl—2?2dzx 
= 


(b) Since y = V1 — 2? is equivalent to x? + y? = 1, y > 0, the integral is 87 times 
the area of the upper half of the circle x? + y? = 1 and hence is 87 x m1? = 4r?. 
1.6.2.11. *. Solution. (a) The two curves intersect when x obeys 82 = x? + 15 
or 2? — 8r +15 = (a — 5)(x — 3) = 0. The points of intersection, in the first 
quadrant, are (3, 24) and (5, V40). The region R is the region between the blue 
and red curves, with 3 < x <5, in the figures below. 


(5, V40) 


(3, V24) 


(b) The part of the solid with x coordinate between x and x + dz is a “washer” 
shaped region with inner radius Vx? + 15, outer radius 8x and thickness dz. The 
surface area of the washer is 1(/8x)? — 1(vWa? + 15)? = m(8x — 2? — 15) and its 
volume is 7(8x — x? — 15) dz. The total volume is 


5 1 5 
/ n(8e —2* —15)dr = r [4a a 152 
3 3 3 


125 

=1{100 — =" — 75 - 36 +9 +45] 
4 

= sore 


1.6.2.12. *. Solution. (a) The region R is sketched in the figure on the left 
below. (The bound y = 0 renders the bound x = 1 unnecessary, since the graph 
y = logz hits the x-axis when zx = 1.) 


(b) We’ll use horizontal washers as in Example 1.6.5. 


e We cut RF into thin horizontal strips of height dy as in the figure on the right 
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above. 


e When we rotate R about the y-axis, i.e. about the line « = 0, each strip 
sweeps out a thin washer 
o whose inner radius is r;,, = e¥ and outer radius is 75, = 2, and 
o whose thickness is dy and hence 


o whose volume 7(r2,,, — 72, )dy = m(4 = ev) dy. 


e As our bottommost strip is at y = 0 and our topmost strip is at y = log2 
(since at the top = 2 and x = e’), the total 


log 2 
Volume = | m(4 = ce") dy _ n(4y _ ev /2] 
0 


1 3 
—7|4log2—2 5|= [41 2-5 
| og i, 7 |4 log 9 


Using a calculator, we see this is approximately 3.998. 


1.6.2.13. *. Solution. Here is a sketch of the curves y = cos(#) and y = 2? —1”. 


By inspection, the curves meet at « = +2 where both cos($) and 2? — m? take the 
value zero. We’ll use vertical washers as specified in the question. 


e We cut the specified region into thin vertical strips of width dz as in the figure 
above. 

e When we rotate about the line y = —7?, each strip sweeps out a thin washer 

o whose inner radius is ri, = (x? — 7?) — (—7?) = x? and outer radius is 
Tout = cos(¥) — (—m*) = cos(Z) + 7”, and 

o whose thickness is dx and hence 
o whose volume m(r2,, — 72, )dx = m((cos(#) + 12)” — (a?)*) da. 

e As our leftmost strip is at x = —7 and our rightmost strip is at x = 7, 

the total volume is 


nf (cos?(2) + 2x? cos(Z) + 1* — x*) dx 


TT 
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i ii 
=n (ASA? + 20? con(g) + 14-2") da 


Because the integrand is even, 


er a | 
a an f (Se) + 2n* cos(2) + 14 — “') da 
0 


1 1 i sl 
= 2n |-x + -sin(x) +47 sin($) + w*a — 2° 
. D oe 
5 
=n |F+0+4n 40 
6 


8 
=? + 8? 


We used the fact that the integrand is an even function and the interval of integration 
[—1,7] is symmetric, but one can also compute directly. 


1.6.2.14. *. Solution. As in Example 1.6.6, we slice V into thin horizontal 
“square pancakes”. 


e We are told that the pancake at height x is a square of side ae and so 


. 2 : 
e has cross-sectional area (4) and thickness dz and hence 


e has volume (2) dz. 


Hence the volume of V is 


fie -[4 a 


We made the change of variables u = 1+ 2, du = dz. 


1.6.2.15. *. Solution. Here is a sketch of the base region. 
Y 


. 
| 
& 


y=8-—x" 


L 


Consider the thin vertical cross-section resting on the heavy red line in the figure 
above. It has thickness dx. Its face is a square whose side runs from y = x? to 
y = 8— x2”, a distance of 8 — 2x”. So the face has area (8 — 2x)” and the slice has 
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volume (8 — Qn)" dx. The two curves cross when x? = 8 — x”, i.e. when x? = 4 or 
x = +2. So x runs from —2 to 2 and the total volume is 


2 2 2 
i (@—20*7'de=2 | 4(4-02)'dr=8 f [16 — 82? + x] de 
= 0 0 


2 
1 2 
= 8[16 x 2-525 + 295 Maks 


= 136.53 


In the first simplification step, we used the fact that our integrand was even, but 
we also could have finished our computation without this step. 


1.6.2.16. *. Solution. Slice the frustrum into horizontal discs. When the disc 
is a distance t from the top of the frustrum it has radius 2+ 2t/h. Note that as 
t runs from 0 (the top of the frustrum) to t = h (the bottom of the frustrum) the 
radius 2 + 2t/h increases linearly from 2 to 4. 


Ce | 


t 


Thus the disk has volume (2 + 2t/h) "dt. The total volume of the frustrum is 


rf (2+ 2t/h) "dt = a f (1+t/h) "dt = 40 ose) 


4 28 
= qth x7= qth 


0 


Remark: we could also solve this problem using the formula for the volume of a 
cone. Using similar triangles, the frustrum in question is shaped like a right circular 


1 
cone of height 2h and base radius 4 (and hence of volume 3(4°)(2h)), but missing 
its top, which is a right circular cone of height h and base radius 2 (and hence 


1 
volume 3 (2")h). So, the volume of the frustrum is 


1 1 2 
37 (4°) (2h) — gr (2")h = th. 


Exercises — Stage 3 
1.6.2.17. Solution. (a) 


We'll want to start by graphing the upper half of the ellipse (az)? + (by)? = 1. Its 


intercepts will be enough to get us an idea: (0, #) and (+2, 0): 
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y=5V1— (ae)? 


We note a few things at the outset: first, since a > 6, then + a t so indeed the 
x-axis is the minor axis. That is, we’re rotating about the proper axis to create an 


oblate spheroid. 

Second, if we solve our equation for y, we get y = t 1 — (ax)?. (Since we only want 
the upper half of the ellipse, we only need to consider the positive square root.) 
Now, we have a standard volume-of-revolution problem. We make vertical slices, 
of width dz and height y = ivVl — (ax)?. When we ia these slices about the 
x-axis, they form thin disks of volume 7 E 1- (ax)| dx. Since x runs from —+ 


to - the volume of our oblate spheroid is: 


a yd 
Volume = 1 E 1- (oa? da 


aoe 1 — (ax)*dx 

_ 20 a 1 24 f : 

sas — (ax)*dx (even function) 
Qn — a 

— G=— 
b2 2 le 

o 2r | 1 1 _ At 

Bla 8al 3b2a 


(b) As we saw in the sketch from part (a), the shortest radius of the ellipse is +, 


while the largest is i. So, = = 6356.752, and : = 6378.137. That is, a = 6356.752 
1 
and 6 = 


6378.137 
Note a > b, as specified in part (a). 


(c) Combining our answers from (a) and (b), the volume of an oblate spheroid with 
approximately the same dimensions as the earth is: 


At _ An Ty 
32a = 33 CX a 
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4 
= > (6378.137)° (6356.752) 


~ 1.08321 x 10" km? 
~ 1.08321 x 107! m? 


(d) A sphere of radius 6378.137 has volume 
4 3 
37 (6378.137) 


So, our absolute error is: 


4 4 
> (6378.137)? (6356.752) — 3 (6378.137)° 
An 9 
=z (6378.137) |6356.752 — 6378.137| 


4 
== (6378.137)? (21.385) 


3.64 x 10°km? 


And our relative error is: 


abs error __ “ (6378.137)* |6356.752 — 6378.137| 


actual value A= (6378.137)” (6356.752) 
|6356.752 — 6378.137| 
> 6356.752 
__ 6378.137 
~ 6356.752 — 
= 0.00336 


That is, about 0.336%, or about one-third of one percent. 


1.6.2.18. *. Solution. (a) The curve y = 4 — (2 — 1)? is an “upside down 
parabola” and line y = x +1 has slope 1. They intersect at points (x,y) which 
satisfy both y= x2+1 and y=4-—(x-—1)?. That is, when x obeys 


g+1=4-(2-1) 
ptlead—9"°4%%—] 
c—27=-2=0 
(x —2)(2+1)=0 
x=-l or t=2 


Thus the intersection points are (—1,0) and (2,3). Here is a sketch of R: 
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y 
y=xz+t+l1 
(2, 3) 
y=4-(r-1) 
10) 


The red strip in the sketch above runs from y = x + 1 to y = 4— (a — 1)? and so 
has area [4 — (2 — 1)? — (a + 1)| da = [2+ 4 —.2?|dz. All together R has 


ea)? 
= |9 aie 
3 9 @Y 
a ae” 


(b) We’ll use vertical washers as in Example 1.6.3. Note that the highest point 
achieved by y = 4 — (x — 1)? is y = 4, so rotating around the line y = 5 causes no 
unexpected problems. 


(—1,0) 


e We cut R into thin vertical strips of width dz like the red strip in the figure 
above. 


e When we rotate R about the horizontal line y = 5, each strip sweeps out a 
thin washer 
o whose inner radius is rj, = 5 — [4 — (2 — 1)?] = 1+ (x — 1)”, and 
o whose outer radius is ro,4 = 5 — [w+ 1] =4-— 2 and 


o whose thickness is dx and hence 
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o whose volume is alee — i, dt = m|(4 = x)” = (1 (= 1)?)"] dix 


e As our leftmost strip is at x = —1 and our rightmost strip is at 7 = 2, the 
total 


2 
Volume = nf [(4- x)” —(1+(#- 1))"] dx 

= 
1.6.2.19. *. Solution. (a) The curves (x — 1)? + y? = 1 and x? + (y—1)? =1 
are circles of radius 1 centered on (1,0) and (0,1) respectively. Both circles pass 
through (0,0) and (1,1). They are sketched below. 


y 


x? +(y-1P=1 


(c-1?+y=1 


The region R is symmetric about the line y = z, so the area of R is twice the area 
of the part of R to the left of the line y = x. The red strip in the sketch above runs 
from the edge of the lower circle to x = y. So, given a value of y in [0,1], we need 
to find the corresponding value of x along the circle. We solve (x — 1)? + y? = 1 for 
x, keeping in mind that 0 < a2 <1: 
(e—1)?+y?=1 
(x—1)?=1-y? 
je-la=vl—y 
l-xr=vV1-y? 
r=1-vV1-y 


Now, we calculate: 


SOLUTIONS TO EXERCISES 


Here the integral i \/1— y?dy was evaluated simply as the area of one quarter 
of a cicular disk of radius 1. It can also be evaluated by substituting y = sind, a 
technique we'll learn more about in Section 1.9. 

(b) We’ll use horizontal washers as in Example 1.6.5. 


e We cut FR into thin horizontal strips of width dy like the blue strip in the 
figure above. 


e When we rotate R about the y-axis, each strip sweeps out a thin washer 


o whose inner radius is rj, = 1 — ,/1 — y?, and 
o whose outer radius is roy = \/1 — (y — 1)? and 
o whose thickness is dy and hence 


o whose volume is 
(VI W—1) — = VIA) ey 
=n[1—(y—1)? -142V1-y-(1-y’)] 
=2n[/1—y2+y—- 1] dy 


e As our bottommost strip is at y = 0 and our topmost strip is at y = 1, the 


total 
: nr dL 
Volume = 27 [ Tay? +y— Idy = 20/7 + 5-1 
0 4 2 
2 
= — 1m 1,793 


Here, we again used that ii \/1 — y? dy is the area of a quarter circle of radius 
one, and we used a calculator to approximate the final answer. 


1.6.2.20. *. Solution. Before we start, it will be useful to have a reasonable 
sketch of the graph y = cV1 + x? over the interval [0,1]. Its endpoints are (0,c) 
and (1,c/2). The function is entirely above the x-axis, which we need to know 
for part (a). For part (b), we need to know whether it is always increasing or not: 
when we’re drawing horizontal strips, we need to know their endpoints, and if the 
function has “humps,” the right endpoint will not be simply the line x = 1. 

If you’re comfortable noticing that 1 + x? increases as x increases because we only 
consider nonnegative values of x, then you can also be confident that V1+ 2? is 
simply increasing. Alternately, we can consider the derivative: 


d { 1 cx 
= via} = ¢- = 
dx 2/14 x2 V1+ 2? 


Since we only consider positive values of x, this derivative is never negative, so the 
function is never decreasing. This gives us the following basic sketch: 
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The figures in the solution below use a slightly more detailed rendering of our 
function, but so much accuracy is not necessary. 

(a) Let V, be the solid obtained by revolving R about the z-axis. The portion of 
Y, with x—-coordinate between x and x + dz is obtained by rotating the red vertical 
strip in the figure on the left below about the z-axis. That portion is a disk of 
radius cV1+ 2x? and thickness dz. The volume of this disk is t(eV¥1+2?)*dr = 
nmc?(1+27)dzx. So the total volume of Y, is 


(b) We’ll use horizontal washers as in Example 1.6.5. 


e We cut FR into thin horizontal strips of width dy as in the figure on the right 
above. 


e When we rotate R about the y-axis, i.e. about the line x = 0, each strip 
sweeps out a thin washer 


o whose outer radius is ro,4 = 1, and 


o whose inner radius is rin = 4/ ve — 1 when y > cV1+ 0? = c (see the red 
strip in the figure on the right above), and whose inner radius is rj, = 0 
when y < c (see the blue strip in the figure on the right above) and 


o whose thickness is dy and hence 


o whose volume is 1(r2,, — 7?,)dy = (2 — vy dy when y > c and whose 


volume is 1(r2,,, —17?,)dy = 7 dy when y < c and 
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e As our bottommost strip is at y = 0 and our topmost strip is at y = 2c 
(since at the top x = 1 and y=cvV1+27), the total 


4c —  (4V2-2) =0 
te(c- (v2-5)) =0 
c=0 or c= Vi-5 


1.6.2.21. *. Solution. We will compute the volume by rotating thin vertical 
strips as in the sketch 


y 
8H 


y=—4+ 20 —2¢ 


y =4+ 7sin(z) 


about the line y = —1 to generate thin washers. We need to know when the line 
y = 4+2n—2z intersects the curve y = 4+7sin x. Looking at the graph, it appears 
to be at 5, 7, and Sr By plugging in these values of x to both functions, we see 
they are indeed the points of intersection. 


e When 5 < x <7, the top of the strip is at y = 4+ 7sinz and the bottom 
of the strip is at y = 4+ 2a — 2x. When the strip is rotated, we get a thin 
washer with outer radius Ri(x) = 1+4+7sinx =5+7sinz and inner radius 
ri(v) =14+4+ 20 — 22 =54 2a — Qe. 
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e When 7 <a< an the top of the strip is at y = 4+ 2m — 2x and the bottom 
of the strip is at y = 4+ m7sinx. When the strip is rotated, we get a thin 
washer with outer radius Ro(x) = 1+ 4+ 2a — 2x = 5 + 2m — 2 and inner 
radius ro(z) =1+4+4+7sinzg =5+7sinz. 


So, the total 


30/2 


Volume = a m[Ri(x)* — r1(x)?] da + a m[Ro(x)? — ro(x)?] dx 


/2 T 


= m[(5+msinx)* — (5 + 2m — 2x)?] dx 
a /2 


3r/2 
+f a[(5 + 2x — 2x) — (54+ asinz)"| dx 


1.6.2.22. Solution. (a) 
We use the same ideas for volume, and apply them to mass. We want to take slices 
of the column, approximate their mass, then add them up. To reconcile our units, 


let k = 1000h, so k is the height in metres. Then the density of air at height k is 
c2—*/6000 kg 


A horizontal slice of the column is a circular disk with height dk and radius 1 m. 
So, its volume is tdkm?. What we’re interested in, though, is its mass. At height 
k, its mass is 


k 
(volume) x (density) = (rdkm*) x (co trae ) 
— eg */6000 gp, ke 


Since k runs from 0 to 60,000, the total mass is given by 
60000 60000 
| crQ—*/600 qh = on f Q—*/6000 qf, 
0 0 


To facilitate integration, we can write our exponential function in terms of e, then 


. . _ k _ iL: 
use the substitution u = — gp log 2, du = — ~pq log 2dk. 


60000 &/6000 
= on f Cage / dk 
0 
60000 k 
=cr | e 6000 824k 
0 


6000cr i . 
=— edu 
0 


log 2 
6000cr [ 7 
= e"du 
log 2 —10log2 


6000c7 1 
= fost 
log 2 oi 
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6000c7 

log2 | 
We also remark that this is a demonstration of the usefulness of integrals. We wanted 
to know how much of something there was, but the amount of that something was 
different everywhere: more in some places, less in others. Integration allowed us 
to account for this gradient. You’ve seen this behaviour exploited to find distances 
travelled, areas, volumes, and now mass. In your studies, you will doubtless learn 
to use it to find still more quantities, and we will discuss other applications in 
Chapter 2. 


(b) We want to find the value of k that gives a mass of 


We note this is fairly close to 


ee By following our 


reasoning above, the mass of air in the column from the ground to height k is 


6000c7 1 1 
log 2 ~~ 9k/6000 


So, we set this equal to the mass we want, and solve for k. 


6000cr 1 _ 8000cm 
log 2 ~ 9k/6000 } 


H] 
2 (1 ~ sas} = 


log 2 


_ 2 
~~ 9k/6000 
gk/6000 _ 91 
k; = 6000 
h=6 


This means that there is roughly the same mass of air in the lowest 6 km of the 
column as there is in the remaining 54 km. 


1.7 - Integration by parts 
1.7.2 - Exercises 


Exercises —— Stage 1 
1.7.2.1. Solution. Integration by substitution is just using the chain rule, back- 
wards: 


e f(g(2)) +¢ = / (g(a) 9 ()de 
f(u) f'(u) du 
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Similarly, integration by parts comes from the product rule: 


~{s(a)a(a)} = Fe) g(x) + Fada a) 
ef Ft@ga)jar= f fea) + fw)g'e)ae 


e f(x)g(e) +0 = / f'(e)g(x)de + / fad (a)de 


e [ioe gens = fl Ladala)- f ge) fee 


In the last line, the “+-C” has been absorbed into the indefinite integral on the right 
hand side. 


1.7.2.2. Solution. Remember our rule: [udu = uv — [ vdu. So, we take u and 
use it to make du-that is, we differentiate it. We take du and use it to make v-that 
is, we antidifferentiate it. 


1.7.2.3. Solution. We'll use the same ideas that led to the method of integration 
by parts. (You can review this in your text, or see the solution to Question 1 in 
this section.) According to the quotient rule, 


d a} g(x) f(x) — flz)g'(x) 
dx | g(x) 


Antidifferentiating both sides gives us: 


[EQ ae= [OSC ,, 
dx 

f(z) kc f(x) ae f(x 

g(e) * (x) 

f'(z) [Ss f(x 

dz = 4 
/ g(x) 5) FC 

In the last line, the “+C” has been absorbed into the indefinite integral on the right 


hand side. 
This is exactly the integration by parts formula for the functions u = 1/g and v = f. 


1.7.2.4. Solution. All the antiderivatives differ only by a constant, so we can 
write them all as v(x) + C for some C’. Then, using the formula for integration by 
parts, 


fw -u'(x)dx = u(x) [v(x) + C] -{ [v(x) + C] u'(x)dax 
SS ——_—’ —— L———S >on” 


u Vv Vv du 


= u(x)u(x) + Cu(x) - [@u'@ac — [cu aaa 
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= u(xr)u(x) + Cu(x) — [@u'@ae — Cu(xz)+D 
= u(x)u(x) — [@u'@ac +D 


where D is any constant. 
Since the terms with C’ cancel out, it didn’t matter what we chose for C—all choices 
end up the same. 


1.7.2.5. Solution. Suppose we choose dv = f(x)dz, u= 1. Then v = | toae, 


and du = dx. So, our integral becomes: 


f 0) teas = 00, f eras f (f se) ae 


U du —__——” du 
In order to figure out the first product (and the second integrand), you need to 
know the antiderivative of f(a)—but that’s exactly what you’re trying to figure out! 
So, using integration by parts has not eased your pain. 
We note here that in certain cases, such as [log dz (Example 1.7.8 in your text), 
it is useful to choose dv = ldx. This is similar to, but crucially different from, the 
do-nothing method in this problem. 


Exercises —— Stage 2 
1.7.2.6. *. Solution. For integration by parts, we want to break the integrand 


into two pieces, multiplied together. There is an obvious choice for how to do this: 
one piece is x, and the other is logx. Remember that one piece will be integrated, 
while the other is differentiated. The question is, which choice will be more helpful. 
After some practice, you’ll get the hang of making the choice. For now, we’ll present 
both choices—but when you’re writing a solution, you don’t have to write this part 
down. It’s enough to present your choice, and then a successful computation is 
justification enough. 


Option 1: |) ua au = 1 dz 
dv =loga dz | ew=?? 
I 
Option 2: | u = log x du = — dz 
iz 
dv = rdx v= 5t 


In Example 1.7.8, we found the antiderivative of logarithm, but it wasn’t trivial. 
We might reasonably want to avoid using this complicated antiderivative. Indeed, 
Option 2 (differentiating logarithm, antidifferentiating 7) looks promising-when we 
multiply the blue equations, we get something easily integrable— so let’s not even 
bother going deeper into Option 1. 

That is, we perform integration by parts with u = logx and dv = xdz, so that 
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2: 
du = # andv=<. 
x 2 


x log x zc’ dx zxlogr 1 
e« logrdr= — = — xdx 
rn y 2 


2 2 x 2 
an —“sS=_—” — 
2 2 
e loge. & 
= —-—4C 
5 a7 


1.7.2.7. *. Solution. Our integrand is the product of two functions, and there’s 
no clear substitution. So, we might reasonably want to try integration by parts. 
Again, we have two obvious pieces: log xz, and x~’. We’ll consider our options for 
assigning these to u and dv: 


Option 1: | u= logx du = — dx 


dv=a' dz |v = —z 


Option 2: |u=2-" du = —7x° dx 
du =logadz | v=?? 


Again, we remember that logarithm has some antiderivative we found in Exam- 
ple 1.7.8, but it was something complicated. Luckily, we don’t need to bother with 
it: when we multiply the red equations in Option 1, we get a perfectly workable 
integral. 

We perform integration by parts with u = logx and du = 27‘ dz, so that du = aa 


z6 
4 


log x ge x ® dz logx 1 “4 
fi 7 dz = —logz G -f 6 . =- Teri fe dx 
———" we YY 


and v = — 


Uv —v du 
log x 1 
=— — C 
6x6 3626 7 


1.7.2.8. *. Solution. To integrate by parts, we need to decide what to use as 
u, and what to use as dv. The salient parts of this integrand are x and sin x, so we 
only need to decide which is u and which dv. Again, this process will soon become 
familiar, but to help you along we show you both options below. 


Option 1: | w= x du=1 ae 
dv = sinz dx | v = —cosx 
Option 2: | u=sinz de = cose cz 
1 
dv = rdx v= hl 


The derivative and antiderivative of sine are almost the same, but x turns into 
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something simpler when we differentiate it. So, we choose Option 1. 


We integrate by parts, using u = x, dv = sinx dz so that v = —cosx and du = dz: 
| xsing dx = —xcosx -f (—cosz) daz 
0 —_— 10 0 —~—— oe” 
uv yi du 
= | - xcosx + sina| =-7(-l)=a7 
0 


1.7.2.9. *. Solution. When we have two functions multiplied like this, and 
there’s no obvious substitution, our minds turn to integration by parts. We hope 
that our integral will be improved by differentiating one part and antidifferentiating 
the other. Let’s see what our choices are: 


Option lt | u =x i= 1s 
dv = cosxz dx |v=sinz 
Option 2: | v= cosx du = —sinz dx 
1 
dv = «dx v= hl 


Option 1 seems preferable. We integrate by parts, using u = x, dv = cosxdz so 
that v = sing and du = dz: 


xceosxdx= 2« sin | — sinz dx 
. See Io atid 
UU Vv 


Vv du 
Tw 
. 2 1 
= |xsinx + cosx =—° 3 
0 


1.7.2.10. Solution. This integrand is the product of two functions, with no 
obvious substitution. So, let’s try integration by parts, with one part e” and one 


part x. 
Option Ll: | ue di=e dz 
wae dij ie 
Option 2: | u= 2? du = 32? dx 
dv=e"dz |\v=e 


At first glance, multiplying the red functions and multiplying the blue functions give 
largely equivalent integrands to what we started with—none of them with obvious 
antiderivatives. In previous questions, we were able to choose u = x, and then 
du = dz, so the “x” in the integrand effectively went away. Here, we see that 
choosing u = x° will lead to du = 3x7dz, which has a lower power. If we repeatedly 
perform integration by parts, choosing wu to be the power of x each time, then after 
a few iterations it should go away, because the third derivative of x? is a constant. 
So, we start with Option 2: u = x3, dv = e"dz, du = 3x7dz, and v = e”. 


petdr= x? e® — e* .3a7daxr 
See Be AS 
U Vv Vv 


du 
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= ge? — afer ada 


Now, we take u = x? and dv = e*dz, so du = 2rdz and v = e®. We’re only using 
integration by parts on the actual integral-the rest of the function stays the way it 
is. 


= ge” —3 jee -{ e” ous 
Qe Be Sa 


uv 7) du 


ae —37' 6 + 6 f xerax 


Continuing, we take u = x and dv = e*dz, so du = dz and v = e”. This is the step 
where the polynomial part of the integrand finally disappears. 


xe” — e dx 
YY Be 


To) Vv du 


= ge" — 3x7e7 +6 


= oe" — 3e°e" + bre —6e" + C 


= e” (x* — 3x7 + 64 — 6) +C 


Let’s check that this makes sense: the derivative of e” (x3 — 3x? + 6x — 6)+C should 
be xe”. We differentiate using the product rule. 


< {e% (0° — 80? + 60 ~ 6) +0} 
= e* (x* — 3x7 + 6x — 6) + e” (37 — 6x + 6) 
= e* (x* — 3x7 + 347 + 6x — 62 — 6+ 6) = xe 


Remark: In order to be technically correct in our antidifferentiation, we should add 
the +C as soon as we do the first integration by parts. However, when we are using 
integration by parts, we usually end up evaluating an integral at the end, and we 
add the +C at that point. Since the +C’ comes up eventually, it is common practice 
to not clutter our calculations with it until the end. 


1.7.2.11. Solution. Since our integrand is two functions multiplied together, 
and there isn’t an obvious substitution, let’s try integration by parts. Here are our 
salient options. 


Option I: |u=z du = 1 dx 
dv = log? x dx | v =?? 
Option 2: | u = log? x du = 3log? z- 2 dx 
1 
dv = rdx v= st 


This calls for some strategizing. Using the template of Example 1.7.8, we could 
probably figure out the antiderivative of log? x. Option 1 is tempting, because our 
x-term goes away. So, there might be a benefit there, but on the other hand, the 
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antiderivative of log? x is probably pretty complicated. 

Now let’s consider Option 2. When we multiply the blue functions together, we get 
something similar to our original integrand, but the power of logarithm is smaller. 
If we were to iterate this method (using integration by parts a few times, always 
choosing u to be the part with a logarithm) then eventually we would end up 
differentiating logarithm. This seems like a safer plan: let’s do Option 2. 

We use integration by parts with u = log’, du = rdz, du = 3 log* xdxz, and 


_ 1,2 
U= 5u. 


1 3 
| ebs" de = 5t log? « — / 5 log” xdz 
e—>_SE——_ 


eS —-——— 


To) vdu 


1 a 
= 5e log? x — 5 | woe xdx 


Continuing our quest to differentiate away the logarithm, we use integration by 


parts with u = log? z, dv = xdz, du = — log xdz, and v = af 
y 


1 3 | 1 
= 5e log? x — 5 5 log? x — | slosxae 
a -_ ¥ 


udu 
uv 


1 a 3 
= 5e log? « — ra log? a + 3 [ev ede 

1 I 
One last integration by parts: u = log, dv = adzx, du = —dz, and v = 52 
£ 


1 3 3/1 1 
= ~27 log? x — —27 log? x + = 5 log x — / qrde 


2 4 2 
d 
i 3 3 3 
= 5r log? « — qe log? « + ral log x — ri pow 


1 3 3 3 
= 5e log? « — ral log? a + rial log x — ge +C 


Once again, technically there is a +C in the work after the first integration by parts, 
but we follow convention by conveniently suppressing it until the final integration. 


1.7.2.12. Solution. The integrand is the product of two functions, without an 
obvious substitution, so let’s see what integration by parts can do for us. 


Option 1: | u= 2? du = 22 dz 
du = sinx dz | v = —cosx 

Option 2: | w= sine de = cose cz 
dv = x7dax v= 50° 


Neither option gives us something immediately integrable, but Option 1 replaces 
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our x? term with a lower power of x. If we repeatedly apply integration by parts, 
we can reduce this power to zero. So, we start by choosing u = x? and dv = sinzdz, 
so du = 2adz and v = —cos@. 


/ x’ sin xdx = —x* cosx + / 2x cos xdx 
— 


uv 
—vdu 


= -reose +2 f reosadr 


Using integration by parts again, we want to be differentiating (not antidifferenti- 
ating) x, so we choose u = x, dv = cosaxdz, and then du = dz (a went away!), 


v=sine. 
xsinx— | sinadx 
_—’ —S 


uv vdu 


= —yr*cosx+2 


= —2’ cosx + 2rsinz + 2cosx+C 
= (2—2")cosx+ 2rsinz+C 
1.7.2.13. Solution. This problem is similar to Questions 6 and 7: integrating a 
polynomial multiplied by a logarithm. Just as in these questions, if we use integra- 
1 
tion by parts with u = logt, then du = —dt, and our new integrand will consist of 


powers of t-which are easy to antidifferentiate. 
So, we use u = logt, du = 3t? — 5t +6, du = +dt, and v = t? — 34? + 6t. 


/ (3t? — 5t + 6) log tdt 


5 1 5 
=logt t — at + 6t - f 7 (8-32 +6) dt 
u — ——————————— 


u udu 


= (#-3¢ ot) logt- f (546) dt 
2 2 
5 


1, 5 
= (8-30 ot] logt — st + 7H — 6£+C 


1.7.2.14. Solution. Before we jump to integration by parts, we notice that the 

square roots lend themselves to substitution. Let’s take w = /s. Then dw = 
1 

2/8 


ds, so 2wdw = ds. 


[ veevas = Je -e” . 2wdw = 2 f werd 
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Now we have nearly the situation of Question 10. We can repeatedly use integration 
by parts with wu as the power of w to get rid of the polynomial part. We’ll start 
with u = w? du = e’dw, du = 2wdw, and v = e”. 


=2 ee ~ | eect 
SH ~ 


wv udu 


= 2we” — tf werdw 


We use integration by parts again, this time with u = w, dv = e”’dw, du = du, and 


v=e, 
= 2w*e” —4 es — / ea] 
SY Kn 


uv udu 
= 2we’ — dwe” + de” ++ C 
=e” (Qu? -4w+4)+C 
= eV (2s —4/s+4)+C 


1.7.2.15. Solution. Let’s use integration by parts. What are our parts? We 
have a few options. 


e Solution 1: Following Example 1.7.8, we choose u = log? z and dv = dz, so 
that du = 2 log cde and o=zZ. 


pre? dz = clog? — | 2logrdz 
—S>J_—_— —>S—” 
Uv vdu 
Here we can either use the antiderivative of logarithm from memory, or re- 
derive it. We do the latter, using integration by parts with u = logz, dv = 
2d%, du: = idz, and v= 2%, 


= ¢log* x — 2rloge— f 2az 
——” “~~ 


uv udu 


= glog?z —2rlogr+2r+C 


e Solution 2: Our integrand is two functions multiplied together: log x and log x. 
So, we will use integration by parts with u = log, dv = logz, du = ida, and 
(using the antiderivative of logarithm, found in Example 1.7.8 in the text) 
v=axlogx—«2. 


1 

[roe xzdx = (log x)(x log x — x) — [(ebosx-2) —dxr 
YSf_—@— —S_—_—==” 

du 
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= clog? — clog ~ f (log ~1) dz 


= rlog*x — rlogx — |(rlogx — x) —2z]+C 
= tlog?z —2rlogr+2r+C 


1.7.2.16. Solution. This is your friendly reminder that to a person with a ham- 
mer, everything looks like a nail. The integral in the problem is a classic example of 
an integral to solve using substitution. We have an “inside function,” x? +1, whose 
derivative shows up multiplied to the rest of the integrand. We take u = x? 4+ 1, 
then du = 2xdz, so 


prre?ras = [eva =e tt One UVic 


1.7.2.17. *. Solution. In Example 1.7.9, we saw that integration by parts was 
useful when the integrand has a derivative that works nicely when multiplied by 
x. We use the same idea here. Let u = arccosy and du = dy, so that v = y and 
da = —— 

l-y 


[ sx00s y dy = yarccos y +f SS 
—_—_-_-_—" — y 


—vdu 


Uv 


Using the substitution u = 1 — y?, du = —2ydy, 


1 
= yarecosy — 5 fora 
= yarccosy — ul? +C 


= yarccosy — f/1—y?+C 


Exercises —— Stage 3 
1.7.2.18. *. Solution. We integrate by parts, using u = arctan(2y), du = 4y dy, 


so that v = 2y? and du = op: 
iz tan(2y) dy = 2y’ tan(2y) — [ a 4 
arctan = 2y” arctan — | ——.— 
y y) dy = 2y y Geri Y 
Uv — 


The integrand as zz 1s a rational function. So the remaining integral can be eval- 
uated using he method of aha ons, starting with long division. But it is 


_ 4y? +1 
easier to just notice that rT = a gee oP re We therefore have: 


Ay? 1 1 
dy = 1- dy=y-— tan(2 C 
[ma y I( wo] y=y 5 are an(2y) + 
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The final answer is then 


i 
Jos arctan(2y) dy = 2y” arctan(2y) — y + 5 arctan(2y) + C 


1.7.2.19. Solution. We’ve got an integrand that consists of two functions multi- 
plied together, and no obvious substitution. So, we think about integration by parts. 
Let’s consider our options. Note in Example 1.7.9, we found that the antiderivative 
of arctangent is x arctan — 5 log(1+ 27) +C. 


Option 1: | u = arctanz du “TF dx 
de =a" dz v= al 
Option 2: | u = 2? du = 2x dz 
du = arctan xdz | v = xarctanz — ; log(1 + 2”) 


e Option 1: Option 1 seems likelier. Let’s see how it plays out. We use integra- 


tion by parts with u = arctan x, dv = x7dz, du = 5, and v = za ; 


i x’ arctan rdx = 


3 


da 


3 
1+a2? 


£ x 
3 arctan x — aa +a" 


SS OE 


aha 


— = ea —-= 


uu udu 


1 x 
——d 
ices . 


This is starting to look like a candidate for a substitution! Let’s try the 
denominator, s = 1+ 27. Then ds = 2zdz, and z* = s— 1. 


3 


= a cane —-= 


3 


3 


3 


3 


1 tm 
- 2rd 
{= ire 


x ; ; | a 
q arctan x F és 


Ss 


Tr 1 1 
— t —— ]/1-—-d 
Fe al a 


6 


1 1 
= arctan —=s+ g losis! +C 


1 1 
= arctan — (1+27) + —log(1+27)+C 


6 6 


e Option 2: What if we had tried the other option? That is, u = x7, du = 2zdz, 
dv = arctan x, and v = xarctan x — t log(1+.?). It’s not always the case that 
both options work, but sometimes they do. (They are almost never of equal 
difficulty.) This solution takes advantage of two previously hard-won results: 
the antiderivatives of logarithm and arctangent. 
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1 
Je arctan da = _ x” (« arctan x — 5 log(1 + “)) 


UW 


UV 


1 
= ; (« arctan © — 5 log(1 + ”)) ae 
| u 


2 
= 2° arctan x — > log(1 +2?) —2 / x” arctan cdx 


+ | etosc + 2°)dz 
Adding 2 f x? arctanzdx to both sides: 


2 
3 ; x” arctan cdx = x° arctan x — > log(1 + 2”) 
+ | ebosc + 2*)\dx 
x? a” 
fe arctan rdz = a arctan x — log(1 + 2”) 
1 
+ F | etosc + 2*)\dx 
Using the substitution s = 1+ 27, ds = 2rdz: 
3 2 1 
= > arctan © — > log(1 + 2”) + 5 ic sds 
Using the antiderivative of logarithm found in Example 1.7.8, 


ae a? ae. o 
y arctan x — G lest +2 )+ g (Sloss — 5) +C 


a? z | 4 ‘ 
= 3g aretan x — G lea + x )+e(l+2 )log(1 + 2°) 
—(1+2°))+C 
3 2 1 2 1 
=F arctan |-= = | oot + 2%) - F040) +e 


i 1 ae , 
=] arctan + — log(1 +x J—glite )+C 


1.7.2.20. Solution. This example is similar to Example 1.7.10 in the text. The 
functions e*/? and cos(2x) both do not substantially alter when we differentiate or 
antidifferentiate them. If we use integration by parts twice, we'll end up with an 
expression that includes our original integral. Then we can just solve for the original 
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integral in the equation, without actually antidifferentiating. 


Let’s use u = cos(2z) and dv = e*/2dx, so du = —2sin(2x)dx and v = 2e?/?. 


jen cos(2r)dx = 2e*/? cos(2x) — / —4e"/? sin(2x)dx 
SS ~~ 


uv udu 


= 2e/? cos(2x) + 4 / e*/? sin(2x)da 


Similarly to our first integration by parts, we use u = sin(2x), du = e*/?dx, du = 
2cos(2x)dx, and v = 2e/?. 


= 2e"/? cos(2x) + 4 | 2e7/? sin(2x) — jaet cos(2x)dx 
=—-V—[a———-———” =-e——_—>———” 


Uv vdu 


So, we’ve found the equation 
fer cos(2x)da = 2e”/? cos(2x) + 8e*/? sin(2z) 


— 16 : e*/ cos(2xr)da + C 
We add 16 f cos(2x)dz to both sides. 


ce cos(2x)da = 2e/? cos(2x) + 8e*/? sin(2x) + C 


2 8 
1 cos(2x)dx = Te cos(2x) + 7 sin(2x) + C 


Remark: remember that C' is a stand-in for “we can add any real constant”. Since 


C can be any number in (—oo, 00), also € can be any number in (—00, 00). So, 


rather than write € in the last line, we re-named £ to ©. 
1.7.2.21. Solution. 


e Solution 1: This question looks like a substitution, since we have an “inside 
1 
function.” So, let’s see where that leads: let u = logx. Then du = —dz. 


x 
We don’t see this right away in our function, but we can bring it into the 
function by multiplying and dividing by x, and noting from our substitution 


that e” = x. 
in(1 
J sinloge)az -{= eelae 
iz 


= i e" sin udu 
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Using the result of Example 1.7.11: 
i 
= 5° (sinu — cosu) +C 
1 
= a (sin(log x) — cos(log 2)) + C 


= = (sin(log x) — cos(log x)) +C 


e Solution 2: It’s not clear how to antidifferentiate the integrand, but we can 
certainly differentiate it. So, keeping in mind the method of Example 1.7.11 
in the text, we take u = sin(logx) and dv = dz, so du = + cos(log x)dz and 
C=m 


J sntos x)dx = xsin(log x) — / cos(log x)dx 
ee a 


Continuing on, we again use integration by parts, with u = cos(log x), dv = 
dz, du = —+sin(log x)dz, and v = z. 


= rsin(logx) — « cos(log x) + / sin(log x) as] 
e+ —S—S 


uv —vdu 


That is, we have 
[ sntos x)dx = z [sin(log x) — cos(log x)] — [ sintos x)dz+C 
Adding _f sin(log x)dx to both sides, 
2 i sin(log x)dx = x |sin(log x) — cos(log x)] + C 


[ sintos ode = 5 [sin(log x) — cos(log x)] + C 


Remark: remember that C' is a stand-in for “we can add any real constant”. 


Since C’ can be any number in (—oco, 00), also S can be any number in 


(—oo, 00). So, rather than write € in the last line, we re-named € to C. 


1.7.2.22. Solution. We begin by simplifying the integrand. 


ae "dr = iG gle dr = iG -cdx 


This is similar to the integral [ vetae, which we saw in Example 1.7.1. Let’s write 


2 = e'°8? to take advantage of the easy integrability of e*. 


= fo ear 
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We use integration by parts with u = x2, du = e*'°8?dx; du = dz, v = ee 
(Remember log2 is a constant. If you’d prefer, you can do a substitution with 


s = xlog2 first, to have a simpler exponent of e.) 


Dn Ls 
eter f et los 2qy 


~ log 2 log 2 
uv udu 
= x Cry a a log 2 C 
log 2 (log 22° : 
be 1 


x x 


= 2 2 
log 2 (log 2)? 


1.7.2.23. Solution. It’s not obvious where to start, but in general it’s nice to 
have the arguments of our trig functions the same. So, we use the identity sin(2x) = 
2sin © COS @. 


= sin( 27 dz = 2 : e°** cos x sin x dx 


Now we can use the substitution w = cosx, dw = — sin xdz. 


= -2 f werdw 


From here the integral should look more familiar. We can use integration by parts 
with u = w, du = e“dw, du = dw, and v = e”. 


— er - | caw 
WY NH 


uv vdu 
= 2e” [l1—w]+C 
= 2e°°*|/1 — cosa] +C 


1.7.2.24. Solution. We’ve got an integrand that consists of several functions 
multiplied together, and no obvious substitution. So, we think about integration 
i 1 


by parts. We know an antiderivative for aca because we know < is = Wa 
#4 


So let’s try dv = ay and u = ze~*. Then v = =+ and du = (1—2)e*dz. So, 
by integration by parts, 


dx xe” 1 
—x = _ 1- tq 
[ 1-2 fe Gewetee 
Uo , —— San dis 
du Uv Vv 
= - fetes 
1-2 
xe” e” 
= “Fa C= C 
— qe = = 3 
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1.7.2.25. »*. Solution. (a) The “parts” in the integrand are powers of sine. 
Looking at the right hand side of the reduction formula, we see that it looks a little 
like the derivative of sin”~' x, although not exactly. So, let’s integrate by parts with 
u=sin" |! x and dv =sinzdz, so that du = (n— 1)sin””-? xcosz and v = —cosz. 


[ow zdz = —sin™ !x cosz+(n—1) [eos g sin” * x da 
a — fudu 
Using the identity sin? x + cos? x = 1, 
=-—sin"'z cosx+(n—1) fo —sin?z)sin” * x dx 
=-—sin”™'z cosx+(n—1) fonts dz — (n—- 1) f sin da 
Moving the last term on the right hand side to the left hand side gives 


n f sn edz = —sin” x cosr+(n—1) ows dx 


Dividing across by n gives the desired reduction formula. 
(b) By the reduction formula of part (a), ifn > 2, 


m/2 —] am /2 
‘ sin” (a) dz = - i sin” ?(x) dx 
0 0 


n 


since sin0 = cos | = 0. Applying this reduction formula, with n = 8,6, 4, 2: 


8 6 4 
(33 Le 
_7 5 3 1 | de 
8 6 4-24, 
ee ee es 
a a a 
35 
=.=—T7 
256 


Using a calculator, we see this is approximately 0.4295. 


1.7.2.26. »*. Solution. (a) The sketch is the figure on the left below. By 
integration by parts with u = arctan z, dv = dx, v = x and du = ae dx, and then 
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the substitution s = 1 + 2?, 


1 
A= | arctan xdx = x arctan x 
0 BA 


Uv 


1 1 
arctan 1 — 5 log(1 + x”) 
0 


mt log2 


(b) We’ll use horizontal washers as in Example 1.6.5. 


e We cut F into thin horizontal strips of width dy as in the figure on the right 
above. 


e When we rotate R about the y-axis, each strip sweeps out a thin washer 


o whose inner radius is r;, = tan y and outer radius is ro,, = 1, and 
o whose thickness is dy and hence 


o whose volume 7(r2,,, — 7?,)dy = m(1 — tan? y)dy. 


e As our bottommost strip is at y = 0 and our topmost strip is at y = = (since 


at the top x = 1 and x = tany), the total 


Mt 
d 


Volume = [ m(1 —tan? y)dy = [ m(2 — sec? y)dy 
0 0 


1.7.2.27. *. Solution. For a fixed value of x, if we rotate about the x-axis, 
we form a washer of inner radius B(x) and outer radius T(x) and hence of area 
n|T(x)? — B(x)*]. We integrate this function from x = 0 to x = 3 to find the total 
volume V: 


v= | n{T(x)? — B(x)"] da 


=n / (Jae)? — (/a(1 + 22))? da 
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3 
= nf (xe®” — (x + 4x? + 4e°)) dx 
0 


3 2 Ay 3 
=n f ne da — |= + —— +24] 
0 2 3 0 
3 2 3 
; A 4-3 
-7f ze da — 0 |= + 3 +34] 


For the first integral, we use integration by parts with u(x) = x, dv = e®"dz, so 
that du = dx and v(x) = je®*: 


3 6a 
xe 
ce” dx = 
0 6 


Nr = 
3618 1 3 el8 el8 1 
es _ —_ ez = _ = 
6 36 0 2, ( 36 a) 


17e!8 — 4373 
= 7 | ———— }. 
36 


1.7.2.28. *. Solution. To get rid of the square root in the argument of f”, we 
make the change of variables (also called “substitution”) 2 = t?, dx = 2t dt. 


[ f" (Jz) dz= 2 f° tf’ (tdi 


0 


Then, to convert f” into f’, we integrate by parts with u = t, dv = f(t) dt, 
eS 71), 


4 9 2 

[ rvpae=2{ [ero], - [ras 
2 

2[es"(e) — F®)] 
= 2[2f'(2) — f(2) + f(0)| =2[2 x 4-341] 
12 
1.7.2.29. Solution. As we saw in Section 1.1, there are many different ways to 
interpret a limit as a Riemann sum. In the absence of instructions that restrain our 


choices, we go with the most convenient interpretations. 
With that in mind, we choose: 


e that our Riemann sum is a right Riemann sum (because we see i, not i— 1 or 


i—}) 
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e Ar = 2 (because it is multiplied by the rest of the integrand, and also shows 
up multiplied by 7), 


e then 7; =a+iAr = 2; — 1, which leads us to a = —1 and 
o f(x) = ze". 
e Finally, since Ax = —* = 2 and a = —1, we have b = 1. 


So, the limit is equal to the definite integral 


which we evaluate using integration by parts with u = x, dv = e*dz, du = dz, and 


v=e”, 
1 1 
= | re” — edz 
WH J 1 eee 
uv vdu 


1.8 - Trigonometric Integrals 
1.8.4 - Exercises 


Exercises — Stage 1 
1.8.4.1. Solution. If u=cosz, then du = —sinazdz. If n 4 —1, then 


n/4 1/V2 1 1/V2 
| sin xz cos” rdz = -{ udu = -oe 
0 1 n 


1 1 1 
nt 1 “oa 
If n = —1, then 


m/4 1/V2 1/V2 1 
i: sin xz cos” rdz = -{ udu = -{ —du 
0 1 1 U 


So, (e) n can be any real number. 
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1.8.4.2. Solution. We use the substitution wu = secx, du = secx tan xdz. 
[os xtanxzdr = [sco v-secxtanxzdr = pera 


Since n is positive, n — 1 4 —1, so we antidifferentiate using the power rule. 
au ob 
=—+C=-sec"r+C 
n n 
1.8.4.3. Solution. We divide both sides by cos? x, and simplify. 


sin? x + cos?a = 1 


sin? x + cos? x 1 
cos? © cos? © 
sin? x 


, +1=sec’? x 
cos? x 


tan? 2 +1=sec?x 


Exercises — Stage 2 


1.8.4.4. *. Solution. The power of cosine is odd, and the power of sine is even 
(zero). Following the strategy in the text, we make the substitution wu = sin, so 
that du = cosz dz and cos? z = 1— sin? x = 1 — u?: 


frostede = [(1-sin?2)cosede = [(1-w)du 


3 - 3 
=u->+C=sine- * Edie 
1 2 
1.8.4.5. *. Solution. Using the trig identity cos? « = Lt cos(r) we have 
1 = 1 1 T 
[oe 2G = >| [1 ~ cos(2a)|da= 5 E ~ 5 sin(2z)| — . 


1.8.4.6. *. Solution. Since the power of cosine is odd, following the strategies 
in the text, we make the substitution u = sint, so that du = cost dt and cos?t = 
1 sin? t= 1 — a, 


[ sini tos idk [sve (1 — sin? t) cost dt = cae —u’) du 
37 39 


+137 +39 
U U sin’ t sin’ t 
st ae ee ars = tC 
37-39 37 39 
1.8.4.7. Solution. Since the power of sine is odd (and positive), we can reserve 
one sine for du, and turn the rest into cosines using the identity sin? + cos? x = 1. 


This allows us to use the substitution u = cosxz, du = —sinadz, and sin?2 = 
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1—cos?z =1—v?. 
. 3 - 2 i4e 
[iu - [SS sinvde = [ - = du 
cos! x cos! x u 
1 1 1 1 
= a ee ee 
I( ata) O33 


1 1 
= — T 
3cos?xz coszx 


1.8.4.8. Solution. Both sine and cosine have even powers (four and zero, re- 


spectively), so we don’t have the option of using a substitution like wu = sinx or 
1 — cos(20) 


u = cosx. Instead, we use the identity sin? 9 = — 


r/3 r/3 r/3 ‘i= 9) 2 
| sin' de = [ (sin?x)*ax = [ —o dx 
0 0 0 2 


1 7/3 
= if (1 — 2cos(2x) + cos*(2x)) dx 
0 


1 w/3 1 w/3 
= if (1 — 2cos(2x)) dx + if cos? (2x) dx 
4 Jo 4 Jo 


We can antidifferentiate the first integral right away. For the second integral, we 
1 + cos(26) 


use the identity cos? @ = , with b= 2. 
47/3 1 m/3 
=-— E — sin(2z) ; + 3 | (1 + cos(4x))da 
; 0 
_ilm# | +1 sin(4e)]” 
eile 5 g [e+ 7 sint4z)| 
. llr V3 llr V3 
4}3 2 oa Es: 8 


1.8.4.9. Solution. Since the power of sine is odd, we can reserve one sine for du, 
and change the remaining four into cosines. This sets us up to use the substitution 
u=cos2z, du = — sin xdz. 


[sw ude = [onto sin xdy = [oa — cos’ x)’ sin rdx 


= -fo —u?)*du = -fa — 2u* + u*)du 
Z i) 
“3 5 


2 1 
= — cosa + 3 cos x — = cos? x + C 
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1.8.4.10. Solution. If we use the substitution wu = sinz, then du = coszdz, 
which very conveniently shows up in the integrand. 


2 


2 
1 
[sin'2xcos de = [era = x +C= ao sin?? ¢ + C 


Note this is exactly the strategy described in the text when the power of cosine is 
odd. The non-integer power of sine doesn’t cause a problem. 


1.8.4.11. Solution. 


e Solution 1: Let’s use the substitution u = tanz, du = sec? xdz: 
2 1 , 1, 3 
tan x sec* rdx = udu = 5u +O = 5 tan £+C 


e Solution 2: We can also use the substitution u = secxz, du = secx tan xdz: 


1 1 
[tancsec? zde = f udu = xu + C= 5 sec’ e + C 


We note that because tan? x and sec? x only differ by a constant, the two answers 


are equivalent. 


1.8.4.12. *. Solution. 


e Solution 1: Substituting u = cosz, du = —sinadz, sin?2 = 1 — cos?x = 
1 — u?, gives 


. 3 ) . 
sin? x (1 — cos* x) sin x 
tan® x sec’ x dx = 5 df= 7 dx 
cos® x cos® x 


| 
| 
— 
| 
fond 
i) 
Q 
S 
| 
| 
———1 
|* 
4, 
| 
|* 
b 
+ 
Q 


1 1 
7 5 
= =sec’x — =sec°r+C 
7 5 
e Solution 2: Alternatively, substituting u = secx, du = secxtanz dz, tan? x = 
sec?x —1=u? —1, gives 


/ tan® x sec? «dx = / tan? x sec’ x (tan az sec x) dx 


7 ue 


= go 4 ag | 

= fu 1)u* du E =| +0 
1 1 

= Zsec'x — = sec? x + C 


1.8.4.13. *. Solution. Use the substitution u = tanz, so that du = sec? x dz: 


[sc' ¢ tan“* x dx = [ican? 2 +1)tan“* x sec’ x dx 
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= f0r+nu ga ae 
7 ~ 49 AT 
tan® s tan*’ x 


ig Tg 


1.8.4.14. Solution. We use the substitution u = secx, du = secxtanaxdz. Then 
tan? x = sec?z —1 =u? —-1. 


[ tan x00" adx = [ow x- sec?’ x - sec x tan rdx 


I 
_ 


(u? —1) ae, du 


u> 
= —- —-—_+C 
3.5 i + 
1 
a 35 Oe — sec’ s+C 


Note this solution used the same method as Example 1.8.13 for the case that the 
power of tangent is odd and there is at least one secant. 


1.8.4.15. Solution. We’ll give two solutions. 


e Solution 1: As in Question 14, we have an odd power of tangent and at least 
one secant. So, as in strategy (2) of Section 1.8.2, we can use the substitution 
u =secz, du =secxtanzdz, and tan? x = sec? x — 1 = u? — 1. 


) tan? x sec? rdx = ? tan? xsec x - secxtan xdx 


= f(t =audu= f (ww) du 


1, 1, 

= -u— = C 

re he + 
1 Hf 

= psn a — 5 sec e+ C 

e Solution 2: We have an even, strictly positve, power of sec x. So, as in strategy 
(3) of Section 1.8.2, we can use the substitution u = tanz, du = sec? x dz. 


[rm asec? x dx = [rx'e -sec?.a dx 


= fu du 


1 
=qui+e 


1 
= qtan'a+C 


It looks like we have two different answers. But, because tan? x = sec? x — 1, 


1 1 1 1 1 
z tan’ = qlsec’ a _ iy = qsec'e - 5 S00" a + i 
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and the two answers are really the same, except that the arbitrary constant C' of 
Solution 1 is . plus the arbitrary constant C’ of Solution 2. 


1.8.4.16. Solution. In contrast to Questions 14 and 15, we do not have an odd 
power of tangent, so we should consider a different substitution. Luckily, if we 
choose u = tanx, then du = sec? xdz, and this fits our integrand nicely. 


1 1 
[ tan! xsec? nde = [vie = au +C= stan? x +C 
1.8.4.17. Solution. 


e Solution 1: Since the power of tangent is odd, let’s try to use the substitution 
u=secax, du = secrtanzdz, and tan? x = sec? x — 1 = u? — 1, as in Ques- 
tions 14 and 15. In order to make this work, we need to see secx tan xdx in 
the integrand, so we do a little algebraic manipulation. 


- tan? x tan? x 
tan? x sec?" xdz = ae = | —77, 8ec xrdx 
sect: (% secs!” 


tan? x 
= | —— -secrtanzdxr 
x 


I 
n 
oO 
Oo 
w 
8 
+ 
Q 


- see OP 
1.3 0.7 


e Solution 2: Let’s convert the secants and tangents to sines and cosines. 


. 3 
7 sin? x 
[tan? asec?" adr = ‘i - cos?! dx 


cos? x 
a 3 a) 
sin’ x sin“x 
= j= = | sina 
Using the substitution u = cosx, du = —sindz, and sin?x = 1 — cos? xz = 
Le: 
= 2 
_ i , ~ du= f (-w?8 us) ae 
1. ia, 1 0% 
Sy ag 
is) Om CO 
1 
aa sect 3 ¢ + a cos?’ ¢ + C 
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1.8.4.18. Solution. We replace tan x with sea 
COs & 
sinz \° sin’ x 
[tan xav = | ( ) de= f  -sineds 
COS © cos? x 
Now we use the substitution u = cosx, du = —sinxdz, and sin? x = 1 — cos? xz = 
1—u?. 
1 —y? 2 
=- [w= fo °+2u7° —u7") du 
u 
1 
= ra —u*—log|ul +C 
1 
= z sect e — sec” x — log | cos z| + C 
1 
= psec a — sec’ x + log|secz|+C 


where in the last line, we used the logarithm rule log(b*) = a log b, with b* = cos x = 
(secx)~'. 


1.8.4.19. Solution. Integrating even powers of tangent is surprisingly different 
from integrating odd powers of tangent. For even powers, we use the identity 
tan? x = sec? x — 1, then use the substitution u = tan, du = sec? xdz on (perhaps 
only a part of) the resulting integral. 


7/6 7/6 
| tan® adr = 1 tan‘ (sec? x — 1)dx 
0 0 
7/6 
i (can! x sec’ x —tan* °) dx 
a udu 
7/6 ( 
7/6 ( 


tan‘ x sec? x — tan? x(sec? 2 — 1) da 


tan* x sec? x — tan? x sec? + tan? v) dx 
—__-—__—’ 


u2du 
7/6 
= | tan* x sec” x — tan? x sec” x + (sec? x —1) |dz 
0 — 
du 
7/6 


«/6 
(tan* e— tan? 7+ 1) sec? rdx — i Idx 
0 


| 
o— 


Note tan(0) = 0, and tan(7/6) = 1/73. 


1/V3 n/6 
= (u* — u? + 1)du — [z]5 
0 
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4 Lt ot 
ee ee 
Al 1 


4573 «6 
1.8.4.20. Solution. Since there is an even power of secant in the integrand, we 
can reserve two secants for du and change the rest to tangents. That sets us up 
nicely to use the substitution u = tanz, du = sec?rdz. Note tan(0) = 0 and 
tan(7/4) = 1. 


m/4 m/4 
| tan® x sec* rdx = | tan® x(tan” 2 + 1) sec? xdx 
0 0 


1 
-|/ u®(u? + 1)du 
0 


1 
ay u” + udu 
0 


ee 


in’ 9 


1.8.4.21. Solution. 


e Solution 1: Let’s use the substitution u = secx, du = secxtanxdz. In order 
to make this work, we need to see sec x tan x in the integrand, so we start with 
some algebraic manipulation. 


4/SeC & i 1 
af; = t 
[tne soe (SS dx econ an xdx 
1 
— —. = 2 
[se f/utC 
= 2,/secx +C 


e Solution 2: Let’s turn our secants and tangents into sines and cosines. 


sin © sin © 
tanxz,/secazdx = | ———————dzr = —75 0d 
cos x - \/Cos x cos! & 
We use the substitution u = coszx, du = —sinzdz. 


2 
=f Layee = 
a udu ieee 
= 2/secx +C 


1.8.4.22. Solution. Since the power of secant is even and positive, we can reserve 
two secants for du, and change the rest into tangents, setting the stage for the 
substitution u = tan, du = sec? 0dé. 


/ sec® @ tan® dé = / sec® @ tan® @ sec? 6d 
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= [ian? 6+ 1)* tan® 6 sec? 0d 
= [oe 41)9- udu 
= Jo + 3u4 + 3u?+1)-u®du 


= [ots + 3utt? + 3u?te + u®)\du 
1 


3 3 1 
= aye gered go gr“? 
7T+e o+e 3t+e l+e 
1 3 3 
= fan ea a 8 
7T+e +e 3+e 
1 
+ ——tan't*9+C 
l+e 
tan°@ 3tan*@ 3tan?é 1 
— tant? @ an an de an ze C 
7T+e o+e 3+e l+e 
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1.8.4.23. *. Solution. (a) Using the trig identity tan? = sec?x — 1 and the 


substitution y = tanz, dy = sec? x dz, 


few rdz = ruts tan? adx 


fru te sec? rdx — for wdx 
a ay — f tan xdx 

n-1 
ae - ft wdx 


tan” |x 
= —__ — for wddx 


n—1l 


(b) By the reduction formula of part (a), 


m/4 tan”! n/4 m/A4 
| tan" (¢) dz = a -f tan” *(x) dx 
0 0 


for all integers n > 2, since tan0 = 0 and tanZ = 1. We apply this reduction 
formula, with n = 6, 4, 2. 
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Using a calculator, we see this is approximately 0.0813. 
Notice how much faster this was than the method of Question 19. 


3 sin x 
1.8.4.24. Solution. Recall tanxz = ; 
cos £ 
. 5 . 5 
sin? x sin? x 
tan® x cos? adx = z cos? xdx = 3 dx 

COS? x cos? x 

Substitute wu = cosx, so du = —sin xdx and sin? x = 1 — cos?z# = 1 — u?. 


sintz . (1 — u?)? 
a a Sit adx = — dil 
cos? x u 


1 — 2u? 1 2 
=~ fA eau= f (G4 o-u)au 
U ve 


1 its 


1 1 
= ——— 4 2log|cosz| — = cos* + C 
2008" & 2 


1.8.4.25. Solution. We can use the definition of secant to make this integral 
look more familiar. 


1 
| qe _[ secta = tand-+-c 


cos? 8 


1.8.4.26. Solution. We re-write cotz = oe 
sin x 


sin x, du = cosxdz. 
COS © 1 
[eoteae = f - de= fou 
sin x uU 


= log |u| + C = log|sinz|+C 


, and use the substitution u = 


1.8.4.27. Solution. 
e Solution 1: We begin with the obvious substitution, w = e*, dw = e*dw. 
ie sin(e”) cos(e”)da = [sn cos wdw 
Now we see another substitution, u = sinw, du = cos wdw. 
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e Solution 2: Notice that + {sin(e”)} = e*cos(e”). This suggests to us the 
substitution u = sin(e”), du = e” cos(e”)dz. 


1 1 
fe sin(e”) cos(e”)da = [vc = su +C= a sin’ (e")+C 


1.8.4.28. Solution. Since we have an “inside function,” we start with the substi- 
tution s = cosz, so —ds = sinzdz and sin? x = 1 — cos? x = 1 — s?. 


[ sin(oos xr) sin® rda = [ sin(oos v)-sin? x -sinzdx 
= = | sin(s -(1—s7)ds 


We use integration by parts with u = (1 — s?), dv = sinsds; du = —2sds, and 
v = —COss. 


= me — s”)\coss — i cos sds 
= (1—s*)coss+ jr cos sds 
We integrate by parts again, with u = 2s, dv = cos sds; du = 2ds, and v = sins. 


= (1=s*)coss-+2ssins— f 2sin sds 


= (1—s”)coss+2ssins+2coss+C 
= sin? x - cos(cos x) + 2cos x - sin(cos x) + 2cos(cos zr) + C 


= (sin x + 2) cos(cos x) + 2cosz - sin(cosx) +C 


1.8.4.29. Solution. Since the integrand is the product of polynomial and trigono- 
metric functions, we suspect it might yield to integration by parts. There are a 
number of ways this can be accomplished. 


e Solution 1: Before we choose parts, let’s use the identity sin(2x) = 2sin x cosa. 


1 
[ esincos.rda = 5 | wsin(2a)de 


Now let u = x, dv = sin(2x)da; du = dx, and v = —dcos(2x). Using 
integration by parts: 


=} 5 cos(2e) +5 / cos(20) 


1 
= a cos(2a) + . sin(2x) +C 
xv a) 1 P 
— =a —2sin“ x) + q Sin £ cos £ +C 


= oe bia Si eesaa 
aa a 4 
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e Solution 2: If we let u = x, then du = dz, and this seems desirable for 
integration by parts. If w= x, then dv = sinxcosxdz. To find v we can use 
the substitution wu = sinxz, du = cosadz. 


1 1 
v= fsinvcosedr = f udu=5u? +O = 5 sine +C 


So, we take v = 5 sin? x. Now we can apply integration by parts to our original 
integral. 
. a 1... 
xsinx cos xrdxr = 9 sine — f 5 sin ede 


1- 2 
Apply the identity sin? x = — 


Xv 


1 
— gin? 7 — Z / 1 — cos(2x)dx 


2 


1 
5 sin? — 7 + 3 sin(2x) + C 


i] 
5 sin? a — > + q sing cosa + C' 


e Solution 3: Let u = xsinz and du = cosxdz; then du = (xcosz + sinx)dx 
and v = sing. 


[ esinzcos zdx = x sin? x — fo x(xcosx + sina)da 


= asin’ f rsineoosedx — f sin?xde 


1- cos(2s) 


Apply the identity sin? x = to the second integral. 


1-— 2 
= xsin te [vincent f= 22a 


1 
= esin’ x — [ esinzcoszde ~ 5 3 + qsin@x) + C 
So, we have the equation 
[ esinzcosede = = gsin? x — ao 
— 5 + 7 sin(22) +C 
: 2% oe . Ly 
2 | xsinzcoszdz = zsin* x — 5 os 7 sin(2x) + C 


1 C 
[ esinzcos.nda = 5 sin? = 7 “le 3 sin(2z) + oY 


1.9 - Trigonometric Substitution sinzcosn +S 


1.92 ‘SELX EYEISES bitrary constant that can take any number in (—oo, oo), also 
G 


S is an arbitrary constant that can take any number in (—oo, 00), so we’re 


Exercise’ °° *SEgpare 3 to C. 
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1.9.2.1. *. Solution. In the text, there is a template for choosing an appropriate 
substitution, but for this problem we will explain the logic of the choices. 
The trig identities that we can use are: 


1 — sin? 6 = cos? @ tan? 6 +1 = sec? 6 sec? 6 — 1 = tan? 6 
They have the following forms: 
constant — function function + constant function — constant 


In order to cancel out the square root, we should choose a substitution that will 
match the argument under the square root with the trig identity of the corresponding 
form. 

(a) There’s not an obvious non-trig substitution for evaluating this problem, so we 
want a trigonometric substitution to get rid of the square root in the denominator. 
Under the square root is the function 9x2? — 16, which has the form (function) — 
(constant). This form matches the trig identity sec? @—1 = tan? 0. We can set x to 
be whatever we need it to be, but we don’t have the same control over the constant, 
16. So, to make the substitution work, we use a different form of the trig identity: 
multiplying both sides by 16, we get 


16 sec? 6 — 16 = 16 tan” 0 
What we want is a substitution that gives us 


9x? — 16 = 16sec” 6 — 16 
So, 9a? = 16 sec? 6 


4 
r= q secd 


Using this substitution, 


V9x?2 — 16 = V16 sec? 6 — 16 
= Vl1l6tan?0 
= 4| tan 0| 


So, we eliminated the square root. 

(b) There’s not an obvious non-trig substitution for evaluating this problem, so we 
want a trigonometric substitution to get rid of the square root in the denominator. 
Under the square root is the function 1 — 4x”, which has the form (constant) — 
(function). This form matches the trig identity 1 — sin? 6 = cos? @. What we want 
is a substitution that gives us 


1 — 42? =1-sin?6 


So, Ag? = sin? 6 
1 
= _gin@ 
z= 5 sin 
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Using this substitution, 


So, we eliminated the square root. We remark that the absolute value signs are not 
needed in |cos6|, because, for —3 < « < 4, we have 6 = arcsin(2x) between —% 
and 5, and cos(@) > 0 for those 6’s. 

(c) There’s not an obvious non-trig substitution for evaluating this problem, so 
we want a trigonometric substitution to get rid of the fractional power. (That is, 
we want to eliminate the square root.) The function under the power is 25 + 2?, 
which has the form (constant) + (function). This form matches the trig identity 
tan? @ + 1 = sec?6. We can set x to be whatever we need it to be, but we don’t 
have the same control over the constant, 25. So, to make the substitution work, we 
use a different form of the trig identity: multiplying both sides by 25, we get 


25 tan” 0 + 25 = 25sec” 
What we want is a substitution that gives us 


25 +27 = tan? + 25 
So, x? = 25 tan? @ 
x = 5tand 


Using this substitution, 


(25 + #7)—5/? = (25 + 25 tan? 6)” 
= (25 sec? @)~5/? 
= (5|sec6|)~ 


So, we eliminated the square root. We remark that the absolute value signs are not 
needed in |sec 6|, because, for —oo < x < 00, we have 0 = arctan(x/5) between —4F 
and 5, and sec(@) > 0 for those 6’s. 


1.9.2.2. Solution. Just as in Question 1, we want to choose a trigonometric 
substitution that will allow us to eliminate the square roots. Before we can make 
that choice, though, we need to complete the square. In subsequent problems, we 
won’t show the algebra behind completing the square, but for this problem we’ll 
work it out explicitly. After some practice, you'll be able to do this step in your 
head for many cases. 

After the squares are completed, the choice of trig substitution follows the logic 
outlined in the solutions to Question 1, or (equivalently) the template in the text. 


a The quadratic function under the square root is x? — 4z +1. To complete the 
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square, we match the non-constant terms to those of a perfect square. 
(ax + b)? = a?x? + 2abr + 0? 
a? —4¢+1=a'72? +2abx +b? +c for some constant c 
e Looking at the leading term tells us a = 1. 
e Then the second term tells us —4 = 2ab = 2b, so b = —2. 


e Finally, the constant terms give us 1 = b? +c =4+c, soc=—3. 


laa! aS" 


1 
Sree 


So we use the substitution (x — 2) = /3secu, which eliminates the square 
root: 


(c — 2)° -3 = V3sec?u — 3 = V3tan?u = V3] tana 


b The quadratic function under the square root is —z? +2244 = —[x?— 2x —4]. 
To complete the square, we match the non-constant terms to those of a perfect 
square. We factored out the negative to make things a little easier — don’t 
forget to put it back in before choosing a substitution! 


(ax + 6)? = a?x? + 2abr + 0? 
xv? —2r—-4=a77r? + 2abr +b* +c for some constant c 


e Looking at the leading term tells us a = 1. 
e Then the second term tells us —2 = 2ab = 2b, so b= —1. 


e Finally, the constant terms give us —4 = b? +c =1+c,soc=—5. 
e Then 
—o? +224+4 = —[2* — 297 — 4] = -[(e —1)? —5] 
=5-—(#£-1) 


(-1) fw 
/ (—x? + 2a + pare 7 / (5—(x- ipa 
(x —1)° 


| er 


So we use the substitution (x — 1) = V5sinu, which eliminates the square 
root (fractional power): 


dx 


(5 — (a — 1)2)°” = (5 —5sin” ur? = (5cos” ur? 
= 5/5] cos? u| 
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c The quadratic function under the square root is 4x? + 62 + 10. To complete 
the square, we match the non-constant terms to those of a perfect square. 
(ax +b)? = a?a? + 2abr +0? 
da? + 62 +10 = a?x* + 2abe +b? +c for some constant c 
e Looking at the leading term tells us a = 2. 
e Then the second term tells us 6 = 2ab = 4b, so b= 3. 
e Finally, the constant terms give us 10 = b? +c = ; +ce,soc= 2. 


4 


dx 


1 1 
ze! 
4x? + 6x + 10 V (20 + 8) 


1 
= dx 


er+g)*+ (4) 


So we use the substitution (2a + 3) = val tan u, which eliminates the square 


root: 
2 ne 31 yee +3 t= 2u 
=> n2 —= = SE 
x 9 ri 1 an* u sec 


= —_|secul 


d The quadratic function under the square root is x? — x. To complete the 
square, we match the non-constant terms to those of a perfect square. 
(az +b)? = a?x? + 2abr + 0° 
2? —a¢ =a?x?+2abr +b? +c for some constant c 
e Looking at the leading term tells us a = 1. 


e Then the second term tells us —1 = 2ab = 2b, so b = —t. 


e Finally, the constant terms give us 0 = b? +c = 5 +c,soc= —i. 
:) a1 
Va? — ada = (: —-)- rhe 
(3 2 
| d 
Ne (o-1)'- (4)'a 
So we use the substitution (2 — 1/2) = }secu, which eliminates the square 


root: 


1.9.2.3. Solutiov. 1\? 1 Vj 1 yi 2-1 
B= 5) gy ge Ug q tau sl an u| 
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1 
a If sind = — and @ is between 0 and 7/2, then we can draw a right triangle 


with angle @ that has opposite side length 1, and hypotenuse length 20. By 
the Pythagorean Theorem, the adjacent side has length 20? — 1? = 399. 
adj — v399 


NS) 9 = — = —. 
0, COS ip 50 


IN 


e 


6 
V 399 


We can do a quick “reasonableness” check here: 35 is pretty close to 0, so we 
might expect # to be pretty close to 0, and so cos@ should be pretty close to 
V399  V/400 20 | 

20. BO 20 
Alternatively, we can solve this problem using identities. 


1. Indeed it is: 


sin? @ + cos? 6 = 1 


1 2 
(=) +cos?@=1 
I 399 
ee ot eee 
we 400 20 


Since 0 < @ < 5, cos@ > 0, so 


cos 9 = waa 
20 

b If tan@ = 7 and @ is between 0 and 7/2, then we can draw a right triangle 
with angle 6 that has opposite side length 7 and adjacent side length 1. By the 
Pythagorean Theorem, the hypotenuse has length 72+ 1? = 50 = 5y2. 

hyp _ 5v2 

opp 7° 


5o, coed: = 


ol? 


0 


Again, we can do a quick reasonableness check. Since 7 is much larger than 
1, the triangle we’re thinking of doesn’t look much like the triangle in our 
standardized picture above: it’s really quite tall, with a small base. So, the 
5V2 
opposite side and hypotenuse are pretty close in length. Indeed, a ~ 7.071, 


so this dimension seems reasonable. 
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c Ifsec@ = 


and @ is between 0 and 7/2, then we can draw aright triangle 


with angle @ that has hypotenuse length x — 1 and adjacent side length 2. 


By the Pythagorean Theorem, the opposite side has length 4/2 — == 


Vi—-1—-4=V/2-5. So, tan = = — 


co 
. x—-5 
ad 
?, 


We can also solve this using identities. Note that since sec @ exists, 0 # 5. 


tan? @+ 1 =sec?6 
2 
Vx—-1 —1 
tan? +1 = ( S ) = 


4 
x-1 r—5 
an rl 
Since 0 < @ < §, tan@ > 0, so 
Vx—S5 


tan@ = 
an 5 


1.9.2.4. Solution. 


a Let 6 = arccos (2). That is, cos(@) = $, and 0 <0 < 7m. Then we can draw the 
corresponding right triangle with angle @ with adjacent side of signed length x 
(we note that if @ > 5, then x is negative) and hypotenuse of length 2. By the 
Pythagorean Theorem, the opposite side of the triangle has length V4 — 2?. 


YL 
V4 — 2? 


So, 


. x ; opp 4 — x? 
sin (arceos (=)) sin 0 


b Let # = arctan (+). That is, tan(@) = 


e Solution 1: Then 6 = 7 so sin? = 
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e Solution 2: Then we can draw the corresponding right triangle with 
angle 6 with opposite side of length 1 and adjacent side of length V3. 
By the Pythagorean Theorem, the hypotenuse of the triangle has length 


ra 
1 
0 


V3 


. ( ( 1 )) . opp 1 
sin | arctan | —= sin@ = —— = — 
V3 hyp 2 


c Let @ = arcsin (\/z). That is, sin(@) = 2, and —5 < 60 < §. Then we can 
draw the corresponding right triangle with angle @ with opposite side of length 
«x and hypotenuse of length 1. By the Pythagorean Theorem, the adjacent 
side of the triangle has length /1 — x. 


So, 


Vl-2 
So, 
. hyp 1 
sec (arcsin (4/2 sec 6 - 
(aresin (Vx)) an 
Exercises —— Stage 2 


1.9.2.5. *. Solution. Let 2 = 2tan@, so that x7+4 = 4tan?0+4 = 4sec? 6 and 
dx = 2sec?0d0. Then 


1 1 : 
Pecans w= | apm -2sec* 6d6 
2 sec? 6 
-({ Se 
1 
= + | cosas 


1 
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To find sin@ in terms of x, we construct the right triangle above. Since tan@ = 

5 = a we label the opposite side x and the adjacent side 2. By the Pythagorean 
5) - 7 OPP _ zt 

Theorem, the hypotenuse has length Va? + 4. Then sin@ ip ae 

To see why we could write (sec? 0)3/? = sec? 0, as opposed to (sec? 6)*/? = | sec? 6 

in the second line above, see Example 1.9.5. 

As a check, we observe that the derivative of the answer 


ae x c) 1 1 1 x(2z) 


3/2 


Ph 


dz rv scarey a Aa Fa 2X4 (g2 44)? 
es tl ee 
(2244)? (a2 4.4)?” 


is exactly the integrand. 
1.9.2.6. *. Solution. 


e Solution 1: As in Question 5, substitute 7 = 2tanu, dv = 2sec? udu. Note 
that when x = 4 we have 4 = 2tanu, so that tanu = 2. 


4 1 arctan 2 1 
| ——, da = | =o 2sec* udu 
0 (4+27) 0 (4+ 4 tan? u) 
arctan 2 2 
2 
_ | sec us a. 
0 (2 sec u) 


1 arctan 2 sec2 u 
= du 


4 Jy sec? u 
1 arctan 2 
= if cos udu 
4 Jo 
1 arctan 2 
= |-sinu 
acne 
1 1 
= —(sin(arctan 2) — 0) = —— 
ae 
2 
U 
1 


877 


SOLUTIONS TO EXERCISES 


To find sin(arctan 2), we use the right triangle above, with angle u = arctan 2. 


Since tanu = 2 = eee we label the opposite side as 2, and the adjacent side 


adj 
as 1. The Pythagorean Theorem tells us the hypotenuse has length 5, so 
; Opp 
sinu = —— = —. 
hyp V5 


e Solution 2: Using our result from Question 5, 


: i 1 a ie 
379 dat = 
0 (4+ 2?) 4 x? +4 0) 


1 4 1 
4 JPF4 25 
1.9.2.7. *. Solution. Make the change of variables x = 5sin@, dx = 5cos@ dé. 


Since x = 0 corresponds to 6 = 0 and x = : 


correponds to sin@ = 5 or 6 = &, 


[ dx -[" 5 cos 6 dé -[a=* 
0 V25—2? 0 61/25 — 25sin?6 0 6 


1.9.2.8. *. Solution. Substitute x = 5tanu, so that dz = 5sec? udu. 


5 sec? u du 


1 1 
| 
/ Ver +25 V25 tan? u + 25 
5 2 
=i — “adu= f secudu 
sec U 


= log | sec u + tan u| +C 


oP 
=i Ne le =| C 
og + oe Felt 
7 


U 


To find secu and tan wu, we have two options. One is to set up a right triangle with 
angle u and tanu = =. Then we can label the opposite side x and the adjacent side 
5, and use Pythagoras to find that the hypotenuse is Vx? + 25. 

Another option is to look back at our work a little more closely — in fact, we’ve al- 
ready found what we’re looking for. Since we used the substitution x = 5tanu, 


this gives us tanu = {. In the denominator of the integrand, we simplified 


Vx? + 25 = 5secu, so secu = eVa? +25 = 1+ 


To see why we could write Vx? + 25 = 5secu, as opposed to Vx? + 25 = 5| sec ul, 
see Example 1.9.5. 


878 


SOLUTIONS TO EXERCISES 


1.9.2.9. Solution. The quadratic formula underneath the square root makes us 
think of a trig substitution, but in the interest of developing good habits, let’s 
check for an easier way first. If we let u = 22? + 4x, then du = (4x + 4)dz, so 
4du = (« +1)dx. This substitution looks easier than a trig substitution (which 
would start with completing the square). 


z+] 1 / 1 1 1 
——————. dx = — | —du= -Vut+C= =-v22?+42r+C 
V 2a? + 4x 4A} Ju awe 2 
1.9.2.10. *. Solution. Substitute x = 4tanu, dz = 4sec? udu. 
/ 1 q / 1 
————— drt = 
cer? + 16 16 tan? uv/16 tan? u + 16 


/ sec? u 1 sec U 

= du = — 

16 tan? usec u 16 J tan? u 
1 cos U 


~ 16 sin? u 


4 sec? udu 


To finish off the integral, we’ll substitute v = sinu, dv = cos udu. 


1 q 1 [= 1 i 1 We 
-ar = Uu= —_— — 
v?/xr2 +16 16 / sin? u 16 J v2 16v 
1 1 Vx?4+ 16 
é VET 
x 


~ 16sinu 16 


To find sinu, we draw a right triangle with angle u and tanu = 4. We label the 
opposite side x and the adjacent side 4, and then from Pythagoras we find that the 


Va? +16 
hypotenuse has length Vz? + 16. So, sinu = ee 


x 
As a check, we observe that the derivative of the answer 


d DAE TO gy _ 1 va2?+16 1 L 
da 16 16 a 16 7/2? + 16 
1 (x? +16) — 2? 


16 2\/x? + 16 


_ 1 


v2 xr? + 16 


is exactly the integrand. 
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1.9.2.11. *. Solution. Substitute « = 3secu with 0 < u < §. Then dz = 


3secutanudu and Vx? —9 = V/9sec?u — 9 = V9tan? u = 3 tan u, so that 


3sec utan udu 


dx / 
==" 9 sec? uV 9 tan? u 
-;/ du 
9 Sec U 


1 1 
= 5 | cost a g smut c. 


h 
To evaluate sinu, we make a right triangle with angle u. Since secu = 5 = ae 
adj 


we label the hypotenuse x and the adjacent side 3. 


ae 
x? —9 
U 


3 


Using the Pythagorean Theorem, the opposite side has length x? — 9. So, sinu = 
Vx? —9 


x 


and 


dx ee ee 
er rn 
As a check, we observe that the derivative of the answer 
d Ve a Ss. x 
da Ix 7 9x? 9rV/ x2 — 9 


oh a = Oe 1 


9 g2/r?2 —9 v2 x? —9 
is exactly the integrand. (We remark that this is the case even for x < —3.) 


1.9.2.12. *. Solution. (a) We'll use the trig identity cos20 = 2cos?6 —1. It 
implies that 


cos 26+ 1 


2 
d= 
Cos 5) 


1 
=> cos*# = z Leos’ 20 + 2.cos 26 + 1] 


a eet 1 


1 5 + 200820 + 1| 


cos40 cos2d 3 


8 2 8 


So, 


7/4 
/ (ee | cos 20 | *) a0 


w/4 
* 6d 
/ Cos 8 5) 
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= sin 46 sin 26 3 4 nS 
ae i) ee eee 
il 3°« 

~4'3 4 

_ 8437 

ay 


as required. 

(b) We’ll use the trig substitution 2 = tan 6, dz = sec” 6d0. Note that when 6 = ae 
we have x = +1. Also note that dividing the trig identity sin? @ + cos? @ = 1 by 
cos? 6 gives the trig identity tan? 6 + 1 = sec? @. So 


1 1 
/ — =), | a (even integrand) 
aif (a? + 1) 0 (a + 1) 


_ a sec? 6d6 
o  (tan?6+41)° 
_ of sec? 0d6 
o (sec? @)° 
m/A4 
= 2 | cos* 6d@ 
0 


_ 8437 
«16 


by part (a). 
1.9.2.13. Solution. The integrand is an odd function, and the limits of integra- 


m/12 1573 
tion are symmetric, so / 


sdz = 
—1/12 (2? +1)V9 — 2? 
1.9.2.14. *. Solution. Substitute xz = 2sinu, so that dx = 2cosudu. 
[vreau = / V4 — Asin? u 2cosudu 
= [ Vicost 2cosudu 


= [40s ua = 2 | (1 + cos(2u)) du 


= 2u+sin(2u) +C 
= 2u + 2sinucosu+C 


= 2aresin 5 + 5Vi-a2 +0 
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Y 


U 


V4 — x2 


To see why we could write V4 cos? u = 2cosu, as opposed to V4 cos? u = 2] cos ul, 
in the third line above, see Example 1.9.2. 

We used the substitution 2 = 2sin u, so we know sinu = 5 and u = arcsin( 
have three options for finding cos u. 

First, we can draw a right triangle with angle u. Since sinu = 5, we label the op- 
posite side x and the hypotenuse 2, then by the Pythagorean Theorem the adjacent 


d V4 — x? 
side has length 4 — 2?. So, cosu = —_ 5 si 
yp 
Second, we can look back carefully at our work. We simplified V4 — x? = 2cosu, 
V4— x? 
7 
Third, we could use the identity sin? u + cos? u = 1. Then cosu = +1 — sin? u = 


). We 


a 
2 


sO COSU = 


2 : . eco ue . : 
+,/1— *-. Since u = arcsin(x/2), u is in the range of arcsine, which means —5 < 


u < 5. Therefore, cosu > 0, so cosu = ,/1— w = fa 
So, 
[VirFa = 2u+2sinucosu+C 
a 
= Teen a 7 +C 
2 2 
1.9.2.15. *. Solution. Substitute x = 2 sec u with 0 < u < §, so that dr = 
2 secu tanudu and 252? — 4 = ,/4(sec? u — 1) = V4tan?u = 2tanu. Then 
V 25x22 — 4 2tan u 
—— dr = ; -=secutanudu 
zt = sec u 


5 


=2 f tan?udu=2 f (sec*u ~ 1) au 
= 2tanu—2u+C 


= V25xr2 — 4 — 2arcsec 2 +C 
2 


oe 
V 25a? — 4 


U 


5 
To find tan u, we draw a right triangle with angle u. Since secu = = we label the 


hypotenuse 5x and the adjacent side 2. Then the Pythagorean Theorem gives us 
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V 25x? — 4 
the opposite side as length 25x? — 4. Then tanu = — = 5 : 
adj 


Alternately, we can notice that in our work, we already showed 2 tan u = 25x? — 4, 


so tanu = sv 5x2 — 4. 


As a check, we observe that the derivative of the answer 


< (vase — 4 — 2arcsec = + c) 
ih 


_ 252 9 3 
2 4 
202 4 


Jr —4 2V/25a2—4 
since x > 0 

_ Doe =A 

 gy/25a? — 4 

J/25x2 — 4 


Xx 


is exactly the integrand (provided x > 2). 


1.9.2.16. Solution. The integrand has a quadratic polynomial under a square 
root, which makes us think of trig substitutions. However, it’s good practice to 
look for simpler methods before we jump into more complicated ones, and in this 
case we find something nicer than a trig substitution: the substitution u = x? — 1, 
du = 2xdx. Then xdx = $du, and x? = u+1. When x = V/10, u = 9, and when 


c= vV17,u=16. 


VIT 3 VIT 2 
/ au-| ————. - rdz 
Vio Va? —1 Vio Vax? —1 
1 fut 
= S du 
2)o Vu 


Do] rR 
oo, 
ie 
a 

— 
< 
= 

ame 

bo 

de 
5 
= 

RS) 
bt 
jal 
< 


1.9.2.17. *. Solution. This integrand looks very different from those above. 
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But it is only slightly disguised. If we complete the square 


and make the substitution y = «+1, dy = dz 


/ dy : / dz - / dy 
V3 — 22 — 2? \/4— (x +1)? /4— y? 
we get a typical trig substitution integral. So, we substitute y = 2sin@, dy = 
2cos 6 dé to get 
/ dx -/ dy -/ 2cos@dé@ _—s ff 2cos Adé 
V3 — 24 — x? \/4 — y? \/4 — Asin? 6 V4 cos? 0 


= f= 6+0=aresin d +c 


il 
CG 


. ot 
= arcsin 


An experienced integrator would probably substitute x+1 = 2 sin @ directly, without 
going through y. 


1.9.2.18. Solution. Completing the square, we see 4x? — 127 +8 = (2x —3)?—1. 


a 
v= x 
(2x — 3)3\/4a? — 120 +8 (2x — 3)3,/(22 —3)2—1 


As x > 2, we have 2x—3 > 1. We use the substitution 2r—3 = sec 0 with 0 < 0 < $. 
So 2dx = sec@tan@ dé and \/(2x — 3)? —1 = Vsec? 6 — 1 = Vtan?6 = tan 0. 


1 1 
= tan 6d6 
/ sec? O\/sec? 9 — 1 a 


_i 1 
= 0 
al sooFP and sec 6 tan 0d0 


1 
2) sec? 7 


iE 
=5 / cos” 6d 
fi 


(1 + cos(26))dé 


4 
=o O+ (20))+C 
= a +5 sin( 


1 

oe +C 

i! V4a? — 124 +8 

sr (ares (= :) + Qr 3) ) +C 
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ye 
_ da? — 12a +8 
0 
1 
Since 2x — 3 = sec6@, we know cos@ = a and @ = arccos (=). (Equivalently, 


6 = arcsec(2x — 3).) To find sin@, we draw a right triangle with adjacent side 
of length 1, and hypotenuse of length 27 — 3. By the Pythagorean Theorem, the 


opposite side has length 4x? — 12x + 8. 


1.9.2.19. Solution. We use the substitution « = tanu, dx = sec? udu. Note 
tan0 = 0 and tan 7 = 1. 


i - d i tan? u 
ge 
0 Vx?+ ig 0 vtan?u+ it 


4 tan? u ; 
= ——— sec* udu 
0 


sec? udu 


m/4 24 —] 
= sec” U di 
0 


m/4 
= | (sec u — COs u) du 


= [log |secu + tan u| — sin u 
0 


j=) 


= (108 |v2-+1| - Z,) — (log |1 + 0| — 0) 
1 


= log(1 + V2) = V2 


1.9.2.20. Solution. There’s no square root, but we can still make use of the 
substitution x = tan0, dx = sec? 6dé. 


1 1 : 
ee ee 6 
/ (x? + Wy / (tan? 6 +1)? Bese 


-/ sa 6dé = [os dé 
sect 

1 
= = | (1+ cos(20))a6 


1 Ls 
= (0 + 5 sin(24) Ge 


1 
= (0 + sin 8 cos@) +C 
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Since x = tan, we can draw a right triangle with angle 6, opposite side x, and 
adjacent side 1. Then by the Pythagorean Theorem, its hypotenuse has length 
Vx? +1, which allows us to find sin@ and cos@. 


Exercises —— Stage 3 
1.9.2.21. Solution. We complete the square to find #? — 2r + 2= (x — 1)? + 1. 


2 2 
fi se / Fay 
Vx? — 2442 /(x —1)? +1 
We use the substitution 2—1 = tan @, which implies dx = sec? 6d and x = tand+1 


(tand + 1)? 


7 / (tan 8)? + 1 


jee 


sec” Ad6 


2 
=o sec” 0d6 


= [tse 0 + 2tan 0) sec 6d 
= / (sec® @ + 2 tan 6 sec 0) dd 


1 1 
a 5 Sec O tan é + 5 log |sec@ + tan d| +2secO+C 
1 1 
= 5 Va? — Ba F(x - 1) + slog |Va? 22 F24+0-1 
+2Vax2—-24+24+C 


3 1 
= Ta Bn $2+ slog| Va? = We +2+4-1]+C 


To see why we could write \/ (tan @)? + 25 = sec 6, as opposed to \/(tan@)? + 25 = 
|sec 6], see Example 1.9.5. 
From our substitution, we know tan@ = x — 1. To find sec 6, we can notice that in 


our work we already simplified Vx? — 2x + 1 = sec 0. 
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Alternately, we can draw a right triangle with angle 0, opposite side x — 1, adjacent 
side 1, and use the Pythagorean Theorem to find the hypotenuse. 


1.9.2.22. Solution. 


First, we complete the square. The constants aren’t integers, 


but we can still use the same method as in Question 2. The quadratic function under 
the square root is 3z?-+5x. We match the non-constant terms to those of a perfect 


square. 


(ax + 6)? = a?x? + 2abr + 0° 


3a? + 5a = a72? 


+2abr+b%+c for some constant c 


e Looking at the leading term tells us a = V3. 


e Then the second term tells us 5 = 2ab = 2\/3b, so b = 2 


e Finally, the constant terms give us 0 = b? +c = 2 +c,soc=—-3. 


So, 327 + 5a = (V80+ 335) 


ae 
—_ ! ara - 


We use the substitution W/3a + a5 = 
sec # tan 0d9, i.e. dx = 2 sec # tan Add. 


ae 
2V3 


mae 


25 
12 


di 


dx 


2/3 12 


775 8c 9, which leads to /3dx = 


: sec 6 tan 6dé 


-/ 1 
= ; - 
i (sa?) a2 


12 


-|/ 3 a 5 sec 6 tan 6d@ 
5 SEC 
- {/— ° sec 6 tan dé 
4/ i tan? 6 
5 
= Ie Stand a 6 — sec 6 tan 6dé 
a5 


1 
= —— log |sec# + tan6|+C 


V3 
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1 6 2 
= qlee (G0 i) | 5 V 9a" + 152} +C 
0 
oF 
2V 9x? + 15x 
a 
5 


Since we used the substitution /3x2+—. aan a sec 6, we have sec @ = fr+1= = 
To find tan@ in terms of x, we have two options. We can make a right triangle 
with angle 6, hypotenuse 62 + 5, and adjacent side 5, then use the Pythagorean 
Theorem to find the opposite side. Or, we can look through our work and see that 


J307 +5 = 575 tan 6, so tan@ = 2W3.\/3a? +5= 2/92? +15. 


As a check, we observe that the derivative of the answer 


6a+5 
a 


d 1 6 2 
— {| —= = 1 —V9xr? + 15 C 
= (phe (Se + \+3 xv* + Lox] + ) 
6 4 1_18e+15 

= 5 5 Von"4l5a 

V3 (22 +1) + 2/92? + 15x 

6a+5 62+5 
1 6+ 37% a2+152 2+ V9xn24+15x 


— — af 2 

V3 (6x + 5) + 2/9x? + 15x (62 +5) + 2/9x? + 15x 
_ v3 

J9n2 +152 W302 +52 


is exactly the integrand. 

Remark: in applications, often the numbers involved are messier than they are in 
textbooks. The ideas of this problem are similar to other problems in this section, 
but it’s good practice to apply them in a slightly messy context. 


1.9.2.23. Solution. We use the substitution x = tanu, dx = sec? udu. 


joe a 
a 


ec’ udu 
tan u 


sec? u 
= sec” udu 
tan wu 


2,,\2 
bo 


tan u 
tan? 1)? 
_ / (tant ut 1) oe uda 
tan u 
7 tantu + 2tan?u+1 
= sec udu 
tan u 
sec u 
= f tan’ usec udu + [rsccutanudu+ f du 
tan u 


888 


SOLUTIONS TO EXERCISES 


For the first integral, we use the substitution w = secu. The second is the an- 
tiderivative of 2secu. The third we simplify as 2% = — oe = cscu. This 
brings us to 


/ v1 ae 
—, de 


= / (secu - 1) secutanu)du+2seeu-+ log| cot — ese +C 


= fw? —1jadw + 2secu +log| cotu — seul +€ 


1 
= gw) — w+ 2secu + log | cot u— esc +C 

1 
= 3 sec! u— secu + 2secu + log | cot u — esc a +C 


1 
= 3 secu + secu + log | cot u — csc ul + C 
We began with the substitution « = tanu. Then cotu = =. To find csc u and sec u, 
we draw a right triangle with angle u, opposite side x, and adjacent side 1. The 
Pythagorean Theorem gives us the hypotenuse. 


So 


/ v1 ae 
———dax 


x 


1 1 V1 2 
= Vi +a? + V4 a? + log |= — — 


tC 


1 1-vl - 
= 3Vv1+2°(4+2’) + log — 


+C 


1.9.2.24. Solution. The half of the ellipse to the right of the y-axis is given by 
the equation 


z=fly)=4 1- (2) 


The area we want is twice the area between the right-hand side of the curve and 
the y-axis, from y = —1 to y = 1. In other words, 


Area=2 f ay/1- (¥)'w=sf yi- (2) ay 
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Since the integrand 4/1 — (¥)? is an even function of y, 


(ye Ga-2f Oo 
Area = 6 [ yi- (2) dy 


We use the substitution 5 = sin 8, 5dy = cos 6d@. When y = 0, sin@ = 0 so that 


? = 0, and when y = 1, sin? = ‘ so that 0 = —. Hence 


7/6 
Area = 16 [ \/1— (sin)? - 2cos 4 dé 
0 


7/6 
= 32 f Vv cos? 6 cos 6 dé 


-0f” cos’ 6 dé 
0 


“ap (1 + cos(20)) dé 
0 


Remark: we also investigated areas of ellipses in Question 1.2.3.16, Section 1.2. 


1.9.2.25. Solution. Note that f(x) is an even function, nonnegative over its 
entire domain. 
(a) To find the area of R, we evaluate 


ik 1/2 |x| 1/2 x 
rea = =2 —— dr 
ree Ao 0 vV1l—2x? 
We use the substitution u = 1 — x7, du = —2zdz. 
3/4 4 
3/4 3/4 
= 4 3/4 = 2 / a 
a i 3 4 
4 «4 
“2 3 
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2 


(b) We slice the solid of rotation into circular disks of width dz and radius 5° 
=7 


v1 


1/2 |x| 2 
Volume = / 1 (as) dx 
19 V1— 2? 
1/2 Pr 
= 20 da 
/ Vl — 2? 
We use the substitution 2 = sin 0, dr = cos0d0, so V1 — x2 = /1 — sin? 6 ane 
Note sin0 = 0 and sinZ = + 
7/6 oty2 ra) 
= 20 | a cos 648 
9  cosé 
«/6 
= an | sin? 0d 
0 


= rf (1 — cos(20)) da 


0 


1.9.2.26. Solution. If we think of e” as (e/2)*, the function under the square 


root suggests the substitution e”/? = tan@. Then 4e*/*dxz = sec? @d0, so dz = 
3 sec? Od0 = —; sec 00. 


2V1 2 
[iF eas = | ee’ dé 


2 
=2 {== 941) a4 
tan 


= 2 | (seco tan + 4 dd 
tan 0 


= 2 | (sec 0 tan 6 + csc 0)dd 


= 2sec 6 + 2log | cot @ — csc 6] +C 
J vil i 
= 2/1 +e + 2log ce 


ex/2 et/2 


+C 
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=2VTFe + 2log|1- VIF 
=2VT + + 2log|1- VIF 


— 2log(e”/”) + C 


—-xz+C 


We used the substitution e*/? = tan@, so cot@ = ar To find sec@ and csc, 

we draw a right triangle with opposite side e*/? and adjacent side 1. They by the 

Pythagorean Theorem, the hypotenuse has length 1 + e*. 

Remark: if we use the substitution u = 1+ e*, then we can change the integral 

Qu? 

to “2 ot We can integrate this using the method of partial fractions, which 
U — 

we'll learn in the next section. You can explore this option in Question 1.10.4.26, 

Section 1.10. 


1.9.2.27. Solution. 


a We can save ourselves some trouble by applying logarithm rules before we 


differentiate. 
l+a2 
log | ————| = log |1+ 2] — log|V1 — 2? 
eyez g|1 + 2] — log | | 
1 
= log |1 + 2| — 5 log |1 — 2*| 
1 
= log|1 +2 — Flog |(1 + 2)(1 —2) 
1 1 
= log|1 + | — 5 log|1 + 2] — 5 log |1 — a 
d l+z 
—= 4 leg | = 
dx V1— x? 
d 1 1 
= 5 {owl +21 ~ 5 log lt +2] ~ 5 toglt ~<a} 
_. 2 2, 1/2 
l+e l+2 1-2 
1/2 1/2 
12 wv 
lt+ae 1-2 
_ 1 
~ [2 


Notice this is the integrand from our work in blue. 


892 


SOLUTIONS TO EXERCISES 


b 


3 
1 
False: | se is a number, because it is the area under a finite portion of 
9 1-2£ 


a continuous curve. (We note that the integrand is continuous over the interval 

1 +2 | xr=3 
; Vb — a7] an2 
is not defined, since the denominator takes the square root of a negative 
number. So, these two expressions are not the same. 


[2,3], although it is not continuous everywhere.) However, og 


The work in the question is not correct. The most salient problem is that 
when we make the substitution 7 = sin @, we restrict the possible values of x 
to [—1, 1], since this is the range of the sine function. However, the original 
integral had no such restriction. 


How can we be sure we avoid this problem in the future? In the introductory 
text to Section 1.9 (before Example 1.9.1), the notes tell us that we are allowed 
to write our old variable as a function of a new variable (say x = s(u)) as long 
as that function is invertible to recover our original variable x. There is one 
very obvious reason why invertibility is necessary: after we antidifferentiate 
using our new variable u, we need to get it back in terms of our original 
variable, so we need to be able to recover x. Moreover, invertibility reconciles 
potential problems with domains: if an inverse function u = s~!(z) exists, 
then for any x, there exists a u with s(u) = x. (This was not the case in the 
work for the question, because we chose x = sin@, but if = 2, there is no 
corresponding @. Note, however, that x = sin@ is invertible over [—1, 1], so 
the work is correct if we restrict x to those values.) 


Remark: in the next section, you will learn to use partial fractions to find 


1 1 
/ Tole = log |1+a|—- 5 los |1 —2z|. When —1 < x < 1, this is equivalent 
—£ 


l+a 


V1— x? 


to log | 


1.9.2.28. Solution. Remember that for any value X, 


xX oxX>0 
X|= = 
aa = if X <0 


So, |X| #4 X precisely when X < 0. 
(a) The range of arcsine is | — 3,4]. So, since u = arcsin(z/a), u is in the range 


TT 


[—%, 4%]. Therefore cosu > 0. Since a is positive, acosu > 0, so acos u = |acos ul. 


That 


is, 


Va? — x? = |acosu| = acosu 


all the time. 
(b) The range of arctangent is (— 3,3). So, since u = arctan(x/a), wu is in the 


range ( —£ zy. Therefore secu = 


1 
cos u 


T 7 


aio > 0. Since a is positive, asecu > 0, so 


asecu = |asec u|.That is, 


Va’? + x2 = |asecu| = asecu 


893 


SOLUTIONS TO EXERCISES 


all the time. 

(c) The range of arccosine is [0,7]. So, since u = arcsec(x/a) = arccos(a/x), u is in 
the range [9, r]. (Actually, it’s in the range [0, 5) U (4, 7], since secant is undefined 
at 7/2.) If |jatanu| 4 atanu, then tanwu < 0, which happens when wu is in the range 
(4,7). This is the same range over which —1 < cosu < 0, and so —1 < $ < 0. 


ia 


Since ¢ < 0, a and x have different signs, so x < 0. Then since —1 < §, also 
xZ< —a. 
So, 
Vax? — a? = |atanu| = —atanu # atanu 
happens precisely when when 2 < —a. 
1.10 - Partial Fractions 
1.10.4 - Exercises 
Exercises —— Stage 1 
1.10.4.1. Solution. Ifa quadratic function can be factored as (ax +b)(ca+d) for 
some constants a,b,c,d, then it has roots —2 and —4, So, if a quadratic function 


has no roots, it is irreducible: this is the case for the function in graph (d). 

If a quadratic function has two different roots, then (ax + b) 4 a(cx +d) for any 
constant a. That is, the quadratic function is the product of distinct linear factors. 
This is the case for the functions graphed in (b) and (c), since these each have two 
distinct places where they cross the x-axis. 

Finally, if a quadratic function has precisely one root, then 2 = =, so: 


(az + b)(cx + d) 


a(x + £)(cx + d) = a(x + £)(cx + d) 
= 2(ca + d)(cx + d) 


That is, the quadratic function is the product of a repeated linear factor, and a 


constant * (which might simply be * = 1). 
1.10.4.2. *. Solution. Our first step is to fully factor the denominator: 
(2? = 1)%(2? +1) = (@ -1°(@ 412? +) 


Once a term is linear, it can’t be factored further; for quadratic terms, we should 
check that they are irreducible. Since x? + 1 has no real roots (we are familiar 
with its graph, which is entirely above the z-axis), it is irreducible, so now our 
denominator is fully factored. 


aa 2 x43 
(w= 1)?(@? +1) (w— 1P(@ + 1)?(@? +1) 
A B C D Er+F 


2 G=le 2 Gas x?+1 


Notice (x — 1) and (2 + 1) are (repeated) linear factors, while (x? + 1) is an irre- 
ducible quadratic factor. This accounts for the difference in the numerators of their 
corresponding terms. 
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1.10.4.3. *. Solution. The partial fraction decomposition has the form 


Su° — 2¢" +11 A saoees 
= various terms 
x(x —1)(2?+3) a«-1 


When we multiply through by the original denominator, this becomes 

32° — 227 + 11 = x*(2? + 3)A 4+ (x — 1)(other terms). 
Evaluating both sides at x = 1 yields 3-1? —2-17+11 = 17(17+3)A+0, or A =3. 
1.10.4.4. Solution. 


a We start by dividing. The leading term of the numerator is x times the leading 
term of the denominator. The remainder is x + 2. 


That is, x? + 22 +2 = 2(x? +1) + (x& + 2). So, 


Cee ae e429 
—__———- = 7 
g?+1 w+ 


b We start by dividing. The leading term of the numerator is 3x7 times the 
leading term of the denominator. 


32? 
5a? +20+8) 1504+ 6x9 + 340? + 4a + 20 
— 15x* — 6x3 — 242? 
10x? + 4a + 20 


Then 52x? goes into 10x? twice, so 


3x? +2 


5a? +20+8) 1524+ 62? + 34x? + 4x + 20 
— 1524 — 6x? — 242? 


10a? + 4a + 20 
— 10x? — 4x — 16 
4 
Our remainder is 4. That is, 
L5at + 6a" + 340" +40 +20 goo . 
52? + 274+ 8 522 + 274+ 8 
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c We start by dividing. The leading term of the numerator is x? times the 
leading term of the denominator. 


3 


x 
20? +5) 205 + 923 + 12x? + 10x + 30 
— 225 — 523 


da? + 12x? + 10x 


Then 2x?(2z) gives us 4°. 


x? + 2x 
2a? +5) 2a° + 923 + 122? + 10x + 30 
— 245 — 523 
Ax? + 12%? + 102 
— Ax — 10x 
12x? +30 
Finally, 27? goes into 122? six times. 
x? +22 +6 
Qu? + 5) 2° + 9a? + 12x? + 10x + 30 
— 2° — 523 
Ax? + 12x? + 10x 
— 43 — 10x 
122? + 30 
— 122? — 30 
0 
Since there is no remainder, 
Qx° + Ox? + 1227 + 10x + 30 
, =2°+27+6 


202 +5 


Remark: if we wanted to be pedantic about the question statement, we could 
write our final answer as x? + 22 + 6+ a, so that we are indeed adding a 
polynomial to a rational function whose numerator has degree strictly smaller 
than its denominator. 


1.10.4.5. Solution. 


a The polynomial 52? — 32? — 10x + 6 has a repeated pattern: the ratio of the 
first two coefficients is the same as the ratio of the last two coefficients. We 
can use this to factor. 


5a? — 327 — 102 +6 = x*(5x — 3) — 2(5a — 3) 
(a? — 2)(5a — 3) 
= (2 + V/2)(a — V2)(52 — 3) 
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b The polynomial x+—3z?—5 has only even powers of x, so we can (temporarily) 
replace them with x? = y to turn our quartic polynomial into a quadratic. 


gba"? =) Sy" =8y—5 


There’s no obvious factoring here, but we can find its roots, if any, using the 
quadratic equation. 


3+ ,/3? —4(1)(-5) 


y= 5} 
3+ Vv29 
2 
3 29 3 — V29 
2 2 
2 — V2 
Therefore, Aaa -5= (2-22) (+-) 


We'd like to use the difference of two squares to factor these quadratic expres- 
sions. For this to work, the constants must be positive (so their square roots 
are real). Since /29 > 3, only the first quadratic is factorable. The other is 
irreducible — it’s always positive, so it had no roots. 


3+ V7 29 3 29 
x’ — 32? —5 = | 2+ — i —— 


(8) 


c Without seeing any obvious patterns, we start hunting for roots. Since we 
have all integer coefficients, if there are any integer roots, they will divide our 
constant term, —6. So, our candidates for roots are +1, +2, +3, and +6. To 
save time, we don’t need to know exactly the value of our polynomial at these 
points: only whether or not it is 0. Write f(r) = 2+ — 47° — 10x? — lla —6. 


i-H=0 f(—2) #0 f(—8) #0 f(—6) #0 
Ff) #0 f(2) #0 (3) #0 f(6)=0 
Since = —1 and x = 6 are roots of our polynomial, it has factors (a + 1) 


and (x — 6). Note (x +1)(a —6) = x? — 5x —6. We use long division to figure 
out what else is lurking in our polynomial. 
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So, «* — 4x° — 10x? — lla —6 = (x + 1)(a — 6)(x* +2 +1). 
We should check whether x? + x7 + 1 is reducible or not. If we try to find 


—lt(/—3 
2 


numbers. So, we’re at the end of our factoring. 


its roots with the quadratic equation, we get , which are not real 


d Without seeing any obvious patterns, we start hunting for roots. Since we 
have all integer coefficients, if there are any integer roots, they will divide our 
constant term, —15. So, our candidates for roots are +1, +3, +5, and +15. 
Write f(x) = 2x4 + 12%? — x* — 522415. 


Hol Fe f(—3)= 0 f(—5)= 0 f(—5) #0 
TO) 70 (3) #0 f(5) #0 f(15) #0 


Since x = —3 and x = —5 are roots of our polynomial, it has factors (x + 3) 
and (x +5). Note (x +3)(a+5) = 2?+8r+15. We use long division to move 
forward. 

Qe? —4r +1 


v?+8e+15) 2Qa44+120% — 2? — 52415 
= 2¢* — 16a" = 302" 
— 4x3 — 31a? — 52x 
da? + 32x? + 60x 


xv +8xe+15 
—2? —8r-15 
0 


So, 274 + 122? — x? — 527 +15 = (x + 3)(x + 5)(2x? — 4x + 1). 


We should check whether 27? — 42 + 1 is reducible or not. There’s not an 
obvious way to factor it, but we can use the quadratic equation. This gives 


4+.,/16—8 J2 
4 


us roots = 14 oF So, we have two more linear factors. 


Specifically: 


D 
2x4 4+ 1203 — 2? — 52r +15 = (x +3)(4 +5) (+ 0+) 
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(0-9) 


1.10.4.6. Solution. The goal of partial fraction decomposition is to write our 
integrand in a form that is easy to integrate. The antiderivative of (1) can be 
easily determined with the substitution u = (ax + b). It’s less clear how to find the 
antiderivative of (2). 


Exercises — Stage 2 
1.10.4.7. *. Solution. The integrand is a rational function, so it’s a candidate 
for partial fraction. We quickly rule out any obvious substitution or integration by 
parts, so we go ahead with the decomposition. 
We start by expressing the integrand, i.e. the fraction = = PAE as a linear 
combination of the simpler fractions t and a (which we already know how to 
integrate). We will have 


1 1 a b a(az +1) + bx 


gta? a¢(l+z) x «z+1 a(1+z) 


The fraction on the left hand side is the same as the fraction on the right hand side 
if and only if the numerator on the left hand side, which is 1 = 02 + 1, is equal to 
the numerator on the right hand side, which is a(a + 1) + bx = (a+ b)a +a. This 
in turn is the case if and only of a = 1 (i.e. the constant terms are the same in the 
two numerators) and a+b = 0 (ie. the coefficients of x are the same in the two 
numerators). So a = 1 and b = —1. Now we can easily evaluate the integral 


2 dz 2 ade oat 1 
ee 
1 2+E , «(e+1) ; 2-1 
2 ) 4 
= [log « — log(x + 1)] = log 2 — log = = log = 
1 2 3 


1.10.4.8. *. Solution. We'll first do a partial fraction decomposition. The 
sneaky way is to temporarily rename x? to y. Then 2*+ 27 = y?+y and 


1 1 1 1 


xt+a2 y(y+]1) y ytl 


as we found in Question 7. Now we restore y to x”. 


1 1 1 1 
|= /G-z)# —7, — arctan & + C 


1.10.4.9. *. Solution. The integrand is of the form N(x)/D(x) with D(z) 
already factored and N(x) of lower degree. We immediately look for a partial 
fraction decomposition: 


127 +4 _ A _ BEG 


(@—3)(@2+1 «2-3 atl. 
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Multiplying through by the denominator yields 
122 +4 = A(z? +1) + (Br +C)(x —3) (x) 


Setting x = 3 we find: 


364+4= A(9+1)+0 = 40=10A = A=4 


Substituting A = 4 in («) gives 


127 +4 = 4(a? +1) + (Br+C)(x —3) 

==> —47? +122 = (x —3)(Br+C) 
=> (—4r)(x — 3) = (Br +C)(x — 3) 
==> B=-4C=0 


So we have found that A = 4, B = —4, and C = 0. Therefore 


/ etd, -| 4 4c \ 
(c—3)\(@2?+1) J \e-3 241) 
= Alog |x — 3| — 2log(z?++1)+C 


The second integral was found just by guessing an antiderivative. Alternatively, one 
could use the substitution u = x? + 1, du = 2x dz. 


1.10.4.10. *. Solution. The integrand is of the form N(x)/D(x) with D(z) 
already factored and N(x) of lower degree. With no obvious substitution available, 
we look for a partial fraction decomposition. 


an =a _ A Brt+C 
(a@—2)(2?+4) 2-2 2?+4 


Multiplying through by the denominator gives 
3x? — 4 = A(x? + 4) + (Bx + C)(zx — 2) (x) 


Setting x = 2 we find: 


12-4=A(44+4)+0 => 8=8A = A=1 


Substituting A = 1 in (*) gives 


32? —4 = (x? +4) + (x — 2)(Br +C) 

—> 277-8 = (x —2)(Br+C) 

=> (# —2)(24 + 4) = (& — 2)(Br+C) 
> Bal.G =4 


Thus, we have: 


3a? — 4 1 2e+4 1 22 4 


(c—2)(22+4) 2-2 e+4 2-2) g2+4° g2+4 
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The first two of these are directly integrable: 


4 
F(a) = log |x — 2| + log |x? + 4| +foqe 
(The second integral was found just by guessing an antiderivative. Alternatively, 
one could use the substitution u = x? +4, du = 2xdz.) For the final integral, we 
substitute: x = 2y, dx = 2dy, and see that: 


4 1 
/ +4 da = 2 | pai = 2arctany + D = 2arctan(x/2) + D 
for any constant D. All together we have: 


F(x) = log |x — 2| + log |x? + 4] + 2 arctan(x/2) + D 


1.10.4.11. *. Solution. This integrand is a rational function, with no obvious 
substitution. This sure looks like a partial fraction problem. Let’s go through our 
protocol. 


e The degree of the numerator x — 13 is one, which is strictly smaller than the 
dergee of the denominator x? — x — 6, which is two. So we don’t need long 
division to pull out a polynomial. 


e Next we factor the denominator. 


x? —2—6= (x —3)(x4 2) 


e Next we find the partial fraction decomposition of the integrand. It is of the 
form 


edie A B 


(x — 3)(a + 2) gc aa 


To find A and B, using the sneaky method, we cross multiply by the denom- 
inator. 


g —13 = A(x + 2) + Bia — 3) 
Now we can find A by evaluating at 7 = 3 
3-138 = A(3+2)+ B(3-3) = A=-2 
and find B by evaluating at « = —2. 
—2—13= A(-24+2)+ B(-2-3) => B=3 


(Hmmm. A and B are nice round numbers. Sure looks like a rigged exam or 
homework question.) Our partial fraction decomposition is 


x—13 =—2 3 


(c—3)(@+2) 2-3 «+2 
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As a check, we recombine the right hand side and make sure that it matches 
the left hand side. 
—2 3 —2(z + 2) + 3(¢ — 3) x—13 


f=3 220 =3G452) @=3)@22) 


e Finally, we evaluate the integral. 


xz —13 —2 3 
[Se-/(SGta)« 


= —2log |x — 3| + 3log|z + 2|+C 


1.10.4.12. *. Solution. Again, this sure looks like a partial fraction problem. 
So let’s go through our protocol. 


e The degree of the numerator 5x + 1 is one, which is strictly smaller than the 
dergee of the denominator x? + 52 +6, which is two. So we do not long divide 
to pull out a polynomial. 


e Next we factor the denominator. 
+ 5¢+6 = (24+ 2)(x +3) 


e Next we find the partial fraction decomposition of the integrand. It is of the 
form 
oz +1 _ A B 
mots) ao: aes 
To find A and B, using the sneaky method, we cross multiply by the denom- 
inator. 


5¢+1= A(x +3)+ B+ 2) 
Now we can find A by evaluating at 7 = —2 
—104+1= A(-2+3)+ B(-2+2) = A=-9 
and find B by evaluating at « = —3. 
—154+1= A(-3+3)+ B(-34+2) = B=14 
So our partial fraction decomposition is 
ox + 1 = 2. 2. 
(a+2)\(ce+3) a2+2 £43 
As a check, we recombine the right hand side and make sure that it matches 


the left hand side 
—9 14 —9(a + 3) + 14(2 4+ 2) ox + 1 


a ae a (x + 2)(a + 3) ~ (4 +2)(x +3) 


e Finally, we evaluate the integral 


5 1 — 14 
x? +52+6 7 a? a ae 


= —9log |x + 2| + 14log |x + 3+ C 
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1.10.4.13. Solution. We have a rational function with no obvious substitution, 
so let’s use partial fraction decomposition. 


e Since the degree of the numerator is the same as the degree of the denominator, 
we need to pull out a polynomial. 


5 

w’—1) 5a?-—3¢-1 
— 52? +5 
—3r+4 


That is, 


e Again, there’s no obvious substitution for the new integrand, so we want 
to use partial fraction. The denominator factors as (x — 1)(a + 1), so our 
decomposition has this form: 

—321+4 —d3a+4 A B 


g—1  (#—1)\(@+1) 2-1 ° «41 
tA Be +A —B) 
(x —1)(a+ 1) 


So, (1) A+ B=-3 and (2) A- B=4. 


e We solve (2) for A in terms of B, namely A = 4+ B. Plugging this into (1), 
we see (4+ B)+ B= -3. So, B=—f, and A=. 


e Now we can write our integral in a friendlier form and evaluate. 


5a? — 3a —1 —3r+4 
[ee == et fae 


v2 —1 x2 —1 
1/2 7/2 
=52+ / — / dx 
x-l -a4+1 


1 7 
= 5a + 5 log|x — 1|— slog |z+1/+C 


1.10.4.14. Solution. The integrand is a rational function with no obvious sub- 
stitution, so we use partial fraction decomposition. 


e The degree of the numerator is the same as the degree of the denominator. 
Since it’s not smaller, we need to re-write our integrand. We could do this 
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using long division, but this case is simple enough to do more informally. 


Ag* + 1497? + 2 = Age sg 1g 0 
Agt+a2 4a4 + x? 
_ Agt+a? 130742 
— Act + x2 Art + x? 
1327 2 
4x4 + x? 


=1+ 


e The denominator factors as x?(4x? + 1). 


e We want to find the partial fraction decomposition of the fractional part of 
our simplified integrand. 


1327+2 1a¢7+2 A B Ce+D 


Act+on2?  g2(4e2+1) 2 2? 7 Ax? +1 


Multiply through by the original denominator. 
1327 + 2 = Ax(4a” + 1) + B(4n? + 1) + (Ca + D)2? (1) 
Setting x = 0 gives us: 
f=) 
We use B = 2 to simplify Equation (1). 


132? + 2 = Ax(4a” + 1) + 2(4n? + 1) + (Ca + D)2? 
5a* = Ax(4a* + 1) + (Cx + D)2? 
5a = A(4a? +1) 4+ (Cr+ D)z es 


Again, let x = 0. 
0= A 
Using A = 0, simplify Equation (2). 
5a = (Ca + D)x 
5=Cz+D 
C=, =} 
e Now we can write our integral in pieces. 
Ag* + 1427 + 2 13x? + 2 
[= = d= f ie dx 
Ag*t + x? Ag* + x? 


2 9) 
=[(: ee T aan) dx 


904 


SOLUTIONS TO EXERCISES 


Substitute u = 2x7, du = 2dz. 


Z 5/2 
=@-- d 
x z + / eel U 
2. 0 
=x—-—-—+-arctanu+C 
2 
=p 2 tan(2x) + C 
=x ——-+—arctan 
e—— + 5 arctan(2x 
1.10.4.15. Solution. The integrand is a rational function with no obvious sub- 


stitution, so we'll use a partial fraction decomposition. 


e Since the numerator has strictly smaller degree than the denominator, we 
don’t need to start off with a long division. 


e We do, however, need to factor the denominator. We can immediately pull 
out x*; the remaining part is x? — 2x +1 = (a —1)?. 
e Now we can perform our partial fraction decomposition. 
g+2¢-1 27+2¢-1 A_ B C D 
gt —Qe3 +2 92(x—-1)2 2 22 g-1 (x-1) 


Multiply both sides by the original denominator. 
x? +22 —1= Ax(x—-1)? + B(x—1)? + Cx?(x—-1) + Do? (1) 
To be sneaky, we set x = 0, and find: 
-1=B 
We also set x = 1, and find: 
2=) 
We use B and D to simplify Equation (1). 
ag? +22 —1 = Az(x —1)°—1(2 — 1)? + Cx?(x — 1) + 22” 
0 = Az(x — 1)? + Cz?(x — 1) 
= x(4 —-1)[((A+C)z — Al 
So, 0=(A+C)r—-A 
That is, A= C =0. 


e Now we can evaluate our integral. 


/ xe? +22 —1 4 / =| 2 ‘4 
C= x 
xt — 2x3 + x? a (ge = 17 
2 


+C 


1 
x «-1 
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1.10.4.16. Solution. Our integrand is a rational function with no obvious sub- 
stitution, so we'll use the method of partial fractions. 


e The degree of the numerator is less than the degree of the denominator. 


e We need to factor the denominator. The first two terms have the same ratio 
as the last two terms. 


Qn? — 2? — 84 +4 


x? (Qe — 1) — 4(2¢ — 1) 
(a? — 4)(2x — 1) 
= (x — 2)(4% + 2)(2x — 1) 


e Now we find our partial fraction decomposition. 


3x7 — 4x — 10 _ 52° —47— 10 
203 — 2? -—824+4 (x —2)(x+2)(2r — 1) 
A B C 

= + oe 


a2 eae 2h 
Multiply both sides by the original denominator. 
3a” — 4x — 10 = A(x + 2)(22 — 1) + B(x — 2)(2x — 1) 
+ C(x — 2)(x@ + 2) 


Distinct linear factors is the best possible scenario for the sneaky method. 
First, let’s set x = 2. 


3(4) — 4(2) — 10 = A(4)(3) + B(O) + C(0) 


_ ae 
2 


Now, let « = —2. 
3(4) — 4(—2) — 10 = A(0) + B(—4)(—5) + C(0) 
1 


— 
2 


Finally, let x = 5 


7-210 = A(0) + BOO) +C (-5) (3) 
C=3 
e Now we can evaluate our integral in its new form. 
2. Aen _ 
os = ai . / € s , a , = 7 


1 1 3 
= ~5 log |@ — 2] + 5 log|a + 2| + 5 log|2x — 1] +C 


1) xr+2 
Oo 
5 Pla 


3 
+ 5 log |2a — 1] + C 
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1.10.4.17. Solution. The integrand is a rational function with no obvious sub- 
stitution, so we use the method of partial fractions. 


e The numerator has smaller degree than the denominator. 


e We need to factor the denominator. In the absence of any clues, we look for 
an integer root. The constant term is 5, so the possible integer roots are +1 
and +5. Name f(x) = 2x3 + 1lz? + 6x +5. 


f(-1) #0 f(-5)=0 f)#0  f(5) #0 
So, (a + 5) is a factor of the denominator. 


e We use long division to pull out the factor of (x +5). 


Qn? +241 
x +5) Qe? + 112? +6r4+5 
— 2° — 10x? 
—a?— 5a 
rt+s 
-—2“£-5 
0 


That is, our denominator is (x + 5)(2x? + x +1). 


e The quadratic function 2x? + x +1 is irreducible: we can see this by using the 
quadratic equation, and finding no real roots. So, we are ready to find our 
partial fraction decomposition. 


1027+ 24¢+8 — 1027+ 24r+8 
9x3 + 11g? +62+5 (2+5)(22?+2+1) 
A Ba+C 


+5 * 227 +2+1 
Multiply through by the original denominator. 


10x? + 240 + 8 = A(2a* +241) + (Bxrt+C)(x +5) (1) 
Set x = —5. 
10(25) — 24(5) + 8 = .A(2(25) — 5 + 1) + (B(—5) + C)(0) 
A=3 


Using our value of A, we simplify Equation (1). 


102? + 240 + 8 = 3(227 +e +1) + (Br + C)(x +5) 
Ax? +217 +5 = (Br +C)(x +5) 


We factor the left side. We know (x + 5) must be one of its factors. 


(42 + 1)(a + 5) = (Bx + C)(x +5) 
4¢+1=Br+C 


50, B=4 and GC =—1. 
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e Now we can write our integral in smaller pieces. 


* 10a? + 24a + 8 a me: 4a +1 
- dz = da 
9 20° + 112?+6r+5 o \a@t5 22% +n41 
The antiderivative of the left fraction is 3log|x + 5|. For the right fraction, 
we use the substitution u = 2x7 + 2+1, du = (4x + 1)dz to antidifferentiate. 


= [3log |x + 5| + log |2a? +. ¢ + 1[], 
= 3log6 + log 4 — 3log5 — log1 


Exercises —— Stage 3 
1.10.4.18. Solution. We follow the example in the text. 


1 sin x sin © 
csc xdxz = ——dz= | — 5—dr= ee 
sin x sin* x 1 —cos*2 


Let u = cosz, du = —sinzdz. 


. [a ° | =o = 


We see an opportunity for partial fraction. 


—1 ag i B 
(l+u)i-u) itu 1-u 


Multiply both sides by the original denominator. 
—-1=A(1-—u)+B(1+4u) 


Let u = 1. 
Let u = —1. 
We can now re-write our integral. 


[osceae = [ tar w= [ (Fe , a) aH 
( )( ) 


1 1 
= —5 los |1 + ul 4 5 log|l— ul +C 


l-wu 
1l+u 


1 
= 5 log +C 
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1 1—cosz 
= -—lo 
2 6 1+ cosx 


Remark: Elsewhere in the text, and in many tables of integrals, the antiderivative 
of cosecant is given as log|cscx — cota|. We show that this is equivalent to our 


result. 
1 > 
log | csc x — cot z| = 7 log |(csc x — cot x) | 
1 2 2 
= 5 les esc” © — 2csc x cot x + cot a| 
1 it 2cosx  cos?z 
= log <2 }©6eD a) 
2 sin°z sin"s sin’ zr 
1 1—2cosxr+cos*z| 1 (1 — cosa)” 
= — log <a = — log 
2 sin” x 2 1 — cos? 
1 (1 — cos x)? 1—cosax 
= — log = — log 
2 (1—cosx)(1+cosx)| 2 1+cosx 


1.10.4.19. Solution. We follow the example in the text. 


1 sin © sin © 
[ostede = f =a de= f Sear = | ee 
sin” x sin® x (1 — cos? x)? 
Let u = cosx, du = —sinzdz. 


1 if 1/2 


1-u2 in 
=A 1 \? if. 1a 
pn aan) | Ge) 


--if (aap = aa) 


In Question 18 we saw 


SO 


1 t 1 
SS igs gy) ie 
i( ipa 7 8 u| — log | utp) +e 
1 2u 1l+u 
=— + | tC 
i(e og |) 
—u 


1 pees 
= + — log 


2(1—wu?) 4 1l+u 


—cosz 1 — 
T 


. Qsin2-x =A 


1+ cosz 


Remark: In Example 1.8.23, and in many tables of integrals, the antiderivative 
of csc? x is given as —}cotacscax + $log|csca — cotx|+C. This is equivalent 
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to our result. Recall in the remark after the solution to Question 18, we saw 


1 l—cosx| __ _ 
5 log | 22 = log | csc x — cot |. 


1 1 
— 5 cotwesex + 5 log | esc x — cot a 


1 t " y 1—cosz 
= —~cotrcsczr te) 
2 4 6 1+ cosz 
1 /cosaz 1 1 1—cosz 
=— (= ) : Flog 
2 \sinz sin x 4 1+cosz 
—cosx 1 1—cosz 
= og 
2sinrxr 4 1+ cosz 


1.10.4.20. Solution. This is a rational function, and there’s no obvious substi- 
tution, so we'll use partial fraction decomposition. 


e First, we check that the numerator has strictly smaller degree than the de- 
nominator, so we don’t have to use long division. 


e Second, we factor the denominator. We can immediately pull out a factor of 
x”; then we're left with the quadratic polynomial xz? + 52 + 10. Using the 
quadratic equation, we check that this has no real roots, so it is irreducible. 


e Once we know the factorization of the denominator, we can set up our decom- 
position. 


32° + 15a”? + 352 + 10 - 323 + 15x? + 352 + 10 
g4+5¢3 41022 (a2 +52 + 10) 
A B Cr+ 2 
 ¢ 2” eee 


We multiply both sides by the original denominator. 


30° + 152” +352 + 10 
= Ag(x? + 52 +10) + Bla? +52 +10) + (Cz + D)x’ (1) 


Following the “Sneaky Method,” we plug in x = 0. 
0+ 10 = A(0) + B(10) + (C(0) + D)(0) 
B=1 
e Knowing B allows us to simplify our Equation (1). 


32° + 15a” + 352 +10 = Aa(x* + 52 + 10) + 1(2? + 5a + 10) 
+ (Cx + D)x? 
32° + 14x? + 302 = Ax(x? + 52 +10) + (Cx+ D)zx? 


We can factor x out of both sides of the equation. 


32° + 142 + 30 = A(a? + 5¢ +10) + (Cr+ D)x (2) 
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e Again, we set x = 0. 
0+ 30 = A(10) + (C(0+ D)(0) 
A= 3 


e We simplify Equation (2), using A = 3. 


Sa” + 14g + 30 = 3(a? + br +10) + (Ce+D)e 
—2 = C2? + Dz 
Cat. Daal 


e Now that we have our coefficients, we can re-write our integral in a friendlier 


form. 


z*+ 5x2 + 10x? 
Ca” 1 
-| (3+3-acean)* 
2 2 
= [Sloslal- >| - f pes EST 
2 
= Slog2+5— f wea 


if 323 + 15x? + 35a + 10 
dz 
1 


The remaining integral is the reciprocal of a quadratic polynomial, much like 
5, whose antiderivative is arctangent. We complete the square and use 


1+22 + 2x 
the substitution u = (23358), du = Fede. 


: 1 : 1 
i208 = 10 1 (x + 2) +2 
4 -<f 1 
2 
(282) + 
9/15 


eee 


7_| ; 
= — arctan Uu 
J15 7/V15 


= Say (arctan (T= ) —arctan (5) ) 


So, all together, 


A 323 + 15a? + 35x 4 10 
z 
r x4 + 5x3 + 10x? 
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1 2 9 
= 3log2+ ~ — —~|( arctan | —— 
a ar i: ( (ss) 


- arctan (=) ) 


1.10.4.21. Solution. Our integrand is already in the nice form that would come 
out of a partial fractions decomposition. Let’s consider its different pieces. 


e First piece: [ gerg de. The fraction looks somewhat like the derivative of 
arctangent, so we can massage it to find an appropriate substitution. 


lanl 


. . = x _ 1 
Use the substitution wu oh du ade. 


= / Ls 
(4/2 oe 


3 
= —arctanu+C 


V2 
= = arctan (=) oC 


e The next piece is { —$-,dz. If the numerator were only x (and no constant), 


Gay 
we could use the substitution u = 7? +2, du = 2xdz. So, to that end, we can 
break up that fraction into ( For now, we only evaluate the 


first half. 


x = 3 
x242)2 (a2+2)2° 


x 1 1 1 
| ery | wn -3, te 


1 
202 +4 


+C 


e That leaves us with the final piece, Cae which is the hardest. We saw some- 
thing similar in Question 1.9.2.20 in Section 1.9: we can use the substitution 


x = V2tand, dx = V2 sec? 6dd. 


3 7 3 : 
/ ape = / (@tant@ a ayeY 2800" 48 
= | a9 ag v2 800” 6dé 


= aJ5 = | cos’ 6d6 
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an (1 + cos(28)) dé 


sin (26)) + +C 


“Ws 
“™ 
“a 6 + sin 6 cos0) + C 
=T5 


V2 


From our substitution, tan é = a" So, we can draw aright triangle with angle 


6, opposite side x, and adjacent side \/2. Then by the Pythagorean Theorem, 
the hypotenuse has length Va? + 2, and this gives us sin@ and cos@. 


Now we have our integral. 


/ : of a da 
u2+2 (4? +2)2 
3 Yi 3 
=] eyo" +f app | ap” 


3 F x 1 
= —~ arctan — 
af 3 4/2 Qu? + 4 


= We (ssa (=) | ~) EC 


9 x 1 3x 
Braun (=) "3G@?42) Hern *? 
9 x 2+ 32 
— sg etan () — Ma? +2) +C 


1.10.4.22. Solution. This is already as simplified as we can make it using partial 
fraction. Indeed, this is the kind of term that could likely come out of the partial 
fraction decomposition of a scarier rational function. So, we need to know how to 
integrate it. Similar to the last piece we integrated in Question 21, we can use the 
substitution x = tan@, dx = sec? 0d6. 


1 sec? 6 sec? 6 
i (1+ pe 7 / (1+ tan? 7d 7 / (sec? pa? 
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= f cost oae = | fees ao 
2 z_[ G+ e0s(20))?a0 


1 + 2.cos(20) + cos”(20)) dé 


“——~ 


1+ 2cos(26) + 5(l + cos(40)) dé 


+ 2cos(26) + ; cos(10)) dé 


DB ANN 
dol ww 


OS i i 


1 
+ sin(20) + 3 sn(40)) +C 


1 
sin(20) + 35 sin(46) + C 


6 + =sin@cos6 + - sin(20) cos(20) + C 


D 
4 
NlRmle Ale 


I 

Col WwW COlW C|WOlWolW Al ARP Ble BILE 
DS 
+ 


1 
sin 8 cos 0 + 3 sin 6 cos 0(cos” 6 — sin?) + C 


’ . x m=! x£ Lea? LO 
arctan x | 
2(1+27) 8\14+2? 1+ <2? 


To change our variables from @ to x, recall we used the substitution « = tan @. So, 
we draw a right triangle with angle 6, opposite side length x, and adjacent side 
length 1. By the Pythagorean Theorem, the hypotenuse has length 1+ 2?. This 
allows us to find sin @ and cos 6. 


1.10.4.23. Solution. Our integrand is already as simplified as the method of 
partial fractions can make it. The first term is easy to antidifferentiate. The second 
term would be easier if it were broken into two pieces: one where the numerator is 
a constant, and one where the numerator is a multiple of x. 


/ 3 pe ceueas od dx 
x 
x?+5  (a#?+5)? 


3 4 f 1 » 3x i. 3x ae 
== 
2 ao 8b ie 5)? 
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3 5 1 3x 3x 
= dz 4 d 
2” lea 7 les ae) . 


The first integral looks similar to the derivative of arctangent. For the second 
integral, we use the substitution u = 2? + 5, du = 2rdz. 


ee : dz + ee! du 
2 5 2 ed u u? 
(%) 


For the first integral, use the substitution w = ve dw = ede. 


3 2 =| “dw + 5 log |u| — — 
= 74 ws ee BT 
2 Vos Wet . : a 
35, ioe : 
= 5% Sa oe FOL Fea aig 7 
a3 1 iss : : ° 
7 ; oj le C 
5¢ + Gearetan (2) + 5 tog a | a? +107 


1.10.4.24. Solution. If our denominator were all sines, we could use the substi- 
tution = sin@. To that end, we apply the identity cos? @ = 1 — sin? @. 


cos 8 cos 6 
ae = dé 
areca leer 


cos 6 
= dé 
=a 


We use the substitution x = sin #, dx = cos 6dé. 


1 =] =] 
=f saeoe-/ see | es” 


Now we can find a partial fraction decomposition. 
—1 A B 


Galea) @1 a2 
—-1= A(x —2)+ Bie - 1) 


Setting x = 1 and x = 2, we see 
A=1, B=-1 


Now, we can evaluate our integral. 
cos 6 —1 
ay = d 
| ae ee lw 7 


-{(Ga-=a)® 


= log |x — 1] — log |x — 2| + C = log 2F|+¢ 
a 
sind — 1 
ccmeneiiee EE 
° + 
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1.10.4.25. Solution. This looks a lot like a rational function, but with the 
function e’ in place of the variable. So, we would like to make the substitution 
a =e', dx =e'dt. Then dt = 4dr = dz. 


Jawmt- |= 
—————— ee ————dr 
e% +et+1 x(z?+2+1) 


The factor x? + x + 1 is an irreducible quadratic, so the denominator is completely 
factored. Now we can use partial fraction decomposition. 


1 A Be+C 

x(a?+a2+4+1) 2 © kara 
1= A(z? +24+1)+(Br+C)r 
1=(A+B)a?+(A+C)x+A 


The constant terms tell us A = 1; then the coefficient of x tells us C = —A = — 
Finally, the coefficient of x? tells us B =—A=-—1. Now we can evaluate our 


integral. 
1 1 
————dt = | —.————d 
laws leper . 
1 e 1 
= — d 
IG a) . 
ffl x+1/24+1/2 
=| (-- > ) a (*) 
Bi eee z+1/2 , > f ae 
Pheri ge+e+1 


1/2 


In step (*), we set ourselves up so that we could evaluate the second integral with 
the substitution u = 2?+2+1. For the remaining integral, we complete the square, 
so that the integrand looks something like the derivative of arctangent. 


ta _ Qn+1 — 3. 
We use the substitution wu TF du FF 


1 / 1 q 
— | ——-du 
V3J wt+il 
1 1 
= log |x| — 5 log |a* +2 +1 — —arctanu+C 


V3 


1 
= log |x| — 5 log |a* + 2 + 1] - 
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1 1 2 1 
= log || — 5 log |x” tae+1|— ao (=e) +C 
1 


1 1 
= lee le ee 1) = arctan ( J+e 
2 s | V3 V3 

1 1 Oe 41 
=t——logle*+e'+1]—- arctan (= J+e 

2 J3 


t) 


= log |e 


1.10.4.26. Solution. 
e Solution 1: We use the substitution u = /1-+ e”. 


e” 2u 
Then du = ————dz, so dz = du. 
en du ioe x Oe hee 
2 Qu? 
[viFear= fu au = f Sa 
u2—1 u2—1 


— f%w-1I+2, _ 2 
ee du= f (2+ 525) du 


We use a partial fraction decomposition on the fractional part of the integrand. 


2 2 A B 
uw—1l (u—1)(u+1) = et eel 
(A+ B)u+(A-B) 
(u—1)(u+1) 


For the right hand side to match the left hand side, we need 
A+B=0, A-B=2 = A=1, B=-1 


So the integral 


[ vivear = [ (2+ ae) au 


1 1 
= 2 —_— 
fers 4) 


—] 
= 2u + log|u — 1| — log|ju+1|+C = 2u + log i +c 
util 
Vile = 1 
= 2V1+ e* + log |_—————_|+ C 
=| /Pee oi 


e Solution 2: It might not occur to us right away to use the fruitful substitution 
in Solution 1. More realistically, we might start with the “inside function,” 
u = 1+e*. Then du = e* dz, so dx = +.du. 


[vivear= fa 
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This isn’t quite a rational function, because we have a square root on top. If 
we could turn it into a rational function, we could use partial fraction. To 
that end, let w = fu, dw = zadu, so du = 2wdw. 


w Qu? 
= f aww = f Saw 
2(w? —1) +2 2 
(a dw = [2+ "dw 


Now we can use partial fraction decomposition. 


20 2 _ A,B 
w—-1 (w—1)\(w+1) w-1 wil 
(A+ B)w+(A—-B) 


(w —1)(w +1) 


For the left and right hand sides to match, we need 
A+B=0, A-B=2 = A=1, B=-1 


This allows us to antidifferentiate. 
2 
ee Ge 
we —1 


1 1 
— 2 —_— 
I( nom | wet) aw 


= 2w + log |w — 1| —log|jw+1/+C 


w-—1 

i, log |——_|+C 

w+ log | 2S | + 
Ju-l1 

9 l é 

Ju +t log Jaai|* 

VYl+et—1 

= 2V/1+e%+]lo tC 

a eae 


Remark: we also evaluated this integral using trigonometric substitution in Sec- 
tion 1.9, Question 1.9.2.26. In that question, we found the antiderivative to be 
2/1+e* + 2log [1 —vl1+ e*| —x-+C. These expressions are equivalent: 


Vit+et™-1 1 
?) fans 1 : oY prere 
1 1-—-vVJl+e* 
= log |V¥1+e*-—1/+lo ( )( ) 
e . Vl+te*+1 1-—-vl-+e* 
1—vVl+e* 
= log |V1+ e7 —1| + log am 
1— (1+ e?*) 
1—vVl+e* 
= log |V1+e7—-1 Lippe 
—et 
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= log | VIF e* — 1] +log|1 - VIF e —log| — | 
= 2log|VT+ —1| —£ 
. 10 . 
1.10.4.27. »*. Solution. (a) Let’s graph y = ———. We start with the 


f25 — 2? 


endpoints: (3,2) and (4, +2). Then we consider the first derivative: 
p 2 3 


= { 10 \= 10x 
de |J25—-a?J a5 —a® 


Over the interval [3, 4], this is always positive, so our function is increasing over the 
entire interval. The second derivative, 


a? { 10 } _ 10x _ 10(2x7 + 25) 

d? |. 6-2) |) ype Jee’ 
is always positive, so our function is concave up over the entire interval. So, the 
region R is: 


a. 42% 


(b) Let V, be the solid obtained by revolving R about the z-axis. The portion of 

Y, with xz-coordinate between x and x + dz is obtained by rotating the red vertical 

strip in the figure on the left below about the z-axis. That portion is a disk of 
. : Ss ene 2 

radius = 5 and thickness dz. The volume of this disk is 7 (sats) dz. So the 

total volume of V, is 


4 10 2 4 1 
—___— =1 ——~d 
/ *(F—) dx 00n | 55 ge x 
4 
1 
= 1007 f dx 
3 (5—2)(5+2) 


oe af 1 
=10n [ ( + ae 
3 \O-n@ O+2 


= 10n| — log(5 — x) + log(5 + n)). 


= 10n| — log 1 + log 9 + log 2 — log 8} 


9 3 
= 107 log 17 207 log 5 
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= 10 y 
7] Y = Port 
Fe : t= 25 — ar 
RE Ecianeaea 
zx 


(c) We’ll use horizontal washers as in Example 1.6.5. 


e We cut FR into thin horizontal strips of width dy as in the figure on the right 


above. 


e When we rotate R about the y-axis, each strip sweeps out a thin washer 


o whose outer radius is 75,4 = 4, and 


: : : _ — 100 10 o> 10) 5 
o whose inner radius is rj, = ,/25 7 when y > Jeo 43 (see 


the red strip in the figure on the right above), and whose inner radius is 
Tig = 3 when 7s : (see the blue strip in the figure on the right above) 
and 


o whose thickness is dy and hence 


o whose volume is m(r2,,, — r?,)dy = (ay —9)dy when y > 2 and whose 
volume is (752 — Tin)dy = Tm dy when y < 5 and 


e As our bottommost strip is at y = 0 and our topmost strip is at y = ~ (since 


at the top x = 4 and y= vee = TE = i the volume is 


10/34 5/2 
| n(—-9)ay+ f 7x dy 
5 y 0 


/2 
100 1S 35 
=| -—- 94] + —T 
] 5/2 2 
45) 35 
=r[-30+40-30+ >] +n 


= 207 
1.10.4.28. Solution. In order to find the area between the curves, we need to 
know which one is on top, and which on the bottom. Let’s start by finding where 


they meet. 
4 2 


3422 x(z+1) 
Qn? +27 =3 +42? 


e?+2e—-3=0 


920 


SOLUTIONS TO EXERCISES 


(x —1)(4+ 3) =0 


In the interval [;, 3], the curves only meet at 2 = 1. So, to find which is on top and 


on bottom in the intervals [;, 1) and (1, 3], it suffices to check some point in each 


interval. 
4 2 ; 
a 3402 x(a+1) Top: 
2 
1/2 | 16/13 | 8/3 CZEn 
4 
So, aah is the top function when 5 <a<l, and i is the top function when 


1<a< 3. Then the area we want to find is: 


1 3 
Area -/ a — : d+ [ : — a dx 
L Ale ly dep 1, \84+2? a(a4+1) 


Weill need to antidifferentiate both these functions. We can antidifferentiate 


— using partial fraction decomposition. 
x(x +1) 


2 AB (A+B)c+A 


x(x +1) - ead x(x +1) 


Matching coefficients 


A+B=0, AS? | Aad Bee 


and the integral 


2 2 2 
Ima" IC =) a og |x| og |x +1]/+C 


using the substitution u = -4, du = -kdz. 


oe 4 
We can antidifferentiate 35 V3? VB 


ye 


Se *\2 3(1+ u?) 
3(1+ (+) 
4 4 
= Aa arctanu + C = Aa arctan (=) +C 


Now, we can find our area. 


y) 4 ? 4 y 
Area = = ! = 
a ec z)® aes era) ® 
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1 
Xv 


4 2 
sal yer a). 
+ [arctan (=) - 20g] 
V3 V3 zr+1 
= (21065 - ~ Blog 5 + Ze arctan a) + 
2 4/3 6 5 V3 4/3 


1 
1.10.4.29. Solution. (a) To antidifferentiate 2B 


decomposition. 


9° we use a partial fraction 


i 1 _ A B _ (A+B)t+3(A-B) 
2-9 f=32)03) t-38 Fea (t —3)(£+3) 


( 
1 


reef amate- f(s 3) 


x 


1 
log|t — 3] — ¢ log |t + 3| 
1 


1 

6 

1 
= (Floele — 3 — Flog |r +3 — Flog 2+ 5 loe4) 


1 z—3 
—a ] Des 
5 (lor =) 


(b) Rather than differentiate our answer from (a), we use the Fundamental Theorem 
of Calculus Part 1 to conclude 


d ed 1 
F' = t S$}. 
(2) =i zoo} = 8 


1.11 - Numerical Integration 
1.11.6 - Exercises 


Exercises — Stage 1 
1.11.6.1. Solution: The absolute error is the difference between the two values: 


|1.387 — 1.5] = 0.113 
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The relative error is the absolute error divided by the exact value: 


0.113 
——— w 0.0814 
1.387 pane 


The percent error is 100 times the relative error: 


= 8.147% 
1.11.6.2. Solution. Midpoint rule: 


Y 


Trapezoidal rule: 


1.11.6.3. Solution. 


a Differentiating, we find f”(x) = —x? + 7x — 6. Since f”(x) is quadratic, we 
have a pretty good idea of what it looks like. 


e It factors as f(a) = —(x — 6)(x — 1), so its two roots are at x = 6 and 
r=l. 


e The “flat part” of the parabola is at x = 3.5 (since this is exactly half way 
between x = 1 and x = 6; alternately, we can check that f’”(3.5) = 0). 


e Since the coefficient of x? is negative, f(x) is increasing from —oo to 3.5, 
then decreasing from 3.5 to oo. 


Therefore, over the interval [1,6], the largest positive value of f”(a) occurs 
when x = 3.5, and this is f"(3.5) = —(3.5 — 6)(3.5 — 1) = 6.25. 
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y= f"(x) 


So, we take M = 6.25. 


b We differentiate further to find f(x) = —2. This is constant everywhere, so 
we take L = | — 2| = 2. 


1.11.6.4. Solution. Let’s start by differentiating. 


f(x) = asinz + 2cosz 
f'(z) =xcosx+sinz —2sinz = xcosz — sing 


f"(2) = —xsin x + cos x — cosx = —x sina 


For any value of z, | sinz| <1. When —3 < x < 2, then |z| < 3. So, it is true (and 
not unreasonably sloppy) that 
f(x) <3 


whenever x is in the interval [—3, 2]. So, we can take M = 3. 

Note that |f”’(a)| is actually smaller than 3 whenever z is in the interval [—3, 2], 
because when x = —3, sinx # 1. In fact, since 3 is pretty close to 7, sin3 is pretty 
small. (The actual maximum value of |f”(x)| when —3 < x < 2 is about 1.8.) 
However, we find parameters like M for the purpose of computing error bounds. 
There is often not much to be gained from taking the time to find the actual 
maximum of a function, so we content ourselves with reasonable upper bounds. 
Question 31 has a further investigation of “sloppy” bounds like this. 


1.11.6.5. Solution. 


a Let f(x) = cosx. Then f(x) = cosz, so |f(x)| < 1 when —t <a <7. 
So, using L = 1, we find the upper bound of the error using Simpson’s rule 
with n = 4 is: 

E(b—a)? (27) ow 0.2 

180n¢ «180-44 180-8 


The error bound comes from Theorem 1.11.13 in the text. We used a calculator 
to find the approximate decimal value. 


b We use the general form of Simpson’s rule (Equation 1.11.9 in the text) with 
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Aw = (f (xo) + Af (x1) = 2 f (#2) a 4 f (x3) + f(%a)) 
= TE (pm) + 46) + 2/(0) +408) + 0H) 


= = (-1 + 4(0) + 2(1) + 4(0) — 1) =0 


c To find the actual error in our approximation, we compare the approximation 
from (b) to the exact value of A. In fact, A = 0: this is a fact you’ve probably 
seen before by considering the symmetry of cosine, but it’s easy enough to 
calculate: ” 

A= / cos dx = sina — sin(—7) = 0 
So, our approximation was exactly the same as our exact value. The absolute 
error is 0. 


Remark: the purpose of this question was to remind you that the error bounds we 
calculate are not (usually) the same as the actual error. Often our approximations 
are better than we give them credit for. In normal circumstances, we would be 
approximating an integral precisely to avoid evaluating it exactly, so we wouldn’t 
find our exact error. The bound is a quick way of ensuring that our approximation 
is not too far off. 

1.11.6.6. Solution. Using Theorem 1.11.13 in the text, the error using the trape- 
zoidal rule as described is at most 


ae 
M(b-a) M3 1 


12-n2 48 —~ 48 16° 


So, we’re really being asked to find a function with the maximum possible error 
using the trapezoidal rule, given its second derivative. 

With that in mind, our function should have the largest second derivative possible: 
let’s set f”(x) = 3 for every x. Then: 


for some constants C' and D. Now we can find the exact and approximate values of 


/ * Fwd. 


1 1 
Exact: | fede : (F:" +Cr+ D) da 
0 0 
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7 1 
Approximate: i Fi@jde x Az 510 f(§) =r 


So, the absolute error associated with the trapezoidal approximation is: 


1. 9 CG 1 
os) 7 Caras ee 
So, for any constants C and D, f(x) = 37? + Ca -+ D has the desired error. 
Remark: contrast this question with Question 5. In this problem, our absolute error 
was exactly as bad as the bound predicted, but sometimes it is much better. The 
thing to remember is that, in general, we don’t know our absolute error. We only 
guarantee that it’s not any worse than some worst-case-scenario bound. 


a 


1.11.6.7. Solution. Under any reasonable assumptions ° , my mother is older 


than I am. 


a Anyone caught trying to come up with a scenario in which I am older than my mother will 
be sent to maximum security grad school. 


1.11.6.8. Solution. (a) Since both expressions are positive, and 4 = >: the 
inequality is true. 

(b) False. The reasoning is the same as in Question 7. The error bound given by 
Theorem 1.11.13 is always better for the trapezoid rule, but this doesn’t necessarily 
mean the error is better. 

To see how the trapezoid approximation could be better than the corresponding 
midpoint approximation in some cases, consider the function f(x) sketched below. 
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b 
The trapezoidal approximation of f(x)dx with n = 1 misses the thin spike, and 


gives a mild underapproximation. By contrast, the midpoint approximation with 
n = 1 takes the spike as the height of the entire region, giving a vast overapproxi- 
mation. 


a b a b 
trapezoidal midpoint 


1.11.6.9. *. Solution. True. Because f(x) is positive and concave up, the graph 
of f(a) is always below the top edges of the trapezoids used in the trapezoidal rule. 


y 
y = f(x) 


x 


1.11.6.10. Solution. According to Theorem 1.11.13 in the text, the error asso- 

: eee heed L (b-a)?° 

ciated with the Simpson’s rule approximation is no more than 130 i 

n 

L is a constant such that |f“(a)| < L for all x in [a,b]. If L = 0, then the error is 
no more than 0 regardless of a, b, or n-that is, the approximation is exact. 


Any polynomial f(a) of degree at most 3 has f“)(x) = 0 for all x. So, any polyno- 


, where 
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mial of degree at most 3 is an acceptable answer. For example, f(x) = 52? — 27, or 


fe) = 2, 


Exercises —— Stage 2 
1.11.6.11. Solution. 
b— 30 — 0 
e For all three approximations, Av = = a= 5. 
n 


e For the trapezoidal rule and Simpson’s rule, the x-values where we evaluate 


1 
ee ey ee to = 0; ay = 6, fo = 10, 
a 
go = 15, te = 20, te — 25, and ve — 30: 


1 
e For the midpoint rule, the z-values where we evaluate ot start at x = 
ie 
2.5 = 23*1 and move up by Ag = 5: 1 = 2.5, £2 = 7.5, Z3 = 12.5, 4 = 17.5, 
i. = 22.5, and fg = 21.0. 


30 1 
i: P| dz = | f(@1) + f(#o) +--+ f(%n)| Ax 
_ i de 1 , 1 | 1 
~ | (2.5)3 +1 (7.5) + l (12.5)? + l ! (17.5)° + ; 
1 1 
YT @a5P41 | rset 4 


e Following Equation 1.11.6, the trapezoidal rule approximation is: 


30 
1 
—— 
0 x +1 


x [5 Fla0) + Flor) + Flea) +++ Fema) + 5f(tn)] Ae 


ig 
_f 1/2 a rer 
~ 103 +1° 5341 ° 108+1 °° 153 +1 20341 
1 1/2 
+ | 5 
25341 ° 30341 
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e Following Equation 1.11.9, the Simpson’s rule approximation is: 


30 
1 
| 7 dx 
0 45) +1 


x [F(0) +4 f (01) +2F (a2) +4 (0s) +2F (a4) +4 F(05)+ F(00)] 
1 4, 2 4, 2 
= fs bee (084d ioe OOP ed 
4 1 45 
257 +1 wails 


1.11.6.12. *. Solution. By Equation 1.11.2, the midpoint rule approximation 
to Hb f(x)dzx with n = 3 is 


/ f(x) da = [f(Z1) + f(Z2) + f (€3)| Aa 


where Ax = _ and 


to =o vt, =—~a+Ar t =at+2Ar t3=b 


t1i+x2 7, — v2tx3 
2 2 


Xo = L3 


For this problem, a = 0, b= 7 and f(x) = sina, so that Aw = } and 


Lo = 0 w=F XL an t3=T7 
7 us To — 2 7 5m 
t= 6 v2 = 2 X3 6 
| | | | | | | 
: | | | | | | | ° 
0 1/6 a/3 n/2 21/3 51/6 a 
xo 1 ry Eo x2 %3 3 
Therefore, 
_ q yt ain een oT | 14,12 Qn 
sinxzdx  |sin — + sin = + sin —] — = /= Se 
0 6 2 6 | 3 2 2) 3 3 


1.11.6.13. *. Solution. Let f(x) denote the diameter at height 7. As in Example 
1.6.6, we slice V into thin horizontal “pancakes”, which in this case are circular. 
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e We are told that the pancake at height x is a circular disk of diameter f(z) 
and so 


e has cross-sectional area m( fe)? and thickness dz and hence 


e has volume nt (£@)*de. 


Hence the volume of V is 


[[@ye 


1 1 
re *10| 5 #(0)" + f(10)? + f(20)? + f(30)? + 5 (40)? 
1 1 1 
= 710] 524? + 16? + 10° 24 242 
1 0 5 6 0° +6 +5 


= 688 x 2.5% = 17207 & 5403.5 


where we have approximated the integral using the trapezoidal rule with Ax = 10, 
and used a calculator to get a decimal approximation. 


1.11.6.14. *. Solution. Let f(x) be the diameter a distance x from the left end 
of the log. If we slice our log into thin disks, the disks x metres from the left end 
of the log has 


f(x) 


e radius “>, 


e width dz, and so 


2 
e volume 7 (42) dx = Ff (x)?dzx. 
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Using Simpson’s Rule with Az = 1, the volume of the log is: 


V -| h(a)’ da 
= TE] (0)? + 4 (0)? + 2F(2)? + 4F(8)? + 2F(4)? + 4F(5)? + £(6)] 
~ 5 1.2? + 4(1)? + 2(0.8)? +4(0.8)? + 2(1)? + 4(1)? + 1.2°| 


T 
= —(16.72 
79 (18-72) 
4.377 mi" 

where we used a calculator to approximate the decimal value. 


1.11.6.15. *. Solution. At height x metres, let the circumference of the tree be 


Cla 
c(x). The corresponding radius is au so the corresponding cross-sectional area 
T 


ws (2) 22 


931 


SOLUTIONS TO EXERCISES 


The height of a very thin cross-sectional disk is dz, so the volume of a cross-sectional 


2 
disk is te) dx. Therefore, total volume of the tree is: 
1 


i, a las oe le(0)? + 4c(2)? + 2c(4)? + 4c(6)? + o(8)" 


: 1.2" + 4(1.1)? + 2(1.3)? + 4(0.9)? + 0.2°| 


— 6x 
12.94 
= —— ®& 0.6865 
67 


where we used Simpson’s rule with Ax = 2 and n = 4 to approximate the value of 
the integral based on the values of c(x) given in the table. 


1.11.6.16. *. Solution. For both approximations, Av = 10 and n = 6. 
(a) The Trapezoidal Rule gives 


v= [> aman 


~ 10 [54(0) + A(10) + A(20) + A(30) + A(40) + A(50) + 5A(60) 
= 363,500 
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(b) Simpson’s Rule gives 


v= [Anan 


fm 7 | A(0) +4A(10) +2.4(20) +44(30) +24 (40) +4.4(50)+A(60) 


= 367,000 
1.11.6.17. *. Solution. Call the curve in the graph y = f(z). It looks like 


We’re estimating rK f(x)dx with n = 4, so Ax = & =1. 
(a) The trapezoidal rule gives 


(b) Simpson’s rule gives 


1 77 
Sa=g[3+4x8+2x7+4x64+4] elas 


1.11.6.18. *. Solution. Let f(z) = sin(x?). Then f’(x) = 22 cos(x?) and 
f(z) = 2cos(x”) — 4a? sin(z”). 
Since |z?| < 1 when |z| < 1, and |sin6| < 1 and |cos6| < 1 for all 6, we have 


|2 cos(x?) — 4x? sin(x?)| < 2| cos(x?)| + 427| sin(x”) 
<2x1+4x1x1=24+4=6 


We can therefore choose M = 6, and it follows that the error is at most 


M{b — aj? < 6- [1 —(-1)]? _ Z — 9.19 
24n? 24 - 1000? 106 
1.11.6.19. +. Solution. Setting f(z) = 27+ and b-—a = 1 — (—2) = 3, we 
compute f(r) = 24x”. The largest value of 24x? on the interval [—2,1] occurs at 
x = —2, so we can take M = 24-(—2)? = 96. Thus the total error for the midpoint 
rule with n = 60 points is bounded by 


M(b—a)3 96 x 3° 3 


Mn 24x60x60 100 


That is: we are guaranteed our absolute error is certainly no more * than a and 
using the bound stated in the problem we cannot give a better guarantee. (The 
second part of the previous sentence comes from the fact that we used the smallest 
possible M: if we had used a larger value of WM, we would still have some true 


statement about the error, for example “the error is no more than ee but it would 
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not be the best true statement we could make.) 


a This is what the error bound always tells us. 


1.11.6.20. *. Solution. (a) Since a = 0, b = 2 and n = 6, we have Ax = ©4 = 
2-0 


—0 — 1 and so 2 =0, 2, =1,22.=2 2, and xg = 2. Since 


3? 3? 3? 
Simpson’s Rule with n = 6 in general is 


Ar 


3 [f(@o) + 4f (a1) + 2f (2) + 4f(@3) + 2f (aa) + 4f (a5) + f (a6) ], 


4 
v3 =1,%=3,%5= 


the desired approximation is 


P((-3) +4(5 -3)' +2(¢ — 3)" +4(-2)° +2(5 -3)" 


(x — 3)" f"(@) 


20(2 — 3)° 
O(a — 3)? Get 


= 120(¢— 3). 

For 0 < x < 2, (a — 3) runs from —3 to —1, so the maximum absolute values are 
found at x = 0, giving M = 20- |0 — 3|? = 540 and L = 120- |0 — 3] = 360. 
Consequently, for the Midpoint Rule with n = 100, 


M(b—a)? 540 x 2 _ 180 


Bul = = ae 
\Eu| 24n? 94x 104 104’ 


whereas for Simpson’s Rule with n = 10, 


Esl < 360x 25 64 
S| = 7399x104 —-:104' 


Since 64 < 180, Simpson’s Rule results in a smaller error bound. 


1.11.6.21. *. Solution. In general the error in approximating f? fade using 
Simpson’s rule with n steps is bounded by EO—a) (Azx)* where Ar = boa and L > 
|f(z)| for alla < x <b. In this case, a= 1,b=5,n =4 and f(x) = +. We need 


to find L, so we differentiate. 


and 


|FO)| < 24 for all x >1 
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So we may take DL = 24 and Ax = 2= =1, which leads to 
24(5—1 24 «8 

|Error | < 5—1) =—=— 

180 45 15 


1.11.6.22. *. Solution. In general, the error in approximating f f(x)dax using 


HO 92)! where Ag = a 
L > |f(a)| for all a < « < b. In this case, a = 0, b = 1, ere. ce 


e-** + 373. We need to find L, so we differentiate. 


Simpson’s rule with n steps is bounded by and 


f'@=—2e "+977 f"(z) =4e-** + 18x 
f(x) = -8e~?* + 18 PPG) =1te™ 
—22x 


1 (4) - ‘ : : ; 
= —,, we see f (x) is a positive, decreasing function. So, its maximum 


occurs when x is as small as possible. In the interval [0,1], that means x = 0. 


Since e 


| (x)| < f(0) = 16 for all x > 0 
So, we take L = 16 and Az = ae = 


L(b — a) - 
~ jsp (42) = 


1 1 


~ 180 x 34 14580 
1.11.6.23. *. Solution. For both approximations, a = 1,b = 2,n=4, f(x) = = 


IA 


|Error| 


and Ax = boa = ‘. 
Then x) = 1, t= 3, a =3,73= 4, and a= 

SS 

1 5/4 3/2 7/4 2 
(a) 
1 1 
Ty= Ae [5 f(aa) + flea) + Flea) + Flea) + 5fC00)| 
= Ae |5F(1) + 6/4) + 118/2) + 10/4) + 570)| 


- Gop betes) 


81 =" [F(00) + 4fler) + 2f (0) + Af le) + Flea) 


= = [F(1) + 4f(5/4) + 2f (8/2) + 4f(7/4) + F(2)] 
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= a5 [t+ (4 $) + (2% §) + (#9) 45] 


(c) In this case, a = 1, b = 2, n = 4 and f(x) = +. We need to find L, so we 


differentiate. 
f@=-y Pf@=5 PwM=5 M@m=4 
So, 
|f@ (x) | < 24 for all x in the interval [1, 2] 
We take DL = 24. 
Enron |Z L(b— a)? 2 24(2 — 1)° Z 24 = 3 


180 x n4 ~— 180 x 44 180 x 44-5760 


1.11.6.24. *. Solution. Set a =0 and b = 8. Since we have information about 
s(x) when z is 0, 2, 4, 6, and 8, we set Ar = boa = 2, so n = 4. (Recall with the 
trapezoid rule and Simpson’s rule, n = 4 intervals actually uses the value of the 
function at 5 points.) 

We could perform the trapezoidal approximations with fewer intervals, for example 
n = 2, but this would involve ignoring some of the points we’re given. Since the 
question asks for the best estimation we can give, we use n = 4 intervals and no 
fewer. 


a 


ee 5910) + (2) + 8(4) + (6) + 538) 


1.00664 1.00233 
=2 : + 1.00543 + 1.00435 + 1.00331 + | 


= 8.03515 
Ax 


S4= — [s(0) + 48(2) + 28(4) + 4s(6) + s(8)| 


2 
=3 [1.00664 +4 x 1.00543 + 2 x 1.00435 + 4 x 1.00331 


+ 1.00233] 
% 8.03509 


k 
b The information g*)( (2) < with k = 2, tells us |s”(x)| < for all x 
= To00° Ter 


in the interval [0,8]. So, we take K (also called M in your text) to be 74. 


Then the absolute error associated with our trapezoid rule approximation is 


at most 
b Ae 3 
| f(a) dz —T K2(b a) 2 2 8 


nes < 0.00533 
= "42n?— = 1000 12(4)? = 
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For k = 4, we see |s‘)(x)| < <4, for all x in the interval [0,8]. So, we take 


K, (also called L in your text) to be 795- 


Then the absolute error associated with our Simpson’s rule approximation is 
at most 


K4(b = a)° 4 8° 
180n2 ~ 1000 180(4)4 
1.11.6.25. *. Solution. In this case, a = 1, b = 4. Since —2 < f”(x) < 0 over 


the relevant interval, we take M = 2. (Remember M is an upper bound on |f”(z)|, 
not f”(x).) So we need n to obey 


< 0.00284 


One obvious allowed n is 100. Since 4500 * 67.01, and n has to be a whole 
number, any n > 68 works. 


Exercises —— Stage 3 
1.11.6.26. *. Solution. Denote by f(x) the width of the pool x feet from the 


left-hand end. From the sketch, f(0) = 0, f(2) = 10, f(4) = 12, f(6) = 10, 
f(8) = 8, 710) = 6, fU12) = 8, (14) 10 and F116) = 0. 

A cross-section of the pool x feet from the left end is half of a circular disk with 
diameter f(a) (so, radius it2)) and thickness dz. So, the volume of the part of the 


2 
pool with x—coordinate running from x to x + dz is in(2@) dz = shat dx, 
The total volume is given by the following integral. 


V=— a. f(z 
= oe )? + Af (2)? + 2F(4)? + 4F (6)? + 2F(8)? + 4f (10)? 


a 
+ 2f(12)? + 4f(14)°+ f (16)? 


001 9 


; jo + 4(10)? + 2(12)? + 4(10)? + 2(8)? + 4(6)? + 2(8) 


ool A 


+ 4(10)? +0 


472 
— ee ~ 494 ft? 


1.11.6.27. *. Solution. (a) The Trapezoidal Rule with n = 4, a= 0, b= 1, and 
Ar = 5 gives: 


1 
W= ami0-® f rg(r) dr 
0 


1 1 
et 2010 *Ag E Log(Xo) + 71g(#1) + Log(#2) + L3g(ax3) + 5 t49(x4) 
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= 2n10-° 7[-09(0) + 59(5) + 59(5) + 59(5) + 5900) 


_ 19-8 yeu 81443-8170 | = 
7 7 a ee coe, 
_ 320397 9.025635 

4-106 


sing the product rule, the integran r) = 2710-°rg(r) obeys 
b) U h d le, th d f e b 


ae 2n10-° [a(r) + rg'(r)] = 2010~° [2g'(r) + rg" (r)] 
and hence, for0O <r <1, 
|f"(r)| < 20 10~° [2 x 200 + 1 x 150] = 1.171078 
So, 


1.1710-3(1 — 0)3 
12(4)2 


1.11.6.28. *. Solution. (a) Let f(z) = 4,a=1,b = 2 and Ag = 4 =i. 
Using Simpson’s rule: 


[pow SE [ey 4ar(Z) 420(8) +ar(2) +20(2) 


11 
+4f(=) + £(2)| 
1 94 12 24 12 24 1 
= 1-4 ~ OU. 1 
18 | 7 8 9 10 11 2 vege tore 


(b) The integrand is f(z) = +. The first four derivatives of f(z) are: 


|Error| < < 1.8 x 10~° 


1 2 


f@=-y f@=3,  MP@=-5, M@=5 


? 


On the interval 1 < x < 2, the fourth derivative is never bigger in magnitude than 
L= 24, 


L(b—a)? 24(2-1)) 4 
180n4 ——is«d' 804s 83004 


So, we want an even number n such that 


eal = 


4 
i = (00001. =< 
30n4 — 105 
, — 40000 
ee ee 
= 9 
40000 
Ere a 10.7 


So, any even number greater than or equal to 12 will do. 
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1.11.6.29. »*. Solution. (a) From the figure, we see that the magnitude of 
| f”’” (x)| never exceeds 310 for 0 < x < 2. So, the absolute error is bounded by 


310(2 — 0)5 
———_—— < 0.0134 
0x. ~ eee 
(b) We want to choose n such that: 
310(2—0)> —. y 
———— <1] 
180 x n4 : 
5 
nt> 310 x 2 10! 
180 
310 x 32 
> 104/ —_— w& 27.2 
ws 180 


For Simpson’s rule, n must be even, so any even integer obeying n > 28 will 
guarantee us the requisite accuracy. 


x 


1.11.6.30. *. Solution. Let g(z) =) sin(vt) dt. By the Fundamental Theo- 
0 

rem of Calculus Part 1, g/(x) = sin(./x). By its definition, f(x) = g(x”), so we use 

the chain rule to differentiate f(z). 


f(x) = 22g'(x”) = 2x sina f"(x) = 2sinax + 2x cosa 


Since | sin z|,|cosz| < 1, we have |f”(x)| < 2+ 2|z| and, for0 <t <1, |f”(t)| <4. 
When the trapezoidal rule with n subintervals is applied, the resulting error EF, 
obeys 


_ 3 
E,< 4(1 — 0) _ 1 
™~ 12 3n? 
We want an integer n such that 
: < 0.000005 
51 el 
4 
ne 


= Se 
~ 12 x 0.000005 


1 
Se ee a, 
"2 13 0.000008 ~ 2°8 


Any integer n > 259 will do. 


1.11.6.31. Solution. 


2 


1 
a When 0 <x <1, then 2? <1landx+1>1,s0 PO i S =) 
2 


b To find the maximum value of a function over a closed interval, we test the 
function’s values at the endpoints of the interval and at its critical points 
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inside the interval. The critical points are where the function’s derivative is 


zero or does not exist. 

: ) : Bi Bact yt 7 x x " : 
The function we’re trying to maximize is | f”()| a = en = f" (2) (since 
our interval only contains nonnegative numbers). So, the critical points occur 


when f’”(x) = 0 or does not exist. We find f’”(x) Using the quotient rule. 


(x+1)(Qx)-2? x*+22 


WW 

Paes et 
ee 2) 
ea ate. 
O0O=2x2 or x=-1l or r=-2 


The only critical point in [0,1] is z = 0. So, the extrema of f”(x) over [0,1] 
will occur at its endpoints. Indeed, since f’’(x) > 0 for all x in [0,1], f” (2) is 
increasing over this interval, so its maximum occurs at x = 1. That is, 


ik 
F(a < FA) = 5 
M(b— a)? 
ne 
M =1, if we want this to be no more than 10~°, we find an acceptable value 
of n with the following calculation: 


c The absolute error using the midpoint rule is at most Using 


M(b— a)? 
24n? 


1 
ao (b>—-a=1, M=1) 
10° 
iY < 7? 
pri 
n > 65 


= 10° 


M(b-— a)? 


24n? 
M= x, if we want this to be no more than 10~°, we find an acceptable value 
of n with the following calculation: 


d The absolute error using the midpoint rule is at most Using 


1 
20. (6-a=1,M=>) 


Remark: how accurate you want to be in these calculations depends a lot on your 
circumstances. Imagine, for instance, that you were finding M by hand, using this 
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to find n by hand, then programming a computer to evaluate the approximation. 
For a simple integral like this, the difference between computing time for 65 intervals 
versus 46 is likely to be miniscule. So, there’s not much to be gained by the extra 
work in (b). However, if your original sloppy M gave you something like n = 
1000000, you might want to put some time into improving it, to shorten computation 
time. Moreover, if you were finding the approximation by hand, the difference 
between adding 46 terms and adding 65 terms would be considerable, and you 
would probably want to put in the effort up front to find the most accurate M 
possible. 


1.11.6.32. Solution. Before we can take our Simpson’s rule approximation of 


x 
| ait, we need to know how many intervals to use. That means we need to 
1 


G 4 
bound our error, which means we need to bound = {+}. 


< 24. 


So, over the interval [1, 3], 


a fi 
di | ¢ 


Now, we can find an appropriate n to ensure our error will be be less than 0.1 for 


any x in [1,3]: 


L(b— a)? 
Soa OL 

180n4 
24(a—1)> 1 

180n4 10 

se 24-(x—1)° 
18 
9? 24-(¢ =1)° 
Because x — 1 < 2 for every z in [1,3], if n* > , then n* > os ) for 


every allowed x. 


1. 24-25 _ 128 
n = 
18 3 


Since n must be even, n = 4 is enough intervals to guarantee our error is not too 
high for any x in [1,3]. Now we find our Simpson’s rule approximation with n = 4, 


—1 
a=1,b= 2%, and Ay = 2 . The points where we evaluate t are: 
c= 1 ra 
Xo Ly + zi x2 + 7 
_2+3 rd 
A ~ 9 


941 


SOLUTIONS TO EXERCISES 


| _] 
ee ee ee Peer paw 
34 +1 
— = 2 
4 
1 243 etl 30-1 x 


3 Xo Xy v2 X3 LA 
oP 1) 41 A, 1821 
12 e+3 e4+1 3441 2 
= f(z) 


Below is a graph of our approximation f(x) and natural logarithm on the same axes. 
The natural logarithm function is shown red and dashed, while our approximating 
function is solid blue. Our approximation appears to be quite accurate for small, 
positive values of x. 


Y 


3 


1.11.6.33. Solution. First, we want a strategy for approximating arctan 2. Our 


hints are that involves integrating Toa’ which is the antiderivative of arctangent, 
Hi 
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and the number 7 which is the same as arctan(1). With that in mind: 


2 
1 
ir lap” = arctan(2) — arctan(1) = arctan(2) — “ 


2 

1 

So, arctan(2) = . i, 7 Tuo (x) 
1 


We won’t know the value of the integral exactly, but we'll have an approximation 
A bounded by some positive error bound ¢. Then, 


deen 
—eE< —-A|< 
e<(f inp )se 
ae 
A-ex(f sar) SA 
1 1+-2 


So, from (+), - +A—e<arctan(2) < “ +A+t+eéE 


Which approximation should we use? We’re given the fourth derivative of Tag? 
which is the derivative we need for Simpson’s rule. Simpson’s rule is also usually 
quite efficient, and we’re very interested in not adding up dozens of terms, so we 
choose Simpson’s rule. 

Now that we’ve chosen Simpson’s rule, we should decide how many intervals to use. 
In order to bound our error, we need to find a bound for the fourth derivative. 
To that end, define N(x) = 24(5x4 — 1022 +1). Then N’(x) = 24(20x? — 20x) = 
480x(x? — 1), which is positive over the interval [1,2]. So, N(x) < N(2) = 24(5- 
24 — 10-2? + 1) = 984 when 1 < x < 2. Furthermore, let D(x) = (x? +1)°. If 
1 <2 <2, then D(x) > 2°. Now we can find a reasonable value of L: 


984 123 
= = = 30.75 


z)|— 28 4 


(a)| = Pree — 10x? +1) | _ xe 


(x? + 18 


So, we take L = 30.75. 
We want E +A-—e, “ +A+ | to look something like E + 0.321, “ + 0.323}. 


Note ¢ is half the length of the first interval. Half the length of the second interval 
is 0.001 = rate So, we want a value of ¢ that is no larger than this. Now we can 
find our n: 


180-n+ ~ 1000 
30.75 1 
< 
180-n4* ~ 1000 
ce 30.75 x 1000 
> 180 
,/ 30750 


> 4/ —— w 3.62 
ESN ERG 
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So, we choose n = 4), and are guaranteed that the absolute error in our approxi- 


mation will be no more than ———— aliis < 0.00067. 


180 «44 
Since n = 4, then Ar = ye —, SO: 
n 4 
5 3 is 
to =1 cs aay m= 5 ae | t= 2 


Now we can find our Simpson’s rule approximation A: 


14+ 2? 3 
1/4 
zl 


i: + dx we A Lr (0) + Af (a1) + 2f (02) + 4f (ee) + F (2a) 


f+ ae + 2f(3/2) + 4f(7/4) + f(2)] 


a! 1 2 4 mo od 
~ feed Sei 9/441 49/16+1 441 
a Bele Bee, Behe. 3 LL 
~ 12|[2° 25+16  9+4 49+16 5 
ae! Of. 4 8 2 OA 
me AD 13 G5 +8 
0.321748 = A 
: ; : tne Soe ies 30.75 
As we saw before, the error associated with this approximation is at most T2044 < 
0.00067 = €. So, 
6 all 
A-ex< i dx <Acte 
1 1+ 2 
2 
= 0.321748 — 0.00067 < / 7 sdx < 0.321748 + 0.00067 
, 1+2 
a. 4 
=> 0.321078 < / 7 sdx < 0.322418 
1 +a 
i a 
=> 0.321 < / dx < 0.323 
1 1+ 2 
2 
= rosa < [ ee ene aay 
Ao eager, de 
7 T 
= a 0.321 < arctan(2) < ri + 0.323; 


This is precisely what we wanted to show. 


1.12 - Improper Integrals 
1.12.4 - Exercises 


Exercises —— Stage 1 
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1.12.4.1. Solution. If 6 = +oo, then our integral is improper because one limit 
is not a real number. 

Furthermore, our integral will be improper if its domain of integration contains 
either of its infinite discontinuities, x = 1 and x = —1. Since one limit of integration 
is 0, the integral is improper if b > 1 or if b < —1. 

Below, we’ve graphed a to make it clearer why values of 6 in (—1, 1) are the only 
values that don’t result in an improper integral when the other limit of integration 
isa = 0. 


= gol 


| 
an 
Bohitap eee ba areeeme kes 


1.12.4.2. Solution. Since the integrand is continuous for all real x, the only kind 
of impropriety available to us is to set b = too. 


1.12.4.3. Solution. For large values of x, |red function| < (blue function) and 
0 < (blue function). If the blue function’s integral converged, then the red function’s 
integral would as well (by the comparison test, Theorem 1.12.17 in the text). Since 
one integral converges and the other diverges, the blue function is g(a) and the red 
function is f(x). 


1.12.4.4. *. Solution. False. The inequality goes the “wrong way” for Theorem 
1.12.17: the area under the curve f() is finite, but the area under g(x) could be 
much larger, even infinitely larger. 


For example, if f(z) = e~* and g(x) = 1, then 0 < f(x) < g(x) and / flzide 
1 
converges, but / g(x) dx diverges. 
1 


1.12.4.5. Solution. 


a Not enough information to decide. For example, consider h(x) = 0 versus 
[oe] 


h(a) = —1. In both cases, h(a) < f(x). However, i Oda converges to 0, 
0 


while | —ldzx diverges. 
0 


Note: if we had also specified 0 < h(x), then we would be able to conclude 
that a h(a)dx converges by the comparison test. 


b Not enough information to decide. For example, consider h(x) = f(x) versus 
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h(a) = g(x). In both cases, f(x) < h(a) < g(a). 
. h(x)d ; 
c / (x)da converges 


e From the given information, |h(x)| < 2f(z). 


e We claim f 2f(x)dax converges. 
0 


o We can see this by writing | 2 dt 2 | f(x)dz and noting 
0 0 


that the second integral converges. 


o Alternately, we can use the limiting comparison test, Theo- 
[oe] 


rem 1.12.22. Since f(x) > OQ, | f(x)dx converges, and 
0 


9 co 

Hw Ve 2 (the limit exists), we conclude i; 2f(x)dx con- 
faze ie 0 
verges. 


e So, comparing h(x) to 2f(x), by the comparison test (Theorem 1.12.17) 


i: h(a)dax converges. 
0 


Exercises — Stage 2 
1.12.4.6. x. Solution, The denominator is zero when x = 1, but the numerator 


is not, so the integrand has a singularity (infinite discontinuity) at x = 1. Let’s 
replace the limit x = 1 with a variable that creeps toward 1. 


1 74 t oA 
; dx = lim : dx 
ge I ta1- Jo 2? —1 


To evaluate this integral we use the substitution u = 2°, du = 524dz. When x = 0 
we have u = 0, and when x = t we have u = 1°, so 


5 


1 4 é 4 u=t 
1 
ip dr = lim 7 dz = lim —— du 
9 el to1- Jo 2-1 to1- Jug 5(u—1) 


1 7 1 
= lim ([pesie— a] = lim = log |t® —1| = —oo 
to1- 5 0 t>1— 5 


The limit diverges, so the integral diverges as well. 


1.12.4.7. *. Solution. The denominator of the integrand is zero when x = —1, 
but the numerator is not. So, the integrand has a singularity (infinite discontinuity) 
at « = —1. This is the only “source of impropriety” in this integral, so we only need 
to make one break in the domain of integration. 


: 1 1 2 1 
7 ae dz+ li _ ig 
[, (2 + 1)4/8 cre i. (a + 1)4/3 a slim, [ (x + 1)473 ae 
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Let’s start by considering the left limit. 


ie fe or Ol : 
roevl- fy (a@+)148 s-i-\ | (e+) AI_ 


“i \ Geile cies) 


Since this limit diverges, the integral diverges. (A similar argument shows that the 
second integral diverges. Either one of them diverging is enough to conclude that 
the original integral diverges. ) 


1.12.4.8. *. Solution. First, let’s identify all “sources of impropriety.” The 
integrand has a singularity when 4x? — x = 0, that is, when x(4x — 1) = 0, so at 
c= U snd ¢=— ;. Neither of these are in our domain of integration, so the only 
“source of impropriety” is the unbounded domain of integration. 

We could antidifferentiate this function (it looks like a nice candidate for a trig 
substitution), but is seems easier to use a comparison. For large values of x, the 
term x? will be much larger than x, so we might guess that our integral behaves 
similarly to i Taadx = ie sade. 


For all x > 1, 4a? — x < V4x? = 2x. So, a >... Note th sda diverges: 


. ot . i] t ee 
tin Gea = fim ($ltoa].) = fin $e = oe 


So: 


1 1 : 
e 5, and Jia are defined and continuous for all x > 1, 


° = > 0 for all x > 1, 


e = > = = + for all « > 1, and 


e [,° =dex diverges. 
By the comparison test, Theorem 1.12.17 in the text, the integral does not converge. 


1.12.4.9. *. Solution. The integrand is positive everywhere. So, either the 
integral converges to some finite number, or it is infinite. We want to generate a 
guess as to which it is. 

When zx is small, /z > x”, so we might guess that our integral behaves like the 
integral of 7 when x is near to 0. On the other hand, when z is large, \/x < x”, so 
we might guess that our integral behaves like the integral of = as x goes to infinity. 
This is the hunch that drives the following work: 


1 1 
0< < 
~ e+f/e~ Sr 


1 
d 
and the integral | = converges by Example 1.12.9, and 
0 


Jt 


947 


SOLUTIONS TO EXERCISES 


1 1 
O0< < 
i ct a 


“d 
and the integral / = converges by Example 1.12.8 
1 & 


Note that Five is defined and continuous for all x > 0, = is defined and continuous 


for x > 0, and + is defined and continuous for x > 1. So, the integral converges by 
the comparison test, Theorem 1.12.17 in the text, together with Remark 1.12.16. 


1.12.4.10. Solution. There are two “sources of impropriety:” the two (infinite) 
limits of integration. So, we break our integral into two pieces. 


[e-e) 0 ee) 
/ cosrde = | coszde + [ cos rdx 
—oo —oo 0 
0 b 
= lim / cos rae + lim / cos rae 
a—oo = b—+00 0 


These are easy enough to antdifferentiate. 


= lim [sin 0 — sin(—a)] + lim [sind — sin 0] 
a—oo boo 


= DNE 


Since the limits don’t exist, the integral diverges. (It happens that both limits don’t 
exist; even if only one failed to exist, the integral would still diverge.) 


1.12.4.11. Solution. There are two “sources of impropriety:” the two bounds. 
So, we break our integral into two pieces. 


ee) 0 ee) 
/ sin rdx -| sin rdx +f sin rdx 
—oo —oo 0 
0 b 
= lim / sin vd + lim fi snr] 
a—oo _ b—00 0 


= lim [—cos0 + cos(—a)] + lim [— cosb + cos 0] 
a— oo b—00 


= DNE 


Since the limits don’t exist, the integral diverges. (It happens that both limits don’t 
exist; even if only one failed to exist, the integral would diverge.) 

Remark: it’s very tempting to think that this integral should converge, because 
as an odd function the area to the right of the x-axis “cancels out” the area to 
the left when the limits of integration are symmetric. One justification for not 
using this intuition is given in Example 1.12.11 in the text. Here’s another: In 
Question 1.12.4.10 we saw that iin cos ada diverges. Since sinx = cos(x — 7/2), 
the area bounded by sine and the area bounded by cosine over an infinite region 
seem to be the same-only shifted by 7/2. So if Te sin dz = 0, then we ought to 
also have fie cos xdx = 0, but we saw in Question 1.12.4.10 this is not the case. 
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1.12.4.12. Solution. First, we check that the integrand has no singularities. The 
denominator is always positive when x > 10, so our only “source of impropriety” is 


the infinite limit of integration. 
4 


1 
We further note that, for large values of x, the integrand resembles - = —. So, we 
x x 


have a two-part hunch: that the integral diverges, and that we can show it diverges 


a | 
by comparing it to | —dzr. 
10 # 
4_ 5a? +22 —7 ~. 
e+3r+8 ~a2 
If this is true, it will be difficult to prove—and it’s not at all clear that it’s true. So, 


Hi 
In order to use the comparison test, we’d need to show that 


1 
we will use the limiting comparison test instead, Theorem 1.12.22, with g(x) = -, 
£ 
a = Sa 2a 7 


= da=10. 
P(x) > + 37+ 8 es 


Both f(a) and g(x) are defined and continuous for all 2 > 0, so in particular 
they are defined and continuous for x > 10. 


g(a) > 0 tor all gS 10 


-/ g(x)da diverges. 
10 


Using l’H6pital’s rule (5 times!), or simply dividing both the numerator and 
denominator by x° (the common leading term), tells us: 


x*—5a°+4+20—7 4 3 
Sa —5 24 —7 
jim A) = ji EE ner wie asia 
.. 2 ba 2p? = Te 
= lim =1 


&—00 2 +3r+8 


That is, the limit exists and is nonzero. 


By the limiting comparison test, we conclude | f(x)dax diverges. 
10 
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1.12.4.13. Solution. Our domain of integration is finite, so the only potential 
“sources of impropriety” are infinite discontinuities in the integrand. To find these, 


we factor. 
10 10 
—1 —1 
a ee 
9 «2—1lrz+10 9 (x—1)(x—10) 


A removable discontinuity doesn’t affect the integral. 


10 
1 
= d 
/ z—-10 


Use the substitution wu = «—10, du = dx. When x = 0, u = —10, and when x = 10, 
u= 0. 


This is a p-integral with p = 1. From Example 1.12.9 and Theorem 1.12.20, we 
know it diverges. 


1.12.4.14. *. Solution. You might think that, because the integrand is odd, 
the integral converges to 0. This is a common mistake— see Example 1.12.11 in the 
text, or Question 11 in this section. In the absence of such a shortcut, we use our 
standard procedure: identifying problem spots over the domain of integration, and 
replacing them with limits. 

There are two “sources of impropriety,” namely x — +oo and x — —oo. So, we 
split the integral in two, and treat the two halves separately. The integrals below 
can be evaluated with the substitution u = x? + 1, sdu = fda: 


+00 xr 0 r +00 x 
——-dr = ——-d ——-d 
[. x +1 lea s+ f oe 


0 0 
Hy . a oe wk 9 0 
/ eae fim | 9 = jm, a loate +1), 


oe) 


ee 2 = 1 2 
= im 5 [log 1 — log(R? + 1)] = jim —5 los(R +1) 


= —00 


+00 R 
1 R 
| “de = lim “de = lim — log(a? + y] 
0 Roo 2 0 


‘ 1 2 : 1 2 
= im a [log(R? + 1) — log 1] = jim 5 log(.R* + 1) 


Both halves diverge, so the whole integral diverges. 

Once again: after we found that one of the limits diverged, we could have stopped 
and concluded that the original integrand diverges. Don’t make the mistake of 
thinking that co — co = 0. That can get you into big trouble. oo is not a normal 
number. For example 200 = oo. So if oo were a normal number we would have 
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both co — co =0 and wo —- w=2mw—-w=c@. 


1.12.4.15. »*. Solution. We don’t want to antidifferentiate this integrand, so 
let’s use a comparison. Note the integrand is positive when x > 0. 

| sin z| 1 
3/2 4 gl/2 = 73/2 4 7/2’ 
Since x = 0 and x > oo both cause the integral to be improper, we need to break it 
into two pieces. Since both terms in the denominator give positive numbers when 


For any 2, |sinz| < 1, so 


x is positive, 


p24 gi? < 732 and BP 4 gl? < PEE That gives us two options 
for comparison. 

When 2 is positive and close to zero, z!/? > «°/?, so we guess that we should 
compare our integrand to <3 near the limit x = 0. In contrast, when x is very 
large, x/? < 3/? 


goes to infinity. 


, So we guess that we should compare our integrand to <a as x 


| sin z| 1 
pal dag? a2 


1 
d 
and the integral | a converges by the p-test, Example 1.12.9 
0 & 


| sin z| 1 
Gi? Lglle = 372 


aaa 6 
and the integral / _ converges by the p-test, Example 1.12.8 
1 x 


Now we have all the data we need to apply the comparison test, Theorem 1.12.17. 


sin x 1 1 
Hs = 7 Tap? and 73 are defined and continuous for x > 0 
1 1 ; 
ery and a) are nonnegative for x > 0 
: 
| sin z| 1 oe ; 
e BAagien © TPR for all x > 0 and ; wade converges, so (using Re- 
i F 
mark 1.12.16) | nel de converges. 
0 
| sin z| 1 eo 
° BPagih = PP for all « > 1 and pat converges, so 
°° -|sing| 
Alan converges. 
Therefore, our integral : en yale converges. 
0 


1.12.4.16. »*. Solution. The integrand is positive everywhere, so either the 
integral converges to some finite number or it is infinite. There are two potential 
“sources of impropriety” — a possible singularity at x = O and the fact that the 
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domain of integration extends to oo. So we split up the integral. 


[ aoe 1 ‘i [ el ; 
c= e 
qo @V/8(2?+2+1) g 2s (ees 1) 


+f oc, 
x 
, 2V3(a2+2¢+41) 
Let’s develop a hunch about whether the integral converges or diverges. When 


x © 0, 2? and x are both a lot smaller than 1, so we guess we should compare the 
integrand to Ws: 


ee te 
xv/3 (22 +a” +1) . r/3(1) a l/3 
Note So a dz converges by Example 1.12.9 (it’s a p-type integral), so we guess 


f Pe omer ae dg —— as well. 
When z is very large, x? is much bigger than x, which is much bigger than 1, so we 


guess we should compare the integrand to =ays- 


r+1 7 x _ 1 
r/3(e24+a+1) c/3(z2) 4/3 

Note a <3 dx converges by Example 1.12.8 (it’s a p-type integral), so we guess 

co oe | 

1 at /3(¢2+a+1) 
Now it’s time to verify our guesses with the limiting comparison test, Theo- 
rem 1.12.22. Be careful: our “®” signs are not strong enough to use either the 
limiting comparison test or the comparison test, they are only enough to suggest a 
reasonable function to compare to. 


dx converges as well. 


c+ 1 1 . 
© (ete)? ae? and 73 are defined and continuous for all x > 0 
e “is and an are positive for all x > 0 


: So = dx and 1S =ass dx both converge 


+1 
v3 (a2 +a , 1 O-r 1 ‘ ; os pee 
e lim eaielees el] = lim cea = as = 1; in particular, this limit 
exists 


e Using the limiting comparison test (Theorem 1.12.22, together with 
aa - 12.16 because our impropriety is due to a singularity), 


i et Ieee dx converges. 


zt+1 
. 21/3 (92+a-+1) . (a+ 1 : : a ee : 
e lim kale a) = lim eJCaes = 1; in particular, this limit exists. 
~—>00 was e077 +aot 1 


e Using the limiting comparison test (Theorem 1.12.22), ae ai ateqy ot con- 
verges. 


™ c+1 
Ex Wasevenrg, af. Vitter dx converges. 
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1.12.4.17. Solution. To find the volume of the solid, we cut it into horizontal 
slices, which are thin circular disks. At height y, the disk has radius x = + and 


thickness dy, so its volume is weedy. The base of the solid is at height y = 1, and its 
top is at height y = +. So, the volume of the entire solid is: 


1/a 1/a 
/ “dy = -2 = 1(1—a) 
1 y y 1 


If we imagine sliding a closer and closer to 0, the volume increases, getting closer 
and closer to 7 units, but never quite reaching it. 

So, the statement is false. For example, if we set I = 4, no matter which a we 
choose our solid has volume strictly less than MW. 

Remark: we’ve seen before that ie + dx diverges. If we imagine the solid that would 
result from choosing a = 0, it would have a scant volume of 7 cubic units, but a 
silhouette (side view) of infinite area. 


1.12.4.18. *. Solution. Our goal is to decide when this integral diverges, and 
where it converges. We will leave q as a variable, and antidifferentiate. In order 
to antidifferentiate without knowing q, we’ll need different cases. The integrand 
is z-°4, so when —5q # —1, we use the power rule (that is, f2"dzx = as) to 


1 
antidifferentiate. Note x{®9+1 = y!-5¢ = aaa 
yet 
ida t be 5 0 if 1 
| a ae 
haste foes i 
wom] with 5g-1>0 gs 
io5j(t* 4-1) with1—5¢>0 ifq<; 
= 4 logt ifg=i 
241 =a) With og=1S0 ifg><. 


Therefore, 


1 41-5 = . 1 
ag (Jim 1-1) =00 I = 
_ J lim logt = co ifg=% 
too 
i] 
i . _ 1: 1 
sy (1- jim a5) = wh ifg > 5. 


The first two cases are divergent, and so the largest such value is gq = :. (Alter- 
natively, we might recognize this as a “p-integral” with p = 5q, and recall that the 
p-integral diverges precisely when p < 1.) 
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1.12.4.19. Solution. This integrand is a nice candidate for the substitution 
u=27?+1, sdu = zdz. Remember when we use substitution on a definite integral, 
we also need to adjust the limits of integration. 


lee) t 
x x 
__~_dy = jj ____q 
[ (+P fim | (@+1pP° 
1 fett y 


| 
E 
| 
| 
Qu. 
— 


I 
= 
| 
= 
3 
ov 
‘< 


i] 
1]; 24 1l-p _ 7 
ee game + 1) 1] ifp#l 


> lim [log (¢? + | = 06 if p= 
too 


At this point, we can see that the integral diverges when p = 1. When p ¥ 1, we 
have the limit 


Ge Ly2 Ly2 

lim ED [(t? +1)? -1] = ae Jim (f+ 1) | a 
t+co 1 — p 1 —p Lisco L—=p 

Since t? + 1 — ov, this limit converges exactly when the exponent 1 — p is negative; 

that is, it converges when p > 1, and diverges when p < 1. 

So, the integral in the question converges when p > 1. 


1.12.4.20. Solution. 


e First, we notice there is only one “source of impropriety:” the domain of 
integration is infinite. (The integrand has a singularity at t = 1, but this is 
not in the domain of integration, so it’s not a problem for us.) 


e We should try to get some intuition about whether the integral converges or 
diverges. When t — ov, notice the integrand “looks like” the function a 
We know ie adt converges, because it’s a p-integral with p = 4 > 1 (see 
Example 1.12.8). So, our integral probably converges as well. If we were only 
asked show it converges, we could use a comparison test, but we’re asked more 


than that. 


e Since we guess the integral converges, we’ll need to evaluate it. The integrand 
is a rational function, and there’s no obvious substitution, so we use partial 
fractions. 


1 1 | 


@#—-1 (@4D28-D) @+Dt+DE-D 
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_At+B C ‘ D 
~ aed Pe gee 


Multiply by the original denominator. 


1 = (At+B)(t+1)(t-1) + C(#?+1)(¢-1) + D(#?+1)(t+1) (x) 


Set t = 1. 
1=04+04D(2)2) = D=; 
Set t = —1. 
1=0+C(2)(-2)+0 == G25, 
Simplify (*) using D = t and C = —i. 
1= (At + B)(t-+1)(¢ -1)—7( 7+ 1)b-1) +70 +)E+1) 


= (At + B\(t+1)(¢-1) + se +1) 


i 1 
=a8+(B+3)e-ar+ (5-8) 


By matching up coefficients of corresponding powers of t, we find A = 0 and 
1 


a ~f-1/2 1/4 1/4 
———dt = — t 
/ ot / (FE poe) 


R — 
_ 21/4, 4a, 
. ee FE ed 


R 
li : tant +1) +21 jt —1| 
= 1m —— arc nt — T T — 
| oe gee : 
li + arctan t + + log |*— : 
= lim |—=arctant + — log |—— 
Ro | 2 4°" \t+1 |], 
1 1 1 =]. 
= Jim (~ 5 arctan R + 5 arctan 2 z log a 
+ 21 ) 
gpa 
2 deh 
We can use |’H6pital’s rule to see lim ——— = 1. Also note — log(1/3) = log 3. 
Roo R+1 
1 1 1 1 
= (5) + 5 arctan2 + Flog + Flog 3 
_ log3—7 


1 
rl + 5 arctan 2 
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1.12.4.21. Solution. There are three singularities in the integrand: x = 0, x = 1, 
and x = 2. We’ll need to break up the integral at each of these places. 


° 1 1 1 
La Jie ay) 
-[°( 1 i 1 Je 
5 Ja Jie -1 |x — 2| 
> il 1 
+f (ss Je -T yea) 
aa a ee! a 
“ST \ Jal Jie-l Vie—2l 
of 7 1 i 
+f (sate a)" 


This looks rather unfortunate. Let’s think again. If all of the integrals below 
converge, then we can write: 


Lg = : = ! Je 
_s\Vel Vie-l Vie? 


-/ : art [ : a+ [ : dx 
-5 V/|2| 5 /|r-1| 5 |r —2| 


That looks a lot better. Also, we have a good reason to guess these integrals 
converge—they look like p-integrals with p = 7 Let’s take a closer look at each one. 


Legale Lyra 


(even function) 


=2 [sas 

0 Vz 
5 4 

=| —dz 
0 Vx 


This is a p-integral, with p = 5. By Example 1.12.9 (and Theorem 1.12.20, since 
the upper limit of integration is not 1), it converges. The other two pieces behave 
similarly. 


5 1 5 
/ au = | : da | : dx 
sVe- JsJe-l | A Vell 


Useu=ax—1,du=dz 


=f sae f aa 
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[jo 


Since our function is even, we use the reasoning of Example 1.2.10 in the text to 
consider the area under the curve when x > 0, rather than when x < 0. Again, 
these are p-integrals with p = x, so they both converge. Finally: 


: 1 3 1 ° 1 
Su = | s+ | ————d yx 
Las 5 +/|xz —2| 2 |r —-2| 


Use u = 24-2, du=dz. 


=f. vi | ra 
-[s —du + a 


Since p = x, so they both converge. We conclude our original integral, as the sum 
of convergent integrals, converges. 


1.12.4.22. Solution. We can use integration by parts twice to find the antideriva- 
tive of e~* sin, as in Example 1.7.10. To keep our work a little simpler, we’ll find 
the antiderivative first, then take the limit. 
Let u=e-*, dv = sinazdz, so du = —e “dz and v = — cosz. 
fe sin xdz = —e * cosx — fe cos 7dx 
Now let u=e*, dv = cos xdz, so du = —e “dz and v = sing. 
=—e “cosx— le sin x7 + ee sin rd 
=-—e “cosx—e “sing — ie sin xdx 
All together, we found 
fe sin rdx = —e *cosx—e *sinx — fe singdz+C 
Z il e *sinadx = —e *cosx—e “sinz+C 


1 
fe sinads = — Fea (cosa +sinz)+C 
er 


(Remember, since C is an arbitrary constant, we can rename € to simply C.) Now 
we can evaluate our improper integral. 


love) b 
ee" sinzdz = lim e “sinzdx 
0 boo 0 
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l b 
= lim [-slooss + sin ) 
2e* 0 


Ll — 
= im (5 — Zeb (0088 sind) 


To find the limit, we use the Squeeze Theorem (see the CLP-1 text). Since 
|sin b|,|cosb] < 1 for any b, we can use the fact that —2 < cosb+sinb < 2 
for any b. 


_9 
es 5 (cos b + sinb) < ab 
=2 2 
ia 7S 
b-s00 Qe? 2e 
1 
So, tim sna (eo b+ sin b) =f 
1 : 1 NT : 
Therefore, a= kim ae Feb (C08 + sin b) 


= 1 
That is, | e * sn gdzt = =. 
0 2 


1.12.4.23. *. Solution. The integrand is positive everywhere. So either the 
integral converges to some finite number or it is infinite. There are two potential 
“sources of impropriety” — a possible singularity at x = O and the fact that the 
domain of integration extends to oo. So, we split up the integral. 


© sinter lint © sint x 
, dx = ; dz 4 5 dx 
6 x @. 2 i x 


Let’s consider the first integral. By l’H6pital’s rule (see the CLP-1 text), 


sin x r COS X& 


lim = lim =cos0= 1 
x70 2£ x0 1 
Consequently, 
. 4 . . 
sin* x sin © sin © 
lim = (lim sin? x) (tim ) (tim )=0x1x1=0 
x20 42 x20 r70 £ r70 2 


and the first integral is not even improper. 
Now for the second integral. Since | sin z| < 1, we’ll compare it to he +. 


at dk A 
e Sand a. are defined and continuous for every x > 1 


ee 4 
e0< 2 <4=4 foreveryr>1 
x x ax 


e fie dx converges by Example 1.12.8 (it’s a p-type integral with p > 1) 


cae oT ae 
ee 


By the comparison test, Theorem 1.12.17, } dx converges. 


1 


1 3:44 Co 9:4 lo) 
. sin” x sin” x 
Since 5 dx and 5 dx both converge, we conclude 
0 x 1 x 0 x 
verges as well. 
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1.12.4.24. Solution. Since the denominator is positive for all « > 0, the inte- 
grand is continuous over [0,00). So, the only “source of impropriety” is the infinite 
domain of integration. 


x 
e Solution 1: Let’s try to use a direct comparison. Note ————= > 0 whenever 
e= + fz 
x > 0. Also note that, for large values of x, e” is much larger than \/x. That 
leads us to consider the following inequalty: 


if 2 
p22 ee 
~ e& + f/x ~ e* 


If ie <7dxz converges, we’re in business. Let’s figure it out. The integrand 
looks like a candidate for integration by parts: take u = x, du = e~*dz, so 
du = dz and v = —e™*. 


Using l’H6pital’s rule, we see i =dx converges. All together: 
o = and as are defined and continuous for all x > 0, 


x 
re) < 4, and 


2 
et +/x 


fo) i =d@ converges. 
So, by Theorem 1.12.17, our integral | —* de converges. 
9 &+ Yr 


e Solution 2: Let’s try to use a different direct comparison from Solution 1, and 
avoid integration by parts. We’d like to compare to something like —, but 
the inequality goes the wrong way. So, we make a slight modification: we 
consider 2e~*/?. To that end, we claim x < 2e*/? for all « > 0. We can prove 
this by noting the following two facts: 

o 0<2=2¢e%/? and 
o Mi gh= 1 <e? = 44267}. 


So, when x = 0, x < 2e*/?, and then as x increases, 2e"/? grows faster than x. 


Now we can make the following comparison: 


<_t ey I 2 
~ et + /f/xr7 et ee ex /2 
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We have a hunch that i ada converges, just like ih Ade. This is easy 
enough to prove. We can guess an antiderivative, or use the substitution 


(= 20/2, 
lee) R 4 R 
/ ge ee ep ae |-a] 
74 as 
= jim |5- aa a 


Now we know: 
x 2 
ie) 0 — eX +./e < er/2) and 
co 2 
o f, zsdx converges. 


o Furthermore, == Ti and a are defined and continuous for all x > 0. 


By the comparison test (Theorem 1.12.17), we conclude the integral converges. 


e Solution 3: Let’s use the limiting comparison test (Theorem 1.12.22). We 
have a hunch that our integral behaves similarly to i + dx, which converges 


ex 


(see Example 1.12.18). Unfortunately, if we choose g(x) = 4+ (and, of course, 
f(c) = stg), then 
veg FO) Ds x 
im = € m = 
ee 
0 


That is, the limit does not exist, so the limiting comparison test does not 


apply. (To find lim J you can use l’H6pital’s rule.) 
L000 


This setback encourages us to try a slightly different angle. If g(a) gave larger 


values, then we could decrease Aa. So, let’s try g(x) = an =e */2. Now, 
lim TAY lim = ue lim x 
L200 g(x) roo EF + Jz . et/2 ~—00 et/2 + %, 


Hmm... this looks hard. Instead of dealing with it directly, let’s use the 
squeeze theorem (see CLP-1 notes). 


x Z x 
= er/2 4 Ve _ et/2 


Using |’H6pital’s rule, 


960 


SOLUTIONS TO EXERCISES 


So, by the squeeze theorem lim rE = 0. Since this limit exists, as is a 
z—0 aft 
reasonable function to use in the limiting comparison test (provided its integral 


converges). So, we need to show that i a dx converges. This can be done 
by simply evaluating it: 


So, all together: 


o The functions —*— and —, are defined and continuous for all x > 0, 
et +/x ex/2 


and 5 > 0 for all a > 0. 
fe) i. a dx converges. 
o The limit lim etve 


rw Co ex/2 


exists (it’s equal to 0). 


o So, the limiting comparison test (Theorem 1.12.17) tells us that 
1 cay dx converges as well. 


1.12.4.25. *. Solution. There are two sources of error: the upper bound is f, 
rather than infinity, and we’re using an approximation with some finite number of 
intervals, n. Our plan is to first find a value of t that introduces an error of no more 
than 510-+. That is, we'll find a value of t such that Te <— dar < +10- 4. After 


that, we’ll find a value of n that approximates fo sree to within H0- 4” Then, 
all together, our error will be at most 510-4 + 510-4 = 10, as ae (Note 
we could have broken up the error in another way—it didn’t have to be +10~4 and 


510-4. This will give us one o many ea ond answers. ) 
Let’s find a t such that fia 


(*) ] 
[sa fe e “dx =e < 1074 
ae re 2 


1 
where (*) is true if ¢ > —log (510-*) ~~ 9.90 


—x@ 


, SO 


Choose, for example, t = 10. 
Now it’s time to decide how many intervals we’re going to use to approximate 


e * 
| zn hae Again, we want our error to be less than 510-4. To bound our error, 
ae 


we need to know the second derivative of = 


e7t ; 7 e-# e7t 
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—x 


_ e* 49 e 
dese (1+ 2)? (1+<2)3 


Since f”(x) is positive, and decreases as x increases, 


5(10 — 0)8 5000 625 
alert 5s mje a 


24n?  24n2 ——-3n? 
and |E,| < $10~* if 
625 1 
cad ga aa 
3n? — 2 
>». 1250 x 104 
— n> a 


1.25 x 107 
pone n> yf = 2041.2 


So t = 10 and n = 2042 will do the job. There are many other correct answers. 
1.12.4.26. Solution. 


a Since f(x) is odd, using the reasoning of Example 1.2.11, 


I —1 t 
dz = li dz = lim — d 
[fear = jim J F(e)ae = jim - [flea 
=~ i d 
im f f(x)da 


t00 
Since / f(x)dxz converges, the last limit above converges. Therefore, 
—] , 
/ f(x)dx converges. 


b Since f(x) is even, using the reasoning of Example 1.2.10, 


t 


-1 -1 
J flejae= jim [ p(o)ax = fim f(a)de 


1 
t 
= Him | f(x)dax 
t00 1 


Since | f(x)dx converges, the last limit above converges. Since f(x) is 
1 


continuous everywhere, by Theorem 1.12.20, / f(x)dx converges (note the 
=i 


adjusted lower limit). Then, since 


[o seyae= f noyaes f* ptepa 


and both terms converge, our original integral converges as well. 
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1.12.4.27. Solution. Define F(x) = fj 4dt. 


So, the statement is false: there is no x such that F(x) = 1. For every real z, 
Faj<>a=1, 


x 


; 1 
We note here that lim act = 1. So, as x grows larger, the gap between F'(x) 


=L—-Co 
and 1 grows infintesimally small. But there is no real value of x where F(z) is 
exactly equal to 1. 


1.13 - More Integration Examples 
- Exercises 


Exercises —— Stage 1 
1.13.1. Solution. (A) Note f f'(x)f(x) dv = fu du if we substitute u = f(z). 


This is the kind of integrand described in (I). It’s quite possible that a u = f(z) 
substitution would work on the others, as well, but (I) is the most reliable kind of 
integrand for a u = f(x) substitution. 

(B) A trigonometric substitution usually allows us to cancel out a square root 
containing a quadratic function, as in (IV). 

(C) We can often antidifferentiate the product of a polynomial with an exponential 
function using integration by parts: see Examples 1.7.1, 1.7.6. If we let u be the 
polynomial function and dv be the exponential, as long as we can antidifferentiate 
dv, we can repeatedly apply integration by parts until the polynomial function goes 
away. So, we go with (II) 

(D) We apply partial fractions to rational functions, (III). 

Note: without knowing more about the functions, there’s no guarantee that the 
methods we chose will be the best methods, or even that they will work (with the 
exception of (I)). With practice, you gain intuition about likely methods for different 
integrals. Luckily for you, there’s lots of practice below. 


Exercises —— Stage 2 
1.13.2. Solution. The integrand is a product of powers of sine and cosine. Since 


cosine has an odd power, we want to substitute u = sin, du = cosxdx. Therefore, 
we should: 


e reserve one cosine for the derivative of sine in our substitution, and 


e change the rest of the cosines to sines using the identity sin? x + cos? x = 1. 
nm /2 a /2 
| sin* x cos’ edz = i sin‘ x(cos” x)? cos dx 
0 0 


a /2 
= sin‘ ¢(1 — sin? x)’ cos dx 
0 — 


du 
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u=1 
= [fu = 2a a 
{ 2.4 
=($-74+5)-9 
_ 8 
~ 315 


1.13.3. Solution. We notice that there is a quadratic equation under the square 
root. If that equation were a perfect square, we could get rid of the square root: so 
we'll mould it into a perfect square using a trig substitution. 

Our candidates will use one of the following identities: 


1 — sin? 6 = cos? 0 tan? 6+ 1 = sec? 6 sec? @—1=tan?6 


We'll be substituting x =(something), so we notice that 3 — 5x? has the general 
form of (constant)—(function), as does 1—sin? 6. In order to get the constant right, 
we multiply through by three: 


3 — 3sin? 0 = 3cos? 6 


Our goal is to get 3 — 5x? = 3 — 3sin? 0; so we solve this equation for x and decide 


on the substitution 
3 3 
= [Sain c= 1/2 cosas 


Now we evaluate our integral. 


2 
| Vir Betas = | 25 [Sams] [Peas as 
= | V3= 3sin? 6/375 cos 048 
= | V5 cos* 8/375 cos 6a 
= | v3c0s 6/375 cos 04 


= = / cos’ 6d6 


3 1+ cos 20 
a dé 
Tal 2 
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= =z /¢ + cos 20)d0 


= ME |e -- 5 sin(24) 2G 


= => ip accin case) +C 


2/5 


From our substitution zc = \/3/5sin@, we glean sind = 2,/5/3, and 0 = 
arcsin (< oF a) To figure out cos 4, we draw a right triangle. Let @ be one angle, 


av/5 


and since sin@ = Va" we let the hypotenuse be \/3 and the side opposite 6 be 
x5. By Pythagoras, the missing side (adjacent to @) has length 3 — 522. 


At: 
8 
V3 — 5x? 


Q= adj _ V3 — 5x? 
hyp 4/3 


av/5 


Therefore, cos . So our integral evaluates to: 


ME [0 + sin 8 cos 6] + C 


3 V3 — 5a? 
— 37 arcsin(«/5/3) + ¢v/5/3 - ae. +C 


a. arcsin(2/5/3) + ~./3—522+C 
2/5 2 

1.13.4. Solution. First, we note the integral is improper. So, we'll need to 

replace the top bound with a variable, and take a limit. Second, we’re going to 

have to antidifferentiate. The integrand is the product of an exponential function, 

e~*, with a polynomial function, «—1, so we use integration by parts with u = x—1, 

dv =e *du, du = dz, and v = —e™”. 


—1 
_ de =—(0—1e* + f ets 


—(x-l1)e"*" —e *°+C=-ze74+C 


ee 1 oe= 1 
So, ; ad d¢= lim : _ dz 
0 
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b> 00 e 


(In the equality marked (*), we used |’Hopital’s rule.) 
Cy] 
So, | a ~—dz = 0. 
0 


e€ 
(oe) (oe) 1 

Remark: this shows that, interestingly, | * ar = | —dz. 
0 & 0 & 


1.13.5. Solution. 


e Solution 1: Notice the denominator factors as (« + 1)(3x +1). Since the 
integrand is a rational function (the quotient of two polynomials), we can use 
partial fraction decomposition. 


=2 =2 
322 +4¢+1 (#+1)(32+4+ 1) 
_A, B 
 e+1" 8e+1 


A(3z+1)+ B(a +1) 
(x + 1)(3a” + 1) 
(3A+ B)z+(A+B) 
(x + 1)(3x + 1) 


So: 
—2=(3A+ B)x+ (A+B) 
0=3A+ Band —2=A+B8B 
B= -3A and hence — 2 = A+ (—3A) 
A= 1 so then B = —3 
So now: 


- 1 3 
307 +4¢4+1 2+1 3r+1 


/ —2 d / 1 3 d 
—>———dz = — x 
32? + 4¢ +1 ged Bee | 

= log|z + 1| — log |82+1]/+C 


5 xt+l1 
8 3x +1 


+c 


e Solution 2: The previous solution is probably the nicest. However, for the 
foolhardy or the brave, this integral can also be evaluated using trigonometric 


substitution. 


We start by completing the square on the denominator. 


4 1 
a0? +4+1=3 (0+ F045] 
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=3(o?+2-50+5-35+5] 
3 9 9 8 
=((++2)'-343) 

3 9 9 
=3((++3) -} 

3 9 

2 


This has the form of a function minus a constant, which matches the trigono- 
metric identity sec? @ — 1 = tan? 6. Multiplying through by s we see we can 
use the identity 7 sec” d— 5 = 5 tan? 0. So, to get the substitution right, we 
want to choose a substitution that makes the following true: 


3x2 +2 =secd 
And, accordingly: 
3dz = sec 0 tan 6dd 


Now, let’s simplify a little and use this substitution on our integral: 


—2 —2 
a ae 
3x? + 4r7 +1 3 (x + 2) = 


= | 3 
9(a@+2) -1 
( 


3 


_ / ~2 
32 +2)? —1 
= I; — 5 —see 6 tan 6dé 
(sec = 
-foy 9 sec 6 tan 6dé 
_ [ 9 Bee 8, 
7 - ind” 
-f- cos 0 
cos a sin 0 
—2 
-| sin 7 
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-/- csc dé 


Using the result of Example 1.8.21, or a table of integrals: 


= 2log |csc@ + cot 8] ++ C 


Our final task is to translate this back from @ to x. Recall we used the 


substitution 3x + 2 = sec @. Using this information, and sec@ = 


we can fill in two sides of a right triangle with angle 6. The Pythagorean 
theorem tells us the third side (opposite to @) has measure \/(3x + 2)? —1= 


V9x? — 12% 4+ 3. 


oP fe? + ie +3 


2 log |csc @ + cot 6] + C 
3x + 2 1 ; 
J9x2 +120 +3 ES 
3x +3 C 
V9a? + 122 +3 
(3a + 3)? 


J9a? + 12a +3" 
(eas) il, 
Ox? + 127 + 4 | 
Q(x + 1)? 
3(3x + 1)(a@ + 1) 
3(x +1)? | 


= 2log 


= 2log 


= log 


= log 


= log +c 


tC 


= 8 e+ e+) 


3(z + 1) 
32 +1 
yi eal 
3x +1 


= log 


+c 


= log 


[+1053 +0 


Since C' is an arbitrary constant, we can write our final answer as 


r+ 
3x +1 


log +c 


968 


SOLUTIONS TO EXERCISES 


1.13.6. Solution. We see that we have two functions multiplied, but they don’t 
simplify nicely with each other. However, if we differentiate logarithm, and integrate 
x’, we'll get a polynomial. So, let’s use integration by parts. 
= lore du = x*dz 
du= (1/z)dz v= 2°/3 
First, let’s antidifferentiate. We’ll deal with the limits of integration later. 


ie log adx = (log x) (x?/3)) — / (23/3) (1/x)dax 
Wen ee Nea 


u Vv Vv du 
1 il 
= Gttloge — 5 f a%de 
1 dd 
= ae *loga — 3 3° +C 
1s i! 
=—7" | —— C 
ri og x 52 =F 


We use the Fundamental Theorem of Calculus Part 2 to evaluate the definite inte- 
gral. 


: 1 a ail 
/ x log dx = Ge log x — 5 
1 


9 ni 
if 
52° log? - 2 [51 tog 51°] 
_ 8log2 8 0 1 
3 9 9 
8 7 
= — log 2 = — 
oe. oO 


1.13.7. *. Solution. The derivative of the denominator shows up in the nu- 
merator, only differing by a constant, so we perform a substitution. Specifically, 
substitute u = x? — 3, du = 2xdz. This gives 


duj2 1 1 
/ z d= f Ee = = log |u| + C = = log |a* — 3) + C 
u 2 2 


xg? — 3 


1.13.8. *. Solution. (a) Although a quadratic under a square root often suggests 
trigonometric substitution, in this case we have an easier substitution. Specifically, 
let y=9+27. Then dy = 2xrdz, xdx = a y(0) = 9, and y(4) = 25. 


ay "1 ad 1 25 
r= ff = ~ = ae AG 8 
~ 2° 1/2l9 


x 
[ yan 


(b) The power of cosine is odd, so we can reserve one cosine for the differential 
and change the rest to sines. Substituting y = sinz, dy = cosz, dz, y(0) = 0, 
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y(n /2) = 1, cos? # = 1—y*: 


a /2 m/2 
[roosts sin? x dx = 
0 


oo 


(c) The integrand is the product of two different kinds of functions, with no obvious 
substitution or simplification. If we differentiate log x, it will match better with 
the polynomial nature of the rest of the integrand. So, integrate by parts with 
u(z) = log z and dv = 2° dz, then du = +dz and v = 24/4. 


e a | 4 (chaeats| 
-[ D-fa=9- f Sas 
i de & 4 jf, 4 
1 


© 8h 
; 16° 16 


e at 
/ x log x dx = 7 les 


1 


ee x4 


~ 4 16 


1.13.9. *. Solution. (a) Integrate by parts with u = x and du = sinx dz so that 
du = dx and v = —cosz. 


jf esinzde = —£C0s x — [eeosey dz = —xcosx+sinz+C 


So 


m/2 a /2 
| xsinxdxz = | — wcos x + sin c| =1 
0 0 


(b) The power of cosine is odd, so we can reserve one cosine for du and change the 
rest into sines. Make the substitution wu = sin x, du = cosxdz. 


a/2 m/2 5 
| cos’ «dx = | (1 = in" x) cos x dx 
0 0 


1 1 
-{ (-w)du= | (1 — 2u? + u*) du 
0 0 


2 2. Le 2 1 8 
=3 = ia cen le ae 
su ge 315 15 


1.13.10. *. Solution. (a) This is a classic integration-by-parts example. If we 
integrate e”, it doesn’t change, and if we differentiate x it becomes a constant. So, 
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let u = x and du = e* dz, so that du = dz and v = e’”. 


2 2 2 2 
| se’ dx = jae | — | e* dx = 267 — le*| =e7+] 
0 0 0 0 


(b) We have a quadratic function underneath a square root. In the absence of an 
easier substitution, we can get rid of the square root with a trigonometric substitu- 
tion. Substitute x = tany, dv = sec? ydy. When x = 0, tany = 0 so y = 0. When 
x=1,tany = 1s0 y= Also V1+ 2? = Val + tan? y = /sec? y = sec y, since 


secy > 0 for allO <y< 


[> 1 2= f sec sec? y dy -[" q 
sec 
0 Vita sec Yy 0 — 


m/A4 
= [log |secy + tan ul| 
0 


AIABIA 


1 1 
= log sec ri + tan ‘| — log |sec 0 + tan 0| 


= log | V2 + 1 — log |1 + 0| = log(V2 +1) 
1 l 5 
So, | ——_dr = log(v2+1 
= 
(c) The integral is a rational function. In the absence of an obvious substitution, 


we use partial fractions. 


Ax _ Agr 
(x? — 1)(x? + 1) - (x — 1)(a + 1)(a? + 1) 
a b cze+d 


ee +1 
Multiplying by the denominator, 


Ax = a(x + 1)(x? +1) + B(x — 1)(2? + 1) 
+ (cx + d)(x —1)(a +1) (x) 


Setting « = 1 gives 4a = 4, soa=1. Setting x = —1 gives —4b = —4, so b= 1. 
Substituting in a = b = 1 in (*) gives: 

Ag = (x + 1)(a? +1) 4+ (x — 1)(2? +1) 

+ (cx + d)(x —1)(4 + 1) 
Ag = Qe(n? +1) + (ee +0)(e@ —1)(e +1) 
Ag — 2x(x? +1) = (cx + d)(x —1)(x +1) 
—22(z" —1) = (ce + d)(z? — 1) 
=6 = Ceo 
c==2, ¢4=0 
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So, 


. Aa ar ae i 2a 
= — d 
/ CP CE as : Cen x+1 ag : 


5 
= | log [a —1| + log |x + 1| — log(z? + y] 


= log4 + log 6 — log 26 — log 2 — log 4 + log 10 
6 x 10 15 

=] = log — = 0.1431 

eoGsa e i 


1.13.11. *. Solution. (a) i V9 — 2x? dz is the area of the portion of the disk 
x?+y? <9 that lies in the first quadrant. It is 5138 = or. Alternatively, you could 


also evaluate this integral using the substitution 7 = 3siny, dx = 3cosy dy. 


3 m/2 m/2 
| Vo~ Fae = | y= 9sin?y (Beosy) dy =9 f cos” y dy 
0 0 


0 
9 9 sin(2y) | aie 


7 aE [1 + cos(2u)] dy = 2 fy + , 


y= V9-2x2 


(b) It’s not immediately obvious what to do with this one, but remember we found 
Jlogadx using integration by parts with u = logx and dv = dz. Let’s hope a 
similar trick works here. Integrate by parts, using u = log(1 + x?) and dv = dz, so 


that du = qe da, C=TL. 


. 9 jy | b Ox 
[0801+ 2%) de = [rtog(+2%)]’— f ta dt 


i: 2 
= log2—2 ——,d 
og / tae xe 


1 
geo 9 (a- ) 
we / 1+ 2? of 


1 
0 


= log2 —2 [x — arctan a| 
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=log2— 24 5 ~ 0.264 


(c) The integrand is a rational function with no obvious substitution, so we use 
partial fractions. 


x a b Cc 


(2—1)2(2-—2) (@-1)? z-1 ° «-2 
_ a(x — 2) + B(@ — 1)(4 — 2) + c(x — 1)? 
(x — 1)?°(a — 2) 


Multiply by the denominator. 
x = a(x — 2) + b(a — 1)(x — 2) + c(x — 1)” 


Setting x = 1 gives a = —1. Setting x = 2 gives c = 2. Substituting in a = —1 and 


c = 2 gives 
b(a — 1)(x# — 2) =2+(x£-—2)—2(2-1)° 
= —22° + 64 — 4 = —2(x — 1)(x — 2) 
=> b=—-2 
Hence 


M 


, 1 
in = ~ 2loge —1] + 2log fe — 2] 


1 9 ||" 
1 M2 1 3-2 
= jj 21 ee ee oe 
dim [apt 08 |r| Sa on || 
1 


since 


a ee 
M-soo Weil wos” 1—1/M 


1.13.12. Solution. This looks quite a lot like a rational function, but with vari- 
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able sin 8 instead of x. So, we use the substitution x = sin@, dx = cos 6dé. 
/ sin*t 9 — 5sin? @ + 4sin? 4+ 10sin@ 
sin? 6 — 5sin@ +6 
ee 
7 2 —52r+6 


Since the numerator does not have smaller degree than the denominator, we need 
to do some long division before we can set up our partial fractions decomposition. 


os 6dé 


x —2 
xv 5a +6) xt — 5a? + 4a? + 102 
— a4 + 5a — 6a? 


— 2a? + 10x 
Qu? — 10x + 12 
12 
That is, 
a —5a3+4e?4+10r  , 12 
x? —54+6 x? —54+6 
P25 12 
' (g — 2)(a — 3) 
We use partial fractions decomposition on the rightmost term. 
12 A B 


(x — 2)(x — 3) geo a 
12 = A(x — 3) + B(x — 2) 


Setting x = 3 and x = 2 gives us 


Now we can evaluate our integral. 
/ sin’ 6 — 5sin?@ + 4sin? 6+ 10sin@ 
sin? @—5sind + 6 
/ ge — he? + 42? + 10e 


os 0d@ 


= [ (8-2 eae=5) ® 


1 
= 3&) — 2x — 12log |x — 2| + 12 log |x — 3|+C 


1 —3 
= og = 2p 12 los — +C 
3 E=2 


1.13.13. *. Solution. ,(a) It doesn’t matter to yg right Row that the arguments of 
sine and cosine are 2a-rag leon tan Asi Ais Ie ae pes powers of products 
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of sines and cosines. Since cosine has an odd power, we make the substitution 
u = sin(2x), du = 2cos(2z) dz. 


a sin?(22x) cos?(2x) dx = [ sin’(2x) [1 — sin?(2x)] cos(2x) dx 


0 


1p 

-5/ u’[1 — u?| du 

If qe *) du= 2 [zu8— 2a8], 

=O), «et  Ola” 5], 
1 


(b) Make the substitution x = 3tant, dy = 3sec”tdt and use the trig identity 
9+ 9tan?t = 9sec? t. 


—— 
© 
+ 
8 

nN 
rr 
| 
Nie 
QO 
8 
| 

—™' 
© 
+ 
Ne) 
et 
2 

i] 
bo 
es 

SS” 

a 
w 
n 
fe) 

Q 

bo 
HK 
Q 
as 


To convert back to x, in the last step, we used the triangle below, which is rigged 
to have tant = 3. 


(c) Seeing a rational function with no obvious substitutions, we use partial fractions. 


1 a bete  a(a?+1)+(br+c)(x—-1) 


Geet) god" teed = (@—1)(a? +1) 


Multiply by the original denominator. 


1 = a(x? +1) + (br +c)(x - 1) (x) 
Setting x = 1 gives 2a = 1 ora = 5 Substituting in a = ; in (*) gives 


5(a? +1) + (b+ ¢)(a 1) -1 


2 c25G— = s(l 9) = -5(0 = Die) 
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—s (bx + c) = -H(e+1) 


So, 


/ dx ii 1/2 $(#+1) P 
= = x 
(x — 1)(x? + 1) x-1 <2#2+1 
To antidifferentiate the second piece, we split it into two integrals: one that can be 
handled with the substitution u = 7? +1, and another that looks like the derivative 


of arctangent. 
1/2 2 1/2 
a /2 2/2 _ 1/ ) ae 
x-1l 2741 #41 


ee 1 2x 2 4 
- a-1 4 #741 #41 a. 


1 1 1 
= 3 los lz — 1| - z boat" +1)- 5 arctan + C 


(d) We know the derivative of arctangent, and it would integrate nicely if multiplied 
to the antiderivative of x. So, we integrate by parts with u = arctan x and dv = xdx 


so that du = Ada and v = 32°. Then 
r 4 ds : 1 x? 
retan = retanz — — | ——~ 
x arctan x dx 5% arctan x 5 ie 
1 1 1 al 
= 5varctana — 5 f a dx 


a. tan 3 ae d 
= r 
57 ene 5 7 3 x 


1 
= 5 [x? arctan x — x + arctan a| +C 


1.13.14. *. Solution. (a) We substitute y = sin(2z), dy = 2cos(2x) dx. Note 
sin(2-0) = 0 and sin(2- 7) =1. 


Modo L'a) 2 
/ sin’(2x) cos(2x) dr = / y? > = v" as 


(b) We can get rid of the square root with a trig substitution. Substituting 7 = 
2siny, dx = 2cosy dy, 


[veer de= f /4—4sin’y 2cosy dy =4 f cos*y dy 


= 2 | [1 + cos(2y)] dy 
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= 2y+sin(2y) + C = 2y4+ 2sinycosy + C 


x | x? 
sin gob ries 


since siny = 5 and cosy = V1 — sin?y = ,/1— a Alternately, we can draw a 


triangle with siny = 5, and use the Pythagorean theorem to find the adjacent side. 


Y 


y 


V4— x2 


(c) Seeing a rational function with no obvious substitution, we use the method of 
partial fractions. The denominator is already completely factored. 


1 A B C 
Ertl i 


— ) 


x(x—-1) a2 a2 «-1 
g+1= Ag(2 —1)+ Bia —1)+ C2’ 


Setting + = 1 gives us C = 2. Setting x = 0 gives us B = —1. Furthermore, the 
coefficient of x? on the left hand side (after collecting like terms), namely A+ C, 
must be the same as the coefficient of x? on the right hand side, namely 0. So 
A+C=0 and A= —2. Checking, 


—2Qa(a — 1) — (a — 1) + 22? = -227 + Qn —2 +1422? = 741 
as desired. Thus, 
z+ z JI 2 
aes es ‘ 
las " / x 2 ga . 


1 
= —2log |z| ++ —+ 2log|z—1|/+C 
z 


1.13.15. *. Solution. (a) Define 


=f e “ sin(2x) dx h= [ e ” cos(2x) dx 
0 0 


We integrate by parts, with wu = sin(2x) or cos(2x) and du = e-*dz. That is, 
v=—e™”. 


fore) R 
h= | e “sin(2x) dx = lim e “ sin(2z) dx 
0 


Rox Jo 
R R 
= lim ([ —e” sin(2r)| +2 | e * cos(2z) ar) 
R-00 0 0 
= 21> 
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oo R 
I= i e ” cos(2x) dx = lim e ” cos(2x) dx 
0 


— CO 0 


R R 

= lim ({ —e” cos(22)| —2 yi e “ sin(2z) ar) 
R-+00 0 0 

1— 2h; 


1 5 x 2 
Substituting Jj = ght into If = 1 — 21, gives ght gl Wee 0) 4 if ee’ sin(2x) dz = 5 


0 
(b) We can cancel out the square root if we use a trig substitution. Substitute 
z= V2tany, dx = V2sec? y dy. 


V2 2 
sec’ y 

d 

i ce @rare z=vi f (2+ 2tan? y)3/2 


it n/4 l m/4 
a cos y dy 5 [sma]. 


ag. tt 


2/2 


(c) 


e pe veo qT. Hale eT nC by parts, using u = log(1 + 2?) and dv = «dz, so that 
du= v=. 


ee 2 
A Hee BS ap 
og eide= ities) 

[aioe sheg?) at og ( + 2")) ees y 
1 se gE 
= peg 
5 log [ke _ 
1 x? 1 
ees 2-| log(1 4 *)| 
5 los 5 5 logl x") |, 


e Solution 2: First substitute y = 1+ 2”, dy = 2x dz. 


1 iP 
| zlog(1+27)dz = =| log y dy 
0 2/1 


Then integrate by parts, using wu = logy and du = dy, so that du = . vey. 
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(d) Seeing a rational function with no obvious substitution, we use partial fractions. 
1 _ a _ Oo c 
~ (e—-1)2 «2-1 2-2 
a(az — 2) + b(a — 1)(4 — 2) + c(x — 1)” («) 


Setting x = 1 gives a = —1. Setting r = 2 gives c= 1. Substituting in a = —1 and 
c= 1 to (x) gives 


b(x — 1)(a — 2) =14 (x — 2) — (4-1)? 


=—2’+3r—2 
= —(x — 1)(x — 2) 
— b= -1 
Hence: 
ee 1 
d 
| (@—1)%{e—2)°” 
M 
1 1 1 
ef" (-gap- 
Mow Je (x — 1)? fat ead . 
M 
= [saa 7 loale = 1) + loe(e - 2)), 
i 1 a7 ——] [= 14 ed 
= lim _ Ss 
voolMol” @ moi) (a1 ea 
1 
= log2— ~ © 0.193 
2 
since 


Mao... 1—2/M 
(eel tee ima 


1.13.16. *. Solution. (a) Integrate by parts with u = logx and du = xdz, so 
that du = and v = $2”. 
1 1 1 1 1 
a lose dz = 5@ loga — 5 fe : 7 = 5% loga — ge te 


(b) The denominator is an irreducible quadratic, so partial fractions can’t get us 
any further. To integrate a function whose denominator is quadratic, we split the 
numerator up so that one piece can be evaluated with a u-substitution, and the 
other piece looks like arctangent. 


/ (x — 1)dx =) rt+2—3 ais 
e+4e+5 J o2+4¢4+5 
1 24+4 3 
= dx — | ——————d 
(= “ /=—== 7 


i] 22 +4 1 
— dx —3 | ——~.—-d 
>| aes” eo ae 
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i] 
=e log|x? + 4x + 5] — 3arctan(z + 2) +C 


For the last step, you can guess the antiderivative, or use the substitutions u; = 
x*+4¢4+5 and ug =x +2, respectively, for the two integrals. 
(c) We use partial fractions. 


1 : 1 _ a b 
g—4¢+3 (¢-S8)\(2-1) £-3 «1 
1=a(z — 1) + d(a — 3) 


Setting x = 3 gives a = 5. Setting x = 1 gives b = —i. So, 


da 1/2 1/2 
~~ = — d 
(= [GS =) « 


1 1 
= 5 log lz — 3] — 5 log |x — 1] + 


(d) Substitute y = 2°, dy = 327 dz. 


d 1 d 1 1 
/S = / 5 = garctany +C = zarctana® + C 


1.13.17. *. Solution. (a) Integrate by parts with u = arctanz, dv = dz, 


du = oe and v = x. This gives 


i 1 
Dr 
| arctan x dx = [x arctan a], -{ ——dx 
0 ee ee oe 


1 1 
= arctan 1 — 5 log(1 + x*)| 
0 


_7 1) 9 
a ae 


(b) Note that the derivative of the denominator is 2x — 2, which differs from the 
numerator only by 1. 


2x —1 2% —2 1 
=—_———= d= d d 
(== ™ [= ™ /=e=; " 


2x —2 1 
- [ze lam 


—1 
dane 9) 


1 
= log |x? — 22 + 5|+ 5 arctan 


In the last step, you can guess the antiderivative, or use the substitutions u, = 
x? — 22+5 and uy = (x — 1)/2, respectively. 


1.13.18. *. Solution. (a) Substituting u = 2? +1, du = 3x7 dz 


x? 1 de we" 1 
lore =f : = ee 
gti ut 3 8-100 3 
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1 
a so 
300(a3 + 1100 * 


(b) Substituting u = sinx, du = cosz da, cos? x = 1 — sin? x = 1 — v?, 


[costs sin‘ dx = [cose sintz cosx dx = fo —u’)u* du 


5 ud 


= fut) u=S-S 40 


+5 eae f 

sin &v SI v 
~ a 
5 a 


1.13.19. Solution. First, we note that the integral is improper, because sin 7 = 0. 
So, we'll have to use a limit. 

Second, we need to antidifferentiate. The substitution u = sinxz, du = cos xdz fits 
just right. 


[ cos x d i o cosz q i em 7 q 
= lim c= lim —du 
n/2 VSIn x bom Ja/2 VSI x bor J, Vf 


sinb 
= lim l2vil 29/0 971 = =9 
1 1 


1.13.20. *. Solution. (a) If the integrand had 2’s instead of e’s it would be 
a rational function, ripe for the application of partial fractions. So let’s start by 
making the substitution u = e”, du = e” da: 


pe ag ae 


Now, we follow the partial fractions protocol, starting with expressing 


i] A B 


(u + 1)(u— 3) a1 oe 


To find A and B, the sneaky way, we cross multiply by the denominator 
1 = A(u-—3)+ Biu+1) 
and find A and B by evaluating at u = —1 and u = 38, respectively. 
it 


1= A(-1-—3)+ B(-14+1) = ee 
1 
1=A(3—3)+ B(34+1) => a=; 
Finally, we can do the integral: 


e* du ai 4 /4 
lene") gaa) Ga 


1 1 
= —qloglut 1] +7 loglu—3/ + 
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1 1 
= ~7 log le* +1] + 7 log |e* — 3] +C 


(b) The argument of the square root is 
124 42 — 2? = 12 — (2 — 2)? +4=16 — (x — 2)” 


Hmmm. The numerator is 7? — 42 + 4 = (x — 2)*. So let’s make the integral look 
somewhat simpler by substituting wu = x — 2, du = dx. When x = 2 we have u = 0, 
and when x = 4 we have u = 2, so: 


w=4 72 _ Ap +4 


u=2 ue 
de = ; ———-du 
wa2 V12+ 42 — x? u-0 V16—Uu? 


This is perfect for the trig substitution u = 4sin 6, du = 4cos(@)d@. When u = 0 
we have 4sin@ = 0 and hence 6 = 0. When wu = 2 we have 4sin@ = 2 and hence 
@= 2. So 


6° 


9="/6 16 sin? 6 


u=2 ur 
a ‘ 
i V16 — wu? e-0 /16—16sin?0 


7/6 
- is [ sin? 6 dé 
0 


= 8 i (1 — cos(20)) dé 


4 cos 6dé 


7/6 
1 am 1 3 
= 8|0 — =sin(26 = 5 |= 
| 3 Sin( , E 2 7 | 
4 
= = 2/3 
3 
1.13.21. *. Solution. (a) Substituting y = cosx, dy = —sinadz, sin? x = 


1—cos*zx=1-7° 


- 3 a) 2 
sin” x sin* x 1- 

/ dg = / sin cdn = / if (—dy) 
cos? x cos? x y? 


~2 
_ -f we-9) dy = — 4, + log|y| + 


1 
= 5 see & + log | cos.x| + C 


(b) The integrand is an even function, and the limits of integration are symmetric. 
So, we can slightly simplify the integral by replacing the lower limit with 0, and 
doubling the integral. 

We'd rather not use partial fractions here, because it would be pretty complicated. 
Instead, notice that the numerator is only off by a constant from the derivative of °. 
Substituting 2° = 4y, 5a*dx = 4dy, and using that 7 =2 => 22 =4y => y =8, 


2 4 2 4 8 
£ 7 4 i 
ae id | nae ‘ a 16y? + 16 2 
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i | 
22) 4 
10); ea” 


1 
To arctan 8 = 0.1446 


1.13.22. Solution. 


e Solution 1: Let’s use the substitution u = x — 1, du = dz. 
[ove —ldr = ic + 1)/udu 
= / (u>? + ull?) du 


2 5/2, 2, 3/2 
= = CG 
5u + 3U + 


2 2 


e Solution 2: We have an integrand with x multiplied by something integrable. 
So, if we use integration by parts with wu = x and dv = Vax -—1dz, then 
du = da (that is, the x goes away) and v = 3(4 — Ler, 


[oe —ldr = =e = ; [@ —1)9/dax 


2 2 (2 
Spel == (Fe - 1%?) +C 
3 3\5 
— 2 : 
=ave>! «(x —1)— -(z—1) +C 
2 2 
ae x—1-(3a°—x-2)+C 
2 
a z—1-(3(2?-222+1)+52—-5)+C 
2 
=a z—1-(3(a—-1)?+5(@-1))+C 
2 2 
=< -3Ve-1 +5 -5Ve-T +0 
2 


—— 2 
= sve—1 +5Va—-1 +0 
1.13.23. Solution. 


/ Vu? —2 
“ae 


We notice that there is a quadratic function under the square root. If that equation 
were a perfect square, we could get rid of the square root: so we’ll mould it into a 
perfect square using a trig substitution. 

Our candidates will use one of the following identities: 


1 — sin? 6 = cos? 6 tan? 6 +1 = sec? 6 sec? §@ — 1 = tan? 6 
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We'll be substituting x =(something), so we notice that x? —2 has the general form 
of (function)—(constant), as does sec? @ — 1. In order to get the constant right, we 
multiply through by two: 

2sec? 9 — 2 = 2tan?6 


or: 


(V2sec 6)? — 2 = 2tan? 


so we decide to use the substitution 
x= V2sec0 dx = V2sec 6 tan 6d 


Now that we’ve chosen the substitution, we evaluate the integral. 


/2 sec 6 tan 0d0 


2 sec? @ 


= >= V2tan? 6 
> 2 sec? 8 


-/2s 


2 sec? 6 
tan? 
= 0 
i 
oy es 
-{= 7 1 44 
sec 6 
= [ (seco — cos) ao 


= log|sec#+ tan 6| —sind+C 


[Pe = [| Part yp 


=" \/2. sec 6 tan 6d0 


/2 sec 6 tan 0d6 


Now we need everything back in terms of x. We need a triangle. Since x = V2 sec 8, 


x 
that means if we label an angle 0, its secant (hypotenuse over adjacent side) is —= 


a 
By Pythagoras, the opposite side is Vx? — 2. 


av 
x2—2 
6 
V2 
a/ 2 — Cf 
So tang = SBP = x . and sing = pPP = - 2 Then the value of the 
adj /2 hyp x 


integral is: 
Lee ee x? —2 
v2 2 x 
Je —2 
= log 2+ Va? = 2| log v2 - *=—=+¢ 
x 


log | sec @ + tan 6| — sind + C' = log 
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Jr—2 
= log |2 + Vx? — 2| - Y= —* +C 


x 


Note the simplification in the last step is due to our convention that C' is an arbitrary 
constant. So, C’ — log V2 can be re-written as simply C. 


1.13.24. Solution. This is the product of secants and tangents, as in Sec- 
tion 1.8.2. If wu = tanz, then du = sec?xdxv. We can get the remaining two 
secants to turn into tangents with the identity sec? « = 1+ tan? x, so we’ll use this 
substitution. 


m/4 m/4 
| sec’ x tan? xdx = | sec? x tan? x sec? xdax 
0 


m/4 
= ‘i (1 + tan? x) tan? x sec? dx 
0 . 


du 

tan(7/4) 

= | (1+ u*)u’du 
tan(0) 


1.13.25. Solution. We can use partial fraction decomposition to break this into 
chunks that we can deal with. The denominator has a repeated linear factor, so it 
can be decomposed as the sum of constants divided by powers of that factor. 
827 +4¢+6 #4A B C 
Gals "eel Gel?” Gay: 
A(a +1)? + Bia +1)+C 
(x +1) 
=> 32°+4¢+6= A(et+1)?+Bir+1)+C 
= Ax? + (2A+ B)z+(A+B+C) 


So, by matching coefficients: 
A=3,2A+ B=4, andA+B+4+C=6 
A=3, B=-2, C=5 
Therefore: 
327 + 42 +6 3 —2 5 
Gly #e1 Gop? Gs 
Now, the integration is easy, with a substitution of u = «+ 1 and du = dz: 


32? ++42+6 3 =9 5 
| (@+1)3 w= (satenptenR)” 
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= f (eu YD °) du 


5 
= 3log |u| + 2u7* — oo +C 


2 5 
= 1 — C 
og |x + are e+ ip * 


1.13.26. Solution. If the denominator were x? + 1, the antiderivative would be 
arctangent. So, by completing the square, let’s aim for the fraction to look like 


rq? for some u. This is a good strategy for integrating an irreducible quadratic 
u 
under a constant. 


First: complete the square 


i 1 1 
/=_m de= f = gr | da 
ge =p aap d 74+a4+54+3 (e+3) +3 


Second: get the denominator in the form u? + 1. To do this, we need to fix the 


constant 
1 4 
=f ( a ) (4) ae 
(x + 4) ae 3 
4 1 
=5/; na dx 
$-(e@+35) +1 


Now a quick wiggle to make that first part of the denominator into something 
squared again: 


2 1 2 
Now we see that u = —= — dz will do the job 


BR 


4 1 4/3 ) 1 
— . du = du 
3/ w+ 2 J/3/ w+ 


2 
= —arctanu+C 


V3 
2 1 
= Va arctan (=: + =) +e 
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1.13.27. Solution. Since tana = 2 


cosa? 


[sinvcosetanade = [ sin? ade = [501 -c0s@0))ae 


1 bs: 
=5 (: — 5 sin(2x) +C 


1 
= 5 (# — sin x cos x) +C 


1.13.28. Solution. We have the integral of a rational function with no obvious 
substitution, so we use partial fractions. That means we need to factor the denom- 
inator. We see that « = —1 is a root of the denominator, so x + 1 is a factor. 
You might be able to figure out the rest of the factorization by inspection, or from 
having seen this common expression before; alternately, we can use long division. 


v—atl 
x +1) x +1 
ae ae 
- 
e+e 
rwt+l 
=2—1 
0 
Note 2? — 2+ 1 is an irreducible quadratic. 
i 1 a: i Be+G 
etl (@+1)\(22-2+1) 24+1 2-2£+1 
1=A(e? -—2+1)+(Br+C)(rx+1) (x) 


When a = —1, we see 1 = 3A, so 4 = A. We plug this into (*). 


1 = 5(a?-2+1)+ (Br +O)e +1) 


1 1 2 
—ig?+-9+-= Br? +(B+C)r+C 
3 3 3 
Matching up coefficients of corresponding power of x, we see B = —4 and C = 2 


1 1/3 3e-—3 
i de = i, / -—_3 3 dx 
+1 etl 2-241 
To integrate the second fraction, we break it up into two pieces: one we can integrate 


using the substitution u = x? — x + 1, the other will look like the derivative of 
arctangent. 


1 oe oe 
ah] 1) | eT 873g 
3 log |x + | — x 


1 1 Qe —1 1 1 
= -] + 1] — d d 
g oe | sf woes | os” 


SOLUTIONS TO EXERCISES 


1 1 
= 5 log|x +1) - 5 log ja? -a+i|+5 f da 
3 2x—1 
: ( (#) +1) 
1 1 2 1 
= — log |a+1| ——log|z? —z +1] 4 / 5 ——dax 
3 6 3 ae-1\" 4 4 
V3 
Let u = ap du = sada 


1 1 
= 3 log |x + 1| — Glog|a* — a + 1] + 


=| 1 q 
r 
3 V3/ wt+il 


1 1 1 22-1 
= log |x +1|— —log|z*-2+1 + Szarctan ( J+e 
5 log be + 1] — log +e aa 
1.13.29. Solution. By process of elimination, we decide to use integration by 
parts. We won’t get anything better by antidifferentiating arcsine, so let’s plan on 
differentiating it: 


u = arcsin £ dv = (32)?dx 
1 
du = ———dx v = 32° 
J1— x? 


1 
[(62) avesin xdx = arcsina: 32° -{ 32° - dr 
—S— QE 1 = 
du 


= 3z° arcsin x — / de 
V1—2? 
So: we’ve gotten rid of the ugly pairing of arcsine with a polynomial, but now we’re 
in another pickle. From here, two options present themselves. We could use the 
substitution u = 1 — x”, or we could use a trig substitution. 
e Option 1: Let u= 1-27. Then —idu = dz, and 7 =1-u. 


3 


3x)? arcsin cdx = 32° arcsin x — — 
: ( y V1— ae 


= 3r° arcsinx — 3 {= Vin - dx 


1- Uy 
Ta 
; 
= 3r° arcsinx + 5 / (u/? _ ul/?) Ang 


= 3x° arcsin x +5 


2 
=Se° sens aa = Va LO 


3 2 
= 32° arcsina + — (2u” = zu?) cm g 
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e Option 2: If we let x = sind, then V1 — x? = Vcos? 6 = cos@. So let’s use 
the substitution 7 = sin@, dx = cos 6dé. 

323 
———dr 
V1l— x? 

3 sin? 6 
V1-—sin? 


= 32° arcsin x — / 3 sin? 6d6 


ez? arcsin xdx = 32° arcsin x — | 


cos 6d@ 


= 3x arcsin x — 


And now: a substitution from Section 1.8.1, u = cosxz and du = —sinxdx 
3a arcsin x — / 3 sin? 6dé = 3x? arcsin x — 3 / sin? @ sin 0d 
= 3z° arcsin x — 3 fo — cos” ) sin 6d 
= 37° arcsinz + 3 ic —u?)du 
3 . Dae 
= 3x” arcsinx + 3 u—Qu +C 


= 37° arcsin + 3u—u2+C 


= 3x arcsin x + 3cos@ — cos® @ + C 


Recall x = sin@; so we draw a triangle with angle 6, opposite side x, hy- 
potenuse 1. Then by Pythagoras, adjacent side is 1 — x?, socos@ = V/1 — 2?. 


er? arcsin rdx 


= 3x7 arcsina + 3V/1 — 2? — (1—27)?7+C 


yl=e 


Exercises — Stage 3 
1.13.30. Solution. We would like to not have that square root there. Luckily, 


there’s a way of turning cosine into cosine squared: the identity cos(27) = 2 cos? x — 
1. If we take 2x = t, then cost = 2 cos?(t/2) — 1. 


m/2 n/2 a /2 
| Vcost +1 a= f / 2 cos?(t/2)dt = v3 | | cos(t/2)|dt 
0 0 0 
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Over the interval [0, ], cos(t/2) > 0, so we can drop the absolute values. 


wh] cleans) 
= 2V/in(F) =2 


m/2 


0 


1.13.31. Solution. 


e Solution 1: Using logarithm rules, log /x = log ce) = + log x, SO we can 


simplify: 
iA log Vz... 2 a log, . 
1 a ae. 


We use the substitution u = log x, du = ade: 


saa 1 
[%tee! 
1 22 2 


=, 
a 
eee 
eae 

Sle 
om 
8 


1 pleste) 
=; / udu 
2 Siog(1) 
ir 
=5/ udu 
0 
1 
=5 [5 
212° Ne 
ee ee 
a a 4 
du 1 1 1 
Solution 2: W the substituti =] . Th = . = 
e Solution e use the substitution u = log /x a Jee 


1 
hence 2du = —dz. This fits our integral nicely! 
x 


e] log Ve 
/ log Vz 4. = eo Bd 
1 ag log /1 


- (el 


1.13.32. Solution. 
| 02 “tan x 
——_——daz 
01 log(cos 2) 
It might not be immediately obvious how to proceed on this one, so this is another 


example of an integral where you should not be discouraged by finding methods that 
don’t work. One thing that’s worked for us in the past is to use a u-substitution with 
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the denominator. With that in mind, let’s find the derivative of the denominator. 


—sinz 
= —tanr 


d 
ait & | = rte = 
ap ee) COs x (ene) COS 


So, if we let u = log(cos x), we see —du = tan xdz, which will work for a substitution. 


0.2 tan x log(cos(0.2)) —du 
lf oe-/ a 
0.1 log(cos x) log(cos(0.1)) u 
log(cos(0.2)) 
= — log ul] 


= — log | log(cos 0.2)| + log | log(cos 0.1)| 
log(cos(0.1)) 
log(cos(0.2)) 


log(cos(0.1)) 


Things to notice: the integrand is only defined when log(cosz) exists AND is 
nonzero. So, for instance, it is not defined when x = 0, because then log cosa = 
log 1 = 0, and we can’t divide by zero. 

In the final simplification, since 0.1 and 0.2 are between 0 and 7/2, the cosine term 
is positive but less than one, so log(cos0.1) and log(cos 0.2) are both negative; then 
their quotient is positive, so we can drop the absolute value signs. 

Using the base change formula, we can also write the final answer as 


log (log.os(0.2) cos(0.1)). 


1.13.33. *. Solution. (a) Without any other ideas, we see we have a compound 
function—a function of a function. We often find it useful to substitute for the 
“inside” function. So, we substitute u = log x, du = + dz. Then dx = x du = e“ du. 


[sinter ea [sinc e“ du 
We have already seen, in Example 1.7.11, that 
’ 1 : 
[saw e“ du= 50 (sin u —cosu) +C 
So, 
1 
[ sintos 2) de = 5% [sin(log x) — cos(log x)] + C 


(b) The integrand is of the form N(x)/D(x) with N(x) of lower degree than D(z). 
So we factor D(x) = (x — 2)(x — 3) and look for a partial fractions decomposition: 


1 A B 


(x — 2)(x — 3) 12" a 
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Multiplying through by the denominator yields 
1= A(x — 3) + B(x — 2) 
Setting x = 2 we find: 
1=A(2-—3)+0 = A=-1 
Setting x = 3 we find: 
1=0+B(3-2) = B=1 
So we have found that A = —1 and B = 1. Therefore 


{e=3e-5 a= f (Sy paa) 


= log |x — 3] — log |z — 2) +C 


and the definite integral 


: ] ] 
/ Ca Cay dar = [log |x — 3| — log |x — 2] 
a [ log 2 — log 1] — [log 3 — log 2] 


4 
= 2log 2 —log3 = log 5 


1.13.34. +. Solution. (a) If we expand the integrand, one part of it is quite 
familiar—a portion of a circle. So, we split the specified integral in two. 


3 3 3 
[e+nvo=e a= f ome ar+ favor as 
0 0 0 


The first piece represents the area above the z-axis and below the curve y = /9 — x?, 
ie. 2? +y? = 9, with 0 < x < 3. That’s the area of one quadrant of a disk of radius 


3. So 


: 1 9 
j V9 — a? dx = F(m-3°) = 50 
0 


For the second part, we substitute u = 9 — x”, du = —2rdz. Note u(0) = 9 and 
u(3) = 0. So, 


: o du 1 [u3/27° 1 27 
oe =_—s es es oe 
[ 0-# ae = [va 5 =-3 [55 |,=-3[-ga] = 


All together, 
3 
9 
e (c+ 1)V9— 2? dx = qm+9 
0 


(b) The integrand is of the form N(x)/D(ax) with D(x) already factored and N(x) 
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of lower degree. We immediately look for a partial fractions decomposition: 


4x +8 A Br+C 


Ged) e202 gee: 


Multiplying through by the denominator yields 
4g +8 = A(z”? +4) + (Be +C)(a — 2) (x) 


Setting « = 2 we find: 


8+8=A(4+4)+0 = 16=8A = A=2 
Substituting A = 2 in (x) gives 
4x +8 = A(x? + 4) + (Br+C)(x — 2) 


=> —22? + 4 = (x — 2)(Br + C) 
= (—22)(a — 2) = (Br +C)(x — 2) 
= b=—2,6 =O 


So we have found that A = 2, B = —2, and C = 0. Therefore 


da +8 ww | 2 \ 
(w—2)(x2 +4) xr-2 x44 
= 2log |x — 2| —log(z?+4)+C 


Here the second integral was found just by guessing an antiderivative. Alternatively, 
one could use the substitution u = 2? + 4, du = 2x dz. 

(c) The given integral is improper, but only because of its infinite limits of integra- 
tion. (The integrand is continuous for all real numbers.) So, we’ll have to take two 
limits. Before we do that, though, let’s find the antiderivative. We would like to 
use the substitution u = e”, du = e*dx. That is, du = dr. 


1 1 1 
foes =f yes f pratt 
ese ult + =) Va sail 


= arctan(e”) +C 


Now we can deal with the limits of integration. 


& ii il ef 
/ ae ie i aaa | ae 
wt pe am Cte? ¢ ere 
0 b 
1 1 
lim | art] + lim / areas] 
ar—oo | J, e™ +e” booo | Jo eX +e” 


: 2\10 : x\1 
im [ arctan(e”)] + im [ arctan(e No 


= lim [arctan(e°) — arctan(e*)] + lim [arctan(e”) — arctan(e°)| 
a——oo b—00 


= lim [-arctan(e*)] + lim [arctan(e’)] 
1.13.35. Solution. It’s pot imme iately clear where to start, but a common 
method weve saataig (0d Us thejdenominator in a u-substitution, especially when 
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square roots are involved. 
Let u= V1—<2, du= — a7 de. Then uw? = 1—z2z,s0or=1-—v?. 


ee ee ee 


Now we’re back in familiar territory. Let u = sin #, du = cos #dé. 


-2 f V1 — sin? 6 cos 6d 


2 : cos? 6dd 
= — | (1+ c0s(26))ao 


1 
=—-§- : sin(26) + C 


= —9—sin@Ocosd+C 
= —arcsinu —uv1—u?+C (*) 
= —aresin(V1l — 2x) -V1l—2Vr+C 


\ 


0 
V1 —u? 


In (x), to convert from 6 to u, our substitution u = sin @ tells us 6 = arcsinu. To 
find cos 6, we can either trace our work backwards to see that we already simplified 
V1 —u? into cos, or we can draw a right triangle with angle @ and sind = u, then 
use the Pythagorean theorem to find the length of the adjacent side of the triangle 
and cos @. 


1.13.36. Solution. Let’s use the substitution u = e”. There are a few reasons to 
think this is a good choice. It’s an “inside function,” in that if we let f(x) = e”, then 
f(e”) = e®, which is a piece of our integrand. Also its derivative, e”, is multiplied 
by the rest of the integrand, since e?” = e” - e”. 


Let u = e*, du = e*dz. When x = 0, u = 1, and when x = 1, u=e. 


1 1 e 
ui 4 
| ee" dx -{ ee e* dx -| ue"du 
0 0 1 
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This is more familiar. We use integration by parts with dv = e“du, v = e“. Conve- 
niently, the “u” we brought in with the substitution is what we want to use for the 


ar) 


u” in integration by parts, so we don’t have to change the names of our variables. 


= [ue] 5 -{ edu 
1 
=e-e°—e-—e°+e=e%(e-1) 


1.13.37. Solution. The substitution u = x + 1 looks promising at first, but 
doesn’t result in something easily integrable. We can’t use partial fractions be- 
cause our integration isn’t rational. This doesn’t look like something from the 
trig-substitution family. So, let’s think about integration by parts. There’s a lot 
of different ways we could break up the integrand into two parts. For example, we 


x 


could view it as (cr) (c), or we could view it as (=) (5 


and error, we settle on u = xe* and dv = (2 + 1)~*dz. Then du = e*(x + 1) and 


me re e*(x + 1) 
—dr = -— ——_—d 
heaay: = ane zt+1 
=— “+ fear 
xr+ 


=— +e? +C 


). After some trial 


= +C 
i al 
1.13.38. Solution. It would be nice to use integration by parts with u = x, 
because then we would integrate { vdu, and du = dz. That is, the x would go 
away, and we’d be left with a pure trig integral. If we use u = x, then dv = =3*. 
We need to find v: 


sin x 
v= dx = | tanxsecadx = secx 


Now we use integration by parts. 


x sin x 
7 dx =xsecx— | secadr = xsecx — log|secr + tanz|+C 
cos? x 


1.13.39. Solution. If the unknown exponent gives you the jitters, think about 
what this looks like in easier cases. If n is a whole number, the integrand is a 
polynomial. Not so scary, right’? However, it’s a little complicated to expand. (You 
can do it using the very handy binomial theorem.) Let’s think of an easier way. 

If we had simply the variable x raised to the power n, rather than the binomial 
x +a, that might be nicer. So, let’s use the substitution u = x + a, du = dx. Note 
L=u-—a. 


[ec +a)"dz¢ = fe —a)u"dz = / (u"** — au") du 
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Now, if n 4 —1 and n ¥ —2, we can just use the power rule: 


yr?) yrti 
— —-a | 
n+2 n+1 
_ (x Ae a)(n+2) 7 AG ae a | 
n+2 n+1 


If n = —1, then 


[ee +a)"dx = / (u"t? — au™)du = / (1 — “) du 


=u —alog|u|+C = (4#+a)—alog|r+a|/+C 
If n = —2, then 


fi nee ar / (u?** — au") du = / (= _ ur) i 


= log |u| + — + C = log |x + a| + 2 ag 
U rt+a 


All together, 


(ata) (+2) (a+a)"+1 . 
ao = @ ag te Mae ale 


[ee +aee= (c+a)—alogla+2|+C ifn=-1 
log |e @| + gi, 7 © ifn = —-2 


1.13.40. Solution. We’ve seen how to antidifferentiate arctan x: integration by 
parts. Let’s hope the same thing will work here. 

Step 1: integration by parts. 

Let u = arctan(z’) and dv = dz. Then du = du and v = &. 


Qn 


——=d 
g*++1 _ 


[ sxctan(s*) da = xarctan(x?) — / 
Now we have a rational function. There’s no obvious substitution, but we can use 
partial fractions. The degree of the numerator is strictly less than the degree of 
the denominator, so we don’t need to long divide first. We do, however, need to 
factor the denominator. It’s a common function, so you might already know the 
factorization, or you might be able to guess it. Below, we show another way to find 
the factorization, similar to the method of partial fractions. 
Step 2: factor x*+1. For any real x, note z+ +1 > 0. Since it has no roots, 
it has no linear factors. That means it factors as the product of two irreducible 
quadratics. That is, 


gi +1= (ar? +bx+c)(dz? + ex + f) 
Since the coefficient of x* on the left-hand is 1, we may assume a = d = 1. 


ei +1=(2?+brt+c)(x? +er+ f) 
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Since the constant term is 1, cf = 1. That is, f = i 
gi +1= (2? + br +c)(x* + ex+1/c) 


1 
=at++eatt (C4bere)a%+ (Cec) a4 
C c 


a — Ve+__ -_—’ 
(1) (3) (2) 
1 The coefficient of x? tells us e = —b. 


2 Then the coefficient of x tells us 0 = b+ec = b_ ba: e.6= i, hence c = +1. 


3 Finally, the coefficient of x? tells us 0 = | +be+c= = — 6b? +c. Since —b? 
is negative (or zero), : +c is positive, soc = 1. That is, O=1—0?+1. So, 


b= V2. 


All together, 
at 41 = (2? 4+ V2r41)(2? — V2r 41) 


Step 3: partial fraction decomposition. 
Now that we have the denominator factored into irreducible quadratics, we can find 
the partial fraction decomposition of the integrand. 


2x? Ax+B Cz+D 


met+l p24 fOrt1 22—-VQr41 


Qn? = (Ar + B)(a? — /2x +1) 4 (Cr+ D)(x? + V2r + 1) 
= (A+C)2?+(B+D-V2A4+ V2C)x? 
+(A+C—V2B + V2D)z +(B+D) 
From the coefficient of x3, we see C = —A. 


2a? = (B+ D-2V2A)z” + (-V2B + V2D)x2 + (B+D) 
From the constant term, we see D = —B. 

Qn? = (—2/2A)a? + (—2V2B) a 
From the coefficient of x?, we see —2\/2A = 2, so A = —1/\/2. Since C = —A, then 
C=1/V2. 


From the coefficient of x, we see B = 0. Since D = —B, also D = 0. 
Step 4: integration. 


eo _ (-1//2)x (1/V/2)x 
[Fae f(t) = 


oe! I( —£ 2 x ) ax 
J2 et+V2Qe4+1 2—-V2r+1 
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To integrate, we want to break the fractions into two pieces each: one we can 
2 


integrate with a substitution u = 2?+V/2r+1,du= (2a = V2) dx (shown in blue) 


and one that looks like the derivative of arctangent (shown in red) 
Lf (aa 88 
~ a Panel g2—J/2ce+1 
=| (=! (20 + V2) | + 
(V2 o+/2r+1 22+ V2r+1 
ea fa! + z au 
—J/Qr+1 22-V2r4+1 
v2 


2 


2 
24 Vix +1|+ [ dx 
r+ V/2r+1 


ae ill uf 
= = 
V2 
= dx 
«fog del 


LE 
+ 5 log |x? — V2x + 1| 


We use logarithm rules to compress our work. In order to evaluate the remaining 


integrals, we complete the squares of the denominators 


wep” 


Now, we can either guess the antiderivatives of the remaining integrals, or use the 


substitutions u = (/2zx + 1) 


2_ /2Qe+ 


¢ oe arctan (v2x-+ 1) + arctan (v2 ') +C 


BH 


— 


1 a 
= ) 
V2\ 2 
Step 5: finishing touches 


Finally, we can put our work together. (Remember way back in Step 1, we used 


integration by parts.) 
, 5 2° 
arctan(x*)dx = xarctan(x") — | ——— ide 
bi — 
Pte, eye 
= x arctan(x”) — i ( log rea 


998 


SOLUTIONS TO EXERCISES 


+ arctan (v2e + 1) + arctan (v2e _ 1) +C 


Remark: although this integral calculation was longer than average, it didn’t use 
any new ideas (except for the factoring of z+ + 1 mentioned in the hint). It’s 
good exercise to apply familiar techniques in challenging situations, to deepen your 
mastery. 


2 - Applications of Integration 


2.1 - Work 
2.1.2 - Exercises 


Exercises —— Stage 1 
2.1.2.1. Solution. Force is mass x acceleration (with acceleration equal to g in 


this problem), and both in this scenario are constant, so we don’t need an integral 
— only a product — to calculate the force acting on the block. 
To find the force in newtons, recall one newton is one *“™, so we need the mass of 


sec? ? 
our block in kg. Specifically, our block has mass 0 kg. So, the force involved is 


3 m kg-m 
F = (—— kg} x (985) = 0.02942 = 0.0294N 
(am s) ng cee meer sec? me 


To find the work in joules, recall one joule is one newton-metre: that is, one newton 
of force acting over one metre. So, we need our distance in metres. 


1 
W = (0.0294N) x (5) = 0.00294N - m = 0.00294J 
2.1.2.2. Solution. The force of the rock is one newton, or one kilogram-metre 


per second squared, so 
kg-m m 
j = (vkg) (9.85 ) 
sec? (vkg) sec? 


Therefore, the mass of the rock is 55 kg, or about 102 grams. 

Now, since one joule is one newton-metre, the amount of work required to counteract 
1 N of gravitational force for one metre is precisely one joule. 

Remark: having an idea of how much work a joule is, and how much force a newton 
is, is a good tool for checking the reasonableness of your work. For example, after 
this question, if you calculate that a marble weighs 100 N, you can be pretty sure 
there’s an error in your calculation. 


2.1.2.3. Solution. 


a We defined Ax = pa: that is, the length of one interval, when we chop |a, }] 
into n of them. If b and a are measured in metres, then Ax is measured in 
metres as well. So, the units of Ax are metres. 


Put another way, since a and b both describe a quantity in metres, b — a 
describes a quantity in metres as well. (When we add or subtract quantities 
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of the same units, their sum or difference is given in the same units.) Since 
n is a unitless quantity (simply a number: not “n kg” or “n m7”), boa still 
describes a quantity in metres. (If I have 6 metres of cloth, and I cut it into 
3 pieces, each piece has © = 2 metres — not 2 kilograms, or 2 metres per 


3 
second.) 


b Since F(x) is measured in kilogram-metres per second squared (newtons), the 
units of F'(x;) are kilogram-metres per second squared (newtons). 


c W is calculated by adding up summands of the form F'(x;)Az. The units of 
F(«x;)Azx are the products of the units of F'(x;) with the units of Av. That 


is, the units of F'(x;)Az are (2) (ini ee pea = J. The sum of terms given 


in joules is itself given in joules, so the units of W are joules. 


2.1.2.4. Solution. As we saw in Question 3, the units of ie f(x) dx are simply the 
units of the integrand, f(x), multiplied by the units of the variable of integration, 


x. In this case, that yields smoot barn (that is, smoot-barns per megaFonzie). 
gaFonzie 


2.1.2.5. Solution. Hooke’s law says that the force required to stretch a spring x 
units past its natural length is proportional to x; that is, there is some constant k 
associated with the individual spring such that the force required to stretch it x m 
past its natural length is ka. 


e Solution 1: Since the force required to stretch the spring is proportional to 
the amount stretched, and the force acting on the spring is proportional to 
the mass hanging from it, we conclude the amount the spring stretches is 
proportional to the mass hung from it. So, if 1 kg stretches it 1 cm, then 10 
kg will stretch it 10 cm. We should mark the wall 10 cm below the bottom of 
the spring as it hangs unloaded. 


e Solution 2: We can find & from the test with the bag of water. The force 
exerted by the bag of water was (1 kg)(9.8 m/sec”) = 9.8 N= k(1 cm). So, 


kg-m i 
g 
pS eS  0R5 
0.01 m sec? 


If we hang 10 kg from the spring, gravity exerts a force of 
(10 kg)(9.8 m/sec”) = 98%. This will be matched by the spring with a 


sec? 
force of kx newtons, where k is the spring constant and x is the amount 
stretched. 
ke - 
ka = 98———— 
sec 
kg kg-m 
980 — = 98 
( =) a sec? 
1 
x= —~m=10cm 
10 


So, we should put the mark at 10 cm below the natural length of the spring. 
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. i 7 6. are Definition 2.1.1 tells us the work done by the force is 
= {iF x)dz, where F(z) is the force on the object at position x. So, by 
Ke peat ae Theorem of Calculus Part 1, 


“ W(b)} = “ { [ Fiar} = F(b) 


“ {—b° + 6b? — 9b + 4} = F(d) 


—3b? + 126-9 = F(b) 
—3(b — 1)(b— 3) = F(b) 


So, F(x) is the quadratic polynomial —3(x — 1)(x — 3). 


Y 


The largest absolute value of F(x) over [1,3] occurs at « = 2. At this point, we 
have our strongest force. 


Exercises — Stage 2 
2.1.2.7. *. Solution. By Definition 2.1.1, the work done in moving the object 


from x = 1 meters to x = 16 meters by the force F(x) is 


16 
Ww =f F x)dx -['4 = [pave] = 6a 
1 a = 
To have W = 18, we need a = 3. 


As a side remark, F(x) = ae should have units Newtons. Since x, a distance, is 


measured in meters, a has to have the bizarre units newton-\/ meters. 
2.1.2.8. Solution. 


a Since ;— is measured in newtons, and ¢ and x (and therefore ¢ — x) are 


measured in metres, the units of c are newton-metres, i.e. joules. 


b Following Definition 2.1.1, the work done compressing the air is 


15 
wf F(x) dx 
1 


where F'(x) is the amount of force applied when the plunger is x metres past 
its natural position. The amount of force applied is equal in magnitude to the 
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amount of force supplied by the tube: -= N. Note ¢ and c are constants. We 
can guess the antiderivative, or use the substitution u = @— «x, du = —dz. 
1g is 
W= dz = | —clog|@—z||_ 


—c| log |é — 1.5] — log |é — 1|| 
ee 
= —clog | G— 
£-1 
— cl ——— 
clos (F753) 3 


Note that, because @ > 1.5, the argument of logarithm is positive, so we don’t 
need the absolute value signs. Furthermore, @—1 > €— 1.5, so —+ > 1, 


2-15 
hence log (5) >, 


2.1.2.9. *. Solution. By Hooke’s Law, the force exerted by the spring at dis- 
placement x m from its natural length is F = kx, where k is the spring constant. 
Measuring distance in meters and force in newtons (since one joule is one newton- 
metre), the total work is 


0.1 m 1 0.1 m 1 1 
| kode = 5c" Sox 50.1) SJ. 
N/m m? 
Note the units of the integrand (kx) are newtons, and the units of the variable of 
integration, x, are metres. So, the evaluated integral has units newton-metres, or 
joules. 


2.1.2.10. *. Solution. First note that newtons and joules are SI units with one 
joule equal to one newton-metre, so we should measure distances in meters rather 
than centimeters. Next recall that a spring with spring constant k exerts a force 
F(x) = kx when the spring is stretched x m beyond its natural length. So in this 
case (0.05 m)(k) = 10 N, or k = 200 N/m. The work done is: 


0.5 m 0.5 0.5 
| F(x)dx = | 200rdar = [1002| =25 J 
0 0 


Note the units of the integrand (F(x) = kx = 200xz) are newtons (k is given in 
N/m, and z is given in m). The units of the variable of integration, x are metres. 
So, the evaluated integral has units newton-metres, or joules. 


2.1.2.11. *. Solution. Note that the cable has mass density 2 kg/m. When 
the bucket is at height y, the cable that remains to be lifted has length (5 — y) 
m and mass 3(5 -—y)= 8(1 ¥) kg. So, at height y, the cable is subject to a 
downward gravitational force of 8 (1 — ¥) -9.8 N; to raise the cable we need to apply 


1002 


SOLUTIONS TO EXERCISES 


a compensating upward force of 8(1 — ¥) - 9.8 N. So, the work required is 


[s0-4 -98dy=8|(y- 4) 98) 


=8-25:98 N-m=196 J. 


5 


Alternatively, the cable has linear density 8 kg/5 m = 1.6 kg/m, and so the work 
required to lift a small piece of the cable (of length Ay) from height y m to height 
5m is 
16Ay- 9.8 -(5—y). 
mass gravity distance 
+ — 


force 


The total work required is therefore 


5 l 5 
| 1.6 - 9.8(5 — y) dy = 1.6- 9.8 [sy = 5" 
0 


0 
=1.6-98- (25-2) = 196 J 


as before. 


2.1.2.12. Solution. Imagine pumping out a thin, horizontal layer of water that 
is at height y — that is, y metres above the bottom of the tank. Let the width of 


<j [> 
a 


e The volume of water in the layer is 3dy m?° (since the cross-section has area 3 
3 
m?”). 


dy = 


e One cubic metre is equal to 100° cubic centimetres. So, the mass of water in 
3 


bi tre is —— = 1000 kg. 
one cubic metre is 1000 g 


e Therefore, the mass of water in our layer is (3000 dy) kg. 


e The force of gravity acting on it is (—9.8 x 3000dy) N, so we need to pump 
with a compensating force of (9.8 x 3000 dy) N. 


e The water needs to be pumped a distance of 1 — y metres. 
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e So, the work required to pump out the thin layer of water at height y is 
(9.8 x 3000 x (1 — y) dy) J. 


So, all together, the work to pump out the entire tank is 


1 1 
| 9.8 x 3000 x (1 — y) dy = 9.8 x 3000 x y- 3 = 14700 J 

0 0 
2.1.2.13. *. Solution. We can model the sculpture as a collection of thin 
horizontal plates of width dz. Remember work is force times distance; a horizontal 
plate at height z moved z+2 metres from the basement to its final position. So, we 
need to know the force acting on the plate, which is the product of the mass of the 
plate with the acceleration due to gravity. Since we are given the density of iron, if 
we find the volume of the plate, then we can calculate its mass. 


The plate at height z 
e has side length 3 — z m and hence 


2 m? and hence 


e has area (3 — z) 
e has volume (3 — z)*? dz m® and hence 

e has mass 8000(3 — z)? dz kg and hence 

e is subject to a gravitational force of 9.8 x 8000(3 — z)? dz N and hence 


e requires work 9.8 x 8000(2 + z)(3 — z)? dz J to raise it from 2 m below ground 
level to z m above ground level. 


So the total work is 


3 
| 9.8 x 8000(2 + z)(3 — z)? dz joules 
0 


2.1.2.14. Solution. From the information given about the hanging kilogram, 
we can find the spring constant k. One kilogram generates a force of 9.8 N under 
eravity. (We find this by the calculation (1 kg) x (9.8m/sec”) = 9.8 N.) This force 
is matched by the force of the spring, which by Hooke’s law is equal to k(s5m). So, 
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Again by Hooke’s law, the force required to stretch the spring x metres past its 
natural length is 1962 N (when x is measured in metres). 

So, the work required to stretch the spring from 5 cm past its natural length to 7 
cm past its natural length is 


0.07 
W = 196a de = [98x?] °°" = 0.2352 J 


0.05 
0.05 
2.1.2.15. Solution. Let M be the mass of the rope. Then its density is u kg/m. 
Following the method of Example 2.1.6, we let y be the height of the firewood above 
the ground, so the wood is raised from y = 0 to y = 4. When the wood is at height 
Y; 


e the rope that remains to be lifted has length 4—y, and so it has mass M(4—y) 
kg, 


e and the firewood still has mass 10 kg. 


e The remaining rope and the wood are subject to a downward gravitational 
M 
force of magnitude bac —y)+ io x9.8 N. 
| —__ SS 


e So, to raise the firewood from height y to height (y + dy), we need to apply 
a compensating upward force of [“(4 —y)+ 10] x 9.8 through distance dy. 
This takes work [“4(4 — y) + 10] x 9.8dy J. 


All together, the work involved in hauling up the wood is 


[ ([Fa-» +10] x 08) ay=98 f (car +10) - Zy) dy 


= 9.8(2M +40) J 


Since the work was 400 joules, solving 400 = 9.8(2M + 40) for M tells us the mass 
of the rope is an —20= kg, or about 408 g. 

Alternately, the work involved in lifting up the wood is 10 x 9.8 x 4 = 392 J, so the 
work in lifting up the rope is 8 J. A small section of rope of length dy, that starts 
at height y above the ground, has mass Mady kg and is lifted (4 — y) metres, so the 
work involved in lifting this section of rope is 9.8 x (4—y) x May. Then the amount 


of work to lift the whole rope (but not the wood) is 


° M 98x M f* 
sJ= | (98x (A= y) xP) ay= = [a spay 
0 4 4 0 
98x M 
= ——— _ x 


8 
4 


which again results in M = a = 2 keg. 
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2.1.2.16. Solution. For Questions 11 and 15 in this section, we gave two methods 
for finding the work involved in pulling up a cable: one where we consider pulling up 
the entire remaining cable a tiny distance of dy, and one where we consider pulling 
a tiny slice of cable of length dy the entire distance up. 

There is another variation we can consider with the weight: we can either calculate 
the work done on the weight and the work done on the rope separately, or we can 
calculate them together. If we calculate them together, then there are two cases to 
consider: the work done pulling up the first 5 metres of rope involves the weight, 
while the last 5 metres does not. These two choices (how to model the rope, and how 
to deal with the weight) actually lead to four solutions, but to avoid unnecessary 
repetition only two are presented below. 


e Solution 1: In this solution, we consider the work on the rope separately from 
work on the weight, and we imagine lifting a tiny piece of rope the entire 
distance to the window. 

The weight has a mass of 5 kg, and is lifted a distance of 5 m to the window. 


The force of gravity acting on the weight is (5 kg)(9.8 m/sec”) = 49 N, so the 
work to lift it 5 metres is (49 N)(5 m) = 245J. 


The density of the rope is a kg/m. A tiny piece of rope of length dy, hanging y 
metres from the window, has mass (5 dy) kg, and needs to be lifted y metres. 
So, the force of gravity acting on the piece of rope is (5 dy kg) (9.8 m/sec”) = 
0.98 dy N, and the work to pull it up to the window is (0.98ydy) J. So, the 
total work to pull up the rope is 

10 


10 y? 
| 0.98y dy = 0.98 Ee = 49 J 
0 2 Jo 
All together, the work to pull up the rope with the weight is 245 + 49 = 294 
alls 


e Solution 2: In this solution, we consider the work on the rope together with 
the weight, and we imagine lifting the remaining rope a tiny distance to the 
window. 


Suppose y metres of the rope have been pulled in, and 0 < y < 5 (shown on 
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the left, below). Then the remaining rope has length 10 — y, and contains the 


weight, so the mass remaining to be pulled up is 19110 =~ 2. =teT 


igh 

rope weight 
kg. Then the force of gravity acting on the dangling rope and weight is 
(9.8 m/sec?)((6 — tp) kg) = (58.8 —0.98y) N. The work needed to lift this 


rope dy metres is (58.8 — 0.98y) dyJ. 


Now, suppose y metres of the rope have been pulled in, and 5 < y < 10 
(shown above, right). Then the remaining rope has length 10 — y, but does 
not contain the weight, so the mass remaining to be pulled up is 75(10 — 
y) = 1-7 kg. Then the force of gravity acting on the dangling rope is 
(9.8 m/sec”)((1 — tp) kg) = (9.8 — 0.98y) N. The work needed to lift this rope 
dy metres is (9.8 — 0.98y) dyJ. 


All together, the work needed to lift the rope is 
10 
w= [Play 
0 


5 10 
= 7 (58.8 — 0.98y) dy + ; (9.8 — 0.98y) dy 
0 5 


= [58.8y — 0.49y]? + [9.8y — 0.49y7]-" 
= 294 J 


2.1.2.17. Solution. 


a The frictional force is px m x g = 0.4(10 kg) (9.8 25) = 39.2 =a = 39.2 N. 
Since this constant force acts over a distance of 3 metres, the work is 3 x 39.2 = 


117.61. 


In the case of a constant force, we don’t need to use an integral, but we could 
if we wanted: 


3 
W = dt 39.2da = [39.2x]° = 39.2 x 3= 117.6 J. 
0 
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b Since the box is moving at a speed of 1 m/sec, at time t we can say the box is 
at position t, 0 <t <3. At position t, the mass of the box is (10 — Vt) kg, so 
the frictional force is 0.4 mx g = 0.4 (10 _ Vikg) (9.855) = 3.92(10—V/t)N. 
Now that we know the force, to find the work we simply integrate, following 


Definition 2.1.1: 


3 9) 3 
W= | 3.92(10 — Vt)dt = 3.92 tor — al 
0 0 


2 
~ 3.92 20 = al = 3.92 [30 = 2v3| ~ 104 J 


2.1.2.18. Solution. Definition 2.1.1 in the text is justified by showing that the 
work done by a force acting on a particle is equal to the change in the kinetic energy 
of that particle. We can use Hooke’s law to calculate the work done stretching the 
spring. That work will be equal to the change in kinetic energy of the ball. 

The ball initially has kinetic energy $(1 kg)(vp m/sec)? = iokeoe = a J. At the 
time the spring is stretched its farthest, the ball’s velocity is 0 m/sec, so its kinetic 


energy is 5(1 kg)(0 m/sec)? = 0J. So, the change in kinetic energy of the ball is “ 
di 

Now let’s find the work done by the spring. Its spring constant is k = 5 N/m, so, 
the force on the spring when it is stretched x metres past its natural length is 5x 
N. The spring is stretched from its natural length to 10 cm, which is 0.1 m. Then 
the work done by the spring is 


0.1 0.1 5 701 I 
WwW -| kadxz = | 5a dx = Ea = ——.J 
A : 2° |, 40 


Now we can find vp. 


2 
Uy 


eae m/sec % 22.36 cm/sec 


1 
VO 20 
2.1.2.19. Solution. The setup to answer this question is similar to Question 18 
in this section: the work done by a spring on the occupied vehicle will be equal to 
the change in kinetic energy of that occupied vehicle. So, we need to find the work 
done by the spring, and the kinetic energy lost by the falling car. In order to find 
the work done by the spring, we need to find the spring constant. 


e Spring constant: The car’s mass of 2000 kg compresses the struts 2 cm 
past their natural length. The force of the car under gravity is (2000 kg) x 
(9.8 m/sec”) = 19600 N. This force is exactly the same as that exerted by the 
spring, k(0.02 m). So, k = 980000 N/m. 


e Work done by spring: The spring can safely compress 20 cm. So, the amount 
of work done by the spring compressing that far gives us the maximum amount 
of work the spring can safely do. While the car is falling, the spring is at its 
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natural length, so the work done to compress it to 20 cm (0.2 m) shorter is: 


0.2 0.2 
| ke dx = | 980 000« da = [490 00027)" = 19 600 J 
0 0 


e Change in kinetic energy: When the car first hits the pavement, it’s falling 
at 4 m/sec, so it has kinetic energy (2100 kg)(4 m/sec)” = 16800 J. When 
the car compresses the springs as far as they go and it starts to rebound, it 
has kinetic energy 0, since its instantaneous velocity is zero. So, the change 
in kinetic energy is 16 800 J. 


Since the change in kinetic energy is 16 800 J, and the struts can safely do a work of 
(up to) 19600 J, the jump is within the (meagre) safety limits set by the question. 


Exercises —— Stage 3 
2.1.2.20. Solution. Let’s consider sucking up a flat, horizontal layer of water. If 


the water is y metres above bottom of the cone, then it needs to be raised 0.15 — y 
metres. So, if its mass is m kg, then the force of gravity acting on it is 9.8m N and 
the work involved in slurping it to the top of the cone is 9.8m(0.15 — y) J. So, what 
we need to find is the mass of a layer of water y metres from the bottom of the 
cone. 


0.05 


A horizontal cross-section of the cone is a circle. To find its radius, we use similar 


triangles: | = , sor= EY. Therefore, the area of the cross-section of the cone y 


metres above its bottom is 7 (ty)? a aur m?. If this layer has height dy, then its 
volume is ay? dy m?, and its mass is 1000447 dy kg. 

Now, we know that the work to suck up the layer of water y metres from the bottom 
of the cup is 9.8(0.15 — y) (10002 y? dy) J. So, the work involved in drinking all the 


9 
water is: 


0.15 T 
i= | 9.8(0.15 — y) (20007?) dy 
0 


98007 f°? 
= | (0.15y” — y*) dy 
0 
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7 a 


98007 [0.15 , 1 ,)°” 
aa 

98007 
9 


0 


1 
[0.05(0.15) — (0415)! 
x 0.144 J 


Even drinking water takes work. Life is hard. 


2.1.2.21. *. Solution. Imagine slicing the water into horizontal pancakes of 
thickness dx as in the sketch below. 


Denote by x the distance of a pancake below the surface of the water. (So, x runs 
from 0 to 3.) Each pancake: 


e has radius 3? — x? m (by Pythagoras) and hence 

e has cross-sectional area 7(9 — x”) m? and hence 

e has volume 7(9 — x?) dz m® and hence 

e has mass 10007(9 — x”) dx kg and hence 

e is subject to a gravitational force of 9.8 x 10007(9 — x”) dx N and hence 


e requires work 98007(9 — x*)(x +4) dz J to raise it to the spout. (It has to 
be raised x m to bring it to the height of the centre of the sphere, then 3 m 
more to bring it to the top of the sphere, and finally 1 m more to bring it to 
the spout.) 


The total work is: 


3 3 
| 98007 (9 — x?)(a + 4) dx = | 98007 (36 + 9a — 4x? — x) da 
0 0 


9, 4. 1 
= 98007n [362 St ae x] 
0 


3 4 
369 
= 9800 - alien 904,0507 joules 


1010 


SOLUTIONS TO EXERCISES 


2.1.2.22. Solution. 


e Solution 1: Let’s consider the work involved in lifting up a small section of 
cable, with length dy, distance y from the bottom end of the cable. 


The distance this section must travel is (5 — y) metres, so if its mass is M(y), 
then the work involved is 


we | 9.8 x (5—y) x M(y) 


So, we need to find M(y). The length of the section of cable is dy, and its 
distance from the end of the cable is y, so the mass of the section is (10—y) dy. 
Therefore, 


WwW = : 9.8 x (5—y) x M(y) 


5 
= [98x (5—y) x (10~y) dy 
0) 
i 
=9.8 | (50 — 15y + y*) dy 
0 


15 f-51° 
= 9.8 soy —~ y+ 3" 


e Solution 2: Alternately, we can continue to use the basic method of Exam- 
ple 2.1.6 in the text, noticing that the density of the cable is no longer constant. 


Let’s consider pulling the cable up a tiny distance of dy metres, after we have 
already lifted it y metres (so (5 — y) metres of the cable is still in the hole). 
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If R(y) is the mass of the remaining cable (in kg), then the force of gravity is 
—9.8 x R(y), so the work done is 9.8 x R(y) x dy. Once we find R(y), we can 
calculate the total work done: 


w= [98% Ry) x ay (x) 


As given in the question statement, the density of the cable is (10 — x) kg/m, 
where «x is the distance from the bottom end of the cable. Consider a tiny 
section of cable x metres from the bottom end, of length dz. 


The mass of this tiny section is (10 — x *8) x (dz m) = (10 —2z)dx kg. The 
section of cable dangling is the last (5 — y) metres of cable. So, the combined 
mass of the section of cable dangling, after we’ve already pulled up y metres 
of it, is 


Lgl 1 
2 2 


5-y 
0 2, ' 


Now we can calculate the total work involved in pulling up the entire cable, 
using equation (*). 


5 
w= 9.8 x R(y) x dy 
0 
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7 5 ial? 
—98 _ 2 3 
Cy 9! "| 
6125 5 
Se = pga 
6 6 


2.1.2.23. Solution. 


a The force of the depends on depth, which varies. So, consider a thin rectangle 
of the plunger at depth y, with height dy and width 1 m (the width of the 
entire plunger). Let the area of this rectangle be dA. 


depth 


0— 


The area of this rectangle is ldy m?, so the force of the water acting on it is 
F = P-dA= (980044) (y m) (dy m*) = 9800y dy N. 

c d dA 
The depth at the top of the plunger is y = 0. To find the depth at the 
bottom of the plunger, note that the water has a volume of 3 m?, and is in a 
rectangular container with base 1 m by 3 m. So, its height is 1 m. 


The force over the entire plunger, from depth y = 0 to y = 1, is 
1 
| 9800y dy = [4900y?], = 4900 N 
0 


b Let’s follow our work from part (a), but with the width of the length of the 
base as 7 m. 


Still, a thin rectangle of plunger has width 1 m and height dy m, so it has 
area dy m?. At depth y, it has a force from the water of 9800ydy N. This 
hasn’t changed from (a). 


Now, let’s consider the depth of the water. The volume of water is 3 m?, and 
it is in a rectangular container with base 1 m by xz m. So, its depth is 3/x m. 
Therefore, the force on the entire plunger must be calculated from y = 0 to 
YHA) e 


3/e  @9 44100 


3/ax 
_ 2 — = 
F(@) = / 9800y dy = [4900y7] 5" = =74900 = —5— N 


1013 


SOLUTIONS TO EXERCISES 


Let’s check that this answer makes sense: F'(3) = 4900 N, which matches our 
answer from (a). 


c If the force of water acting on the plunger, when the length of the base is x 
metres, is given by F(x), then we push the plunger with a force of —F(z). 
Then the work we’re looking for is 


Ww = [-F (de = f° F(e)ar 


F(a) is exactly what we found in (b): F(z) = “f° N. 
* 44100 : 


2 
1 
W= [Fe 5 x = 44100 -= 
1 x x 1 


= 44100 - == = 29400 J 


2.1.2.24. Solution. Let’s start by converting from time spent pulling to amount 
pulled. When y metres of rope have been pulled up, 2y seconds have passed, so 
zy litres of water have leaked out of the bucket, leaving 5 — zy litres. (This only 
makes sense when zy < 5, but we only consider values of y from 0 to 5, so it’s not 
a problem. That is, we’re never hauling up an empty bucket that can’t leak any 
more. ) 

When we’ve pulled up y metres of rope, the mass in the bucket is (5 — aD kg, so 
the force of gravity acting on it is 9.8(5 — ZY) N. Since we pull up 5 metres of rope, 
the work done is: 


5 1 1 5 
W= : 9.8 (s — 3!) dy = 9.8 [sy —-~y ‘| = 9.8 [25 — 2.5] 
0 5 10 
= 220.5 J 
2.1.2.25. Solution. According to the formula for gravity between two objects, 


the earth and moon will gravitationally attract one another no matter how far apart 
they are, so what we’re looking for is the work to separate them infinitely far. That 
[oe] 


is, we want to calculate F(r) dr, where a = 400000000 m. 
If we take m, and mz to be the mass of the earth and moon as given in the question 
statement, then: 

ta? 
kg - sec? 
ke -m® 


Gmym2 = G x 190" ) (6 x 10** kg) (7 x 10° kg) 


9.8 x 107" ; 
sec 


With that out of the way, let’s calculate our work. 


b 
w= fF r) dr = lim Ca 


—> OO 5 r 
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—> OO r a 
t 2 
= (Gm mz) lim € — 3) 
_ Gmimo 
a 
_ 2.8 x 1037 Kee 
4x 108 m 

aie J 


Remark: since the force of gravity between the earth and the moon gets weaker as 
they are farther apart, it takes less and less work to move them each kilometre. If 
we move them a finite distance apart, the work involved will always be less than 
7 x 107° joules, no matter how huge that finite distance is. If we move them a very, 
very long (but finite) distance apart, the work we did will be quite close to (but 
still less than) 7 x 1078 joules. 


2.1.2.26. Solution. A ball of mass m experiences a gravitational force of mg, so 
lifting it a height of ¢/2 involves a work of smgl. 

The cable has density m/¢. A tiny section of cable with length dy has mass 7 dy, 
and so gravity acts on it with a force of 7 dy. If the tiny section of cable is y units 
from the top of the cable, it needs to be pulled up y units, so the work on that 


section is “%ydy. Therefore, the work to pull up the entire cable is 


“mg mg 9) _ mg _ 1 

Le eau = [Bee] = ae = 3 

So, the work to pull up a cable with uniform density is the same as the work to pull 
up a ball with the same mass from the middle height of the cable. 

Remark: this is a nice fact to use when you’re checking your computations for 
“pulling up cable” problems, but keep in mind it depends on the cable being of 
uniform density. 


2.1.2.27. Solution. Like our other tank-pumping problems (e.g. Questions 12, 
20, and 21 in this section, and Example 2.1.4 in the text), we can find the work done 
by considering thin layers of liquid. If the layer of liquid h metres above the bottom 
of the tank with thickness dh has mass M(h), then the force of gravity acting on 
it is —9.8M(h) N and the work required to pump it to the top of the tank (1 —h 
metres away) is 9.8(1 —h)M(h) J. So, the work to empty the entire tank is 


W = [ 9.8(1 — h)M(h) (*) 


Our remaining task is to find M(h). There are two things that vary with height: 
the density of the liquid, and the area of the cross-section of the tank. 

At height h metres, the cross-section of the tank is shaped like the finite region 
bounded by the curves y = x? and y = 2 — h — 32”. To find this area, we need an 
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integral (see Section 1.5 for a refresher), and to find the limits of integration, we need 
to know where the two curves meet. By solving 2? = 2—h— 3.2”, we find that they 
meet at « = +3,/2 —h. (Recall h is between 0 and 1, so V2 —h is a real number, 
i.e. the curves do indeed meet.) Furthermore, when —iV2 -h<a< 52 —h, 
then x? < 2—h — 327, so y = z” is the bottom function and 2 — h — 32? is the top 
function. 


y=2—h-—32? 


So, (taking advantage of the fact that our region has even symmetry) the area of 
the cross-section of the tank at height h is 


Ath) = — ([2—h— 302] — 22) de 


=) [(2—n)e- 43) - 
cal» nt et 


Now, we can calculate the volume of a slice at height h of thickness dh. 
V(h) = =(2 — h)?/? dh 
The density of the liquid at height h is 1000/2 —h kg/m, so 
M(h) = 1000V2 — h x =(2- h)?’? dh 
= ae —h)*dh 


Now we use (*) to find the work done pumping out the tank. 


W= [os (l-h yarn) = [9.80 —n)- 72 —nyan 
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19600 /? 
-—/ (4 — 8h + 5h? —h®) dh 
0 
19600 5 ee 
= ——— |4h — 4h? + =h? — —h4 
3 3 a hs 
19600 5 1 
aS Aa a ee 
3 +3 i 
_ 19600 | 17 
3 13 
83300 
= J = 92555 J 


2.1.2.28. Solution. Since the only work done is against the force of gravity, we 
only need to know how high the sand was lifted, not how it got there. So, we don’t 
really need to worry about its semicircular path: we can imagine that every grain 
of sand was lifted from its old position to its new position. 

Consider a thin, horizontal layer of sand in the hourglass, y metres below the vertical 
centre of the hourglass. 


Its final position is y metres above the centre of the hourglass. That is, it was 
lifted 2y metres against the force of gravity. 


The layer is shaped like a circle with radius y? + 0.01 and height dy, so its 
volume is 7 (y2 + 0.01) dy cubic metres. 


To find the mass of the layer, we need to know the density of the sand. Let 
the volume of sand in the hourglass be V. We are given its mass M. Then 
n(y? + 0.01)" dy cubic metres has a mass of Un (y? + 0.01)" dy kilograms. 


So, the force of gravity acting on the layer is 9.8% (y? + 0.01)” dy N, acting 
vertically downwards. 


To lift the layer to its final position, we apply a compensating force over a 
distance of 2y metres, for a total work of 9.8%n (y? + 0.01)" 2y dy J. 


Since the hourglass has height 0.2 m, and exactly half of it is filled with sand, 
the top layer of sand is exactly at the vertical centre of the hourglass, and the 
bottom layer of sand is 0.1 metres below. 


Using V is the volume of sand in the hourglass, and M is its mass (we’re given 


M= 


1 


; kg) then the total work flipping all the sand is: 


0.1 M 
W= [98 7-n (y? +0.01)?2y dy 
0 


19.6Ma f°? 
-—> =| (y° + 0.02y? + 0.0001y) dy 
0 


= SoMa fi 55 a NG 
ef. Ne gee eee) 
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HOOT [hes i. ae, Ba 
~~ Ver Oe ene |. 


_ 19.6Ma a a ee F 
> 6-106 2-106 ' 2-106 


7 oeMe | 7 | 


V 16-108 (*) 


It remains to find V: the volume of sand in the hourglass. We know the sand is in 
the shape of a solid of rotation. Recall from Section 1.6 that we can find the volume 
of such shapes by slicing them into thin disks. 


0O— Fama 
ar NG 
ae 
x? +0.01 


In the picture above, we’ve used an axis that matches the way we’ve been describing 
our solid: 0 is the vertical centre of the hourglass, which is where the top of the 
sand is, and the bottom of the sand is 0.1 metres from 0. 

To find the volume of this solid, we slice it into horizontal disks. The disk that is x 
metres from the centre of the hourglass has radius x? + 0.01 and thickness dz, so it 
has volume m(x? + 0.01)? dx. The volume of the entire solid, i.e. the volume of the 
sand, is: 


V 


0.1 0.1 
i n(x? + 0.01)? dz = «f (x* + 0.022? + 0.0001) dx 
0 0 


1. 9 ; I 0.1 
qT \|—x° 4 x 4 x 
5 3 x 10? 104 


: re ee ; 
ANB Sci0e | 33xc108 ” 108 


287 287 
~ 15x 105 15x 108 
So, the volume of sand in the hourglass is V = eae cubic metres. 
Using (*), we can find the total work done quickly flipping the hourglass. 
19.6Mr 7 
V 5 : md 
19.6 x im (4 | 


W= 


Taxi | 6- 10° 
196x115 294 7 

= 0.175 J 
2x6 168 40 
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2.1.2.29. Solution. Using Definition 2.1.1, the work involved is 
1/2 
w= | Vl—-atdr J. 
0 


However, the function F(x) = V1 — 24 happens to not have an antiderivative that 
can be expressed as an elementary function. That means we can’t use the Funda- 
mental Theorem of Calculus Part 2 to evaluate this integral (at least, not without 
knowing a bit more about functions than is prerequisite for this course). Instead, we 
can use numerical methods, like the midpoint rule or Simpson’s rule, to approximate 
its value. 

It’s not immediately clear which rule (Simpson’s, midpoint, or trapezoidal) will lead 
us down the easiest path. For Simpson’s rule, we need to know the fourth derivative 
of F(a), which is not a simple task. But, we often need fewer intervals for Simpson’s 
rule than for the midpoint or trapezoid rules. In this case, we’ll show below that 
n = 2 intervals suffice to guarantee a low enough error using the midpoint rule, 
so Simpson’s rule won’t let us get away with fewer intervals. Below, we find the 
approximation using the midpoint rule — but there are other ways as well. 

In order to decide how many intervals we should use with the midpoint rule, we 
need to know the second derivative of F(x). 


) 
= 227 (1— a a (x* — 3) 
) 


For values of x between 0 and *, 


3/2 


3/2 56 always at least as big as (1 = Gy) , 


e the denominator ea — a") 


e the factor x? in the numerator is never bigger than ay, and 
e the factor x* — 3 in the numerator has magnitude at most 3, 


so that 
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Using Theorem 1.11.13 with M = 2, a = 0, and b = 1/2, the error in a midpoint 
approximation with n intervals is at most 


M (b-a® 2 1/8 1 


2 ne 2 n2  96n2 


If n > 2, then our error is certainly less than a: 


If we use the midpoint rule with n = 2, then 7, = 5 and % = 2, 


0 


Co[e —— 
ALR 
Colw —— 
NlR 


The midpoint rule approximation of fi V1—<2x*dz with n = 2 and Ar = ; is: 


1/2 
| Vi=aiae~ Ae] Ji—af+ yi-a 
0 


Shee pale ® : 

4 8 8 
Since we used n = 2, by our previous work the error in this approximation is less 
than which is certainly less than 0.01, as required. 


oes ® 
96x22 ~ 384? 


2.2 - Averages 
2.2.2 - Exercises 


Exercises —— Stage 1 
2.2.2.1. Solution. Since the average of f(x) on the interval [0,5] is A, using 


Definition 2.2.2, 
1 5 
A= al Pads 
5 Jo 
5 
sA= | f(ajae 
0 


So, a rectangle with width 5 and height A has area iB F(a) dz. 
That is: if we replace f(x) with the constant function g(x) = A, then on the interval 
(0, 5], the area under the curve is unchanged. 
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(There are many rectangles with area 5A; we drew the one we consider to be the 
most straightforward in this context.) 


2.2.2.2. Solution. Average velocity, as discussed in Example 2.2.5, is change 
in position divided by change in time. So, the change in position (i.e. distance 
travelled) is (100 km/h)(5 h) = 500 km. 


2.2.2.3. Solution. The work done is 
b 
Ww -/ F(a) daz 


so the average value of F(x) is 


i e i 
—z [ Foo= Ww) 


We can quickly check our units: since W is in joules (that is, newton-metres), and 
b — a is in metres, so + is in newtons. 


2.2.2.4. Solution. 


a The entire interval has length b — a, and we’re cutting it into n pieces, so the 
length of one piece (and hence the distance between two consecutive samples) 
is boa 

b The first sample, as given in the question statement, is taken at x = a. The 
second sample, then, is at 7 = a+ a this third is at x = 1+ Qos, and the 
fourth is at a+ 34, 


c The y-value of the fourth sample is simply f (a + 3%), Note this is the 
number we use in our average, not the x-value. 


d Our samples are f(a), f (a - boa) 7 (a - ge 2) f (a - 32), etc. Since there 


are n of them, we divide their sum by n. So, the average is: 


f(a) + f (a+=*) + f (a+2=4) +---+ f (at(n—1)©4) 
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aol (i yas) 


Remark: if we multiply and divide by b—a, we see this expression is equivalent 
to a left Riemann sum, divided by the length of our interval. 


( (i 2) = 


Eile t = 1) Ae) Ae 


As n gets larger and larger, using oe definition of a definite integral, this 
expression gets closer and closer to -— a f(x) da. This is one way of justifying 
our definition of an average of a fancHion on an interval. 


2.2.2.5. Solution. 


a Yes, the average of f(a) is less than or equal to the average of g(x) on [0, 10). 
The reason is that, if f(a) < g(a) for all x in [0, 10], then: 


10 
af HaCo rch TT g(x) aa: 


b There is not enough information to tell. It’s certainly possible: for instance, 
take f(x) = 0 and g(x) = 1 for all x in [0,10]. Then f(z) < g(x) and the 
average of f(a) is 0, which is less than 1, the average of g(x). 


100 if0<x2<0.01 
However, consider f(x) = ‘ ai and g(x) =0. Then f(a) < 
else 
g(x) for all x in [0.01, 10], but the average of f(x) is 0.1, while the average of 
g(x) is 0. 


2.2.2.6. Solution. Recall the definition of an odd function: f(—x) = —f(z). 
Since the domain of integration is symmetric, the signed area on one side of the 
y-axis “cancels out” the signed area on the other — this is Theorem 1.2.12 in the 


text. 
1 1 
5 |, fae = 550 


l 
co) 


Exercises —— Stage 2 
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2.2.2.7. *. Solution. By definition, the average value is 


n/2 
Z : (sin(52) + 1) da 


7 m/2 


We now observe that sin(5z) is an odd function, and hence its integral over the 


symmetric interval |—4, 5] equals zero. So the average value of f(a) on this interval 


is 1: 
am /2 


1 a /2 1 m/2 1 
— if (sin(5x) + 1) dx = — a sin(52) dx + ~ i ldax 


T J_—n/2 T J—x/2 —1/2 
1 m/2 

-{ dx =1 

7 —7/2 


Alternatively, using the fundamental theorem of calculus, the average equals: 


i see) | 7 ae 
9 —1/2 


7 


_ {| =cnl) 2) fen) =) 
| 


2.2.2.8. *. Solution. By definition, the average is 


1 e€ 
: x’ log xdx 


To antidifferentiate, we use integration by parts with u = logx and dv = x7 dz, 


hence du = dx and v = aa. 


1 e 1 1 . aan 
—/ Hogade = 5 (|5e%loee] — f jade) 


2 P ge 2] 
e—1|3 9|._, 
. he se 
5 5 +5] 


_ stl 2 
e=119° ° 9 


2.2.2.9. *. Solution. By definition, the average value in question equals 


1 a/2 
ao, (3 cos? x + 2cos? x) dx 


9) a /2 a /2 
a =( { Scos'nde + f 208? de) 
T 0 0 
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For the first integral we use the substitution u = sinz, du = cosxdz, cos?x = 
1—sin? x = 1—u?. Note that the endpoints z = 0 and x = 5 become u = 0 and 
u = I, respectively. 


am /2 a /2 
| 3cos? «dx = | 3.cos? x cos x dx 
0 0 


= [30 =) au 


1 
= (3u—u*)| = 2. 


1+cos(22) 


For the second integral we use the trigonometric identity cos? x dx = - 


a /2 a /2 
| cost = f (1 + cos(2x)) da 
0 0 
is 1. (2x) m2 
= ~ sin a 
x + 5 sin(2x , 5 


Therefore, the average value in question is 


y) n/2 n/2 9 4 
2(/ Soos'rde + f 20s? dr) ] (2+ 5 = 2 at. 
as 0 0 T 2 rit 


2.2.2.10. *. Solution. By definition, the average value in question equals 


1 a/k 
Ave = rae sin(kx) dx 

To evaluate the integral, we use the substitution u = kx, du = k dx. Note that the 

endpoints x = 0 and x = 7/k become u = 0 and u = 7, respectively. So 


Ave = | sin(w) aa | ~ cos(u)] es 
T Jo k; T 0 oT 
Remark: the average does not depend on k. To see why this is, note that sin(kz) 
runs between —1 and 1 as x changes. When x = 0, kx = 0, and when z = a/k, 
kx =. So, our function sin(kz) runs exactly from sin 0 = 0 to sin(7/2) = 1, then 
back down to sina = 0. 


Y 


1— 


sala 
rls 
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2.2.2.11. *. Solution. By definition, the average temperature is 


a ie 1 f°? 80 
—~ | T(x)dx= = —— d 
7. ede al 16-22." 
We don’t see an obvious substitution, but integrand is a rational function. The 


degree of the numerator is strictly less than the degree of the denominator, so we 
factor the denominator and use a partial fraction decomposition. 


80 80 _ A B 


16-22 (4—2)(44+2) ie 
80 = A(4+x) + B(4—2) 


Setting « = 4, we see 80 = 8A, so A= 10. Setting x = —4, we see 80 = 8B, so 


B=10. 
1 > 80 or 80 

d d 

al 16-220 :/ (4— ay . 


10 
d 
—2 a : 


sf le 
[I- itt | de 
ae 


1 
3 
10 3 
log |z — 4| + log |x + 4\| 
0 


i e+ 10 

=i = | = —[log 7 — log1 
3 a P 3 log 7 og 1] 
10 

acy log7 degrees Celsius 


2.2.2.12. *. Solution. By definition, the average value is 


1 =I 
/ nee dee 
e=1j); & 


To integrate, we use the substitution u = logx, du = £ da. Then the limits of 
integration become 0 and 1, respectively. 


1 [8a 1 [ P 1 fu2]* 1 
oe Uau = = 
e-lj, 2 e—1 Jo e112 |. . 2te=1) 


2.2.2.13. *. Solution. By definition, the average value is: 


20 1 1 27 
on Jy costede = 5-5 f (cos(2x) + 1) dx 
a ee | | 2n 
An 2 0 
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1 i 


= —— + 20 
At 2 
2.2.2.14. Solution. Before we start answering questions, let’s look at our func- 
tion a little more carefully. The term 50 cos (47 ) has a period of 24 hours, while 
the term 200 cos (7 T) has a period of one year. So, the former term describes a 
standard daily variation, while the latter gives a seasonal variation over the year. 
(a) Using the definition of an average, the average concentration over one year (t = 0 


to 8760) is: 


1 8760 t I 
2 400 +50 200 dt 
8760 J ( : cos (5 r) + 008 (a7 )) 


1 8760 50 8760 t 
400 dt + —— cos (5 r) dt 


~ 8760 Jp 8760 12 
* 200 nnn t 
— ae dt 
+ 8760 - (a r) 
Spec as Pa ; 4380. ( ¢t — 
= sin T — 8 | 
876 |m \12") |, 219] = 4380") |, 
Since ae = 730, which is even, sin (27) = sin(0) = 0. Also, sin ($2877) = 
sin(27) = 0. 
5 i) 
= 4004 | 
oy 876 (0) 219 (0) 
= 400 ppm 


Remark: for the portions of the integral in red and blue, we also could have noticed 
that the integrand goes through a whole (integer) number of periods. For every 
period, the net signed area between the curve and the x-axis is zero, so we could 
have seen from the very beginning these terms would contribute 0 to the final 
average. 

(b) Using the definition of an average, the average concentration over the first day 
(t= 0 te t=24) is 


Lf” (400 +50 " ) 4200 : dt 
a cos | —T7 COs. | ——_7 
24 12 4380 
si t 200 t 
= 400 dt + Coes _—_7\ dt 
Le - ; vf (= r) +94 cos (57) 


Note t = 0 to t = 24 is one complete period for the integrand in red, so the red 
integral will evaluate to zero. However, t = 0 to t = 24 is less than one cycle for 
the integrand in blue, so we expect this will contribute some nonzero quantity to 
the average. 


200 [4380 t a 
=| ee Nee ee es 
OOO ae — (7) |. 
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oh 4 24 
= 400 + za . i sin (<a0") 
1 


3 4380 
25 4380 a 
Ss AW dls Oe Sf 
00 3 ‘= sin (a5) 
~ 400 + 199.99 
= 599.99 ppm 


Remark: C(0) = 400 + 50 + 200. The red term comes from the daily variation, 
and over the first day this will have an average of 0. The blue term comes from the 
seasonal variation, which changes dramatically over the course of an entire year but 
won’t change very much over the course of a single day. So, it is reasonable that 
the average concentration over the first day should be close to (but not exactly) 
400 + 200 ppm. 

(c) The average of N(t) over [0, 8760] is: 


1 8760 t 
a 350 + 200 cos ( ——r J ) dt 
8760 J, ( ie (aa r) ) 


200 [4380 . t es 
= 900 + 5760 7 (aa") I 


359 4 200. [4380 ,,., (8760 
= —— | —— sin | ——7 
8760 | x \ 4380 


100 
= 350 + — sin (27) 
1 
= 350 


Since the average of C(t) was 400, this gives us an absolute error of |400 —350| = 50 
ppm, for a relative error of 


or 12.5%. 
That is: sampling at the same time every day, rather than throughout the day, lead 
to an error of 12.5% in the yearly average concentration of carbon dioxide. 


2.2.2.15. Solution. 


a The cross-section of S at x is a circle with radius x”, so area tx*. The average 
of these values, 0 < x < 2, is 


roe dx = — 


ea ee 
9=0 Js 2 


b To find the volume of S, imagine cutting it into thin circular disks of radius 
x? and thickness dv. The volume of one such disk is tz* dx, so the volume of 


S is , 
2 2 
: na’ dx = Fa = sel 
0 5 0 5 
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c The volume of a cylinder is the product of its base area with its length. A 


cylinder with circular cross-sections of area — and length 2 has volume oon 


Remark: this is the same as the volume of S, so the average cross-sectional 
area of S tells us the cross-sectional area of a cylinder with the same length 
and volume as S. Compare this to Question 1, where we saw the average 
value of a function gave the height of a rectangle with the same area as the 
function over the given interval. 


2.2.2.16. Solution. 


a We can see without calculation that the average will be zero, since f(x) = x 
is an odd function and [—3, 3] is a symmetric interval. Alternately, we can use 
the definition of an average to calculate 


1 tal? 1 
= dz=|—a2?) =-—(9-9)=0 
sf = ae 9-9) 


b Using the definition provided for root mean square: 


/1 = {| 1 27 —27 
_ 2 _ 3 a2 _ a3 
RMS = ie dx = is] . 18 18 V3 


2.2.2.17. Solution. Using the definition provided, 


RMS = ‘ia tan? 2dz = ‘a (sec? + — 1) dz 
WT Jina WT Jan/4 
= felons, V21C-D- OD) 


2.2.2.18. Solution. 


a Using Hooke’s law, when the spring is stretched (or compressed) f(t) me- 
tres past its natural length, the force exerted is k f(t), where k is the spring 
constant. In this case, the force is 


F(eji=(3- Nom)( F(t) cm) = 28m ir) N 


b Our interval encompasses three full periods of sine, so the average will be zero. 
Alternately, we can compute, using the definition of an average: 


6 


6 
Avg = :[f 3sin(t7) dt = : |-= cos(tn) 


0 


1 
= ie [cos 0 — cos(67)] = 0 
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This it doesn’t tell us very much about the “normal” amount of force from the 
spring during our time period. It only tells us that force in one direction at 
is “cancelled out” by force in the opposite direction at another time. 


c Using the definition given for root mean square, 


— fof (1 — cos(2t7)) dt 


| 
ee 


Hm] Co} BI | Co 


Exercises — Stage 3 
2.2.2.19. *. Solution. (a) Let u(t) be the speed of the car at time t. Then, by 


the trapezoidal rule with a = 0, b = 2, At = 1/3, the distance traveled is 


[ v(t) dt x At 570) + v(1/3) + v(2/3) + v(3/3) + (4/3) 


+ (5/3) + 50(2)| 


= 5 [550 + 70 +80 +55 +60 +80 540] = 130 km 


(b) The average speed is $86 » #08" = 65 km/hr. 
2.2.2.20. Solution. 


a Using the definition of an average, 


1 


LS ‘dt=e-—1 
1-0 te e 


b Since s(t) - A =e’ —e +1, its average on (0, 1] is 
1 1 


eee t ie ae 1 
meee e+1) dé [e e+ i], 


=(e-e+1)—-(1) =0 


Remark: what’s happening here is that the average difference between s(t) 
and A is zero, because the values of s(t) that are larger than A (and give a 
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positive value of s(t) — A) exactly cancel out the values of s(t) that are smaller 
than A (and give a negative value of s(t) — A). However, knowing how far the 
average value is from our calculated average is a reasonable thing to measure. 
That’s where (c) comes in. 


c Using the definition of an average, the quantity we want is: 


af ler tet 


To deal with the absolute value, we consider the integral over two intervals: 
one where e! — e+ 1 is positive, and one where it’s negative. To decide where 
to break the limits of integration, notice e'—e+1 > 0 exactly when e’ > e—1, 
so t > log(e — 1). 


af lt nerte 


log(e—1) 1 
= Igcettleet |e’ -e+1|dt 
‘ negative log\e=1) positive 
log(e—1) 1 
=I (-e+e-1)ar+ / (e’-—e+1)dt 
0 log(e—1) 


log(e—1) ‘ 1 
| - e+ (e—1)¢] + [e*-(e-1)¢| 
log(e—1) 


[—(e —1) + (e— 1) log(e-—1) +] 

+ le —(e—1) —(e—1) + (e — 1) log(e — 1) 
= 4 — 2e + 2(e — 1) log(e — 1) 
~ 0.42 


Remark: what we just measured is how far s(t) is, on average, from A. We 
had to neglect whether s(t) was above or below A, because (as we saw in (b)) 
the values above A “cancel out” the values below A. That’s where the absolute 
value came in. 


Knowing how well most of your function’s values match the average is an 
important measure, but dealing with absolute values can be a little clumsy. 
Therefore, the variance of a function squares the differences, rather than tak- 
ing their absolute value. (In our example, that means looking at (s(t) — A)?, 
rather than |s(t) — A|.) To compensate for the change in magnitude involve in 
squaring, the standard deviation is the square root of the variance. These 
are two very commonly used measures of how similar a function is to its 
average. Compare standard deviation to root-square-mean voltage from Ex- 
ample 2.2.6 and Questions 16 to 18. 


2.2.2.21. Solution. 


a Neither: the average of both these functions is zero. We saw this with a 
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particular function in Question 20 (b), but it’s actually true in general. It’s a 
quick calculation to prove. 


The average of f(x) — A is: 


4 4 
— (F(a) A)de= 5 f f(z)dt -A=A-—A=0 
0 0 : 
Similarly, the average of g(x) — A is: 
1 f a 
t0 (g(x) - A) dn = 5 | g(xz)da -A=A-A=0 
A 


b The function |f(a#) — A] tells us how far f(a) is from A, without worrying 
whether f(z) is larger or smaller. Looking at our graph, for most values of «x 
in [0,4], f(x) is quite far away from A, so | f(x) —A| is usually a large, positive 
quantity. 

By contrast, |g(2) — A| is a small positive quantity for most values of x. The 
function g(x) is quite close to A for all values of x in {0, 4]. 


So, since |g(a) — A] generally has much smaller values than | f(a) — Al, the 
average of | f(x) — A] on [0,4] will be larger than the average of |g(a) — A| on 
[0, 4]. 


As discussed in Question 20(c), the average of | f(x) — A| is a measure of how 
closely f(x) resembles its average. We see from the graph that f(a) doesn’t 
resemble the constant function y = A much at all, while g(x) seems much 
more similar to the constant function y = A. 


This kind of measure — how similar a function is to its average — is also the 
idea behind the root square mean. 


2.2.2.22. Solution. When we rotate f(x) about the x-axis, we form a solid whose 
radius at x is |f(x)|. So, its circular cross-sections have area 7|f(x)|? = 7f?(x). If 
we slice this solid into circular disks of thickness dx, then the disks have volume 


b 
nf?(x)dax. Therefore, the volume of the entire solid is | 7f?(x)dz. All we need 


to do now is get this into a form where we can replace the integral with the root 
mean square, R. 
b 
_ ) de = x =a f )dax 
a 


=O) (fron 


= 1(b—a)R? 
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Remark: the volume of a cylinder with length b — a and radius r is 1(b — a)r*. 
So, the root mean square of f(x) gave us the radius of a cylinder with the same 
volume as the solid formed by rotating f(z). Recall the average of f(a) gave us the 
height of a rectangle with the same area as f(x). Compare this to the geometric 


interpretations of averages in Questions 1 and 15. 
2.2.2.23. Solution. The question tells you a, f(s)de = TOAD 
f(0) =c, and f(1) =a+b-+ec. 


f(0) + FIO) c+(atb+c) 
af te de = 


2 
[ (ax? + ba + c) dz amar ar 


0 


2 . 2 2 
ab ab 
atagt =o Tg Te 

=a 


That is, f(z) is linear. 


2.2.2.24. Solution. The information given in the question is: 


2 -? : 
Se) ee 


2 t= 
1 b ; 
= a [fe + Ge bee 
de 
= [FO - 4 G8 
rolt9) 
=Z(P+st+s*)+5(¢+8) +e 
i a ae cs 2 
= - bo= + st + <(t 
5 (8 +t) + 5(s +2) c g(t st + 8“) x(t +s) +e 
5(3? +22) = “(22 + st + 82) 
ea eta S =f 
2 3 7 
s? —Qst+#? 
——_.—— | =0 
«| : 
a(s —#)? =0 
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So, unless s = t (and we’re taking the very boring average of a single point!) then 
a=0. That is: f(x) is linear whenever s F t. 


2.2.2.25. Solution. The function g(#) = f(a+b-— 2), on the interval [a, b], is 
a mirror of the function f(x), with g(a ) = f(b) and (6) = f(a). So, L? fla +b- 
2) de dhe f(x) dz, and hence a f(at+b—2) dx = ys f(x) dz, so the average 
value of f(a + b— x) on [a, }] is A. 

Alternately, we can evaluate & f f(a+b-— 2x) dz directly, using the substitution 
u=a+b—ua, dx = —dz: 


-— — 
l b 
=f twa 

=A 


2.2.2.26. Solution. 


a The function A(z) only gives us information about an integral when one limit 
of integration is zero. We can get around this by using properties of definite 
integrals from Section 1.2 to break our integral into two integrals, each of 
which has 0 as one limit of integration. So, we find the average of f(t) on 
[a, b] as follows: 


+f roa= (pf roas Proar) 
= (- [roars [ sear) 


1 1 f* 1 f° 
= aa ate ees 
——|-a =a f(t) dt +b ; ff soa 
SS SS 
A(a) A( 


= — eA aye ee 


—a b-a 


b From the definition of A(x), we know 


That is, 


=f soa 
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To find f(x), we differentiate both sides. For the left side, we use the product 
rule; for the right side, we use the Fundamental Theorem of Calculus part 1. 


A(x) + xA'(x) = f(x) 
So, f(t) = A(t) + tA’(t). 
2.2.2.27. Solution. 


—-1 ifa<o0 
a One of many possible answers: f(x) = ce 
1 te > U 


b No such function exists. 


e Note 1: Suppose f(x) > 0 for all x in [—1,1]. Then oe fix)dx > 


aie Odxz = 0. That is, the average value of f(x) on the interval s I.) 
is not zero — it’s something greater than zero. 


e Note 2: Suppose f(x) < 0 for all x in [—1,1]. Then Te f(x)da < 


Ae Odxz =0. That is, the average value of f(x) on the interval . 1 re 
is not zero — it’s something less than zero. 


So, if the average value of f(x) is zero, then f(z) > 0 for some zx in [—1, 1], 
and f(y) < 0 for some y € [—1,1]. Since f is a continuous function, and 0 
is between f(x) and f(y), by the intermediate value theorem (see the CLP-1 
text) there is some value c between x and y such that f(c) = 0. Since x and y 
are both in |—1, 1], then c is as well. Therefore, no function exists as described 
in the question. 


2.2.2.28. Solution. This seems like it might be true: if f is getting closer and 
closer to zero, as x grows towards infinity, then over time the later values will become 
a larger and larger portion of the total interval we’re looking at, and so the average 
should look more and more like f(a) when z is large — that is, like 0. That’s some 
intuition to start us out, but it isn’t a rigorous argument. To be sure we haven't 
overlooked something, let’s use the definition of an average to express A(z). 


8 


lim A(z) = ee — | f(t)dt 
r—00 r+00 L J 
If ie a t) dt converges, then this limit is 0, and the statement is ae So, suppose 
it does o converge. Since f(«) is positive, that means lim [> f(#)d(t) = 00, so 
«w+ Oo 


we can use l’H6pital’s rule. To differentiate the numerator, we use the Fundamental 
Theorem of Calculus part 1. 


lim A(x) = lim Ae jeg DO 2G 


L000 @ 00 roo «(Oo 


So, the statement is true whether ia t) dt converges or not. 
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2.2.2.29. Solution. Note f(t) is a continuous function that takes only positive 
values, and im f(t) =0. By the result of Question 28, lim A(x) = 0. 
— 00 =L—-Co 


2.3 - Centre of Mass and Torque 
2.3.3 - Exercises 


Exercises —— Stage 1 
2.3.3.1. Solution. Note —x? + 2x +1 = 2—(ax-—1)?. So, both parabolas are 


symmetric about the line x = 1, and the z-coordinate of the centroid is x = 1. 


Y 


y= (2-1) 


The parabolas meet when: 


(#@-1)?=2-—(¢-1) 


2-1) =2 
jc -—1|=1 
xr=0, cr®=2 


At both these points, y = 1, so we see the figure is symmetric about the line y = 1. 
Then the y-coordinate of the centroid is 1. 


y= («—1)? 


Therefore, the centroid is at (1, 1). 
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2.3.3.2. Solution. The circle and the cut-out rectangle are symmetric about the 
x-axis, and about the y-axis, so the centroid is the origin. 
Remark: the centroid of a region doesn’t have to be a point in the region! 


2.3.3.3. Solution. In general, this is false: weights farther out from the centre 
“count more” when we calculate the centre of mass. For instance, a rod with a 1-kg 
weight at x = —10 and a 10-kg weight at x = 1 will balance at x = 0. There’s far 
more mass to one side of x = 0 than the other. 


2.3.3.4. Solution. Following Equation 2.3.1, the centre of mass of the rod is at: 


>, (mass) x (position) 1x1+2x3+2x4+1x6 21. 7 
> (mass) _ 1+2+2+1 a a 


i 


That is, the centre of mass is 3.5 metres from the left end. 


2.3.3.5. Solution. (a) If we were to set this figure on a pencil lined up along the 
vertical line x = a, it seems pretty clear that it would fall to the left. So, the centre 
of mass is to the left of the line = a. The same is true in (b): the added density 
on the left makes it only more lopsided. However, in (c), the right side is denser 
than the left, which could counterbalance the left. Without knowing more about 
the dimensions and the density, we can’t say where the centre of mass is in relation 
to the line x = a. 

(d) Consider a section of the figure, consisting of all points (x, y) in the figure with 
b <a <c, and its “mirror” section on the other side of the line x = a. These two 
sections, which are drawn in red in the sketches below, will have the same area, at 
the same distance from 2 = a. Since we only care about the x-coordinate of the 
centre of mass, it doesn’t matter that the two halves are at different y-coordinates. 
The centre of mass falls along the line x = a. 


y B Yy B 


ae A 
af a J a a 


en a 


B B 


(e) There is the same amount of area to the left and right of the line x = a, as in 
part (d). However, the area to the right is “stretched out” more, so that it occupies 
space farther away from the line x = a. So, the centre of mass will be to the right 
of the line z = a. 


2.3.3.6. Solution. 
e The volume of water in Tank A is $(1)? = $m cubic metres. 


4000 


e The mass of water is =>~7 kg. 


e By symmetry, the centre of mass of the water when it fills Tank A is exactly 
in the centre of the sphere, at height y, = 4 metres above the ground (one 
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metre above the bottom of Tank A, which is three metres above the ground). 


e When the water is entirely in Tank B, its height is on metres. (The base of 
Tank B has area 2 m?, and the volume of water is on m?.) By symmetry, the 


centre of mass is exactly halfway up, at height y2 = 50 metres. 


1 


e So, the point mass in our model is moved from 4 = 4 to Y2 = 3 


of 4 — an metres, by gravity. 


m™, a distance 


e The work involved is: 


4000 1 m 392007 
(Sats) * (4 = ym) x (98-5) aa (12 — x) 


~ 121,212] 


2.3.3.7. Solution. 


a A thin slice of S at position x has height +, so if its width is dz, its area is 


ag? 
1 dx. 
xv 


b A small piece of R at position x has density 1, so if its length is da, its mass 
sacl 
is = dz. 


c Adding up all our tiny slices from (a) gives us the total area of S: 


aa 
/ —dr = logs 
1 


d Adding up all our tiny pieces from (b) gives us the total mass of R: 


ae 
/ —dzx = log3 
+ 


e Using Equation 2.3.5, the x-coordinate of the centroid of S is 


fiz: + dax _ {Pde 2 2 
fP 1 dx log 3 log 3 


x 


f Using Equation 2.3.4, the centre of mass of R is 


fia tde 7 fplde 2 


pride ~~ jog3 ~~ log3 


Remark: following the derivation of Equation 2.3.5, if we wanted to find the x- 
coordinate of the centroid of S, we would set up a rod that had exactly the charac- 
teristics of R. That’s why all the answers were repeated. 
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2.3.3.8. Solution. 


a If we chop R into n pieces, each piece has length pe. Then our 7th cut is at 


position a+i (%*), so our ith piece runs from a+(i—1) (=*) toa 


The approximation of the mass of this piece comes from the density at its 


midpoint, 
m, — ot GV) + [e+ 8) 
- 2 
b-—a 
=a+t(i- 3) ( ) 
b-a 
—— an 
—= | | 
a My mg Mn 


So, the ith piece has length oa, with approximate density p(m;) = 


1 


p (a +(i— 5) (=*)). We approximate that the 7th piece has mass ( = 


2 n 


p(m,;) and position m;. Using Equation 2.3.1, the centre of mass of R is 


approximately at position: 


S> (mass of ith piece) x (position of ith piece) 


mass of ith piece 
2 ( p 


b Remember the definition of a midpoint Riemann sum: 


[sore y* r(are-9 (—)) 


The numerator of our approximation in part (a) is, therefore, a midpoint 


Riemann sum of is p(x) x «da, and the denominator is a midpoint Riemann 
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sum of { p(x) da. 


Using the definition of a definite integral (Definition 1.1.9), we see the limit 
of the approximation in (a) as x goes to infinity is 


ft xp(x) dz 
7 fl p(x) dx 
This gives us the exact centre of mass of our rod. 
Remark: this is Equation 2.3.4 in the text. 
2.3.3.9. Solution. 


Sl 


a On the left-most corner of 5, T(x) = B(x), so the height of S is zero; that 
is, the area of a very small vertical strip is very close to zero, so the density 
of R is close to 0. As we move closer to the position labeled a’, the height of 
the strips increases, so the areas of the strips increases, so the density of R 
increases. Then, between the points labeled a’ and 6’, the height of S' remains 
constant, since T(x) and B(x) are parallel here, so the areas of the strips of 
S remain constant, and the density of R remains constant. Then, between 
b’ and 6, the height of S decreases, so the area of the strips decrease, so the 
density of R decreases. 


y T(x 


i 


_ i” 


b At position x, the height of S is T(#) — B(x), so a rectangle with width dx 
and this height would have area (T'(a) — B(x)) dz. 


c According to our model, the tiny section of R at position x with width dz has 
mass (Ta) — B(x)) dx (that is, the area of S over this same tiny interval), so 


its density is p(t) = aah = Pe) Be) de =T(z)— Bla): 


d Imagine S were a solid, of constant density. The the mass of a portion of S is 
proportional to the area of that portion. To find the x-coordinate where the 
solid would balance, we imagine compressing together the vertical dimension 
of S until it’s a rod. That is, we would take a very thin vertical strip of S, and 
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turn it into a small segment of a rod, with the same mass. Then the centre 
of mass of that rod would be exactly the x-coordinate of the centre of mass 
of the solid — that is, the x-coordinate of the centroid of S. 


The compressed rod we form in this way is exactly R (perhaps multiplied by 
a constant, to account for the density of S, but this doesn’t affect where R 
balances). So, the x-coordinate of the centroid has the same position as the 
centre of mass of R. 


Our result from Question 8(b) tells us the centre of mass of R is 


i. xp(x) dx 
a p(x) dx 


In (c), we found p(x) = T(x) — B(x). So, for the solid S bounded by T(z) 
and B(a) on the interval |a, b}, 


= fa (1 (2) ~ Bla) ae 


Remark: the denominator is the area of S. This formula is the same as the 
formula found in Equation 2.3.5. 


2.3.3.10. Solution. 


a To begin with, we’ll sketch some strips, and put a dot at the centre of mass 
of each one (its vertical centre). 


In our model, each of these strips corresponds to a weight on R, positioned 
at its centre of mass (the height of the dot), and with a mass equal to the 
strip’s area. For the portion of S with a’ < x < 0’, each centre of mass is at 
a slightly different height, but the areas of the slices are the same. So, the 
corresponding weights along R are at different heights, but all have the same 
mass, as shown below. (Note the rod R below only contains the weights from 
the middle of S — we'll add the rest later.) 


For clarity, the diagrams below are zoomed in. 
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/| 


oo 


2 
Q 


b! 


By contrast to the slices in the interval [a’, b’], the slices of S along [a, a’] all 
have the same centre of mass, but different areas. So, there is one position 
along R that has a number of weights all stacked on top of one another, of 
varying masses. 

The same situation applies to the slices of S along [b, b']. So, all together, our 
rod looks something like this: 


y T(x) R 


i) 
a 
a 

oa 


Remark: if we had sketched the density of R, it would have looked something 
like this: 
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because from our sketch, we see that the density of R: 


e is 0 at either end, 
e is suddenly very high where the blue weights are, and 
e is constant and lower between the blue weights. 
b At position z, the height of S is T(#) — B(x), and the width of the strip is 
dx, so the area of the strip is (T’(#) — B(x)) da. 


Since the density of S is uniform, the centre of mass of the strip is halfway 
T(z) + B(x) 
a 


c If we cut S into n strips, then the strip at position x; has area (T'(2;) — 
; 


up: at 


B(a;))Az, where Ax = ©, and its centre of mass is at height 


n 
So, our approximation of the centre of mass of the rod is: 


n 


(Mi; x yi) 


n= ~ Ea 
» ((T(2:) — B(wi))Az) x ( (2%) 7 220) 
; D(a) - Bla))Ae 
L(Ta)? — B(a;)?)Aa 
| 23 (Pe,) — Bla) Ax 


We use the definition of a definite integral (Definition 1.1.9) to re-write the 
limit of the above function. 
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f (T(x)? — B(a)?) dx 


a 


7 a (T(x) — B(x)) dz 


Remark: the denominator is twice the area of S. This equation for the y- 
coordinate of the centroid is the same as the one given in Equation 2.3.5. 


2.3.3.11. *. Solution. We use vertical strips, as in the sketch below. (To use 
horizontal strips we would have to split the domain of integration in two: —3 < y < 


Oand0<y <3.) 


(—1,3) 


(=I, —3) 


The equations of the top and bottom of the triangle are 
y= Te) = —ou aid y= by) = oe. 


The area of the triangle is A = $(6)(1) = 3. Now, we can apply the vertical-slice 


versions of Equation 2.3.5. 


Exercises —— Stage 2 
2.3.3.12. Solution. Applying Equation 2.3.4, 


for-nde [50°], _ 


i vdx [32] 


i 


Nl }wle 
| 


2.3.3.13. Solution. Applying Equation 2.3.4, 


10 1 

= aa Tee dx 

| (i —. a 7a 
10 4 d 
—3 1422 
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For the numerator, we use the substitution u = 14 2”, du = 2z dz. 


if) 101 
y pidOl 1 Al 
aJio wae gla 
| | 10 ~~ arctan 10 — arctan(—3) 
arctan x 
-3 
= = iis =~ 0.43 
2(arctan 10 + arctan(3)) = 2(arctan 10 + arctan(3)) 
Since arctangent is an odd function, arctan(—3) = —arctan(3); using logarithm 


rules, log 101 — log 10 = log aa = log 10.1. 

2.3.3.14. *. Solution. If we use horizontal strips, then we need to break the 
region into two pieces: y > —1 = —e°, and y < —1. However, if we use vertical 
strips, the equation of the top of the region is y = T(x) = 1, and the equation of 
the bottom of the region is y = B(x) = —e’, for all x from a =0 to b= 1. So, we 
use vertical strips. 


y=~e 


Using Equation 2.3.5, the y-coordinate of the centre of mass is 


g= ze [T(x)* — B(x)?| da Ly (2 - e*) da 


2A Jp ~ 2 Jy 
1 Decl _. 4 : 1 
ee ee ji-<-0+ 
2e 2 0 2e 2 2 
_3_e 
de 4 


2.3.3.15. *. Solution. (a) The lines y = 0, x = 0, and x = 2 are easy enough to 
sketch. Let’s get some basic information about y = T(x) = ws on the interval 


(0, 2]. 


e For all x in its domain, T(x) > 0. In particular, it’s always the top of our 
region (so T(x) is a reasonable name for it), while the bottom is B(x) = 0. 


e (0) = 4, and T(2) = 


wo 
=" 
w 
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© T(z) 


= Weca3)s7F? which is positive on [0,2], so T(x) is increasing. 


Remark: to see that T(x) is increasing, we can also just break it into pieces: 
o When z > 0, 2? is increasing, so 
2 . . 
o 16 — 2° is decreasing, so 
o V16 — 2x? is decreasing, so 


1 
V16—2? 


O = T(x) is increasing. 


2 7 7 pe : 
e T"(r) = Gg ayer? which is positive, so T(x) is concave up. 


Remark: If we only wanted to solve (b), it would still be nice to have a sketch of 
the region, but it wouldn’t need to be so detailed. Knowing that T(x) is always 
greater than 0 would be enough to tell us we could use vertical slices with T() as 
the top and y = 0 as the bottom. 

If we wanted to use horizontal slices (we don’t... but we could!) we would addi- 
tionally want to know that T(z) is increasing over [0, 2], T(0) = $, and T(2) = NE 
This would tell us that: 


e the right endpoint of a horizontal strip is always x = 2, 
e the left endpoint is determined by T(x) from y = ; y= En and 
e the left endpoint is x =0 forO<y< 


(b) 


i 
ie 
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The part of the region with x coordinate between x and x + dz is a strip of width 
dz running from y = 0 to y = 


i. 
. . 16-22" 
So, the area of the region is 


It is illustrated in red in the figure above. 


2 i arcsin(1/2) 
A= | d= | 
0 Vv 16 — x? 0 


1 
4costdt = arcsin — = 
4cost 


6 
where we made the substitution x = 4sint, dx = 4 cos tdt, /16 — x? = 4 cost. 
Using Equation 2.3.5, 


2A 
1 [ 1 1 [ 
= dz 
2A Jo 16— 22 5 4-2 


: d 

= £ 
2A )(4+ 2) 
1 1/8 1/8 
Using th thod of partial fracti = 
sing the method of partial fractions, we see 77a = q_ oo +q_. 
L ppd 1 t ee 1 
=i f [4:4] e- fla-—i« 
2A Jo \4+a 4-2 16A Jo la+4 «¢-4 
1 2 
Se 4| — log |x — 4|] = [log 6 — log 2 — log 4 + log 4 
qa [toe le + | — log |x lI, ig; | 18 6 og og 4 + log 4] 
— slog3 
Br 
2.3.3.16. *. Solution. 
y 
y= cose 
y = sin az 
| x 
is 
4 

The top of the region is y = T(x) = cos(xz) and the bottom of the region is y = 
B(x) =sin(x). So, the area of the region is 


A= i (T(x) — B(x)) dz = i. (cos(a) — sin(a)) da 
= | sin(2) + cos(r)| ia 


0 
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-|5 | Z| - 0+ = ve-1 


If we use horizontal slices, we’ll need to break up the object into two regions, so 
let’s use vertical slices. Using Equation 2.3.5, the region has centroid (Z, y) with: 


n/4 n/4 
f= af x(T (x) — B(x)) dr = af ax(cos(x) — sin(x)) dx 


We use integration by parts with u = x, dv = (cosxz — sinz)dz; du = dz, v = 
sin x + cos &. 


a! [a(si i. yy" ["c te \d 
= 7 | |esine + cosz)| ; sin x + cosx) dx 


1 . ; n/A4 
a E sin(x) + xcos(x) + cosx — sin x] 
0 


ala wists a) 
1 
1 


Again using Equation 2.3.5, 


j= a ? (T(x)? — B(z)?) dz = = i (cos*(x) — sin?(x)) dx 
2A Jo 2A Jo 
1 1yl n/4 1 
aA J, cos(2x) dx TA 5 sin( x) ; WWa-1) 
2.3.3.17. *. Solution. (a) Since k is positive, ao > 0 for every x. Then 
the top of our region is defined by T(x) = ao and the bottom is defined by 


Biz) =; 

If we make vertical slices, we don’t have to turn our region into two parts, so let’s 
use vertical slices. The question asks for our final answer in terms of the area A of 
the region, so we don’t need to find A explicitly. 

Using Equation 2.3.5, the x-coordinate of the centroid is 


4 i F Ly. & 
-5f (T(x) - B(e)) de = 5 f ey ah 


Although we have a quadratic function underneath a square root, we find an easier 
method than a trig substitution: the substitution u = 1+ 2?,du = 2xrdz. This 
changes the limits of integration to 1+ 0? = 1 and 14 1? = 2, respectively. 


1/2? k du ek [yu]? k 
Aj; «fa 2 2A ae) = 5lv2-1 
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Again using Equation 2.3.5, the y-coordinate of the centroid is 


an i : F Le 
y= — |] (T(t/-B ee 
J sa | | (x)? — B(e)")de = 55 J oe 
aan a k* i ken 


arctan 1 — arctan 0| — 


TT 
2A Ih me oa 2A 4° BA 


Since & and A are a positive constants (hence neither is equal to 0), we can divide 
both sides by & and multiply both sides by A: 


ka 
v2-1=— 
b= *[vo-1] 


2.3.3.18. *. Solution. (a) 

The curve y = x? — 32 is a parabola, pointing up, with x-intercepts at « = 0 and 
Sa, 

The curve y = x — 2? is a parabola, pointing down, with x-intercepts at x = 0 and 
e= 1. 

To find where the two curves meet, we set them equal to each other: 


? —32=2-2° 
277 —42 = 0 
2x(% — 2) =0 


x=0 and «x=2 


This is enough information to sketch the figure, on the left below. 


2 2 


y| y=r-2 Yy | y=r-= 


(2, —2) 


y=ax? —32 y=? —32 


(b) As we found in (a), the curves cross when z = 0,2 = 2. The corresponding 
values of y are y = 0 and y = 2— 2? = —2. Note the top curve is T(z) = x — 2”, 
and the bottom curve is B(x) = x? — 3x. Using vertical strips, as in the figure on 
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the right above, the area of R is 


[ [(z — x?) — (2” — 32)] dr = [ [4x — 2x7] dx = [pe _ a 


(c) Using Equation 2.3.5, the x-coordinate of the centroid of R (i.e. the weighted 
average of x over R) is 


8 
3r4., 142 3732 
ae eee 
ale ‘I, as 

= 


2.3.3.19. *. Solution. Using Equation 2.3.5, the x-coordinate of the centroid is 


1 1 

vf Cape de 
11 

fs ipa? de 


We can guess the antiderivative in the numerator, or use the substitution u = 1+27, 
i= 2a dz. 


— 


Ligg(1+22)|) Llog2 2 
aoe lo _ 2 BF = = log2 = 0.44127 
arctan 2, m/4 7 


2.3.3.20. *. Solution. By symmetry, the centroid lies on the y-axis, so © = 0. 
The area of the figure is the area of a half-circle of radius 3, and a rectangle of width 
6 and height 2. So, A = $7(9) +6 x 2 = 314 12. 

We'll use vertical strips as in the sketch below. 


The top function of our figure is T(a#) = V9 — x”, and the bottom function of our 
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figure is B(x) = —2. Using Equation 2.3.5, the y-coordinate of the centroid is: 


1 

v=5;/ (T(x)? — B(z)?) dx 
1 ° 2 

=— Q—a? —(—2)?) de 
aa (-2)') 
a i ' 

= — 5— a) dx 
Wi ,! ) 

ae, 1 nig 
1 

= 5, ls-9+15-9) 
6 6 12 


A 8e412 On +24 


2.3.3.21. *. Solution. (a) Notice that when x = 0, y = 3 and as 2? increases, 
y decreases until y hits zero at 2? = 7 ie. at r= +3. For 7? > 2, y is not even 


defined. So, on D, x runs from -3 to 13 and, for each x, y runs from 0 to V9 — 42?. 
Here is a sketch of D. 


As an aside, we can rewrite y = /9 — 4x? as 427 + y? = 9, y > 0, which is the top 
half of the ellipse which passes through (+a,0) and (0,+0) with a = : and b= 3, 
The area of the full ellipse is tab = on. The area of D is half of that, which is on. 
But we are told to use an integral, so we will do so. 

The area is 


3/2 


Area = V9 — 4r2dx 


—3/2 


We can evaluate this integral by substituting x = 3 sin d, dz = 3 cos dé and using 


3 
t= 25 => sind=+1 


and 
nm /2 
Area =f y/9—4(gsine)? - 5 cos 6 


a /2 
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a /2 3 
=| V9 —9sin?6-—=cos6d0 
—1/2 2 


m/2 m/2 
-5/ cos? 9d => | cos(26) + 1 4, 


a/2 2 a /2 2 
9 ;sin(26) n/2 9 
=@ 6| = 
Al aks ae 


(b) The region D is symmetric about the y axis. So the centre of mass lies on the y 
axis. That is, Z = 0. Since D has area A = on, top equation y = T(x) = V9 — 4x? 
and bottom equation y = B(x) = 0, with x running from a = —3 to b = 5, 
Equation 2.3.5 gives us y: 


5 ; [P(2)" — B(x)"}dx = — i [9 — 427] da 
3/2 
== . [9 —42"|dx = + [on — 225)” 
_ =| 3 eos] = af 3 9.3] 
On 2 3 23 On 2 2 
4 
as 


2.3.3.22. Solution. Let’s start by sketching the region at hand. We know the 
general shape of arcsine (it’s like half a period of sine, if you swapped the x and y 
axes); we can sketch the curve y = arcsin(2 — x) by mirroring y = arcsina about 
the line x = 1. 


y = arcsin(2 — x) 


y = arcsin © 


If we use vertical strips, then we need two separate regions, because T(x) = arcsin x 
when z < 1, and T(x) = arcsin(2— x) when x > 1. Also, we’d have to antidiffer- 
entiate functions that have arcsine in them. Let’s think about horizontal strips. If 
y =arcsinz, then x = siny, and if y = arcsin(2 — x) then x = 2—siny. For all y 
from —5 to 5, the left endpoint of a strip is given by L(y) = siny, and the right 
endpoint is given by R(y) = 2 — siny. 

First, let’s use our horizontal slices * to find the area of our region, A. 


a /2 


/2 
A= f ((2 —siny) — (sin y)) ay =f (2 — 2siny) dy 


am /2 —1/2 
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a /2 
= [2y + 2cosy] ae (7 +0) —(—7 +0) = 27 
—1/2 
From symmetry, it is clear that = 1. We find y using Equation 2.3.5. 


{7,9 [R(y) — L(y)] dy 


y= A 
1/2 * ‘ 
Sti y [(2 — siny) — (siny)] dy 
7 27 
1 a /2 
ae y(2 — 2sin y) dy 
T J—x/2 


1 a /2 i m/2 
== ydy-— f (ysin y) dy 
T J—x/2 T J—x/2 


Since y is an odd function, and the domain of integration is symmetric, the first 
integral evaluates to 0. Since ysiny is an even function (recall the product of two 
odd functions is an even function), we can simplify our limits of integration. 


9) a/2 
= -= | ysin y dy 
0 


7 


We use integration by parts with u = y, dv = sinydy; du = dy, v = — cosy. 


9) n/2 m/2 
=-—— | — ycosy] 5 +f cos y dy 
a 0 


[2 


2 . T 
Se ycosy +siny] > 


=-=((0+1)-=-= 


a _There’s also a sneaky way to find the area of A: look for a way to snip and rearrange bits of 
the figure to turn it into a rectangle! 


2.3.3.23. Solution. We’ll start by sketching the region. 
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34- y = 3(a —- 1) 


ee 
bo 


If we use horizontal slices, we need to divide our figure into three regions, as in the 
figure below, because the left and right functions change at the dashed lines. 


y , 
yr=e 
x=log y 
Ry) =2 
L(y) = logy 
y=3(z—1) 
x=1+#% 
Ry) =14+3 
Le\=0 
x 


If we use vertical slices, we only need two regions (shown below) to account for the 
different top and bottom functions. This seems easier than three regions, so we use 
vertical slices. 
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y = 3(2— 1) 


B(x) = 3(4 — 1) 


When 0 < gz < 2, T(z) = e*. When 0 < x < 1, B(x) = 0, and when 1 < « < 2, 
B(x) = 3(a — 1). 
The area of the figure is: 


A= [ (re) Beayar= f (e-oae+ f (e301) ar 


2 2 
=f ea f 3(a — 1) dx 
0 1 


3 5 
=e*—-1]—_=¢?-— = 
: 9 © 29 


Using Equation 2.3.5: 
f5 2(T (x) — B(a)) da 
. 1 2 
_ ates / 2 (e* —0) de+ | 2 (e® —3(a — 1) az] 
_ a5 [[ setae [ 30e- 1) de 


a 
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For the left integral, we use integration by parts with u = x, dv = e* dz; du = da, 
C=e 


| 
fav) 
No 
| 
On 
a 
bo 
AN OY 
8 
a 
8 
| 
fan) 
= 
ow 
| 
| w 
| 
Cw] rR 
8 
ww 
OR le 
8 
[) 
a 
= iw) 
nN—__—” 


= = 1.2 


y= 9A 
1. : 2x d ‘ 22 9 1)? d 
(ae —5/D) | (e** — 0) z+ f (e? — 9(x — 1)7) 7 
1 ° 2 : 2 
= 2 =] 
Ie — 5/2) | e" dz [9% yeaa] 
if 1 : 3]? 
_ of | 
sata ([ I [ae rT) 
i iy 2 
sams (5 2 3) 
4_ 
de? — 10 
Exercises — Stage 3 


2.3.3.24. *. Solution. The area of the region is 


We'll now compute y twice, once with vertical strips, as in the figure in the left 
below, and once with horizontal strips as in the figure on the right below. 
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Vertical strips: The equation of the top of the region is y = T(x) 


8 
— and the 
ge 


equation of the bottom of the region is y = B(a) = 0. Using vertical strips, as in 
the figure on the left above, the y-coordinate of the centre of mass is 


1 (oe) 


8 


_ 8 
5x 15] 


5 


= lim 
t>0co 


ann 
5t 


8 8 
Vertical strips: Since y = — is equivalent to x = ‘e , the equation of the right- 
aa y 


hand side of the region is z = R(y) = 


a8 and the equation of the left hand side 


of the region is x = L(y) = 1. The point at the top of the region is (1,8). Thus 
y runs from 0 to 8. So, using horizontal strips, as in the figure on the right above, 
the y-coordinate of the centre of mass is 


1 8 
if y[2y~ 1/8 — 1] dy 
0 
1 8 
al [2y?/8 — y] dy 
8 
oe ee 
4|5 % | 
_i 6x32 8x8 _g/f_4 _8 
4| 5 5 5 5 


1056 


SOLUTIONS TO EXERCISES 


2.3.3.25. *. Solution. (a) The two curves cross at points (x, y) that satisfy both 
y = x? and y = 6 — a, and hence 


e=6-—a"2 = 2? +2-6=0 = (£+3)(x—-2)=0 


So we see that the two curves intersect at x = 2 (as well as x = —3, which is to the 
left of the y-axis and therefore irrelevant). Here is a sketch of A. 


y 
y=6-2 


(2, 4) 


The top of A has equation y = T(x) = 6—2, the bottom has equation y = B(x) = 2? 


and x runs from 0 to 2. So, using vertical strips, 


22 3 «4, 
= = fi2——4] = 2 & 
22 3 22 3 11 
and 


= egg [ (6-2? - 24 )ar= B[-Oo 2) 


3 64-216 32\ 3 664 166 
44 3 5) 44 15 55 


The integral was evaluated by guessing an antiderivative for the integrand. It could 
also be evaluated as 


a 3 ee ?? 
= ~ 102 +0224) de =~ |362 6074 2-2 
re e+e v) de = [360 w+ |, 

3 8 32 

ee Ee) eee 

a(? ase >) 
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_ 3 664 166 

“<a t5: ~ 35 
(b) The question specifies the use of horizontal slices (as in Example 1.6.5). The 
radius of the slice at height y is the x-value of the right-hand boundary of the region 
at that point. So, we start by converting both equations y = 6 — x and y = 2? into 
equations of the form x = f(y). To do so we solve for x in both equations, yielding 


r=, /yandr=6-y. 


e We use thin horizontal strips of width dy as in the figure above. 
e When we rotate about the y-axis, each strip sweeps out a thin disk 


o whose radius is r = 6—y when 4 < y < 6 (see the blue strip in the figure 
above), and whose radius is r = ,\/y when 0 < y < 4 (see the red strip in 
the figure above) and 


o whose thickness is dy and hence 


o whose volume is mr? dy = 7(6—y)? dy when 4 < y < 6 and whose volume 
is mr? dy = ry dy when 0 < y < 4. 


e As our bottommost strip is at y = 0 and our topmost strip is at y = 6, the 


total volume is 
4 6 
nf ydy+n f (6 — y)* dy 
0 4 


2.3.3.26. *. Solution. (a) Here is a sketch of the specified region, which we shall 
call R. 
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(0, =a) 


(1, =i) 


The top of R has equation y = T(x) = e”, the bottom has equation y = B(x) = —1 
and x runs from 0 to 1. So, using vertical strips, we see that R has area 
1 1 1 
A= | [T(x) — B(x)] dx = | [e* — (-1)] dz = | [e* + 1] dx 
0 0 0 
= [e* + a| : =€ 


and 


(b) To compute the volume when R is rotated about the line y = —1 
e we use thin vertical strips of width dz as in the figure above. 
e When we rotate about the line y = —1, each strip sweeps out a thin disk 


o whose radius is r = T(x) — B(x) =e” + 1 and 
o whose thickness is dz and hence 


o whose volume is mr? dx = m(e* + 1)? dz. 


e As our leftmost strip is at = 0 and our rightmost strip is at 7 = 1, the total 
volume is 


1 1 
nf (+ 1hde=a | (e** + 2e* + 1) da 
0 0 


22x 1 
=1|5 +2et+2] 
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2.3.3.27. Solution. By symmetry, y = 1.5. We can’t immediately use Equa- 
tion 2.3.5 to find 7, because the density is not constant. Instead, we’ll go through 
the derivation of Equation 2.3.5, to figure out what to do with a non-constant 
density. (This is a good time to review Questions 9 and 10 in this section.) 

Our model is that we’re making a rod R that reaches from x = 0 to x = 4, and the 
mass of the section of the rod along [a,b] is equal to the mass of the strip of our 
rectangle along [a,b]. If we have a formula p(x) for the density of R, we can find 
the centre of mass of R, which is also the x-coordinate of the centre of mass of the 
rectangle. 

A thin vertical strip of the rectangle with length dx at position x has area 3dxz m? 
and density x? kg/m?, so it has mass 327 dx kg. Therefore, a short section of R at 
position x with length dx ought to have mass 3x? dz kg as well. Then its density 
at 2 is ple) = Sa” de kg = 32" ke/ mi. 

Now, we can use Equation 2.3.4 to find the centre of mass of the rod, which is also 
the x-coordinate of the centre of mass of our rectangle: 


Jore(x)de _ fo3e%de _ [fx4])_ 3-48 _, 
i. p(x) dx i. an? da [23]; ae 


The centre of mass of our rectangle is (3, 1.5). 


2.3.3.28. Solution. By symmetry, the z-coordinate of the centre of mass will be 
x = 0; that is, exactly in the middle, horizontally. To find the y-coordinate of the 
centre of mass, we need to consider the origin of Equation 2.3.5. 

We can make vertical strips or horizontal strips. A vertical strip of the circle has a 
density that varies from the bottom of the strip to the top, but a horizontal strip 
has a constant density (assuming the strip is very thin). So it seems that horizontal 
strips in this case will be the easier route. 

Following the derivation of Equation 2.3.5, we model our circle as a vertical rod R, 
filling the y-interval [0,6]. A portion of the rod with a < y < b should have the 
same mass as the portion of the circle with a < y < b. To achieve this, we slice the 
circle into thin horizontal strips of thickness dy, calculate their mass, then use that 
to find p(y), the density of R. 

{First, let’s find a formula for the mass of a thin horizontal strip of the circle at 
position y with height dy.} 


dy 


xv 


The circle with radius 3 centred at (0,3) has equation x? + (y — 3)? = 9. So, the 
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right half of the circle has equation x = ,/9 — (y — 3)?, and the left half of the 
circle has equation x = —,/9— (y—3)?. So, the width of a strip at height y is 
2,/9 —(y—3)? m. Its height is dy m, so its area is 2,/9 — (y —3)?dy m?. Its 


density is 2 + y+ , So its mass is 2(2 + y)\/9 — (y — 3)? dy kg. 
Now we can find p(y), the density of R at position y. The mass of the section of R at 


position y with length dy is 2(2+y)./9 — (y — 3)? dy kg (the mass of the strip in the 
paragraph above), so its density is el 2A Aco 2(2+y)/9- (y- 3)2%8 = 


dym 
ply). 
Now, Equation 2.3.4 will tell us the centre of mass of R, which is also the y- 
coordinate of the centre of mass of the circle. 


Seyolydy — fey x 22+y)V9-(- 3) dy 
fpydy fp 202+) /9- Y- 3) dy 
— foy2t+yV9- (y—3)? dy 
fp @t+yV9-&- 3) dy 
To make things look a little cleaner, we use the substitution u = y — 3, du = dy. 


Then the limits of integration become —3 and 3, respectively, and y = u+ 3. 
(Geometrically, we’re re-centring the circle at the origin, instead of at the point 


(0,3).) 


y= 


_ fut 3)@+u+3)V9- wv du 

PP (Q4u43)Vo—wdu 

7 jae (u? + 8u+15)V9—u?du _ N 
—"Pativaowau ~~ ”) 


Let’s start by finding D, the integral of the denominator. If we break it into two 
pieces, we can use symmetry and geometry to evaluate it. 


3 3 
p= uv du +5 | V9 —u?du 
= = 


The left integrand is odd, so its integral over a symmetric interval is 0. (You can also 
evaluate this using the substitution w = 9 — u?, dw = —2udu.) The right integral 
represents the area underneath half a circle of radius 3, centred at the origin. 


i] 45 
Det nse 


2 
Now, let’s evaluate our numerator integral from (*), N = i (u? => Oth. =P 
15) J/9—u?du. If we break it into three pieces, we can simplify the integration 
somewhat. 


3 3 3 
v= f vod +8 | w= du +15 | V9 —u*du 
8 a 3 
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The first integrand is even, with a symmetric interval of integration, so we can 
simplify its limits of integration a little bit. The middle integrand is odd, so its 
integral over the symmetric interval |—3,3] is zero. The last integral is the area of 
half a circle of radius 3. 


3 
N=2 | wV/9 —uwedut+0+15-7-3? 
0 


135 ey 
= rt? u V9 — u? du 
0 


The remaining integral has a quadratic function underneath a square root with 
no obvious substitution, so we use a trigonometric substitution. Let wu = 3sin 86, 
du = 3cos@d@. Note 3sin(0) = 0 and 3sin(7/2) = 3, so the limits of integration 
become 0 and 5. 


135 nie le oe a 
N= S42 | (3sin0)° g — (3sin 0)” - 3cos0 dd 
0 
135 We ws = 
= —7+2 9sin“ 6. V9 — 9sin*é-3cosd dd 
0 


2 
; L 
135 a sg 
=e +4 [ sin* 0 - V9 cos? @- cos 6 dé 
0 
135 mie 
= “get 54 f sin? @-3cos@-cos6d@ 
0 
135 


a /2 
— 5 + 162 f sin? @ - cos? 6 d@ 
0 


Using the identity sin(20) = 2sin@cos6, we see sin? @cos?6 = (sin @ cos6)° = 
ene 
7 sin“ (26) 


135 eal 
N=—ar+ 162 f — sin?(20) dé 
2 a. 


Now, we use the identity sin? x = $(1 — cos(2z)), with x = 20. 


135 cel 
N=—r+ 162 f — (1 —cos(40)) dd 

D $8 
135... °8L 77" 

ae eee 1 —cos(4 
mae ; cos(46) dé 

a /2 

135 81 1 

= — <sin(4 
aioe G zsin( a] 

_ 135 81 (2) 

ee AEN 
621 

= —T 
8 
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Now, using equation (*), we find y: 


N Slr 69 
D 87 20 


3.45 


7] 


Let’s quickly check that this makes sense: if the circle has uniform density, its centre 
of mass would lie at (0,3). Since it’s denser at the top, the centre of mass should 
be higher, and indeed 3.45 is higher than 3 (without being so high it’s above the 
entire circle). 


2.3.3.29. Solution. 


a To find the centre of mass of the rod R, we need to know its density at height 
y, p(y). Since the mass of a section of R is the same as the volume of a 
section of the cone, let’s find the volume of a thin horizontal slice of the cone 
at height y, with thickness dy. To find its radius s, we use similar triangles. 
The diagram below represents a vertical cross-section of the cone. 


Since 7 = ey the radius of our slice at height y is s = 7(h —y). Then the 


volume of the slice is ms*dy = 7 (£(h — y))” dy. Correspondingly, the mass 
of the piece of the rod at position y with length dy is 7 (F(h — y))° dy, so its 
density is 


ply) =~ fa =) Maa (Fn—y)) 


Now, we can find the centre of mass of R: 


pe Jo yoly) dy _ So-yn (E(h-y))> ay 
fy ely) dy f'n (F(h=y))? dy 
on foy(h—y) dy 


nf. (h—y)> dy 
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__ Jo (hy — 2hy? + y?) dy 
Jo (h? — 2hy +-y?) dy 
h 
|? _ 2h gy | ry 
h 
[Ay — hy? + 3y°], 


ht _ 2h4 | h4 
zg 


h3 — h3 + fh3 
_ fA g-§ta_h 
hs Z 4 


So, the centre of mass of the cone occurs 4 metres above its base. 
Remark: it is quite interesting that the centre of mass does not depend on 


the radius of the cone! 


b To find the centre of mass of a truncated cone, we simply consider a truncated 
rod. If the top h— k metres are missing, then the height of the cone (and also 
the rod) is k. Then the centre of mass has height: 


In yo)ay _ Jon (F(h—y))” dy 
Je oyay fr (E(h—y))° ay 
Pr fo y(h—y) dy 

rm fo (hy) dy 
fy (hy — 2hy? + y?) dy 
ft (2 — Qhy + y?) dy 
ly? _ 2h A ty]. 

[hey — hy? + 30° ]g 
14242 — 2nK3 4 1K 

h2k — hk? + 1k3 
sh?k — 2hk? + 4k? 

h? — hk + ik? 


2.3.3.30. Solution. To use the result of Question 29, we need to know the 
dimensions of the cone that was truncated to make the hourglass. The bottom (or 
top) half of our hourglass has base radius 5 cm, height 9 cm, and top radius 0.5 cm. 
Imagine extending it to a full cone. Let ¢ be the distance from the top of the half 
hourglass to the tip of the full cone. 
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vt * 
5 
Using similar triangles, 
b _t+9 
05 °° 5 
1 
so = 5 +9) 
4.56 = 4.5 
i= 


Then the height of the full cone (that we imagined truncating to make half of the 
hourglass) is h = 10 cm. 

Before the hourglass is turned over, the sand forms a truncated cone of height 6 
cm. So, it’s the bottom k = 6 cm of a cone of height h = 10 cm. Using the result 
of Question 29, its centre of mass is at height: 


5k — Shk? +k? — 510?-6— 310-6? + 36% 57 


= = 2.2 
h? — hk + 3k? 10? — 10-6 + 36? 26 


Next, let’s find the centre of mass of the sand after it’s been rotated. We have to be 
a little careful with our vocabulary here: usually we imagine a cone sitting on its 
base, with its tip pointing up. The upturned sand is in the opposite configuration. 
When we say the “base” of the cone, we mean the larger horizontal face — the top 
of the sand as it sits in the hourglass. 

The formula we have from Question 29 gives us our centre of mass as a distance from 
the base of the truncated cone (that is, the distance from the top of the upturned 
sand). If k is the height the sand actually occupies, then we were told we may 
assume k = 8.8 cm. It’s missing its “tip” of height 1 cm, so h, the height of the 
“untruncated” cone, is 9.8 cm. Using our model from Question 29, we don’t care 
about the empty, uppermost piece of the hourglass. The shape of the sand is of a 
cone of height 9.8 cm (not 10 cm), with a tip of height 1 cm chopped off. 
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‘ / «---- 0.2 cm of empty hourglass: 
: : ignored in our calculation of sand’s centre of mass 


«— sand: height k = 8.8 cm 


h=9.8 


« cut-off tip: height 1 cm 


5hek — hk? + Gk° 59.8 8.8 — 29.8 - 8.8? + 78.8% 
h2—hk+4k2 9.82 —9.8- 8.8 + 48.8? 


& 2.443 


That is, the centre of mass of the upturned sand is about 2.443 centimetres below its 
top, which is at height 8.8 + 10 = 18.8 cm above the very bottom of the hourglass. 
So, the centre of mass of the upturned sand is at height y = 18.8 — 2.443 = 16.357 
cm. 

Now, we have our model: the sand, viewed as a point mass, is moved from y = af 
to y = 16.357 cm. That is, it moved about 14.165 cm, or about 0.14165 m. It has 


a mass of 0.6 kg, so the force required to lift it against gravity is 


(0.6kg) x (9.85) x (0.14165m) © 0.833newtons 
sec 


2.3.3.31. Solution. The techniques of Section 2.1 get pretty complicated here, 
so we will use the techniques we developed in Questions 6, 29 and 30 in this section. 
That is, (1) find the centre of mass of the water in its starting and ending positions, 
and then (2) compute the work done as the work moving a point mass with the 
weight of the water from the first centre of mass to the second. For the centre of 
mass, all we need to know is the height — for one thing, we could find the other 
coordinates by symmetry, but we don’t need them. The height moved by the water 
is all that matters if we’re calculating the work done opposing gravity. 

Let’s start by calculating the volume of the water. The volume of a sphere 


of radius 1 is on - 13, so the volume of water is on m’. 


Then the mass of the water is 20 ke. 

Next, we calculate the centre of mass of Tank A, and the work done to 
pump the water out of Tank A to a height of 3 metres. Symmetry alone 
won't tell us the height of the centre of mass. We’ll show you two ways to go about 


this. 


e Option 1: As in Question 29, we’ll model the tank of water as a vertical rod, 
along the y-axis spanning the interval [0, 1], such that the mass of a piece of 
the rod along |a,b] is the same as the mass of the water from height y = a 
to height y = b. Then, the centre of mass of the rod will be the same as the 
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centre of mass of the water. 


Consider a horizontal slice of water at height y, with thickness dy. If the 
radius of this slice is r(y), then the volume of the slice is tr(y)? dy m?, so its 
mass is 10007r(y)? dy kg. Then the mass of the slice of the rod at position y 
with length dy is 10007r(y)? dy kg, so its density p(y) is 


_ 1000mr(y)? dy kg 
. dy m 


k 
ply) = 1000rr(y)?—. 
m 


So, let’s find r(y), the radius of the slice of water at height y. 


Using the Pythagorean Theorem, r = \/1 — y?. Therefore, 


p(y) = 10007(1 — y’) 


We use Equation 2.3.4 to calculate the centre of mass of the rod, which is the 
height of the centre of mass of Tank A: 


7, — fo yey)dy _ fo 1000ry(1 = y*) dy 

Jo ely)dy fy 1000 (1 — y?) dy 
_So@-w dy _ [bv — ty], _ 4-3 

fKa-v)dy [y-4y], 1-3 8 


From here, we can find the work done moving pumping the water to a height 
of 3 metres. We’ve moved the centre of mass from 4 = 3 metres to 3 metres. 


W= sO les x (3- oi * (9.85) 
3 8 sec? 
=17,1000n] 


e Option 2: We can use the techniques of Section 2.1 to calculate the amount 
of work it takes to pump the water from tank A to a height of 3 metres. That 
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solves part (a), and we can use the amount of work to figure out the centre of 
gravity of the water in Tank A to help us solve part (b). 


At height y, a horizontal layer of water in Tank A forms a disk with thickness 
dy and radius \/1 — y?. (The radius comes from the Pythagorean Theorem 
— see the diagram below.) 


2 
The volume of the layer at height y is 7 ( 1- P) dy = n(1—y”) dy m’°, so 
its mass is 10007(1 — y”) dy kg. 
The layer at height y needs to be pumped a distance of 3 — y metres. So, the 
work involved pumping the layer at height y is: 
dW = (10007(1 — y*) dykg) x (3 — ym) x (9.8m/sec’) 
= 9800n(y? — 3y? — y+ 3) dy J 
Then the work involved pumping out the entire tank to a height of 3 metres 
is: 
1 
W= | 98007 (y* — 3y? — y + 3) dy 
0 
i 1 : 
= 98007 ba —y? — <y" + 3y 


2 0 


= 17, 1507 J 


This gives us an answer to part (a). To find the centre of mass of the water in 
Tank A, note that the work done is equivalent to moving a point mass from 
the centre of mass of the tank to a height of 3 metres. We know the water 


in Tank A has mass 20 kg. So, if y4 is the centre of mass of the water in 
Tank A: 


2000 
W= (SFr) x (3 — yam) x (9.8m/sec”) 


2000 


21 _ 
e YA 
— 
YA = 8 
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Nezt let’s calculate the centre of mass of the water in Tank B. Since the 


volume of the water in Tank B is on m®, and the base of Tank B has area 1 m?, 


the height of the water in Tank B is oa m. Since the water is of uniform density, 
and Tank B has uniform horizontal cross-sections, by symmetry the centre of mass 


of the water in Tank B is at i 

YB= a0 m. 
Now, we can calculate the work done by moving the water directly from 
Tank A to its final position in Tank B. The work done moving a point mass 


of a kg a distance of yp — Y4 = an — 3 m against the gravity, g = 9.8 m/sec?, 
is: 
2000 1 3 
W= (AA. ks) * G 5 m) x (9.8m/sec”) 
2450 


Finally, the “wasted” work is: 


2450 
AW = 17, 1507 — “eo (87 = 9) 


= 24500 (7 = = *) 


= 24507 (s = >] 


19, 600 (1 =) 
= TT —_—_ — 
9 


As a percentage of 17,1507, this is: 


1 1-4 
waste = ( pe 2) x 100 


17, 1507 


8 1 
= = 1-7) 100 = 74 
= ( ‘ x 100 = 74% 


2.3.3.32. Solution. Using Equation 2.3.5 with T(x) = 2xsin(x?) and B(x) = 0, 


We can evaluate the bottom integral exactly with the substitution u = x7, du = 
2xdz. When x = 0, u = 0, and when x = ,/7/2, u = 77/2. 


/r/2 n/2 a/2 
: 2x sin(x”) da = | sinudu = | - cos =] 
0 0 


0 
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So, 


= 2x? sin(ax”) dx 


ia 


0 


Evaluating the integral [ x? sin(x?) dx is not so simple * , so we use a numerical 


approximation. Since we’re given an upper bound on the fourth derivative, we de- 

cide to use Simpson’s rule. The error involved using Simpson’s rule with n intervals 
5 

is at most 222 For our approximation, a = 0 and b = ,/m/2. According to 


180n4 
a 1a sin(2?)}| < 415 over the 


the information given in the problem statement, 


interval [0, Wear so we set L = 415. 
We want our final error to be no more than 
that: 


aw? so we want to find an even n such 


415(V¥—-0)’ 1 
180n* 100 


45, 415-100(5)"" _ 20755/? 
= 180 36V2 


n 


ee es Ai) : : = 
= aye and our grid points are xp = 0, 
7 a B T — T 

Fr 5 = G/F, and , a = /5. 


So, n = 6 intervals suffices. Then Ax = 


b-—a 
1 7 1 7 1 7 5 
2 6V 2? v2 3 2? v3 ay oi Va 3 


Following Equation 1.11.9, the Simpson’s rule approximation of 


a /2 
| 2x” sin(x) dz is: 
0 


AE [Flvo) + Af er) + 2f 02) + 4F (0s) + 2F (wa) + Af (es) + Feo) 
= 55 5 [04 Foam (B) +2 Fem (F) 

+4x = sin (7) +2x = sin (=) 

+a Ms (2) en) 


ee TIT sin (=) + sin (4) 4 in (2) + si 21 
= TeV 3 g sn 7) + 9 on 18 + 7 sin 3 9 sin 7 
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nw fail. ( T ) 2. ( T ) . (2) 8. 27 
_ sin sin + sin sin 
18 V 2/9 72 9 18 8 9 9 


1 1 in(%) +2sin(* +9sin (7) +8si 27 
= in in | — in ( — in {| — 
12 ol ey es cae 


~ 0.976 


The absolute error in our answer is at most: 


L(b—a)>  415x JE 8am | Pr 
180n¢ —s «180 x 64 ~—s« 1866242 


Remark: combining the error with our approximation, we see the actual value of x 
is in the interval 


[0.976 — 0.005, 0.976 + 0.005] = [0.971, .981] 


A computer algebra system approximates % as 0.977451. 


a Indeed, the antiderivative of 2x? sin(x) is not expressible as an elementary function. 


2.4 - Separable Differential Equations 
2.4.7 - Exercises 


Exercises — Stage 1 
2.4.7.1. Solution. 


a If y = 5(e* — 3x? — 6x — 6), then $4 = 5(e* — 6x — 6). Let’s see whether this 
is equal to y + 152”: 
y + 15x? = 5(e” — 3a? — 62 — 6) + 152? 


= 5(e” — 32” — 62 — 6 + 32”) 


= 5(e” — 6x — 6) 
dy 
da 
So, y = 5(e” — 3x? — 6x — 6) is indeed a solution to the differential equation 
MH = y + 152, 
bite Pa then 2% = a Let’s see whether this is equal to xy’: 
x? +1? dv (a +1)? 


2 —2 : 
LY =X Pe ae 
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_ Ax 
- (a2 + 1)? 
= 
dx 
So, y = a is indeed a solution to the differential equation ue = yx’. 
x 
c Ify=29/? +2, then ot a 8 /e+1. 
dy : dy 3 = 
= 1 = 1 
@ +. ave + +5vet+ 
9 9 
Se 5ve +2 
dy 
dz 
So, y = #°/? + & is not a solution to the differential equation (2u)’ + ve =i: 
2.4.7.2. Solution. 
a 3y $4 = gsiny can be written as aw a (=), which fits the form of a 
sin y 


separable equation with f(z) = x, g(y) = a 


b aw = e*TY = e*e” which fits the form of a separable equation using f(x) = e’, 


gly) = e%. 


c aw +1 = 42 can be written as oe = (x — 1), which fits the form of a sep- 
arable equation using f(x) = x — 1, g(y) = 1. (We can solve it by simply 


antidifferentiating. ) 


d Notice the left side of the equation (2 — 2a +27 =0 is a perfect square. 
So, this equation is equivalent to (3 — x). = 0), that is, oe = xz. This has the 


form of a separable equation with f(z) = x, g(y) = 1. 


2.4.7.3. Solution. The mnemonic allows us to skip from the separable differential 
equation we want to solve (very first line) to the equation 


[apa [tox 


So, the mnemonic is just a shortcut for the substitution we performed to get this 
point. 
We also generally skip the explanation about C, and C2 being replaced with C. 


2.4.7.4. Solution. To say y = f(x) +C is a solution to the differential equation 
means: 


—{ile) + C} = 2(f(@) +0) 
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Since y = f(z) is a solution, we know “{f(r)} = xf(z). Also, {{f(z)+C} = 
dit (2)}. So, g{ f(z) + C} = xf (2). 


Our equation should hold for all x in our domain, and for the derivative to y with 
respect to x to make sense, our domain should not be a single point. So, there is 
some x in our domain such that « 4 0. Therefore, the C must be zero. So, f(x) +C 
is not a solution to the differential equation for any constant C. 

When we’re finding a general antiderivative, we add “+C” at the end. When we’re 
finding a general solution to a differential equation, the “+C” gets added when we 
antidifferentiate—we don’t add another one at the end of our work. 


2.4.7.5. Solution. 


a Since |y| > 0 no matter what y is, we see Cx > 0 for all x in the domain 
of f(a). Since C is positive, that means the domain of f(x) only includes 
nonnegative numbers. So, the largest possible domain of f(x) is [0, 00). 


b None exists. 


The graph of Cz is given below for some positive constant C’, also with the 
graph of —Cz. If y = f(x) were sometimes the top function, and other 
times the bottom function, then there would be a jump discontinuity where 
it switched. Then the derivative of f(x) would not exist, violating the second 


property. 


v=CF 


y= —C2z 


A tiny technical note is that it’s possible that f(a) = Cx when x = 0 and 
f(x) = —Cx when x > 0 (or vice-versa). This would not introduce a jump 
discontinuity, but it also does not satisfy that f(a) > 0 for some values of a. 


Remark: in several instances below, solving a differential equation will lead us to 
conclude something like |y| = g(x). In these cases, we choose either y = g(x), or 
y = —g(x), but not y = +g(x) (which is not a function) or that y is sometimes 
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g(x), and other times —g(x). The reasoning above somewhat explains this choice: 


if y were sometimes positive and sometimes negative, then 


ve would not exist at 


the values of x where the sign of y switches, unless that switch occurrs at a root 
of g(a). Since that’s a pretty specific occurrence, we usually feel safe ignoring it to 
avoid getting bogged down in technical details. 


2.4.7.6. Solution. 
stream at time t, where 


Let Q(t) be the quantity of morphine in a patient’s blood- 


t is measured in minutes. 


Using the definition of a derivative, 


dQ 


So, F 
t+1. 


Qt+h)- QM) _ Q +1) — QM) 
h 1 


is roughly the change in the amount of morphine in one minute, from t to 


The sentence tells us that the change in the amount of morphine in one minute is 
about —0.003Q, where Q is the quantity in the bloodstream. That is: 


2.4.7.7. Solution. If 


dQ 


dt 


p(t) is the proportion of times speakers use the new form, 


= —0.003Q(t) 


measured between 0 and 1, then 1 — p(t) is the proportion of times speakers use the 


old form. 


The law, then, states that @ is proportional to p(t) x (1 — p(t). When we say two 
quantities are proportional, we mean that one is a constant multiple of the other. 


So, the law says 


for some constant a. 


Remark: it follows from this model that, when a new form is either very rare or 


entirely ubiquitous, the 


rate of change of its adoption is small. This makes sense: 


if the new form is used all the time (p(t) + 1), there’s nobody left to convert; if the 
new form is almost never used (p(t) & 0) then people don’t know about it, so they 


won't pick it up. 
2.4.7.8. Solution. 
a When y = 0, y/ = 
b When y = 2, y’ = 


c When y = 3, y' = 


d The small red lines have varying slopes. 


coordinate 2 have 


9_4=-1. 
2_1=0. 
3_1=0.5. 


The red lines on points with y- 
slopes of 0; this matches y’ when y = 0, as we saw above. 


The red lines on points with y-coordinate 0 have slopes of approximately —1; 
again, this matches what we found for y’ when y = 0. 


The red lines correspond to a tiny section of y(x), if y(a) passes through 


that point. So, we 


can sketch a possible curve y(x) satisfying the equation by 
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starting somewhere, then following the slopes. 


For example, suppose we start at the origin. 


Then our function is decreasing at that point, which leads us to a coordinate 
where (as we see from the red marks) the function is decreasing slightly faster. 


Following the red marks leads us down even further, so our function y(z) 
might look something like this: 
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However, we didn’t have to start at the origin. Suppose y(0) = 3. Then at 
x = 0, y is increasing, with slope S. 


De eee Lee cee 
i tes ee ee 
‘k x 
1 
sa oe ea as a 
Heol Hood 


Our red marks run out that high up, but we now y’ = sy — 1, so x’ increases 
as y increases. That means our function keeps getting steeper and steeper, 
possibly something like this: 
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If y(0) = 2, we see another possible curve is the constant function y(x) = 2. 


Remark: from Theorem 2.4.4, we see the solutions to the equation y/ = sy -l= 
S(y — 2) are of the form y(x) = Ce*/? + 2 for some constant C’. Check that the 
curves yowre sketching look exponential. 


2.4.7.9. Solution. 


a If y(1) =0, then y/(1) =0-—$ =-—3. 
b If y(1) = 2, then y/(1) =2-$ =32. 


c If y(1) = —2, then y/(1) = -2-— 5 = —8. 


d There are 7 x 7 = 49 points on the grid; we don’t want to make 49 separate 
calculations. Let’s find some shortcuts. 


If een = 0, then y = 5, which applies to the points (0,0), (2,1), (4, 2) 
and (6,3). These are the orange dots in the sketch below. 

If y/(z) = 1, then y = 1+ §, which applies to the points (0,1), (2,2), 
and (4, 3). (Note these are aeactly 1 unit above the points with y’ = 0.) 
These are the red dots in the sketch below. 

If y'(x) = —1, then y = —1 + §, which applies to the points (0,—1), 
(2,2), and (4, —3). (Note these are exactly 1 unit below the points 
with y/ = 0.) These are the yellow dots in the sketch below. 

If x increases and y stays the same, y decreases. 


If y increases and x stays the same, y increases. 


1 
If we draw a straight line of slope ~ on our sketch, for every point on 
that line, our mark has the same slope: for instance, the points where 
we draw a mark with slope 0 are (0,0), (2,1), and (4,2), and these all 
lie on the line f(x) = . 
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This is enough to give us a pretty good sketch. The points whose slopes we 
found explicitly have dots; the rest can be sketched as either steeper or less 
steep than what’s near them. 


Y 
/ ee sa 
yee eee. comes ae es ae 
+ = 
y 2 
ie me le eet ale | 
ais dank oe ee 


e To sketch a possible graph of y(x), we choose a point (x,y(x)), then follow 
the red lines. 


For example, if we suppose that y(4) = 2, then near (4,2), the lines tell us 
y(z) is fairly flat; and it is increasing to the left of « = 4, and decreasing to 
the right. 


—< 
~S 
\ 
\ 
| 


t 

oe Gs ae a 
ore as ae ae ae 
ck fae Soe Sen ae 


Following the red lines a little farther in each direction brings us somewhere 
like this: 
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feof foe foro — 
i 4 oe os anes 

(ee ee ee eee ee ee | 
, \ aa 
1 : 
Sete Seeks ae ees Tae 
ae a mes 
Yep 


By choosing another point (x, y(a)) to be on the curve, we might find other 
potential curves. Some examples are shown below. 


, Passing through (0,0): 
ae cae ee ae ie a 
i a as ae 
iF ie ae Ge a A 
7 La 
\ : amet \ 
\ a a a 
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Passing through (0, 1): 


a 
ae ain calla ae.” 
> Sak, Se aa 
\ 1 
Oe dee Oo a 
an cae \ 
Spon peat eal 


Passing through (6, 3): 


fog vce cigl nga 


| =a 
1 : 

se tas ae ak 
ae (eee een oes | 
ene 


fof foo eo 
, a: ne das oe 
5 


Remark: the differential equation y’ = y — 5 is not separable, so we haven’t talked 
about how to solve it. The solutions have the form y(x) = Ce* + *£+. You can 
verify that these functions satisfy y'! = y — 5. 
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Exercises —— Stage 2 
2.4.7.10. *. Solution. Rearranging, we have: 


e dy = 27 dz. 
Integrating both sides: 
/ e’ dy = i. 20 dx 
e=27+C 


Since y = log2 when x = 0, we have 


e682 —~ (2 +0 
2= G, 
and therefore 
ev =27+2 


y= log (x? + 2) 


2.4.7.11. *. Solution. Using separation of variables: 


Ts 

dz 2241 

d 

dy = 
y «+1 

d 
ft 
Yy gee 


1 
log |y| = 5 lost t x) +C 


To satisfy y(0) = 3, we need log3 = $log(1+0) + C, so C = log3. Thus: 


1 
log |y| = 5 log(1 t x”) + log3 


= log V1+ 27+ log3 
= log3V1+ x? 


So, 
ly] = 3V1+4+ 22 
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We are told to find a function y(x). So far, we have two possible functions from the 
work above: maybe y = 31+ x2, and maybe y = —3/1+4 2?. It’s important to 
note that y = +38/1+4 2? is not a function: for an equation to represent a function, 
for every input in the domain, there must only be one output. That is, functions 
pass the vertical line test. (See the CLP-1 text for a definition of the vertical line 
test and a formal definition of a function.) So, we need to decide whether our 


function is y = 3V1+4 2? or y = —3V1+4 2?. Since y(0) = 3, we conclude 
y(z) = 3V1 + a? 


2.4.7.12. *. Solution. The given differential equation is separable and we solve 
it accordingly. 


y! =e3 cost 
e ¥/3dy = cost dt 


pews [eostat 


—3e-#/ = sint+C 


1 _ sint+C 
ev 83 
ee = 73 

C+sint 


y —3 
| ees 
ae (3) 


—3 
t) = 3log | ————_ 
y(t) (z ++ =) 

for any constant C. 
Since the domain of logarithm is (0, 00), the solution only exists when C'+sint < 0. 
2.4.7.13. *. Solution. The given differential equation is separable and we solve 
it accordingly. 

dy eer Se) = ne 

dx y 

2 x? 

ydysxe" dz 


[vw = [oe dx 


We can guess the antiderivative of xe* , or use the substitution u = x?, du = 2adz. 


i] 2 ! 
ey A +C 
3 st 

y® = —e” +30’ 
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Since C” can be any constant in (—oo,0o), then also 3C’ can be any constant in 
(—oo, co), so we replace 3C’ with the arbitrary constant C. 


for any constant C. 


2.4.7.14. *. Solution. The given differential equation is separable and we solve 
it accordingly. 


oH = ae! 
OY adie 
ey 
[ge foe 
1 
—e Vege +e 
ev =—55"-C 


Since C’ can be any constant in (—oo, 00), then also —C' can be any constant in 
(—oo, co), so we write C instead of —C. 


for any constant C. 
The solution only exists for C' — o > 0. For this to happen, we need C’ > 0, and 


then the domain of the function is those values x for which |x| < V2C. 


2.4.7.15. *. Solution. The given differential equation is separable and we solve 
it accordingly. Cross—multiplying, we rewrite the equation as 


Integrating both sides, we find 


[eae fle 2a 
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1 
gy =e e+e 


Setting x = 0 and y = 3, we find 53° = e® —07+C and hence C = 8. 


ta 2 
ar — et _ +8 
34 e x 


y = (3e" — 347 + 24) 


2.4.7.16. *. Solution. ‘This is a separable differential equation that we solve in 
the usual way. 


dx 
d 
a Sidr 
y 
d 
[-3 = [ou 
y 
=: 2 
y 5 
a ae ee eg 
—2 2 ve 
yf? Se +20. (x) 
To have y = —4 when x = 0, we must choose C’ to obey 


So, from (+), 
y?=27+2C =274+16 
1 
2 __ 
Y= +16 


Now, we have two potential candidates for y(x): 


1 il 
= OR a 
q Vx? +16 a Vu? + 16 
We know y = —i when « = 0. The only function above that fits this is 
_ 1 
a Vx? + 16 
So, f(2) 
o, f(z) = -———. 
Vaz? + 16 


2.4.7.17. *. Solution. ‘This is a separable differential equation that we solve in 
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the usual way. Cross-multiplying and integrating, 
y dy = (15a? + 4x + 3) dax 


ee a +4x +3) dz 


E50! +22? + 324+ C. 


Plugging in « = 1 and y = 4 gives = =5+2+4+3+C, and so C = —2. Therefore 
y? 
9 = 5a* + 22? + 32 — 2 
y” = 10x? + 4a? + 6x — 4 


This leaves us with two possible functions for y: 


y = V1023 + 42? + 6a — 4 or y = —V 1023 + 42? + 62 — 4 


When x = 1, y =4. This only fits the first equation, so 


y = V 1023 + 42? + 62 — 4 


2.4.7.18. *. Solution. The given differential equation is separable and we solve 
it accordingly. 


av _ sy 
dx 
OY <a 
i] 
[t= [eu 
: 4 
loglyl = +C 


_ er /4tC _ er /40C 
We are told that y = 1 when x = 0. That is, 1 = e®e%, so e¢ = 1. That is, C = 0. 


ly] =e" 
This leaves us with two potential functions: 


i en ls or = —en/4 


The first is always positive, and the second is always negative. Since y = 1 (a 
positive number) when x = 0, we see 


y= er /4 
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2.4.7.19. *. Solution. This is a separable differential equation, even if it doesn’t 
quite look like it. First move the y from the left hand side to the right hand side. 


dy _ 2 
are ae 
d 
ee =y—y=9y-1) 
x 
dy dx 
yy-1) 


Using the method of partial fractions, we see 7 = — 


log |y — 1] — log |y| = log |x| +C 


-—1 
ig ipa eg (*) 
ly| 
To determine C' we set x = 1 and y = —1. 
|= 2] 
log a) > log |1| + C 
log2=C' 
Returning to (x), 
oe 


log a = log |x| + log2 


=] 
log 1) = log |2z| 
y 


im 


As y(1) = —1 is an initial condition, we have that x > 1 and |2z| = 2x. For x = 1, 
we have y = —1. So at least for x near 1, we have y near —1, so that 7 is positive 
and we may drop the absolute value signs. There remains the possibility that wo 
changes sign for some larger x > 1. For now, we will simply ignore that possibility. 
At the end, we will explicitly check that the y(2) we come up with really does satisfy 


the differential equation oe +y = y’ and the initial condition y(1) = —-1. 


—1 
Sea 
y 
C= 2 
ve=2y= 1 
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As a check, we compute: 


~ "G—2e)? | 1-22 


_ 2b L220) 
(1-22)? 


So, our differential equation is satisfied. Furthermore: 


1 


eS ee ae 
L—2 x1 


y(1) 


as desired. This confirms that our solution is correct. 
2.4.7.20. *. Solution. The unknown function f(z) satisfies an equation that 


involves the derivative of f. That means we’re in differential equation territory. 
Specifically, we are told that y = f(x) obeys the separable differential equation 


tu = ay. 
d 
dx 
d 
Ee couse 
Yy 
= feds 
Yy 
2 
x 
log|yl= > +€ 


To determine C' we set + = 0 and y =e. 


02 

] =—+C 

og e 5 =p 
l=C 
So, the solution is 

2 
ic 

log |y| = cs ek 


We are told that y = f(x) > 0, so may drop the absolute value signs. 


2 

x 
] =—4+1 
ogy a7 
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12 2 
y =elto —e-et/? 


2.4.7.21. *. Solution. This is a separable differential equation. 


dy _ 1 
dx (a2+a)y 
dx: 
ydy = x(x + 1) 


Using partial fractions decomposition, we find 


1 1 
v= ( ane dx 


= log|z| —log|a+1|+C= log) 


1 — — 
x(@t+1) 2+1" 


C 
i ee 


To satisfy the initial condition y(1) = 2 we must choose C' to obey 


2 1 
es | 
2 oe a [+e 

1 
2=log-+C 

2 

1 

C = 2—log - 

08 5 

So, 

2 
y x 1 
— = log |_| + 2 — log = 
2 og || + O29 
y" = 2108 | | 44-2108 5 


Note that the question ae that y(1) = 2 is an initial condition. So we always 
have x > 1. Then =; is positive, and we can drop the absolute values. 


1 
2 — 2] A— Qlog — 
’ sas 8 5 


This leaves two options for y(x): the positive or negative square root of the right 
hand side above. Since y(1) = 1, which is positive, we must choose the positive 


square root. 
x 1 
= 2(1 —log = 2) 
y(z) \/ Seay Meat 


22 
=,/4421 
\/ + Seat 


You might worry that y(a) could pass peuey ane changing sign, at some x > 1. 
But the differential equation says that @ is positive whenever y > 0 and 


Gees 
x > 1. So y(x) is an increasing Gaon whenever y > 0 and x > 1. As y(1) = 2, 
we have y(x) > 2 for all x > 1. 
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2.4.7.22. *. Solution. This is a separable differential equation. 


1l+Vy?—4dy _ secr 


tan x dz y 


y(1+ Vy? —4|dy =seca tan xdx 
[ul+ ViF= ajay = f sec tan 7dx 


For the integral on the left, we use the substitution u = y? — 4, 5du = ydy, 


(1+ Ju) du = seca +C 
(« + zu?) =secxr+C 


1 2 
5 (v-44 5? -4)%) =seor 4+ C 


2 
y? + 5 (y — 4)? —9secr +2044 


To find C' we set x = 0 and y = 2. 


2 
44 5VER—F = 2sec(0) +2044 
4=242C+44 
a ene 


So, 


2 
y? + Cl — 4)3/? = 2seca +2 
2.4.7.23. *. Solution. The given differential equation is separable and we solve 


it accordingly. 


dP 
p= TYP 
dP 

—_ —_kdt 
VP 

dP 

ae om, 
VP / 
2/P =—-kt+C 


At t = 0, P = 90,000 so 
2,/90,000 = —kx0+C 
C = 2x 300 = 600 


Therefore, 


2/P = —kt + 600 (*) 
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Now, we find k. Let t be measured in weeks. Then when t = 6, P = 40,000. 


24/40, 000 = —6k + 600 
2-200 = —6k + 600 


200 100 
k — 
6 3 
Substituting our value of k into (*): 
2 P = Se + 600 


To find when the population will be 10,000, we set P = 10,000 and solve for t. 


100 
2/10, 000 = ——-t + 600 
1 
2-100 = — 4 + 600 
100 
“+ = 400 
3 
t=12 


Since we measured t in weeks when we found k, we see that in 12 weeks the popu- 
lation will decrease to 10,000 individuals. 


2.4.7.24. *. Solution. The given differential equation is separable and we solve 
it accordingly. 


U 

k 
ma, = (ing + kv 2 
dv = —dt 


m 
+ kv? 


m 
areas gw | -at 


The left integral looks something like the antiderivative of arctangent. Let’s factor 
out that mg from the denominator. 


1 
/ “— dv =-t+C 
mg Lr 
1 1 
/ 5du=-t+C 
J 1+ ( ~v) 


Now it looks even more like the derivative of arctangent. We can guess the an- 


tiderivative from here, or use the substitution u = , ea du = [ae dv. 


1 
= TE aca ( <.) =-t+C 
gV k i] mg 
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ya aetan (Ve°) =-t+C (*) 


At t = 0, v = v9, so: 


arctan ( <n) =C 
V gk \) mg 


Plug C into (x). 


— arctan —v]=,/— arctan —vu,]—t 
gk \ mg gk \) mg 
At its highest point, the object has velocity v = 0. This happens when t obeys: 
m k; m k; 
— arctan —0 ] =,/— arctan —U }]—t 
gk mg gk mg 
= ,/— arctan —vug}]—t 
gk \) mg 
t= ,/— arctan —U9 
gk \) mg 


2.4.7.25. *. Solution. (a) The given differential equation is separable and we 
solve it accordingly. 


du 
— = — ky? 
dt u 
du 
[ote fea 
v 
1 
—-=kt+C 
Ati=0,v=40 so 
—=kx04+C 
il 
~ 40 
Therefore, 
dl 1 40 


i= — — 
V6) = TG ~ mt 1/40 ~ mp1 
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The constant of proportionality k is determined by 


v(10) = 20 
40 
a 
Y= Ak 10 EA 
ib. . 
2 400k+1 
400k +1 = 2 
1 
——— 
400 
(b) Subbing in the value of k to (x), 
40 40 


t — = 
8) = keri ~ Fiori 


We want to know the value of t that gives u(t) = 5. 


a 40 
t/10+1 
t — 
1 ieee 
t = 70 sec 


2.4.7.26. *. Solution. (a) The given differential equation is separable and we 
solve it accordingly. 
d 
> = k(3—2)(2—2) 
d 
= kdt 


(x — 2)(a — 3) 


Using the method of partial fractions, we find G aG ha 3 _ —.. 


f [e=a~ sale = | 


log |x — 3| — log|z — 2] = kAt+C 
—3 
log |= =kt+C 
t—2 
—3 
L — pktt+C _ okt,c 
L—2 
x—3 
—p kt 
g-2 : 
where D = +e°. When t = 0, x = 1, forcing 
1-3 
—__ = Pe? 
i ae 
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D=2 
Hence 
x—2 


$3 =2e"(¢=9) 
xg —2e%*e = 3 — 4e* 
Z=ae" 
a 
= oe 


(b) To evaluate the limit, we could use |’Hépital’s rule, but we could also just 
multiply the numerator and denominator by e~™. Note lim e~* = 0. 


too 
i (t) = ki 3 — 4e* ee: deh eh 
ee ee eee ee 


2.4.7.27. *. Solution. (a) The given differential equation is separable and we 
solve it accordingly. 
ar 


pt =4P — P* 
P 
PUP) = dt 
Using the method of partial fractions, we see ay = i | 
[p+ zp)eP =e 


1yl 1 

= | — See P= 
/ale+zoie je 
1 
;[log|P| — log|4— Pl] =1+C 
When ¢ = 0, P = 2, so +[log|2| — log |2|] =C =» C=0. So, 


L, | P |=+ 
4 °8|4— P| 


At time t = 0, a, = 1>0. The ratio may not change sign at any finite time, 
because this could only happen if at some finite time P took either the value 0 or 
the value 4. But at this time t = + log ISI would have to be infinite. So ma = 0 
for all time and: 


Dig ee 
4 °84_— Pp 
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l — At 
"F4—P 
P At 
Lap. 
P=(4-P)e* 
P+ Pe* = 4e* 
pe 4e*# 4 
l+e* 1+e-* 
(b) Att = 5, P= 45 & 3.523 
4 4 
Hs ENG) = DO) ee ~ T+0 ie 


2.4.7.28. *. Solution. 


a The rate of change of speed at time t is —kv(t)? for some constant of propor- 
tionality k (to be determined—but we assume it is positive, since the speed is 
decreasing). So v(t) obeys the differential equation $2 = —kv? . 


b The equation 7 = —kv? is a separable differential equation, which we can 


solve in the usual way. 


ae 

OY = kat 
[-Ga fre 
2 = hat 


At time t = 0, v = 400, soC = rice Then: 


i 
=o pes = 
* 700 (*) 
At time t = 1, v = 200, so 
1 1 
Ae ee 
200 * 700 
aa 
~ 400 


Therefore, from (x), 


SOLUTIONS TO EXERCISES 


c To find when the speed is 50, we set v = 50 in the equation from (b) and solve 


Tort. 
400 
50 = —— 
eae 
50(t + 1) = 400 
t+l=s 
i=7 
Exercises —— Stage 3 


2.4.7.29. *. Solution. (a) The given differential equation is separable and we 
solve it accordingly. 


dB 
— (0.06 + 0.02 sin t)B 


dB 
a (0.06 + 0.02 sin t) dt 


B 
IF = [0.06 + 0.02 sin t) dt 


log |B(t)| = 0.06t — 0.02 cost + C’ 


Since B(t) is our bank account balance and we’re not withdrawing money, B(t) is 
positive, so we can drop the absolute value signs. 


log B(t) = 0.06t — 0.02 cost + C" 
B(t) = 0-06t—0.02 cos t .C” 


B(t) — Cie2:06t—0.02 cost 


for arbitrary constants C’ and C = eC > 0. 

Remark: the function B(t) = 0 obeys the differential equation so that C = 0 is 
allowed, even though it is not of the form C' = eC’. This seeming discrepancy arose 
because, in our very first step of part (a), we divided both sides of the differential 
equation by B, which is only allowable if B 4 0. So, in this step, we implicitly 
assumed B was nonzero. 


(b) We are told that B(O) = 1000. This allows us to find C. 


1000 = B(0) _ Ce2— 9.02 cos 0 _ Ce~°-0 
G=1000e" 


So, when t = 2, 


B(2) = 1000e°-°2 e0:06x2—0.02 cos 2 = $1159.89 
Cc 


rounded to the nearest cent. 
Note that cos 2 is the cosine of 2 radians, cos2 © —0.416. 
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2.4.7.30. *. Solution. (a) The given differential equation is separable and we 
could solve it accordingly. In fact we have already done so. If we rewrite the 
equation in the form 


it is of the form covered by Theorem 2.4.4. So that theorem tells us that the solution 
is 


B(t) = (BO) = =) em 4 — 


In this problem we are told that a = 0.02 = 5 Se) 


B(t) = {B(0) — 50m} e/ + 50m = {30000 — 50m} e*/°° + 50m 


(b) The solution of part (a) is independent of time if and only if 30000 — 50m = 0. 
So we need 


2.4.7.31. *. Solution. What we’re given is an equation relating y to the integral 
of a function of y. What we know how to solve is an equation relating the derivative 
of y to a function of y. We can create this by differentiating the given integral 
equation. By the Fundamental Theorem of Calculus, part 1: 


7(n)= < if (y(t)? — 3y(t) + 2) sin rac} 


_ (y(x)? — 3y(x) + 2) sin x 


So y(z) satisfies the differential equation y/ = (y? —3y+2) sinx = (y—2)(y—1) sinz 
and the initial equation y(0) = 3 (just substitute x = 0 into (*)). For y £1, 2: 


d : 
5 = (y— 2)(y- sine 
dy = sin zd 
Ce) Cr) a 


Using the method of partial fractions, we see 


1 = — 
y—2)(y—-1) y-2 yl 


[sr ales f since 


log |y — 2| — log |y —1| = —cosx+c 


SOLUTIONS TO EXERCISES 


The condition y(0) = 3 forces |=?| = e@! or e* = Se, hence 


= _ el-cosa 


~ 


y-1 


i 1 


Observe that, when x = 0, = = 4 > 0. Furthermore so and hence SI. can 
never take the value zero. As y(x) varies continuously with x, y(x) must remain 
larger than 2. Consquently, = remains positive and we may drop the absolute 


value signs. Hence 


y—2 _ 2 ,l-cose 
ee | 
Solving for y, 
Y— 2 _ 1 1—cosx 
yo1° 2 
A(y — 2) = et *(y — 1) 
2Qy —~4= yen ee oe el cosz 
y(2 _ er) = el cos r 
4— el—cos x 


y= Dx el—cos x 
To avoid division by zero in the last step, we need 


el cos & A 9 
1—cosxz # log2 
cosx #1-—log2 


Let L = 1 — log 2, for brevity, and note that L > 0. (This can be seen by observing 
2 <e, so, log2 < loge = 1, hence 1 — log2 > 0.) 


arccos(L) 


— arccos(L) 


Y = cosz 


We know x = 0 is in the domain of our function, but the points x = + arccos(L) = 
+ arccos(1 — log 2) are not. 
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l 
— arccos(1 — log 2) 0 


not in domain in domain not in domain 


| a 
a 


arccos(1 — log 2) 


Therefore, the largest interval for which our answer makes sense is 
— arccos(1 — log 2)) > x > arccos(1 — log 2) 


or approximately —1.259 < x < 1.259. 


2.4.7.32. *. Solution. Suppose that in a very short time interval dt, the height 
of water in the tank changes by dh (which is negative). Then in this time interval 
the amount of the water in the tank decreases by dV = —7(3)?dh. This must be 
the same as the amount of water that flows through the hole in this time interval. 
The water flowing through the hole makes a cylinder of radius 1 cm (that is, 0.01 m) 
with length vu(t)dt, the distance the water moves out of the hole in dt seconds. So, 
the amount of water leaving the hole over the time interval dt is 7(0.01)?v(t) dt = 


m(0.01)?,/2gh(t) dt. 


i 


| 
Po TA 


dV 


This gives us a separable differential equation. Recall g is a constant. 
—1(3)?dh = 1(0.01)?\/2gh(t) dt 
dh oi? 
— = —(—} ,/2gdt 
Vk ( 3 ) z 
dh Geo" 
— = | -—( —) V2gdt 
wi / ( 3 ) y 
0.01\? 
wh = =) Jagt+C 
At time 0, the height is 6, so C = 2/6 and 


oh = -(2SY Prat +26 
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We want to know when the height of the water in the tank is 0. 


0.012 
j= -(=) /2gt + 2V6 


(33) 

0.01 g 
5 

i 180, 0004) re 99, 591 sec ~ 27.66 hr 
g 


2.4.7.33. *. Solution. Suppose that at time t, the mercury in the tank has 
height h, which is between 0 and 12 feet. 


h-6| % 


At that time, the top surface of the mercury forms a circular disk of radius 
\/62 — (h —6)?. (We found this by applying the Pythagorean Theorem to the 
triangle in the diagram above. In the diagram, h is shown as being larger than 6, 
but the same equation holds for all h in [0,12].) Now suppose that in a very short 
time interval dt, the height of mercury in the tank changes by dh (which is nega- 
tive). Then in this time interval the amount of the mercury in the tank decreases by 
—n (/6? — (h — 6)? )"dh. (That’s the volume of the red disk in the figure above.) 
This must be the same as the amount of mercury that flows through the hole in this 
time interval. The mercury comes out of the hole as a cylinder. Its radius is the 


radius of the hole, 4 foot, and its length is the distance the mercury travels in dt sec- 


onds, u(t)dt feet. So, the volume of escaped mercury is n(4)*v di= n(2)°/2gh dt. 
This gives us a separable differential equation. 


2 1 \2 
—n(/@ — (h—6)? ) dh = 7(—=) /2gh dt 
— (36 — (h? — 12h +36) )dh = (=) v2unai 
1 
2 see 
(h? — 12h)dh aq V29V hat 


1 
3/2 1/2 _ 
(h 12h"/*)dh zag V 29 At 
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1 
3/2 1/2 _ 
/ (h 12h?) dh iV 29 tt 


h5/2 h3/2 1 
219 Se gt CO 
5/2 3/2 4a V9 


At time 0, the height is 12, so C = 122 — 1212? — 198/2(2 2) = —4195/?, which 


5/2 72 


yields 


h5/2 h3/2 1 4 
= 19 — Py ee 
5/2 “3/2 144¥°9 


1 4 
ery ee 
Og oe a 
1 4 
—./2gt = —12°/? 
ag V°9* = 75 
4x 144 /128 
5 2g 
124416 
= 38.4 ~ 2,394sec & 0.665 hr 


2.4.7.34. *. Solution. (a) Setting x = 0 gives 


f (0) -3+ f (f(t) —1)(f@) — 2)dt =3 


(b) By the Fundamental Theorem of Calculus part 1, 


fa) = = [ (Fe) -1) (F ~ 2)at = (Fla) 1) (F@) -2) 


Thus y = f(x) obeys the differential equation y’ = (y — 1)(y — 2). 
(c) Hy # 1,2, 


Y= y—1Yly-2) 
dy de 
CaN a 


log |y — 2| — log|y —1) =2+4+C 
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—2 
log uat)=2+¢ 


y—1 


Observe that oe = (y — 1)(y — 2) > 0 for all y > 2. That is, f(x) is increasing at 
all x for which f(z) > 2. As f(0) = 3, f(a) increases for all « > 0, and f(x) > 3 
for all x > 0. So we may drop the absolute value signs. 


f(e)-2 _ 

OE FG = =o 
ja=2_ C2 
f@)-1 °° 

At  =0, $253 =} 80 e =} 
j(%)= Lie 
f(z)-1 2 
2f(x) —4 = [f(x) — le” 

[2 — e*| f(x) =4-e” 

4—e* 
f(r) =5—— 


2.4.7.35. *. Solution. Suppose that at time ¢ (measured in hours starting at, 
say, noon), the water in the tank has height y, which is between 0 and 2 metres. At 
that time, the top surface of the water forms a circular disk of radius r = y? and 
area A(y) = ry??. Thus, by Torricelli’s law, 


dy 
neers = -c/y 
_—.y?-2dy = dt 
[- -yP-2dy = je 
G 
= . yPta + d — 
7 = 
Cc 2p + 5 
T Q2p+5 
for some constant d. At time t = 0, the height is y = 2, sod=—- : 
9 i 
Cc ‘D + 5) 


ah ah 
ar [{ Q2P+s yt 5 


= ape E” ad) 
C\2p+rs 2p+s 


T (2%! 2p+4 
ee (6) 2—yP *) 
c(2p + 5) 


The time at which the height is 1 is obtained by subbing y = 1 into this formula. 
The time at which the height is 0 is obtained by subbing y = 0 into this formula. 
Thus the condition that the top half (y = 2 to y = 1) takes exactly the same amount 
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of time to drain as the bottom half (y = 1 to y = 0) is: 


t(2) — t(1) = t(1) — t(0) 
0 — ¢(1) = ¢(1) — £(0) 
t(0) = 2t(1) 
c(2p + 5) (2°43 ors) = OnE H (a2 1+) 


92+3 = 9 (2?+! = 1) 


Q2+5 —9. Q2t5 —2 


2 = 2P+2 
1 
1=2p+-= 
Pts 
ai 
a 


2.4.7.36. Solution. 


a If we let f(t) = 0 for all t, then its average over any interval is 0, as is its root 
mean square. 


b Let’s start by simplifying the given equation. 


A, frou JA fra 


a= | £0 dpe iA f2(t) at (El) 
a {ae [woa}- ht [real (F2) 


For the derivative on the left, we use the product rule and the Fundamental 
Theorem of Calculus, part 1. 


ae yeaa 10%} 


-2{ 2} Proa a yf foe 
dt + fA) 


es | 10 a 
eft at [red 


For the derivative on the right in Equation (E2) we use the chain rule and the 
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Fundamental Theorem of Calculus part 1 


e{[Lrma}-3(L rma) aff no] 


—— dt 


So, Equation (E2) yields the following: 


ali *) sata [10 a = 7 oe a 


c From Equation (E1), ,/ J” f?(6) 


= yer Jn F(t) dt 


1 fay 1 Papal - PO 
Vr—a ir ) 7 M6) a T= f° f@)dt 


fe -gty f roa] = Pw 


d Now ae we have is a differential equation, although it might not look like 
it. Let Y(x) = f” f(t) dt. Then (2) = f(z). 


x = ri - 7 = 57] 7 (=) ey 


and 


We’re used to solving differential equations of the form <+ =(something). So, 


let’s manipulate our equation until it has this form. 


(a) - (5) (S)+ oy 


This is a quadratic equation, with variable ~ Its solutions are: 
ay (2) t¥ Gy -4- 
dz 2 
2Y +0 
2 
_ Y 
a 


This gives us the separable differential equation 


dy _ Y 
dr w«-—a 
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c= dx 


 £-a 


jue [= 


log |Y | = log |x — al +C 
\Y| = clos |e— al+C __ 


Y = D(z -a) 


(ES) 


= |x — ale® 


where D is some constant, e© or —e%. Note this covers all real constants 
except D = 0. If D = 0, then Y(x) = 0 for all x. This function also satisfies 
Equation (E4), so indeed, 


Y(z) = D(z — a) (E6) 


for any constant D is the family of equations satisfying our differential equa- 
tion. 

Remark: the reason we “lost” the solution Y (a) = 0 is that in Equation (E5), 
we divided by Y, thus tacitly assuming it was not identically 0. 


e Remember Y = f” f(t) dt. So, Equation (E6) tells us: 


1 ‘i il ie. De=—D 
Fove = / Ddt= [Di| = ease = =D) 


1 i 1 
fos= coy 
t—aJq r—a 


So, f(x) = D works only if D is nonnegative. 


That is: the only functions whose average matches their root mean square 
over every interval are constant, nonnegative functions. 


Remark: it was step (c) where we introduced the erroneous answer f(x) = D, 
D <0 to our solution. In Equation (E3), f(a) = D is not a solution if D < 0: 


= : 1 2 _ fz) 
ae [Fe ecw f fe] 2y/\p? f2(t) at 
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1 o- gt f’ pa] -—2 
c—a 2(x—a) Ja 2,/f* D2 dt 
2 
: [> - ! De a] = = 
r—a 2(z — a) 2\/ D?(x — a) 
no" ee 2 
/xz—a|2 2|D|./xz —a 
D? 
D=—=|D 
D |D| 


In (c), we replace ,/f* f?(t)dt, which cannot be negative, with 


aa J” f(t) dt, which could be negative if f(t) = D < 0. Indeed, if f(t) = D, 


then ,/ f° f2(t) dt = |D| Vx —a, while —— J” f(t) dt = D\/x—a. It is at 


this point that negative functions creep into our solution. 


2.4.7.37. Solution. We start by antidifferentiating both sides with respect to 2. 


[(ai)*-{ Gea) 


The right integral is in exactly the form we would use for a change of variables 


(substitution) to y. 
dy 2 ‘ 
— ~|dy=-—44+C 
da / (3) ar, 


When y= 1, # =3. 
3=--+C 
C=4 

So, 
dy iL 
—=-—+4+4 
dx a 


This is a separable differential equation. 


dy  4y?-1 
dry? 
y? 
———dy=d 
Ay? —1 : . 


[poe fe (x) 
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We can evaluate the left integral with partial fractions, but because the numerator 
has the same degree as the denominator, we have to simplify first. We do this by 
inspection, but you can also use long division. 
ae ee hese 
4y? — 1 Ady? — 1 


a (: eo) 
i (: CEO ) 


mo eee 2 1/2 
4 Qy—-1 2y+1 


Now, we return to (*). 


Aye 
1 1 
14 [2 — 12 d 
4 2-1 +i 
1 1 
y + — log 2y — 1] — Flog |2y + 1| 


Ge 
Loe | 2¥ 2 

(» ria ya) 
1 

(vj 


When x = —¥ log 3, ae 


Le es ed ee 2-1 ed i Died 
iG ae ee eel | 
1 
C=- 
4 
So, 
pie 4, 2y—1 
NAT AN CA? Oped 
il pag 2y—1 
ea Ae Sy ce t 
We can check our answer by differentiating with respect to x. 
1 1 1, 2y—1 
w= = 14 O 
aie a eee 


1 1 
4x = y—1+ 7 log |2y — 1] — 7 log [2y + 1 
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d d 1 1 
{49} = — 2y— 14 — low Qy = 1) = Slog |2y 41 
cra! ax} {y + 7 log |2y | z los 2y + i 
d d 
1) 2a 12a 
dx 4 Qy—1 4 2y+1 


4 pe 1/2 1/2 \_ dy Ay? 
da Qy—1 2yt+1) da \4y?-1 


Differentiating with respect to x again, using the chain rule, 


d?y 2 dy 


dx? dx 
This is exactly the differential equation we were meant to solve. 


3 - Sequence and series 
3.1 - Sequences 
3.1.2 - Exercises 


Exercises —— Stage 1 
3.1.2.1. Solution. (a) The values of the sequence seem to be getting closer and 


closer to -2, so we guess the limit of this sequence is -2. 

(b) Overall, the values of the sequence seem to be getting extremely close to 0, so 
we approximate the limit of this sequence as 0. It doesn’t matter that the sequence 
changes signs, or that the numbers are sometimes farther from 0, sometimes closer. 
(c) This limit does not exist. The sequence is sometimes 0, sometimes -2, and not 
consistently staying extremely near to either one. 


3.1.2.2. Solution. True. We consider the end behaviour of the sequences, which 
does not depend on any finite number of terms at their beginning. 


A-B 
3.1.2.3. Solution. (a) We follow the arithmetic of limits, Theorem 3.1.8: a 
(b) Since lim c, is some real number, and n grows without bound, lim ==), 
noo n>0o nN 


. . Q2n+5 A 
(c) We note lim dgn15 = lim a, so =—. 
n—0o n— 00 bn B 


3.1.2.4. Solution. There are many possible answers. One is: 


3000-—n if n < 1000 
Aan = 
-2+4 ifn > 1000 


where we have a series that looks different before and after its thousandth term. 
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Note every term is smaller than the term preceding it. 
Another sequence with the desired properties is: 


_ 1,002,001, 
7 n 


n 


When n < 1000, a, > 


Go 2 > “Teo — 2 = 1000. That is, a, > 1000 
when n < 1000. As n gets larger, a, gets smaller, so aj41; < a, for all n. Finally, 
lim a, =0—2 = —2. 

N+ 0o 

3.1.2.5. Solution. One possible answer is a, = (-l)”) = 
{—1,1,—1,1,-—1,1,-1,...}. 

Another is a, = n(—1)" = {—1, 2, —3, 4, —5, 6, —7,...}. 

3.1.2.6. Solution. If the terms of a sequence are alternating sign, but the limit 
of the sequence exists, the limit must be zero. (If it were a positive number, the 
negative terms would not get very close to it; if it were a negative number, the 
positive terms would not get very close to it.) 

This gives us the idea to modify an answer from Question 5. One possible sequence: 


an = (FV) _ =I, = = = = : sition 
n 2 3°«4 Do 6 


3.1.2.7. Solution. 


a Since —1 <sinn < 1 for all n, one potential set of upper and lower bound is 


—l sinn 1 
< < 


n n n 


—1 1 
Note lim — = lim -, so these are valid comparison sequences for the 
no nN noo TL 


squeeze theorem. 
b Since —1 < sinn < 1 and —5 < —5cosn < 5 for all n, we see 


7-1-5 < 7+sinn—5cosn<7+1+5 
1<7+sinn—5cosn < 13 


This gives us the idea to try the bounds 


n n? 2 n? 
13e” ~ e”(7+sinn —5cosn) ~ e” 
2 fe 
We check that lim = lim — (they’re both 0 — you can verify using 
noo e” noo e” 


’H6pital’s rule), so these are indeed reasonable bounds to choose to use with 
the squeeze theorem. 


c Since (—n)“" = = ———,, we see 


SOLUTIONS TO EXERCISES 


—1 1 
Since both lim —— and lim — are 0, these are reasonable bounds to use 
nooo n” noo Hh” 


with the squeeze theorem. 


3.1.2.8. Solution. 


a e Note a, = by, since (in the absence of evidence to the contrary) we 


i 1 
assume n begins at one, hence n = |n|. Then a, = b, =1+—= hs ; 


n 
So, whenever n is a whole number, a, and b, are the same as h(n) and 
i(n). (Be careful here: h(a) 4 i(x) when z is not a whole number.) 


en 
e For any integer n, cos(mn) = (—1)”. So, d, = f(n). 
e Similarly, e, = g(n). 


b According to Theorem 3.1.6, if any of the functions on the right have limits 
that exist as x — oo, then these limits match the limits of their corresponding 
sequences. So, we only have to be suspicious of f(x) and i(x), since these do 
not converge. 


The limit lim f(x) does not exist, and f(n) = d,; the limit lim d,, also does 
&~—00 N—00 


not exist. (We generally don’t write equality for two things that don’t exist: 
equality refers to numerical value, and these have none. “) 


The limit lim i(x) does not exist, because i(x) = 0 when z is not a whole 
«LOO 


number, while i(z) approaches 1 when zx is a whole number. However, 


lim lim a, = lim b,, = 
nN—- Ooo nN—- Ooo 


So, using our answers from part (a), we match the following: 


e lin.a,= im >, = lon Ale) = 
N—- Oo nN—- Ooo zL-0O 


e lim c, = lim e, = Tim go) = Jim n j(x J) 
Noo Nn—->oo 


e lim dy, lim f(x) and lim i(x) do not exist. 
Noo «> «wo 


a The idea “two things that both don’t exist are equal” is also rejected because it can lead 
to contradictions. For example, in the real numbers /—1 and \/—2 don’t exist; if we write 
V—-1= V-2, then squaring both sides yields the inanity —1 = —2. 


3.1.2.9. Solution. (a) We want to find odd multiples of 7 that are close to 
integers. 
e Solution 1: One way to do that is to remember that 7 is somewhat close to 


22 
7 Then when we multiply 7 by a multiple of 7, we should get something 


close to an integer. In particular, 77, 217, and 357 should be reasonably close 


22 22 22 
to 7 (=) = 72,21 (+) = 66, and 35 (=) = 110, respectively. We check 
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whether they are close enough: 
7m & 21.99 21m = 65.97 307 & 109.96 


So indeed, 22, 66, and 110 are all within 0.1 of some odd multiple of z. 


Since the cosine of an odd multiple of 7 is —1, we expect all of the sequence 
values to be close to —1. Using a calculator: 


a2 = cos(22) = —0.99996, 
age = cos(66)  —0.99965, 
319 = cos(110) = —0.99902 


e Solution 2: Alternately, we could have just listed odd multiple of 7 until we 
found three that are close to integers. 


2k+1| (2k+1)7 

1 3.14 

3 9.42 

5 15.71 
7 21.09 
9 28.27 
td 34.56 
13 40.84 
15 A712 
17 53.41 
19 59.69 
21 65.97 
23 72.26 
25 78.54 
2t 84.82 
29 91.11 
dl 97.39 
33 103.67 
35 109.96 


Some earlier odd multiples of 7 (like 157 and 297) get fairly close to integers, 
but not within 0.1. 


2k+1 
(bi a= = m for some integer & (that is, x is an odd multiple of 7/2), then 


cosx = 0. So, we can either list out the first few terms of a, until we find three 


22 
that are very close to 0, or we can use our approximation 7 7 to choose values 
k+1 


of n that are close to T. 
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e Solution 1: 


2k+1 (2k +1) x 22 poet} 
T = 
2 2x7 


So, we expect our values to be close to integers when 2k + 1 is a multiple of 
7. For example, 2k +1=7, 2k +1 = 21, and 2k +1 = 35. 


We check: 


x 


Aan 


7x . ~ 10.99557 
21 x = = 32.98672 
35 x 5 54.9787 


ayy ~ 0.0044 
a33 ~ —0.0133 
a55 ~ 0.0221 


These seem like values of a, that are all pretty close to 0. 


e Solution 2: We could have listed the first several values of a,, and looked for 


some that are close to 0. 


Ser sakes 


— 
j=) 


Oof. Nothing very close yet. Maybe a better way is to list values o 


an 
0.54 
—0.42 
—0.99 
—0.65 
0.28 
0.96 
0.75 
—0.15 
=0.91 
—0.84 


f 2k thr, 
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and see which ones are close to integers. 


2k+1 Beth 
1 1.57 
3 4.71 
S 7.85 
7 10.996 
9 14.14 
11 17.28 
13 20.42 
15 23.56 
aly 26.70 
19 29.85 
21 32.99 
Zo 30.13 
25 39.27 
27 42.41 
29 45.55 
31 48.69 
33 51.84 
35 54.98 


We find roughly the same candidates we did in Solution 1, depending on what 
we're ready to accept as “close”. 


Remark: it is possible to turn the ideas of this question into a rigorous proof that 
lim cosn is undefined. 
N+ 0o 
e Let, for each integer k > 1, nz be the integer that is closest to 2k7. Then 
2Q2kr — 5 < ng < 2Qka + 5 so that cos(n,) > cos § > 0.8. Consequently, if 
lim cosn = c exists, we must have c > 0.8. 
Noo 
e Let, for each ne k > 1, nj, be the eee that is closest to (2k + 1)z. 
Then (2k + 1)m — 4 <n, < (2k+1)m 4+ 5 so that cos(nj,) < —cos} < —0.8. 
Consequently, if fie cosn = c exists, we cit have c < —0.8. 


n> Co 


e It is impossible to have both c > 0.8 and c < —0.8, so lim cosn does not 
Noo 


exist. 


Exercises —— Stage 2 
oa. 10. Solation. When determining the end behaviour of rational functions, 


recall from last semester that we can either cancel out the highest power of n from 
the numerator and denominator, or skip this step and compare the highest powers 
of the numerator and denominator. 
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a Since the numerator has a higher degree than the denominator, this sequence 
will diverge to positive or negative infinity; since its terms are positive for 
large n, its limit is (positive) infinity. (You can imagine that the numerator is 
growing much, much faster than the denominator, leading the terms to have 
a very, very large absolute value.) 


Calculating the longer way: 


ae An, + 3 4+3 
I i 8n—2+4+2 _ da —2+0 _ 
a es ee 


b Since the numerator has the same degree as the denominator, as n goes to 
infinity, this sequence will converge to the ratio of their leading coefficients: 


3 
Lr (You can imagine that the numerator is growing at roughly the same rate 
as the denominator, so the terms settle into an almost-constant ratio.) 


Calculating the longer way: 


5 — oe an +5 a\ 3-24+3 
7 4n? +3 + 44+ 3 


, _ 3-243 3-040 3 
lim b= lim i= = 


c Since the numerator has a lower degree than the denominator, this sequence 
will converge to 0 as n goes to infinity. (You can imagine that the denominator 
is growing much, much faster than the numerator, leading the terms to be very, 
very small.) 


Calculating the longer way: 


Cn = 


_ 3n? —2n +5 (=) $_ 245 


An? + 3 + 4+ 3 
: : 3-245 0-0+0 ' 
im ¢, = lim = = 


n 


3.1.2.11. Solution. At first glance, we see both the numerator and denominator 
grow huge as n increases, so we’ll need to think a little further to find the limit. 
We don’t have a rational function, but we can still divide the top and bottom by 
n© to get a clearer picture. 


An? — 21 (=) an = 2 
1+ 
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Since e < 3, we see 3—e is positive, so lim n?~* = on. 


n—-0o 
i 4n3-° — 0 
. . € . 
lim a, = lim 7 = lim = 00 


3.1.2.12. Solution. This isn’t a rational sequence, but factoring out \/n from 
the top and bottom will still clear things up. 


3.1.2.13. Solution. First, let’s start with a tempting fallacy. 


2 
The denominator grows without bound, so lim a =i, 


n—0o n 


It’s certainly true that zf the limit of the numerator is a real number, and the 
denominator grows without bound, then the limit of the sequence is zero. However, 
in our case, the limit of the numerator does not exist. To apply the limit arithmetic 
rules from Theorem 3.1.8, our limits must actually exist. 

A better reasoning looks something like this: 


The denominator grows without bound, and the numerator never gets 
_ cos(n +n?) 
very large, so lim —————— = 0. 
n—o0o n 
To quantify this reasoning more precisely, we use the squeeze theorem, Theo- 
rem 3.1.10. There are two parts to the squeeze theorem: finding two bounding 


functions, and making sure these functions have the same limit. 


e Since —1 < cos(n+n?) < 1 for all n, we choose functions ay, = = and b, = 4. 
Then an <n < by, for all n. 


e Both lim a, =0 and lim 6b, = 0. 
N—- Oo n—-Ooo 


cos(n + n) 


So, by the squeeze theorem, lim = 0. 


noo n 


3.1.2.14. Solution. The denominator of this sequence grows without bound. 
The numerator is unpredictable: imagine that n is large. When sin n is close to —1, 
n™" puts a power of n “in the denominator,” so we can have n*™" very close to 0. 
When sin n is close to 1, n°™” is close to n, which is large. 

To control for these variations, we'll use the squeeze theorem. 


e Since —1 < sinn < 1 for all n, let b, = nt = sy and c, = 3 = 4. Then 


Dies Ce = Gy 
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e Both lim }, = 0 and lim c, = 0. 
nN—- Oo n—-Oo 


sinn 


= 0 as well. 


So, by the squeeze theorem, lim 


n-0o0 nN 
Remark: we also could have used 6,, = 0 for our lower bound, since a,, > 0 for all n. 


3.1.2.15. Solution. 


— p-l/n _ 
Ce — aa 
: . 1 1 1 
ea a 


3.1.2.16. Solution. 


e Solution 1: Let’s use the squeeze theorem. Since sin(n?) and sinn are both 
between —1 and 1 for all n, we note: 


1+3(-1) —2(1) < 14+ 3sin(n?) — 2sinn < 1+3(1) — 2(-1) 
—4<1+3sin(n”) —2sinn <6 


This allows us to choose suitable bounding functions for the squeeze theorem. 
4 6 

o Let b, = —— and c, = —. From the work above, we see b, < an < Cy for 
n 


all n. 


o Both lim b, = 0 and lim c, = 0. 
n> Co N—- Oo 


ee ee 
So, by the squeeze theorem, lim + 3sin(n*) Sinn 
noo n 


e Solution 2: We simplify slightly to begin. 


—_ 1+ 3sin(n?) — 2sinn _1 48 sin(n”) 
n n n n 


sin(n”) 


We apply the squeeze theorem to the pieces 
n n 


sin(n”) sinn 


—1 1 
o Let b, = — and c, = —. Then b, < 
n n n 


o Both lim b, =0 and lim c, = 0. 
Nn Cco nN—- Oo 


. 2 . 
sin(n sinn 
So, by the squeeze theorem, lim aa = 0 and lim 

n—oo nH n>7oco = 


Now, using the arithmetic of limits from Theorem 3.1.8, 


1 1 7 
fe ee ee ee eee eae, 
noo n>o |n n n 


=0+3-0-2-0=0 


sin n 
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3.1.2.17. Solution. First, we note that both numerator and denominator grow 
without bound. So, we have to decide whether one outstrips the other, or whether 
they reach a stable ratio. 


e Solution 1: Let’s try dividing the numerator and denominator by 2” (the 
dominant term in the denominator; this is the same idea behind factoring out 
the leading term in rational expressions). 


b e" zn = (5)" 
. ~ OR En? + 1+ 


F e : e\” F ‘ : 
Since e > 2, we see 5 >1,andso lim (=) = oo. Since exponential functions 
N+ 0o 


grow much, much faster than polynomial functions, we also see lim ne = 


noo 
So, 


e Solution 2: Since the numerator and denominator both increase without 
bound, we apply l’H6pital’s rule. Recall 4 ap 12"} = 2° log 2. 


lim 6, = lim ——~ 
n—-0o noo 2 + n?2 
num—-oco 
den— oo 
a" 
= lim ———_ 
noo 2" log 2 + 2n 
aes eee 
num-—-oo 
den— oo 


e” 


a 
es 2” (log 2)? + 2 
a 


num—oo 
den— co 


li = 
= him ———_-— 
noo 2"(log 2)3 
1 : e\n 
lim (5) 
~ (log 2)3 2)3 n00 \2 
=o 

i e€ F eX? 

Since e > 2, we see 5 > 1, and so lim (=) = 00, 
N—- Oo 


3.1.2.18. »*. Solution. First, we simplify. Remember n! = n(n — 1)(n — 
2)--++(2)(1) for any whole number n, so (k + 1)! = (K+ 1)k!. 


k! sin? k _ k! sin? k _ sin? k 
(kK+1)! (k+1)k! k+1 


Now, we can use the squeeze theorem. 


an = 
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— and ¢. = —— 


e —1 < sink < 1 for all k, so —1 < sin? k < 1. Let & = aa 


Then by < ay < Cp. 
e Both lim 6, = 0 and lim c = 0. 
k-0o k-0o 
So, by the squeeze theorem, also jim oe = 0, 
00 


3.1.2.19. *. Solution. Note lim (—1)” doesn’t exist, but —1 < (—1)" < 1 for 


Noo 
all n. Let’s use the squeeze theorem. 


e Let a, = —sin (4) and b, = sin (4). Then a, < (—1)"sin (+) <r 
e Both lim —sin (=) = (0 and lim sin (=) = 0, since lim = = 0 and sin0 = 0. 


n—>0o n—>0o Le n—0o 


By the squeeze theorem, the sequence {(—1)" sin +}\ converges to 0. 


6n?2 +5 
3.1.2.20. *. Solution. First, we note that lim oe = 6. We see this either 


2 
noo nN 
by comparing the leading terms in the numerator and denominator, or by factoring 
out n? from the top and the bottom. 
: x. : 1 
Second, since lim — = 0, we see lim cos {| — } = cos0 = 1. 
noo nN? n—>00 n2 
Using arithmetic of limits, Theorem 3.1.8, we conclude 


6n? +5 
lim wT" + Bcos(1/n?) =6+3(1) =9. 


noo n?2 +1 


Exercises — Stage 3 
3.1.2.21. *. Solution. Let’s take stock: sin(1/n) — sin(0) = 0 as n > oo, so 


log (sin(1/n)) - —oo. However, log(2n) + oo. So, we have some tension here: the 
two pieces behave in ways that pull the terms of the sequence in different directions. 
(Recall we cannot conclude anything like “—oo + oo = 0.”) 

We try using logarithm rules to get a clearer picture. 


1 1 
log (sin ‘) + log(2n) = log (2n sin (<)) 
n n 


Still, we have indeterminate behaviour: 2nsin(1/n) is the product of 2n, which 
grows without bound, and sin(1/n), which approaches zero. In the past, we learned 
that we can handle the indeterminate form 0 - oo with l’Hépital’s rule (after a little 
algebra), but there’s a slicker way. Note 1/n + 0 as n > oo. If we write + = a, 
then this piece of our limit resembles something familiar. 
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If n + 00, then x = + 0. 


sin x 


noo z>0 2 


; ; 1 . 

lim 2nsin (=) = 2lim 
n 

That limit is familiar: 


=2(1) =2 


; oe 
lim log (20 sin (<)) = log2 
n—0co n 


sin © 
Note: if you have forgotten that lim — = 1, you can also evaluate this limit using 
2 v 


VH6pital’s rule: 


Then: 


. sine . COs% 
lim = lim = cos0 = 1 
20 z>0 1 


num—0O 
den—0 


3.1.2.22. Solution. First, although this sequence is not defined for some small 
values of n, it is defined as long as n > 5, so it’s not a problem to take the limit 
as n — oo. Second, we notice that our limit has the indeterminate form oo — oo. 
Since this form is indeterminate, more work is needed to find our limit, if it exists. 
A standard trick we saw last semester with functions of this form was to multiply 
and divide by the conjugate of the expression, Vn? + 5n + Vn? —5n. Then the 
denominator will be the sum of two similar things, rather than their difference. See 
the work below to find out why that is helpful. 


Vn2 + 5n — Vn? —5n 


= 2 ay os vin? + bn + Vn? — 5n 
= (vn? + 5n — Vn? — 5n) Aaa) 


_ (n? + Bn) — (n? — 5n) 


~ /n?+5n + Vn? —5n 
10n 


~ Vn? +5n+ Vn? —5n 
Now, we'll cancel out n from the top and the bottom. Note n = Vn?. 


7 10n “ 
Vn? +5n + Vn? — 5n Ta 
10 


fit2t+,/1-2 


7 10n (2) 
Vn? +5n + Vn? —5n \+ 
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Now, the limit is clear. 


10 7 10 _ Ww, 


3.1.2.23. Solution. First, although this sequence is not defined for some small 
values of n, it is defined as long as n > V2.5, so it’s not a problem to take the limit 
as n — oo. Second, we notice that our limit has the indeterminate form oo — oo. 
Since this form is indeterminate, more work is needed to find our limit, if it exists. 
In Question 22, we saw a similar limit, and made use of the conjugate. However, in 
this case, there’s an easier path: let’s factor out n from each term. 


Jn? +5n — V2n? —5 = ne (142) - ne (2 *) 
nr 


| 
3 
— 
+ 


Now, the limit is clear. 


lim | Vn? + Bn — V2n? — 5 | = lim C (yi+8- 2-3] 


= lim [n (VIF 7 v2-0)| 


n—->oco 


= lim [n(—1)] = —0o 


n—-oo 


Remark: check Question 22 to see whether a similar trick would work there. Why 
or why not? 

3.1.2.24. Solution. First, we note that we have in indeterminate form: as n 
grows, 2 + + — 2, son (2 + +) 100 9100) has the form oo - 0. To overcome this 


difficulty, we could use some algebra and |’H6pital’s rule, but there’s a slicker way. 
If we let h = 1 then h — 0 as n — oo, and our limit looks like: 


1 100 9) h 100 9100 
(2+ “| - 20] = lim { ate) 
n 


lim n 
noo 


h—0 h 


This reminds us of the definition of a derivative. 


So, if we set f(x) = x!, our limit is simply f’(2). That is, [100z%9],_, = 100 - 2%. 
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3.1.2.25. Solution. Using the definition of a derivative, 


Ha) = tim LO+M=LO 


h—0 h 


We want n — oo, so we set h = +. 


n 


_ tm feta) — Fa) 
70 
: 1 
= jinn [t (e+ 7) -F00] 


We also could have chosen h = —i, which leads to the following: 


am f@tH-F@ _ ,, fla-4)-f@ 


h—0 h 230 —1/n 


3.1.2.26. Solution. (a) To find the area A,,, note that the figure with n sides can 


be divided up into n isosceles triangles, each with two sides of length 1 and angle 
between them of an. 


Each of these triangles has area + sin (4 i 


n . 
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2 
All together, the area of the n-sided figure is A, = 5 sin (= 
n 
(b) We will discuss two ways to find lim A,, which has the indeterminate form 
Noo 
oo x 0. 
First, note that as n — oo, our figures look more and more like a circle of radius 1. 


So, we see A,, is approaching the area of a circle of radius 1. That is, lim A, = 7. 
n> oo 


Alternately, we can make use of the limit lim, S = l. Letr= 2m Note if n — oo, 
wt 
then x — 0. 


2 2 
lim A, = lim sin (=) = lim sin (=) 


= lima =a7xl=T7 
xz—0 x 
3.1.2.27. Solution. 
1 2<2<3 
a fol to) = ~ 
2(2) f else 
y 
bee e—_-O 


y 


c For any n, f(x) = 1 for an interval of length 1, and f,,(a) = 0 for all other z. 
So, the area under the curve is a square of side length one. 
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Then A, = f>° fr(x) da = 1 for all n. That is, the sequence {A,} is simply 
{1,1,...,1}, a sequence of all 1s. 


d Given the description above, lim A, = 1. 
n> co 


e For any fixed z, recall {f,(z)} = {0,...,0,1,0,...0,0,0,0,0,...}. In partic 
ular, there are infinitely many zeroes at its end. So, lim f,(2) = 0. Then 
N+ O0o 


g(x) = 0 for every zx. 


f Given the description above, | g(a) dz= i Oda = 0. 
0 0 


Remark: what we’ve shown here is that, for this particular f,(), 


co 


lim inla des | lim f,,(a) dx 
That is, we can’t necessarily swap a limit with an integral (which is, in this case, 
another limit, since the integral is improper). The interested reader can look up “uni- 
form convergence” to learn about the conditions under which these can be swapped. 


3.1.2.28. Solution. If we naively try to find the limit, we run up against the 
indeterminate form 1°. We’d like to use l’H6pital’s rule, but we don’t have the 
form = or . — we'll need to use a logarithm. Additionally, l’H6pital’s rule applies 
to differentiable functions defined for real numbers — so we’ll consider a function, 
rather than the sequence. 


Note the terms of the sequence are all positive. 


e Solution 1: Define x = +, and f(x) = (1+ 32+ 5x2)! Then b, = f (+) = 
f(x), and 


ia f @ = ieee) 


n—0o x—0t 


If this limit exists, it is equal to lim b,,. 
N—- Oo 


li =i 1 9) 1/a 
Jim, f() Jim, ( + 3x + 527) 

lim | = lim, Jog | (1 yi") 
jim, og|f (x)] lim, log (1+ 3a + 527) 
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_ log [1+ 3a +4 527 
lim 


x—0t x 
—_—_—_—$$——$_$ 
num—+0O 
den—0 
34102 
=> ny See ag 
xz—0t 1 
lim f(x) = e° 


z—>0+ 


Since the limit exists, lim b, = e?. 
noo 


e Solution 2: If we didn’t see the nice simplifying trick of letting x = 1, we can 
still solve the problem using g(x) = (1 +24 5)": 


ote 


log|g(x)] = x log c | : 


e) = bts 


ri lje 
ee 
num—+0O 
den—0 
-3-¥9 

are an 1 3 10 

a ee ee 
lim log[g(z)| = lim —+ = lim z zs 
~—00 Z—00 3 ~—00 oa 

10 
3+ 3+0 


Since the limit exists, lim b, = e? 
noo 


3.1.2.29. Solution. 


4+8 
a When a, = 4, we see ag = — = 4, and so on. That is, a, = 4 for every n. 


So, lim a, = 4. 
N+ Oo 
b Cross-multiplying, we see 3x = x + 8, hence x = 4. 


c In order for our sequence to converge to 4, the terms should be getting in- 
finitely close to 4. So, we find the relationship between a,,,, — 4 and a, — 4. 


Aan +8 
An+1 = 3 
An +8 An —4 
Qn —4= A da 


So, the distance between our sequence terms and the number 4 is decreasing 
by a factor of 3 each term. This implies that the terms get infinitely close to 
4 as n grows. That is, lim a, = 4. 

n> co 
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3.1.2.30. Solution. 


a Since w;, has the highest frequency, w2 has the next-highest frequency, and 
so on, we know f; is larger than the other members of its sequence, f2 is the 
next largest, etc. So, {f,} is a decreasing sequence. 


b The most-used word in a language is w,, while the n-th most used word in a 
language is w,. So, we re-state the law as: 


fi = Te 
Then we can rewrite this fomula a little more naturally as f, = = fis 


c Then f3 = afi. In this case, we expect the third-most used word to account 
for $(6%) = 2% of all words. 


d From (b), we know fio = fi. Note f; = 6f¢ = 6(0.3%). Then: 


1 1 1 1.8 
fio = qf = 7g Ose = 7p (6)(0.3%) = Fy % = 0.18% 


So, fio should be 0.18% of all words. 


e The use of the word “frequency” in the statement of Zipf’s law implies f, = 
| uses oF en z,. The question asks for the total uses of w,. If we call this 
quantity t,, and the total number of all words is 7’, then Zipf’s law tells us 
us = 10 hence t,, = +t). 

With this notation, the problem states t; = 22,038,615, w,; = the, we = be, 
and w3 = and. 


ti 


Following Zipf’s law, t, = +t). So, we expect tg = } = 11,019, 307.5; since 
this isn’t an integer, let’s say we expect tg © 11,019,308. Similarly, we expect 
t3 = 4 = 7, 346, 205. 

Remark: The 450-million-word source material that used “the” 22,038,615 
times also contained 12,545,825 instances of “be,” and 10,741,073 instances of 
“and.” While Zipf’s Law might be a nice model for our data overall, in these 


few instances it does not appear to be extremely accurate. 


3.2 - Series 
3.2.2 - Exercises 


Exercises —— Stage 1 
3.2.2.1. Solution. The Nth term of the sequence of partial sums, Sy, is the sum 
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il 
of the first N terms of the series S° =, 
n 


n=l 


aR WN He 
— 
+ 
I= 


3.2.2.2. Solution. If there were a total of 17 cookies before Student 11 came, 
and 20 cookies after, then Student 11 brought 3 cookies. 


Seeeeers 
Cio 
SSS SSS 


10 id 


Cy 


3.2.2.3. Solution. 


a We find {a,,} from {Sj} using the same logic as Question 2. Sy is the sum 
of the first N terms of {a,}, and Sj_1 is the sum of all the same terms except 
an. SO, dn = Sy — Sny_1 when N > 2. Written another way: 


Su= a, fag +ag+---+Gn_-2 + an_-1 + an 


Snw_-1= @1 + a2 +03 +---+@n_2+4n_1 


So, 


Su — Sn-1 = Jar + a2 +03 +--+ +ay-2+an-1 + an] 


= Jar + a2 +03 +++: +ay-2+ay-a| 


N N-1 
ene (5) (SH) 


So, we calculate 
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Therefore, 


= n(n + 1) 

Remark: the formula given for Sy has So = 0, which makes sense: the sum 
of no terms at all should be 0. However, it is common for a sequence of 
partial sums to start at N = 1. (This fits our definition of a partial sum—we 
don’t really define the “sum of no terms.”) In this case, a; must be calculated 
separately from the other terms of {a,}. To find a), we simply set a; = Sj, 
which (to reiterate) might not be the same as S; — So. 


farce moe al 


That is, the terms we’re adding up are getting very, very small as we go along. 


c By Definition 3.2.3, 


(oe) 


N 
Don = fim, So = fim ag = 


n=1 


That is, as we add more and more terms of our series, our cumulative sum 
gets very, very close to 1. 


3.2.2.4. Solution. As in Question 3, 


N N-1 
N N-1 J i 
= (aly = (1) +a WO] 
. vn, N-1 oN 
= CU FCN" + NaN” NW =1) 
= 2(-1)” : 
AC)" NWT) 


Note, however, that ay is only the same as Sy — Sy_; when N > 2: otherwise, 
we're trying to calculate S; — So, but Sp is not defined. So, we find a; separately: 
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All together: 


0 in=1 
t= 
2(-1)" —- —4 else 


3.2.2.5. Solution. If f’(.V) < 0, that means f(NV) is decreasing. So, adding more 
terms makes for a smaller sum. That means the terms we’re adding are negative. 
That is, a, < 0 for all n > 2. 


3.2.2.6. Solution. (a) To generate the pattern, we repeat the following steps: 
e divide the top triangle into four triangles of equal area, 
e colour the bottom two of them black, and 
e leave the middle one white. 
Every time we repeat this sequence, we divide up a triangle with an area one-quarter 


the size of our previous triangle, and take two of the four resulting pieces. So, our 


area should end up as a geometric sum with common ratio r = me and coefficient 
a = 2. This is shown more explicitly below. 

Since the entire triangle (outlined in red) has area 1, the four smaller triangles below 
each have area —. The two black triangles will be added to our total black area; the 


blue triangle will be subdivided. 


\ J 


1 
The blue triangle had area —, so each of the small black triangles below has area 


()()-8 


1127 


SOLUTIONS TO EXERCISES 


g 


Each time we make another subdivision, we add two black triangles, each with — 


mle | 


the area of the previous black triangles. So, our total black area is: 


GG) ?@)HG)i-La 


(b) To evalutate the series, we imagine gathering up all our little triangles and sort- 
ing them into three identical piles: the bottom three triangles go in three different 
piles, the three triangles directly above them go in three different piles, etc. (In the 
picture below, different colours correspond to different piles.) 


1 
Since the piles all have equal area, each pile has a total area of 3° The black area 
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shaded in the problem corresponds to two piles (red and blue above), so 


oe) 


2 2 
yO rer 


n=1 


3.2.2.7. Solution. (a) The pattern can be described as follows: divide the inner- 
most square into 9 equal parts (a 3 x 3 grid), choose one square to be black, and 
another square to subdivide. 

The area of the red (outermost) square is 1, so the area of the largest black square 


1 1 
is G: The area of the central, blue square below is also 9° 


\ J 


When we subdivide the blue square, the subdivisions each have one-ninth its area, 


) 


We continue taking squares that are one-ninth the area of the previous square. So, 
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our total black area is 


(b) If we cut up this square along the marks, we can easily share it equally among 


1 
8 friends: there are eight squares of area 9 along the outer ring, eight squares of 


1 ots 
area 92 along the next ring in, and so on. 


1 
Since the eight friends all get the same total area, the area each friend gets is —. 


The area shaded in black in the question corresponds to the pile given to one friend. 
So, 
=o 8 


3.2.2.8. Solution. If we start with a shape of area 1, and iteratively divide it 
into thirds, taking one of the three newly created pieces each time, then the area 


1 
we take will be equal to the desired series, S ah 


n=1 
One way to do this is to start with a rectangle, make three vertical strips, then keep 
the left strip and subdivide the middle strip. 
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We see that the total area we take approaches one-half the total area of the figure, 
“1 1 
so —=-. 
D3 =} 
Alternately, instead of always taking vertical strips, we could alternate vertical and 
horizontal slices. 


In this setup, we notice that our strips come in pairs: two large vertical strips, two 
smaller horizontal strips, two smaller vertical strips, etc. We shaed exactly one of 


“1 1 
each, so the shaded area is one-half the total area: » —— 
oe 2 
Other solutions are possible, as well. 
N _ ypNtl 
3.2.2.9. Solution. Lemma 3.2.5 tells us Soar” a tora + 1, Or 
—r 


n=0 
geometric sum has a = 1, r = :, and N = 100. So: 


1 AS ge 1 
ae {i2 ~ 4.5100 


3.2.2.10. Solution. After twenty students have brought their cookies, the pile 
numbers 53 cookies. 17 of these cookies were brought by students one through ten. 
So, the remainder (53 — 17 = 36) is the number of cookies brought by students 11, 
12, 13, 14, 15, 16, 17, 18, 19, and 20, together. 


1131 


SOLUTIONS TO EXERCISES 


Coo 


3.2.2.11. Solution. 


e Solution 1: Using the ideas of Question 10, we see: 
100 100 49 


That is, we want start with the sum of all the terms up to and then 


1 
subtract off the ones we actually don’t want, which is everything up to oe 
Now, both series are in a form appropriate for Lemma 3.2.5. 

100 


n n 1 1 
mers ies l—5 l—<5 


510l__y 9-550 _ 4/551 
~ 4.5100 4. 549 (=) 
5101 4 5101 _ 551 
~~ 4. 5100 4 . 5100 
eee | 
~ 4. 5100 
e Solution 2: If we write out the first few terms of our series, we see we can 
factor out a constant to change the starting index. 


ae. en 1 
ee Bei | pea’ peat’ ° * Bio0 
n=50 
i (1 1 i! i Al 
~ 550 50 Bi? pa Ba 1 50 
Oy 4 
~ L550” 5m 
oes . 1 
Now, our sum is in the form of Lemma 3.2.5 with a = —5,7 = =, and N = 50. 
“1 1.1 ing 1-¢ (5 
eth {=2 ~ 4.549 \ 551 
n=0 
eal 
~ 4. 5100 
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3.2.2.12. Solution. (a) The table below is a record of our account, with black 
entries representing the money your friend gives you, and red entries representing 
the money you give them (which is why the red entries are negative). 


d||-a4 [4 
Ly 2 [1g 
ol oe ad 

t |i la 
=| 3 ais 
oi 3 EWR 

7 | 6 I 7 


After the exchange of day n, the amount you're left with is (1 — aa) We see this 
by the cancellation in the table: the $5 you gave your friend on day 1 was returned 
on day 2; the $3 you gave your friend on day 2 was returned on day 38, etc. 


So, after a long time, you’ll have gained close to (but always slightly less than) one 
dollar. 


(1 1 
(b) The series > € — ash) describes the scenario in (a), so by our reasoning 
d=1 


aa) = jim (1- —) =i 


d=1 


there, 


(c) Again, let’s set up an account book. 


d |} d+1 | —(d+ 2) 
i 2 —3 =I 
2 3 —4 =2 
3 4 —5 —3 
4 5 —§ —4 
5 6 =7 —5 
6 a = —6 
By day d, you’ve lost $ d to your so-called friend. As time goes on, you lose more 
and more. 
(d) The series So((d +1) -—(d+2)) exactly describes the scenario in part (c), so it 
d=1 
diverges to —oo. You can also see this by writing S“((d+ la 2) = So(-1) = 
d=1 d=1 


—1—1-1-1-1---.. 

Be careful to avoid a common mistake with telescoping series: if we look back at our 
account book, we see that every negative term will cancel with a positive term, with 
the initial +2 as the only term that never cancels. Your friend takes $3, which they 
return the next day; then they take $4, which they return the next day; then they 
take $5, which they return the next day, and so on. It’s extremely tempting to say 
that the series adds up to $2, since every other term cancels out eventually. This 
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is where we lean on Definition 3.2.3: we evaluate the partial sums, which always 
leave your friend’s last withdrawal unreturned. This definition makes sense: saying 
“T gained two bucks from this exchange” doesn’t really capture the reality of your 
increasing debt. 


3.2.2.13. Solution. Using arithmetic of series, Theorem 3.2.9, we see 


(Qn + bn + Cn41) =A+B+S ens 


1 n=1 


Me, 


n 


The question remaining is what do to with the last series. If we write out the terms, 
[oe] 


we see the difference between a Cn and » Cn+1 is simply that the latter is missing 


n=] m1 
Cy: 
) Cn41 = Co +03 4+C4 +65 +°°° 
= Cj ey + Co F C3 Ca 5 
[o-e) 
= —-cy + Y Cn 
n=1 
So, 


So (an + bn + en41) =A+B+C ce 


3.2.2.14. Solution. Theorem 3.2.9, arithmetic of series, doesn’t mention division, 
because in general it doesn’t work the way the question suggests. For example, let 


{an} = {bn} = sy. Then: 
>, t= = = = 2, while 


For the statement in the question, we can take {a,} = {bn} = @, A= B=2, 


{cn} = {0,0,0,...}, and C =0. We sce the statement is false in this case. 
So, in general, the statement given is false. 


Exercises —— Stage 2 
oe. te. Solution, We recognize that this is a geometric series: 


(eee 
3° 9 27° 81° 243 
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cial 
= an 


n=0 


1 
Using Lemma 3.2.5 with r = 3 anda =1, 


1 
3.2.2.16. *. Solution. ‘This is a geometric series, with ratio r = - However, it 


doesn’t start at k = 0, which is what we’re used to. 


e Solution 1: We write out the first few terms of the series to figure out a 


convenient constant to factor out. 


i i 
yh es 
8’ 87 


We now evaluate the series using Lemma 3.2.5 with r = 


- 4... a 
a7 1-1 7x88 


e Solution 2: Using the idea of Question 10, we express the series we’re interested 
in as the difference of two series that we can easily evaluate. 


Using Lemma 3.2.5, 


__i ru 

in il 
lq l=3 

ol 

7x 86 
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3.2.2.17. *. Solution. We recognize this as a telescoping series. 


6 6 
k k? (k+1)? Sk 
ss 7s 
ste ote eo 
“Te 8 Weve 
8) 
3 |] 9 is || 9-46 
4|& _s& _6 
16 25 25 
5||6 _6 _6 
= = = 
6ls6  —a ||8-a 


When we compute the n* partial sum, i.e. the sum of of the first n terms, successive 
terms cancel and only the first half of the first term, ( 6 7 ) | , and the second 
k=1 


Rk? (k+1)? 
half of the n™ term, (3 — wir) i survive. That is: 
“./6 6 6 6 
> & : cea ~P7 Grip 


Therefore, we can see directly that the sequence of partial sums {s,,} is convergent: 


lim s, = lim (o- 25) =6 


By Definition 3.2.3 the series is also convergent, with limit 6. 


3.2.2.18. *. Solution. We recognize that this is a telescoping series, and set up 
a table to find the sequence of partial sums. 


n || cos (4) — cos (<4) Sn 
3 || cos (<) — cos (4) 5 — cos (7) 
4 || cos (5) —cos (2) — cos (4) 
5 || cos (Z) —cos (2) 4 — cos (z) 
6 || cos (4) — cos (3) ; — cos (4) 
7 cos (4) cos (2) | — cos (Zz) 
8 || cos (z) — cos (2) ; — cos (z) 


The Nth partial sum sees every term cancel except the first part of the first term 


(5) and the second part of the last term (— cog( i): 


= (o») -e6()) 


=a) = a) 
= COS 3 COs N+1 


=3-05(a43) 
~ 5 COs N41)" 
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As N - ov, the argument waa converges to 0, and cos is continuous at x = 0. 


By Definition 3.2.3, the value of the series is 


ie a ee | . 
| 

= — — cos(0) = —= 
3.2.2.19. *. Solution. (a) As in Question 2, since 


Sq = Gy 1 Og tt Oni 


Syn = @, + A9+--++4n-1 + Gn 


we can find a, by subtracting: 


On, = Sn — Sn—1 
_1+3n 14+3m-1) 38n+1 3n-2 
~ 54+4n 54+4(n—-1) 4n4+5 4n41 

(3n + 1)(4n + 1) — (8n — 2)(4n + 5) 

(4n + 1)(4n + 5) 

_ u 

~ -16n? + 24n +5 


(b) Using Definition 3.2.3, 


= . _ 1438n ,. 1f/n+3 043 38 
) é, = lim 3, = lm. —@_— = lim = = 


3 
The series converges to re 


3.2.2.20. *. Solution. What we have is a geometric series, but we need to get 
it into the proper form before we can evaluate it. 


e Solution 1: If we factor our ( ae we can change our index to something more 
Bet Bee ty 
2% (5) -22:(5) @) 


(4) (4) 


convenient. 


i) 


1137 


SOLUTIONS TO EXERCISES 


We use Lemma 3.2.5 with r = =. 


e Solution 2: Using the idea of Question 10, we view our series as a more 
convenient series, minus a few initial terms. 


2S ()'-8((EQ)-'-@) 


n=2 


4 
We use Lemma 3.2.5 with r = 5° 


_3f 1 9\_ 24 
~~ 2\1-42 5) 5 


3.2.2.21. *. Solution. The number is: 
3 3 3 1 3 3 3 
100 1000 = 10000 5 10? 10% ~~ 104 


We use Lemma 3.2.5 with r = 


10 
1, 3 1 
5 10? 1-2 
_1 127 
~ 5 30 ~~ 30 
3.2.2.22. x. Solution. The number is: 
5, 8%, 6 | 6 4, 6 
~ 100 ° 10000 1000000° © 100° 1002 °° 1003 — 
—5 Ow 1 
100 100" 
1 
We use Lemma 3.2.5 with r = —. 
100 
65 1 
=24 j 
100 1-7 
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3.2.2.23. *. Solution. The number is: 


0.321 = 0.3821321321... 
— 321 321 3821 | 


~ 1000 ° 106 109 


_ 321 dle de 
~ 1000 \\108/ © (1087 © (108) | 
— 321 G1 \" 
~ 1000 ~ \ 108 
We use L 3.2.5 with r= — 
e use Lemma 3.4.0 W1 Pe Fe 
321. 321 107 


~ 1000 1-4, 999 333 


3.2.2.24. *. Solution. We split the sum into two parts. 


- an 1 1 
= 2n-—1 2n+1 


n= 


gn+l 


oe (se -a-sa) 


ne=2 n=2 


The first part is a geometric series. 


S ont oo gn+3 oo 93 (=) 


a 3n = 2a gee = 


n=2 n=0 3 
. 2 8 
We use Lemma 3.2.5 with r = 3 and a= 9° 
_ 8 1 8 
= 2== 
9 1-— 3 Fe 


1 1 
n 2n-1 2n41 Sn 
al ft a 2 
3 i 8 
oye Tt ag 
4) 7 —9 | 375 
|) 2 eae los 
9 Ti 3 1 
gl 2 wal 122 
igh 13 3 13 
|| © 2 laa 
13 15 3 15 


1139 


SOLUTIONS TO EXERCISES 


After adding terms n = 2 through n = N, the partial sum is 


il 1 
w= 3 ONGI 
because all the terms except the first part of the n = 2 term, and the last part of 
the n = N term, cancel. Then: 


- 1 1 _ 1 1 
>; = = lim sy = lim - —- ——— 
2n—1 2n+1 N-00 N>03 2N+1 


n=2 


All together, 


= ert = 1 if 
= oe gn Cera oad 
e 7 
=_=Clc =—==3 

373 


3.2.2.25. *. Solution. We split the sum into two parts. 
anal al gent 71 - aye 
SiGe) |=aG) a=) 


Both are geometric series. 


n 


2 
, then with ag = 1 and rg = — 


1 1 
We use Lemma 3.2.5 with a, = 3 and 7; = 3 


3.2.2.26. *. Solution. We split the sum into two parts. 
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I 
eg: 
Ble 
+ 
w 
Ma 
ww, 
Hs | Go 
= 


n=0 n=0 
Using Lemma 3.2.5, 
..# i. a 
_ I 3 
E=q. ia 
4 AO 
=-+12= — 
3 7. 3 


3.2.2.27. Solution. Using logarithm rules, we see 


be (* — *) = 3 [log(n — 3) — logn] 


n=5 


which looks like a telescoping series. Let’s make a table to figure out the partial 


sums. 
n || log(n—3) —logn Sn 
5 log 2 —log5 log 2 — log 5 
6 log 3 —log6 log 2 + log 3 — log 5— log 6 
ig log 4 —log7 || log2+log3 + log 4 — log 5— log 6— log 7 
8 log 5 —log8 log 2 + log 3 + log 4— log 6— log 7— log 8 
9 log 6 —log9 log 2 + log 3 + log 4— log 7— log 8— log 9 
10 log 7 —log 10 || log2 + log3 + log 4— log 8— log 9— log 10 
11 log 8 — log 11 } log 2 + log 3 + log 4— log 9— log 10— log 11 


There is a “lag” before the terms cancel, which is why they “build up” more than 
we saw in past examples. Still, we can clearly see the Nth partial sum: 


3 (log(n —3)- log(n)) 


n=5 


= log2 + log3 + log 4 — log(N — 2) — log(N — 1) — log(V) 


== Gaaice 2) 


when N > 7. So, 


co 


>, (Jog(n —3)- log(n)) = lim sy 


n=5 
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3.2.2.28. Solution. This is a telescoping series. Let’s investigate it in the usual 
way. To make ad pattern of cancellation clearer, we express = — ao — aan = 
i 1 1 


= = L, and leave the fractions in the middle of the table unsimplified. 


Then every fraction has numerator one and two terms with the same denominator 
and opposite sign cancel. 


it & 7. 3 ; 
5 ee ae ee ee 
Wei oF Ff Reta 
jee 2 east 
Wid § JP thd 
Wid § 4 ]R FGF 
ee of FPR ET 
Wit of 4 erat 

8 8 9 7 2° 8 9 1 


Concentrate on any row n, except the very first row and the very last row. The first 
4 in that row cancels the —1 in the middle of the row above it, and the second 4 in 
that row cancels the —+ at the end of the row below it. As far as the first (n = 2) 
row is concerned, the first 4 and the last —+ never get cancelled out because there 
is no row above the first one. And as far as the very last row is concerned, the two 
middle terms never get cancelled out because there is no row after the last one. So 
the partial sum is 


from the first row from the last row 


3 2 1 1 i? 1 
S — —_— —_— = —_— t —_— 
” n n+l n—-1 2 1 N Nel 


n=2 


There is another purely algebraic way to find the same sy, motivated by the above 
discussion. 


n=2 
ay | fT 4 
-X(F ra —) 


» (2-ch)-(G44)+(G4)+(H) + 
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and the second half 


So 


and the limit 


n n+l n—l Tae 


n=2 
: 1 1 
= jm, |-5+ 9-9 
4 
=> 


Exercises — Stage 3 i 
3.2.2.29. Solution. The stone at position x has mass — kg, and we have to pull 


it a distance of 2” metres, so the work involved in moving that one stone is 


1 ‘ m 9.8 


Therefore, the work to move all the stones is: 
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1 
3.2.2.30. Solution. The volume of a sphere of radius — is 
Te 


A FEN deer UN" 
) = — ——— a 
we 3" rn 3 \73 


So, the volume of all the spheres together is: 


eh 5 (a) 


4 
We use Lemma 3.2.5 with a = —~ and r = —. 
372 73 


4 1 An 
— 8m? 1-4 3 (mn -1) 


3.2.2.31. Solution. Let’s make a table. Keep in mind cos? @ + sin? @ = 1. 


Z sin?n cos*(n + 1) ? 
2n gett Petia 
F sin? 3 cos? 4 sin? 3 a cos? 4 
2 24 ary 24 
4 || sin 4 cos? 5 sin’3 1 cos? 5 
94 25 a 
sin? 5 cos? 6 sin?3 1 1 cos?6 
? 25 26 23 % 24 si 25 26 
F sin? 6 cos? 7 sin? 3 iL i) 1 cos? 7 
2 at a a ae ae 
7 sin? 7 cos* 8 sin? 3 1 1 1 1 cos* 8 
2 28 23 pa tos t 56 Tort 28 


This gives us an equation for the partial sum sy, when N > 4: 


al (= om) 


SN = 


2 Qn Qn+1 
_ sin? 3 el cos*(N +1) 
93 us » Qn + QN+1 
n=4 


Using Definition 3.2.3, our series evaluates to: 


+2 N 2 
: : sin® 3 1 cos*(N + 1) 
Bnew = | mt (>) ON 
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- 2 ioe) 
sin” 3 _ cos?(N +1) 1 
oe + | Jim avai | + di 


We evaluate the limit using the squeeze theorem; the series is geometric. 


9 oo 
sin* 3 1 
Sg Ot oe 
n=0 

_ sin?3 ee 1 

8 24 Ly Qn 
n=0 

Using Lemma 3.2.5, 
_sin?3 1 1 
~ 8  ay-2 
2 
31 
= 4 = = 0.1275 


3.2.2.32. Solution. Since {Sj,} is the sequence of partial sums of es Syn, we 
N=1 
can find {Sj} from {Sj;} as in Question 3: 


N+1 WN 1 
Sy =Sv—-Syi = 7 — if N >2 
Se ASN UNS SCN = 1) EES 


sy =8; = 2 


Similarly, we find {a,} from {Sy}. Do be careful: Sy only follows the formula we 
found above when N > 2. In the next line, we use an expression containing S,_1; 
in order for the subscript to be at least two (so the formula fits), we need n > 3. 


1 =] 
n = Sn — Sy_ = _ 
‘ ‘ n(n—1) (n—1)(n—-2) 
a ifn >3 
= if n 
n(n — 1)(n — 2) ~~ 
1 5 
= —_— S —2 a 
dg = Sy — Sy 2(2 —1) 9” 
ay = Si =72 
All together, 
maya ifn 23, 
= 5 : 
Cn Sas it 2, 
2 eae | 


3.2.2.33. Solution. We consider a circle of radius R, with an “inner ring” from 
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a to 22 and an “outer ring” from 2k to R. 
The anes of the outer ring is: 


The area of the inner ring is: 


9) 2 2 
“CY GF 
3 


So, the ratio of the inner ring’s area to the outer ring’s area is =. 
In our bullseye diagram, if we pair up any red ring with the blue ring just inside it, 
the blue ring has 3 the area of the red ring. So, the blue portion of the bullseye has 
3 the area of the red portion. 
Since the circle has area 1, if we let the red portion have area A, then 

3 8 


(SA A= 4 
a 


So, the red portion has area 2. 


3.3 - Convergence ‘Tests 
3.3.11 - Exercises 


Exercises — Stage 1 
ooo bl. Solution. 


1 
A lim — = 0, so the divergence test is inconclusive. It’s true that this series 
noo 1 


diverges, but we can’t show it using the divergence test. 


2 
B lim 
noo MN + 
diverges. 


= oo, which is not zero, so the divergence test tells us this series 


C We’ll show below that lim sinn does not exist. In particular, it is not zero. 
N—-+0o 
Therefore, the divergence test tells us this series diverges. 
Now we'll show that lim sinn does not exist. Suppose that it does exist 


N+ 0o 
and takes the value S. We will now see that this assumption leads to a 
contradiction. Add together the two trig identities (see Appendix A.8) 


sin(n + 1) = sin(n) cos(1) + cos(n) sin(1) 


sin(n — 1) = sin(n) cos(1) — cos(n) sin(1) 


This gives 
sin(n + 1) + sin(n — 1) = 2sin(n) cos(1) 
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Taking the limit n — oo gives 2S = 2S cos(1). Since cos(1) ¥ 1, this forces 
S =0. Now the first trig identity above gives 


_ sin(n + 1) — sin(n) cos(1) 
eos) = sin(1) 


Taking the limit as n — oo of that gives 


S — Scos(1 
lim cos(n) = pee =( 
n—¥00 sin(1) 
But that provides the contradiction. Because sin?(n) + cos?(n) = 1, we can’t 
have both sin(n) and cos(n) converging to zero. So lim sinn does not exist. 


noo 


D For all whole numbers n, sin(7n) = 0, so lim sin(an) = 0 and the divergence 
N+ OCo 
test is inconclusive. 


3.3.11.2. Solution. Let f(x) be a function with f(n) = a, for all whole numbers 
n. In order to apply the integral test (Theorem 3.3.5) we need f(x) to be positive 
and decreasing for all sufficiently large values of n. 


Afiz2)= 1, which is positive and decreasing for all x > 1, so the integral test 


does apply here. 


Bjle) = an which is not decreasing — in fact, it goes to infinity. So, the 
integral test does not apply here. (The divergence test tells us the series 
diverges, though.) 


C f(x) = sinz, which is neither consistently positive nor consistently decreasing, 
so the integral test does not apply. (The divergence test tells us the series 
diverges, though.) 


Dia) = ane is positive for all whole numbers n. To determine whether it is 
decreasing, we consider its derivative. 


x*(cosz) —(sinz+1)(2r) xcosx—2sinz —2 
F(z) — 7 — 


x 


3 


This is sometimes positive, and sometimes negative. (For example, if 2 = 


100%, f(z) = Sas > 0, but if ¢ = 1017 then f'(z) = eee es caee <0.) 


Then f(x) is not a decreasing function, so the integral test does not apply. 


3.3.11.3. Solution. (a) If Olaf is old, and I am even older, then I am old as well. 
(b) If Olaf is old, and I am {not as old}, then perhaps I am old as well (just slightly 
less so), or perhaps I am young. There is not enough information to tell. 

(c) If Yuan is young, and I am older, then perhaps I am much older and I am old, or 
perhaps I am only a little older, and I am young. There is not enough information 
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to tell. 

(d) If Yuan is young, and I am even younger, then I must also be young. 

Another way to think about this is with a timeline of birthdates. People born before 
the threshold are old, and people born after it are young. 


SS eee 
Olaf threshold Yuan 


If I’m born before (older than) Olaf, I’m born before the threshold, so ’m old. If 
I’m born after (younger than) Yuan I’m born after the threshold, so ’m young. 


a es a es 


Olaf threshold Yuan 
—___—_ — 
definitely old definitely young 


If I’m born after Olaf or before Yuan, I don’t know which side of the threshold I’m 
on. I could be old or I could be young. 


also older than Yuan — older than Yuan 


———S=4 
threshold Yuan 


3.3.11.4. Solution. The comparison test is Theorem 3.3.8. However, rather 
than trying to memorize which way the inequalities go in all cases, we use the same 
reasoning as Question 3. 

If a sequence has positive terms, it either converges, or it diverges to infinity, with 
the partial sums increasing and increasing without bound. If one sequence diverges, 
and the other sequence is larger, then the other sequence diverges — just like being 
older than an old person makes you old. 

If }\ a, converges, and {a,} is the red (larger) series, then )>b, converges: it’s 
smaller than a sequence that doesn’t add up to infinity, so it too does not add up 
to infinity. 

If 5) a, diverges, and {a,} is the blue (smaller) series, then 5*b, diverges: it’s 
larger than a sequence that adds up to infinity, so it too adds up to infinity. 

In the other cases, we can’t say anything. If {a,,} is the red (larger) series, and 
>> ay diverges, then perhaps {b,} behaves similarly to {a,,} and 5), diverges, or 
perhaps {b,,} is much, much smaller than {a,,} and 5°, converges. 

Similarly, if {a,} is the blue (smaller) series, and 5a, converges, then perhaps 
{b,} behaves similarly to {a,,} and }*b, converges, or perhaps {b,,} is much, much 
bigger than {a,} and 5°, diverges. 


1148 


SOLUTIONS TO EXERCISES 


if > a, converges if }° a, diverges 
and if {a,,} is the red series then 5>b, CONVERGES | inconclusive 
and if {a,,} is the blue series | inconclusive then > 6, DIVERGES 


3.3.11.5. Solution. (a) Since > = is divergent, we can only use it to prove series 
with larger terms are divergent. This is the case here, since ~ > 4. So, the direct 
comparison test is valid. 

For the limit comparison test, we calculate: 


Since the limit exists and is not zero, the limit comparison test is also valid. 
(b) Since the series 5* 4, converges, we can only use the direct comparison test to 
show the convergence of a series if its terms have smaller absolute values. Indeed, 


sin n 
n2+1 


_ |sinn| — 1 
— nt+1 ~ ni? 


so the series are set for a direct comparison. 
To check whether a limit comparison will work, we compute: 


sinn 2 


= lim sinn = lim (1)sinn 


. an ; 
lim — = lim 
noo In 


The limit does not exist, so the limit comparison test is not a valid test to compare 
these two series. 

(c) Since the series 5> s converges, we can only use the direct comparison test to 
conclude something about a series with smaller terms. However, 


né+dn41 - ni! 1 
n& —2 n& ns” 


Therefore the direct comparison test does not apply to this pair of series. 
For the limit comparison test, we calculate: 


2. Op nisSntl | n+5n4+1/4 
lim — = li —;— = lim yt 


3 2 1 
> > — > = — 
n—>00 Dn, nN—0o 3 n>0 Nn 3 =3 
5 1 
re mT oe 
n—-0o —— 


Since the limit is a nonzero real number, we can use the limit comparison test to 
compare this pair of series. 

(d) Since the series 5> = diverges, we can only use the direct comparison test to 
show that a series with larger terms diverges. However, 


iL 1 


vn Jn 
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so the direct comparison test isn’t valid with this pair of series. 
For the limit comparison test, we calculate: 


. an . Vn : i] 

lim — = lim = = lim z= = 0 
> > > 
N00 Dy noo Ta noo n 


Since the limit is zero, the limit comparison test doesn’t apply. 


3.3.11.6. Solution. It diverges by the divergence test, because lim a, # 0. 
N—+0o 


3.3.11.7. Solution. The divergence test (Theorem 3.3.1) is inconclusive when 


lim a, = 0. We cannot use the divergence test to show that a series converges. 
N—->0o 


3.3.11.8. Solution. The integral test does not apply because f(z) is not decreas- 
ing. 


3.3.11.9. Solution. The inequality goes the wrong way, so the direct comparison 
test (with this comparison series) is inconclusive. 


3.3.11.10. Solution. Although the terms of (A) are sometimes negative and 
sometimes positive, they are not strictly alternating in a positive-negative-positive- 
negative pattern. For instance, sin1 and sin 2 are both postive. So, (A) is not an 
alternating series. 

When n is a whole number, cos(7n) = (—1)”, so (B) is alternating. 

Since the exponent of (—n) in (C) is even, the terms are always positive. Therefore 
(C) is not alternating. 

(D) is an alternating series. 


(oe) 


1 
3.3.11.11. Solution. One possible answer: SS —,;. This series converges (it’s a 
n 


n=1 
p-series with p = 2 > 1), but if we take the ratio of consecutive terms: 


The limit of the ratio is 1, so the ratio test is inconclusive. 


3.3.11.12. Solution. By the divergence test, for a series }> a, to converge, we 


need lim a, = 0. That is, the magnitude (absolute value) of the terms needs 
n—->oco 


An+1 


to be getting smaller. If lim > 1, then 


noo 


< 1 or (equivalently) lim 
An+1 noo 
lan41| > |@n| for sufficiently large n, so the terms are actually growing in magnitude. 


That means the series diverges, by the divergence test. 


3.3.11.13. Solution. The terms of the series only see a small portion of the 
domain of the integral. We can try to think of a function f(x) that behaves “nicely” 
when x is a whole number (that is, it produces a sequence whose sum converges), 
but is more unruly when zx is not a whole number. 

For example, suppose f(x) = sin(7z). Then f(a) = 0 for every integer x, but this 
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is not representative of the function as a whole. Indeed, our corresponding series 
has terms {a,} = {0,0,0,...}. 


oo 1 Ht 1 
e / sin(mz)dz = lim [= cost) = lim | - cos(R)| — — Since the 
1 R-oo T 1 T 


R-0o 
limit does not exist, the integral diverges. 


e >. sin(mn) = by 0 = 0. The series converges. 
n=1 n=1 

3.3.11.14. *. Solution. When n is very large, the term 2” dominates the numer- 

ator, and the term 3” dominates the denominator. So when n is very large a, © = 


Therefore we should take b, = - Note that, with this choice of b,, 


Qn 4 m L+n/2" 
fa = iy lim te = 


n—oo by, nooo BP +] 2” noo | + 173" 


1 


as desired. 


3.3.11.15. *. Solution. (a) In general false. The harmonic series }> = diverges 
n=1 


by the p-test with p = 1. 
(b) Be careful. You were not told that the a,’s are positive. So this is false in 
general. If a, = (—1)"+, then > (—1)"a, is again the harmonic series }> +, which 


n=1 n=1 
diverges. 


(c) In general false. Take, for example, a, = 0 and b, = 1. 


Exercises — haa 2 
3.3.11.16. *. Solution. First, we'll check the divergence test. It doesn’t always 


work, but if it does, it’s likely the easiest path. 


Since the limit of the terms being added is not zero, the series diverges by the 
divergence test. 


3.3.11.17. *. Solution. This precise question was asked on a 2014 final exam. 
Note that the n“" term in the series is a, = ed and does not depend on n! There 
are two possibilities. Either this was intentional (and the instructor was being 
particularly nasty) or it was a typo and the intention was to have an = 72- 


page In 
both cases, the limit 


5 5 
Bee = ea ~ 4k 4 3k ey 
Bn _ 5/4)" 
Bn Gy = Ins 1 3n Jim. 5 + (3/4) 


= +00 £0 
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is nonzero, so the series diverges by the divergence test. 


3.3.11.18. *. Solution. We usually check the divergence test first, to look for 
low-hanging fruit. The limit of the terms being added is zero: 


= 0 


lim : 
noo NM + 5 
so the divergence test is inconclusive. That is, we need to look harder. 
Next, we might consider a comparison test — these can also provide us (if we’re 
lucky) with an easy path. The terms we’re adding look somewhat like 4 but our 
terms are smaller than these terms, which form the terms of the divergent harmonic 
series. So, a direct comparison seems unlikely. Now we search for more exotic tests. 


Let: (2) = ae Note f(a) is positive and decreases as x increases. So, by the 


2 
integral test, which is Theorem 3.3.5, the given series converges if and only if the 
integral i 1 dx converges. Since 


«+s 
oe 4 a 4 iq) 
i 7; dx = lim —; dz = lim oe (e+5)| 
0 ee R00 J ae R-+00 2 <a 
1 1 
= lim |1 ( =)-1 z 
jim, | oe ES 08 5 


diverges, the series diverges. 


3.3.11.19. Solution. The terms of the series tend to 0, so we can’t use the 
divergence test. 
To generate a guess about its convergence, we do the following: 


yet = ese * De = Di 
ViVk +1 k2 +k ke k 
We guess that our series behaves like the harmonic series, and the harmonic series 
diverges (which can be demonstrated by p-test or integral test). So, we guess that 
our series diverges. However, in order to directly compare our series to the harmonic 


series and show our series diverges, our terms would have to be bigger than the terms 
in the harmonic series, and this is not the case. So, we use limit comparison. 


i VRP +k Vk? +k k? +k 1 
ak eT 
k*+k 
i 1 

jim t = jim fi+p=1 
k2+k 


Since 1 is a real number greater than 0, by the Limit Comparison Test, )> —— 


VkVk+1 
diverges, like > ¢. 
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3.3.11.20. Solution. This is a geometric series with r = 1.001. Since |r| > 1, it 
is divergent. 


3.3.11.21. Solution. This is a geometric series with r = =. Since |r| < 1, it is 
convergent. 

We want to use the formula )>*°_)7r” = . but our series does not start at 0, so 
we re-write it: 


lege 
ns 
on| | 
I 
5 

Tl 
Naas E: 
ns 
on| || 
J 
Ss” 
Pj 

| 
Me 
oO 
on| |! 
JU 
ii 


n=3 n=0 n=0 
_ to 1-545) 
L=(=1/5) 5" 25 
2 on ec a a 
6/5 2 6. 25 
1 
~ 150 


3.3.11.22. Solution. For any integer n, sin(7n) = 0, so )>sin(mn) = 550 =0. 

So, this series converges. 

3.3.11.23. Solution. For any integer n, cos(7n) = £1, so lim cos(an) 4 0. By 
N—>0o 


the divergence test, this series diverges. 


3.3.11.24. Solution. Factorials grow super fast. Like, wow, really fast. Even 
faster than exponentials. So the terms are going to zero, and the divergence test 
won’t help us. Let’s use ratio — it’s a good go-to test with factorials. 


ektl 


On+1 _ Ue _ err kt 
Ak e e& (k+1)! 
k(k —1)---(1) 1 e€ 
(k + 1)(k)(k —1)--- (1) k+1 k+1 
Since e is a constant, 
: Ak+1 4. e€  _ 
pi ag woe I 


Since 0 < 1, by the ratio test, the series converges. 


3.3.11.25. Solution. This is close to being in the form of a geometric series. 
First, we should have our powers be k, not k +2, but we notice 3°+? = 3°3? = 9-3?, 


SO: 
= a oe -f28 oF ao 
aa Ga -;> (3) 
k=0 r=0 k=0 c=0 


Now it looks like a geometric series with r = 


=5 (5) =3 


wile 
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In conclusion: this (geometric) series is convergent, and its sum is 3" 


3.3.11.26. Solution. Usually with factorials, we want to use the divergence test 
or the ratio test. Since the terms are indeed tending towards zero, we are left with 
the ratio test. 


(n+1)\(n+1)! 


ont ST (tn +0)! Qn)! 
ae aor nn! (2n + 2)! 
— (nt1)(n)(n=1)--GQ) , (n+) (m)(n—1)--) , (2n)(2n—1)(2n—2)---(1) 
Aah nner) (n+2)(2n-+1)(2n)(2n—1)(2n—2)-(1) 
1 
=(n+1)(n+1)- 


(2n + 2)(2n + 1) 
So 


lm @@t! — tim 2 Vmt+) (n+1)(n+1) 
N00 An noc (2n+2)(Q2n+1) nc 2(n+1)(2n+1) 
r n+l _ 1 

nso4n+2. 4 


Since the limit is a number less than 1, the series converges by the ratio test. 
3.3.11.27. Solution. We want to make an estimation, when n gets big: 


n?+1 a n? 1 
Instn 2n4~ Qn? 


Since 5° os is a convergent series (by p-test, or integral test), we guess that our 
series is convergent as well. If we wanted to use comparison test, we should have to 


show joel < = which seems unpleasant, so let’s use limit comparison. 
n?+1 2 2 4 2 4 
5 Sn _ (n*+1)2n _ 2n*+2n* (1/n 
lim ~~ = lim ~~, = lim 5 P 
n—oo aa noo an +n n>co 2n +n 1/n 
242 
= lim T=l 
noo 2 + os 
Since the limit is a positive finite number, by the Limit Comparison Test, 5° ia 


does the same thing )> sh does: it converges. 


3.3.11.28. *. Solution. First, we rule out some of the easier tests. The limit 
of the terms being added is zero, so the divergence test is inconclusive. The terms 
being added are smaller than the terms of the (divergent) harmonic series, > +, so 
we can’t directly compare these two series, and there isn’t another obvious series 
to compare ours to. However, the terms being added seem like a function we could 
integrate. 


Let f(%) = 


alexa)? Then f(a) is positive and decreases as x increases. So the 
x(log x 
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sum » f(n) and the integral | f(x) dz either both converge or both diverge, by 
3 


3 
the integral test, which is Theorem 3.3.5. For the integral, we use the substitution 


u=logz, du= de to get 
[ 5dr [ 5 du 
3 a(log ce 7 log 3 ae 


which converges by the p-test (which is Example 1.12.8) with p = : > 1. 


3.3.11.29. *. Solution. Let f(r) = sna 
and f(a) decreases as x increases. So, we can use the integral test, Theorem 3.3.5. 


Then f(x) is positive for n > 3, 


oo 1 R 1 d log Ry 
i —d zr = lim SS lim —du with, 
2 x(log x)? Roo Jy (logr)P & R400 fiogn U 


Using the results about p-series, Example 3.3.6, we know this integral converges if 
and only if p > 1, so the same is true for the series by the integral test. 


3.3.11.30. *. Solution. As usual, let’s see whether the “easy” tests work. The 
terms we’re adding converge to zero: 


so the divergence test is inconclusive. Our series isn’t geometric, and it doesn’t 
seem obvious how to compare it to a geometric series. However, the terms we’re 
adding seem like they would make an integrable function. 


Set f(x) = . For x > 1, this function is positive and decreasing (since it is the 
product of the two positive decreasing functions e~V* and za): We use the integral 
test with this function. Using the substitution u = /z, so that du = ae dz, we 


see that 
z)dx = lim x 
1 Roo Jy Jax 


II 
Te 
ZB 

——N~ 
—~~ 
3 
ra 
g 

) 

a 

= 

SY 


UR 
= lim (~2-~ 


= fim (~26- + 21) =0+4+2e7, 


R-0o 


and so this improper integral converges. By the integral test, the given series also 
converges. 
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3.3.11.31. *. Solution. We first develop some intuition. For very large n, 3n? 
dominates 7 so that 


V3n?—-7  V3n?_ v3 


n3 n3 n2 


[oe] 
1 
The series ) —; converges by the p-test with p = 2, so we expect the given series 
n 


n=2 
to converge too. 


To verify that our intuition is correct, it suffices to observe that 


vent -7 Van? V3 
= = 


0<a,= 
n3 n n 


nr 


for all n > 2. As the series 5° c, converges, the comparison test says that 5° a, 
n=2 n=2 
converges too. 
3.3.11.32. *. Solution. We first develop some intuition. For very large k, k* 
dominates 1 so that the numerator Wk? +12 Wk‘ = k*/3, and k°® dominates 9 so 
that the denominator V/k® +9 % Vk® = k°/? and the summand 
Vke+1 kB 1 


Vee +9 ~ 45/2 ~~ 4-7/6 


“1 

The series y Tis converges by the p-test with p = i > 1, so we expect the given 
n=1 

series to converge too. 


To verify that our intuition is correct, we apply the limit comparison test with 


_ WkA+1 a fee Le 
Ope g NS OF Fae ~ RP 


which is valid since 


fee Oh co Wika + 1/k4/3 fo Vg 
im — = = = 


= hyn EA—_—_— =| LM O——— = 
ko0 by k-400 W/k® + 9/k5/? k-00 /1+9/k> 


(oe) 

exists. Since the series 5> b; is a convergent p-series (with ratio p = Z > 1), the 
k=1 

given series converges. 


Note: to apply the direct comparison test with our chosen comparison series, we 


would need to show that 

VkA+1 Z.8 

Vike +9 ~ kvl 
for all k sufficiently large. However, this is not true: the opposite inequality holds 
when k is large. 


1156 


SOLUTIONS TO EXERCISES 


3.3.11.33. *. Solution. 


e Solution 1: Let’s see whether the divergence test works here. 


lim 


nign/3 _ gn/3 9n/3 
nce (2n + 7/4 ( ~ 


nt \ — lim ——— = lim ——_ = 
noo (24+ 7/nyi nro (240) 


a 
nt 


The summands of our series do not converge to zero. By the divergence test, 
the series diverges. 


e Solution 2: Let’s develop some intuition for a comparison. For very large n, 
2n dominates 7 so that 


n42n/3 nign/3 1 


~~ _ gn/3 
Qn+74 (Qn 16 


Co 
The series SS 2”/3 is a geometric series with ratio r = 2'/3 > 1 and so diverges. 
n=1 


(It also fails the divergence test.) We expect the given series to diverge too. 


To verify that our intuition is correct, we apply the limit comparison test with 


49n/3 
an ; pe at ne 
n 
which is valid since 
“ . 1 1 
fie Se = 


oe) 

exists and is nonzero. Since the series )> b, is a divergent geometric series 
n=1 

(with ratio r = 2/3 > 1), the given series diverges. 


(It is possible to use the plain comparison test as well. One needs to show 
nsgn/3 nsgn/3 41 i 
(2n+7)* — (2n+7n)* ~ 94 n:) 


something like a, = 


e Solution 3: Alternately, one can apply the ratio test: 


- 1 49(n+1)/3 9 1 7)4 
fay |2nctt| — yun [CoH IMA PA/O(n + 1) +7) 
noo An noo n42n/3 /(2n + TP 

= (n + 1)4(2n + 7)4 9(n+1)/3 


N00 n4(2n + 9)4 Qn/3 


im LENO + 7/0)" oa 


t's 


Since the ratio of consecutive terms is greater than one, by the ratio test, the 
series diverges. 


1157 


SOLUTIONS TO EXERCISES 


3.3.11.34. *. Solution. (a) For large n, n? >> 1 and so Vn? +1 Vn? = n. 


ae suggests that we apply the limit comparison test with a, = wat and b, = 4. 
ince 


1 24] 
lim % = Yim VM +1 _ 


1 


[o.e) 
and since 2 diverges, the given series diverges. 
n= 
(b) Since cos(n7) = (—1)", the given series converges by the alternating series test. 


To check that a, = 3, decreases to 0 as n tends to infinity, note that 


Ong. — (N+ 192-4) | ( ) if 
7 7 2 


1242 
An nore or n 


is smaller than 1 (so that a,4,; < a») for all n > 1, and is smaller than 2 (so 


4 
Gnai < 2 an) for all n > 2. 
3.3.11.35. *. Solution. For large k, k* >> 2k? — 2 and k® > k? +k so 


kA-2k84+2 kt 1 


ko+k2 +k kk’ 


This suggests that we apply the limit comparison test with a, = ee d 


b= i Since 


fn 2 = im REDO +2 Fy MO ET 
norco by aco MTR TR 1 e200 ROL R +R 
_ 3 
_ ty Ba 2/R EAE 
koo 1+ 1/k3 + 1/k4 
=] 


and since )> + diverges (by the p-test with p = 1), the given series diverges. 

k=1 
3.3.11.36. *. Solution. (a) For large n, n? > n +1 and so the numerator 
ntn+1en?. For large n, n° > 7n and so the denominator n° —n & n°. So, for 
large n, 


mtnt+1_ nn | 
nm—-n nn 
ate suggests that we apply the limit comparison test with a, = nipntl and b, = 5. 
ince 


noo b noo 1/n3 noo ne = 71 


n—>0o 1 —1/n4 
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exists and is nonzero, and since Le converges (by the p-test with p = 3 > 1), the 


given series converges. 
(b) For large m, 3m > | sin \/m| and so 


3sm+sinm 3m _ 3 


m? m2 m 


This suggests that we apply the limit comparison test with a, = Sratetiy fa and 
bm = +. (We could also use b,, = +.) Since 


lim —= 
moo b,, m—0o 1/m M—0o m 
. sin ,/m 
= lim 3 
m—- co 
= 3 


exists and is nonzero, and since ya diverges (by the p-test with p = 1), the given 
m=1 


series diverges. 


3.3.11.37. Solution. 


n=5 n=5 
lee) n 4 1 n 
PGE Ne, 
1 _ 1-(2) 
ne one nea eee | 
5 


3.3.11.38. *. Solution. This is a geometric series. 


fore) 6 oo fore) 
din Se a 


We use Lemma 3.2.5 with a = § and r = 3. 
_ 6 1 6 1 
RP yak 42 


3.3.11.39. *. Solution. (a) 


1159 


SOLUTIONS TO EXERCISES 


e Solution 1: The given series is 


1 1 11 = 
1 hy , With 
tatetatgt 2." wil 


First we'll develop some intuition by observing that, for very large n, a, © x. 


We know that the series > 4 diverges by the p-test with p = 1. So let’s apply 
n=1 
the limit comparison test with b, = 4. Since 


. an F . 1 
lim — = lim = lim i=5 
noo by, n>0 2n — 1 no 2 — = 2 


(oe) co 

the series )> a, converges if and only if the series 5° b, converges. So the 
n=1 n=1 

given series diverges. 


e Solution 2: The series 


oo i 4, 4d 
L+5+et+itite Dit ctit+st+od 
3°5'7 9 2°4°6' 8" 10 
=5(1+5+5+itet ) 
2 2° 3° AS 


The series in the brackets is the harmonic series which we know diverges, by 
the p-test with p = 1. So the series on the right hand side diverges. By the 
direct comparison test, the series on the left hand side diverges too. 


(2n + 1) 


92n4+1 F Since 


(b) We’ll use the ratio test with a, = 


Qn41  (2n+3) 2?+1 1(2n+3) 1(2+4+3/n) 


Qn 22743 (Qn+1) 4(2n+1) 4(241/n) 


1 
ae i 


the series converges. 


3.3.11.40. *. Solution. (a) For very large k, k < k? so that 


Vk VE 1 
k2— kh ke 5/3” 


An = 


We apply the limit comparison test with b, = a Since 


3 2 2 
lim ls lim Wh/(k k) = lim & 


p00 by co 1/28 p2esk —sisun ~ 


[oe] 
exists and is nonzero, and > rer converges (by the p-test with p = 2 > 1), the 


k=1 
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given series converges by the limit comparison test. 
101,9k 2 
(b) The k* term in this series is a, = SS a Factorials often work well with the 


ratio test, because they simplify so nicely in quotients. 
Arg. — (k+ 1)!910**1((k + 1)!)? (2k)! 


Ox (2k +2)! " 10108(K!)? 


kt AY (+1) 
=10(>-) (Qk +2) Qk +1) 


= 10(14 2)" or 
7 kk?) (242/k)(2+1/k) 
As k tends to oo, this converges to 10 x 1 x 55 > 1. So the series diverges by the 
ratio test. 
(c) We'll use the integal test. The k** term in the series is a, = mean eee = Tk) 
with f(x) = ane which is continuous, positive and decreasing for x > 3. 
si dx He dx 
de = = ih 
/ payde / x(log x) (log log x) jm, | x (log 2) (log log «:) 
log R d d 
= lim 2 with y = logz, dy = = 
R100 Jiog 3 y logy x 
log log R d 
= Timi — with t = logy, dt = = 
R-+00 log log 3 y 
log log R 
= lim [log i = 00 
Roo log log 3 


Since the integral is divergent, the series is divergent as well by the integral test. 


3.3.11.41. *. Solution. For large n, the numerator n° — 4 & n° and the denom- 
inator 2n° — 6n & 2n°, so the nth a is approximately a = =a. So we apply 
the limit comparison test with a, = oe and b, = -. Since 
3 5 4 
a n°? —4)/(2n°? — 6n = sy 1 
lm — = lim ( MA = hm i =- 
n—0o bn n—0o Lin? noo 2 — 2 
n 
co [oe] 
exists and is nonzero, the given series }* a, converges if and only if the series De 
a = n=1 
converges. Since the series 5> b, = >> % is a convergent p-series (with p = 2), 
n=1 n=1 


both series converge. 


3.3.11.42. *. Solution. By the alternating series test, the error introduced when 


ee) N 
we approximate the series y ( 2 by y ( 2 is at most the magnitude of the 
n: n n- n 
n=1 n=1 


1 
(N + 1)10+0" 


first omitted term, By trial and error, we find that this expression 
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becomes smaller than 10~° when N +1 > 6. So the smallest allowable value is 

Nl = 6: 

3.3.11.43. *. Solution. The sequence {+4} decreases to zero as n increases to 

infinity. So, by the alternating series error bound, which is given in Theorem 3.3.14, 

2 Sy lies between zero and the first omitted term, ee We therefore need 
< 10~°, which is equivalent to N +1 > 10° and N > 999. 


(NED? 

3.3.11.44. *. Solution. The error introduced when we approximate S' by the 
N* partial sum Sy = ar i ——: lies between 0 and the first term dropped, which 
is —— = tangas ae So we need the smallest positive integer N obeying 


n=N-+1 


1 ool 

(2N + 3)? — 100 

(2N +3)? > 100 
2N+3> 10 


noi 


So we need N = 4 and then 


Exercises —— Stage 3 
3.3.11.45. *. Solution. (a) There are plenty of powers/factorials. So let’s try 


the ratio test with a, = ~. 


On+1 — (n+1)"*1 9"n! i (n+1)"*1 
ee ih — at 


li = 
= An, noo 9"+1(7 +1)! n™ = n00 n”9(n +1) 
— lim (1+ 1/n) _é 
n—00 9 9 


Here we have used that lim (1+ 1/n)" =e. See Example 3.7.20 in the CLP-1 text, 
N+ Oo 


with ¢= 4 and a = 1. As e < 9, our series converges. 

(b) We know that the series °°, a converges, by the p-test with p = 2, and also 
that logn > 2 for all n > e?. So let’s use the limit comparison test with a, = 
and b, = = 


i 
niogn 


m 1 1 
lim Sin = Ss i 


n—00 Dy nc niegn 1 noo nlogn—2 


So our series converges, by the limit comparison test. 


3.3.11.46. *. Solution. (a) 
e Solution 1: 


o Our first task is to identify the potential sources of impropriety for this 
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integral. 


o The domain of integration extends to +oo. On the domain of integration 
the denominator is never zero so the integrand is continuous. Thus the 
only problem is at +00. 


o Our second task is to develop some intuition about the behavior of the 
integrand for very large x. When z is very large: 


@ |sinz| <1<z, so that the numerator «+ sing ¥ x, and 
@ 1 <2’, so that denominator 1 +2? = x”, and 


i 1 
@ the integrand ae age 


xe? v2 
-e¢+sinr 


“7 ae dx to diverge 
x 


; ees. 
o Now, since — diverges, we would expect 
2 « 2 
too. 


o Our final task is to verify that our intuition is correct. To do so, we set 


C- siie 1 
f(x) = ees g(x) = : 
and compute 
km f(x) 2 ct+sinz | 1 


L00 g(x) asco l+a? ~ x 
= (1+sina/x)x 
r—+00 (1 ja? ++ Lia 


x x 


_ l+sina/x 
= lim ———— 
aco 1/x?+1 

=1 


co [oe) d 
o Since | geyde= - = diverges, by Example 1.12.8 *, with p = 1, 
2 g & 


Theorem 1.12.22(b) now tells us that | feds = i a da 
2 2 L 
diverges too. 
x+sin x x sin © 


e Solution 2: Let’s break up the nieve as cae = {ae a —e 
sin x 


14+ <2? a 


First, we consider the integral / 
2 


| sin 2| 
1+a?~ 142?’ 


; 1 
so if we can show / Tie dz converges, we can con- 
x 


clude that : a a dx converges as well by the comparison test. 
x 
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eam | 
O i —, dz converges (by the p-test with p = 2) 
QQ & 


dx converges by the comparison test, and 


o So the integral | sauna 
9 1 + xv? 
hence 
°° sine 
° —— dz converges as well. 
| 1+ 2 ‘ 


Therefore, | a dx converges if and only if | a dx converges. 
2 14.2? 2 14 2? 
But 


— x e . : 1 2 us 
| L+x2? dx ~ im 2 1+2? dx ~ ee E log(l+x )}, ics 


“x+sina . 
———,,- dx diverges. 


di : 
iverges, so / rag 


x+ sin x 


ees is not a decreasing function. To see this, 
x 


(b) The problem is that f(x) = 


compute the derivative: 


(1+ cos x)(1 +27) — (x +sin x) (22) 
(+22) 
(cosx — 1)x? —2rsinx+1+cosz 
(1 + 2)’ 
If x = 2mz, the numerator is0 -0+1+1>0. 
Therefore, the integral test does not apply. 


(c) 


e Solution 1: Set a, = rae We first try to develop some intuition about the 


behaviour of a,, for large n and then we confirm that our intuition was correct. 


f(a) = 


o Step 1: Develop intuition. When n > 1, the numerator n+ sinn & n, 


and the denominator 1 + n? & n? so that a, & a= 4 and it looks like 


our series should diverge by the p-test (Example 3.3.6) with p = 1. 


o Step 2: Verify intuition. To confirm our intuition we set b, = 4 and 
compute the limit 
n nse _ nirn+sinn] 
lim — = lim = lim ————— 
noo by, noo n—-co 1 -++ n2 
1 4 Sinn 
= lm ——* =1 
n+00 = 1 
[oe] co 
We already know that the series 55 b, = > 4 diverges by the p-test 
n=1 n=1 
with p = 1. So our series diverges by the limit comparison test, Theorem 


3.3.11. 
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1tn?2| = n 


e Solution 2: Since | sinn | < 1 and the series aE =7 converges by the p-test with 
net | 
p = 2, the series x ae converges. Hence ntsin” converges if and only 


1+n? 
n=1 


if the series s Tr converges. Now f(z) = zm is a continuous, positive, 
n=1 
decreasing function on [1, co) since 
eee). Lag 
(ae): aa?) 


f(x) = 


is negative for all > 1. We saw in part (a) that the integral Io qe Cai 


dx diverges too and the sum 3 Tanz diverges 


verges. So the integral i 
n=1 


ae 
by the integral test. So 5 ieee diverges. 
n=1 


a To change the lower limit of integration from 1 to 2, just apply Theorem 1.12.20. 


ele 
3.3.11.47. *. Solution. Note (tae decreases as x increases. 


Var = Teak 


Hence, for every n > 1, 


> = for x in the interval [n — 1, n] 


| 
Se r—§_ as 
oT 
a3] < 
8 
a | 
8 8 
ll ll 
; 3 


Then, for every N > 1, 


ioe) a ioe) ae fe 
€ € 
ie Rees fe 
n=N+1 vn n=N+1 n—-1 Va 
7 | a Bar oe ee ae en 


oO 4 Va lo) ae 
a 7 d= ol e 4’ dy=—2e 4 soevy 
n Ve N 
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This shows that pen N41 — converges and is between 0 and 2e7 VN | Since Ey= 


2e-V4 — 0.047, we may truncate the series at n = 14. 


0.3679 + 0.1719 + 0.1021 + 0.0677 + 0.0478 
+ 0.0352 + 0.0268 + 0.0209 + 0.0166 + 0.0134 
+ 0.0109 + 0.0090 + 0.0075 + 0.0063 + E44 
= 0.9042 + Fi4 


The sum is between 0.9035 and 0.9535. (This even allows for a roundoff error of 
0.00005 in each term as we were calculating the partial sum.) 


3.3.11.48. *. Solution. Let’s get some intuition to guide us through a proof. 


oo 
Since > An, CONVELZes An must converge to zero as n — OO. So, when n is quite 
nal 


a ~ Gn _ a 
large, (© 7) = @, and we know S> dn converges. So, we want to separate the 


“large” indices from a finite number of smaller ones. 


Since lim a, = 0, there must be “ some integer N such that 5 > a, > 0 for all 
nN—- oo 


n> N. Then, forn > N, 


an < an 
ia, LS 


= 2a 


From the information in the problem statement, we know 


. 24y.— 2 a An converges. 


So, by the direct comparison test, 


an 
y converges as well. 


Since the convergence of a series is not affected by its first N terms, as long as N 
is finite, we conclude 


CO 
S- an 
converges. 
l—-—a, 
n=1 
e Oo ® 


a We could have chosen any positive number strictly less than 1, not only s. 


3.3.11.49. *. Solution. By the divergence test, the fact that 5*>(1—a,) con- 
n=0 


verges guarantees that lim (1 —a,,) = 0, or equivalently, that Tim Ga = 1s So, by 
N+ Oo 
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the divergence test, a second time, the fact that 


lim 2”a, = +00 
noo 


guarantees that 5) 2”a, diverges too. 


n=0 

: : = Nay, — 2n+1 

3.3.11.50. *. Solution. By the divergence test, the fact that y —_—_—__—_— 
n+1 
. Nay, — 2n+1 . 
converges guarantees that lin. ———————— = 0, or equivalently, that 
20 — 1 ; ; 
OG = Nim dn — | = lim a,—2 — + lim a, =2 
noo 1M + noo n n—0o noo 


The series of interest can be written — log a, + » [ log(an) —log(an41)] which looks 
=1 
like a telescoping series. So we’ll compute the ‘partial sum 


N 
Sn = —loga, + SS [ log (an) = log(an41)] 


= —loga, + [log(ay) _ log(az)| + [ log(az) _ log(as)| 2 ae 
+ [log(ay) — log(ay41)] 


—— log(an+1) 


and then take the limit N — co 


—loga, + > [1og (an) — log(an41)| 


= lim Sy=- sim log(an41) 
= Noo 
1 
= — log 2 = log = 
og 85 


3.3.11.51. *. Solution. We are told that }>~, a, converges. Thus we must 
have that lim a, = 0. In particular, there is an index N such that 0 < a, < 1 for 


n> oco 
all n > N. Then: 
O0< ae < an for 


By the direct comparison test, 


(oe) 


: 2 
an converges. 


n=N-+1 


Since convergence doesn’t depend on the first N terms of a series for any finite N, 


oe) 
y ae converges as well. 
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3.3.11.52. Solution. The most-commonly used word makes up a percent of all 
the words. So, we want to find a. 
If we add together the frequencies of all the words, they should amount to 100%. 


That is, 
20,000 


a 
a 


We can approximate the sum (with a left as a parameter) using the ideas behind 
the integral test. (See Example 3.3.4.) 


Y 


As we see in the diagram above, >; = (which is the sum of the areas of the rect- 


n=l 


N+1 
a 
angles) is greater than / —dzx (the area under the curve). That is, 
i x 


Using the fact that our language’s 20,000 words make up 100% of the words used, 
we can find a lower bound for a. 


20,000 20,001 20,001 
a a te yee 
100= SS d =| | = alog(20, 001 


_ __ 100 
a ——— 
log(20, 001) 


We can find an upper bound for a in a similar manner. 
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1 2 3 4 5 


N 
From the diagram, we see S- = (which is the sum of the areas of the rectangles, ex- 
n 


n=2 
N 
cluding the first) is less than / A de. (The reason for excluding the first rectangle 
¢ 


is to avoid comparing our series to an integral that diverges.) That is, 


N N 
a a 

y c< | —dzx. 
n 1 2 


n=2 
Therefore, 
20,000 20,000 
100 = ) —=at+ ) — 
n 
n=1 n=2 me 


20,00 
im : ? ax = a + alog(20, 000) = a[1 + log(20, 000)] 
1 x 


100 
a 
1 + log(20, 000) 


Using a calculator, we see 
9.17<a< 10.01 


So, the most-commonly used word makes up about 9-10 percent of the total words. 


3.3.11.53. Solution. Generalizing our work in Question 52, we find the approx- 


imations: ; 
b+1 b 
1 1 1 
—dr < =a —d 
| i d. n iz L 7 
b+1 b 
when a > 2. The inequality / dx oS 4 can be read off of the sketch 
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| x 
a—-l @ b b+1 


b b 
and the inequality 5° 4 < f dx can be read off of the sketch 


n=a a-1 


Y 


1— 


a—l1 @ b b+1 


We will evaluate the total population by writing 


2x 108 a—1 2x 106 x 108 


2x* 10° 2x 10° 2x 10 
Ds no n pr n 


n=) n=1 n=a 


and applying the above integral approximations to the second sum. We want our 
error to be less than one million, so we need to choose a value of a such that: 


2x 108 1 2x10°+1 1 
2x 10° | —de=—2 10° | de 10° 
a x a x 


—1 
SS 


upper bound lower bound 


2x 10° 2x10°+1 
1 1 1 
/ —dz -| —dr < - 
a—1 tr a r 


[log (2 x 10°) — log(a — 1)] — [log (2 x 10° + 1) — log(a)] < 


[log (2 x 10°) — log (2 x 10° + 1)] + [log(a) — log(a — 1)] < 


2x 10°) |, 3 
Pea eed) ka a1 


The first term is extremely close to 0, so we ignore it. 


x 
NI WIR NI Ww 
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a<a/e—/e 
ve < a(ve — 1) 
ve <a 
f/e-1 
e€ 
Since ma ~ 2.5, we use a = 3. That is, we will approximate the value of 
e — 
2x 10° 
> — using an integral. Then, we will use that approximation to estimate our 
n 
n=3 


total population. 


— 


2x 108-41 4 2x 10° 2x108 4 
—dxr < S° ae —dx 
3 x = 2 x 


6 —. 
a log (2 x 10°) — log(2) 


o 
09 
—— 
Nw 
x 
rae 
j=) 
lon) 
+ 
pe 
ae 
| 
o 
09 
— 
ew 
Na 
x 
| 


n=3 


1 1 
1+ 5 + log (2 x 10° + 1) — log(3) < — <1+ 5 +log (2 x 10°) 
n 


n= 


a 


— log(2) 


2x 108 


3 210° 1 3 
=e Alge | = S > = <5 +6log(1 
5 + og ( 3 )< 5 <9 + Slog(10) 


n=1 


— 


2x10° 2106 


n=l 7 18 between 


So the population, namely >> 


3 
2 x 10°(= + log (3 x 10 + 3) ) = 29, 820, 091 


and r 
2 x 10°(5 + 6log (10) ) = 30,631,021 


3.4 - Absolute and Conditional Convergence 
3.4.3 - Exercises 


Exercises —— Stage 1 
3.4.3.1. *. Solution. False. For example if b, = +, then S>(—1)""'b, = 
n=1 
> (—1)"*?+ converges by the alternating series test, but >> = diverges by the p- 
n=1 n=1 
test. 
Remark: if we had added that {b,} is a sequence of alternating terms, then by 
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Theorem 3.4.2, the statement would have been true. This is because So(-1)""1b, 


n= 1 


would either be equal to > |b,| or — > |b,.|. 


n=1 n=1 


3.4.3.2. Solution. Absolute convergence describes the situation where )> |a,| 
converges (see Definition 3.4.1). By Theorem 3.4.2, this guarantees that also > apn 
converges. 

Conditional convergence describes the situation where )> |a,| diverges but >> a, 
converges (see again Definition 3.4.1). 

If }> a, diverges, we just say it diverges. The reason is that if 5> a, diverges, we 
automatically know }> |a,| diverges as well, so there’s no need for a special name. 


>> Gy converges >> ay diverges 


y= |an| converges | converges absolutely not possible 


S> |a,| diverges | converges conditionally | diverges 


Exercises —— Stage 2 


3.4.3.3. *. Solution. The series >> —s converges by the alternating series 
n=1 


(oe) 
test. On the other hand the series > | | => a diverges by the limit 
n=1 


comparison test with b, = 4. So the given series is conditionally convergent. 


3.4.3.4. *. Solution. Note that (—1)?"*? = (—1) - (—1)?” = —1. So we can 
simplify 


> (lye 7 Le 1 
= lin : lin 
Si ! > : : ‘ . di by th 1 test with th 
ince = —— diverges comparison test wi 
l+n7~ntn  2n’ a Lan ee na pa . 


[oe] 

divergent harmonic series 5> 4. The extra overall factor of —1 in the original series 
n=1 

does not change the conclusion of divergence. 


3.4.3.5. *. Solution. Since 


_ 1+4" . 1+4" 
lim = lim 
noo 3 + g2n noo 3 + 4” 


naj L +4" 

3 + 22 
exist (for very large n, (—1)""1 aoe alternates between a number close to +1 and 
a number close to —1) so the divergence test says that the series diverges. (Note 
that “none of the above” cannot possibly be the correct answer — every series either 


does not 


the alternating series test cannot be used. Indeed, lim (—1) 
N—->Co 


1172 


SOLUTIONS TO EXERCISES 


converges absolutely, converges conditionally, or diverges.) 
3.4.3.6. *. Solution. First, we’ll develop some intuition. For very large n 


/ncos(n ~ je vi cos 


neesie 


1 
Te 


_ |cos(n) 
| 3/2 


since |cos(n)| < 1 for all n. By the p-test, which is in Example 3.3.6, the series 


co 


> —, converges for all p > 1. So we would expect the given series to converge 
n 


n=5 
absolutely. 
Now, to confirm that our intuition is correct, we’ll first try the Pa comparison 


theorem, which is Theorem 3.3.11, with a, = ae and by, 
a] quienes ncos(n) 3 
lim 2 = lim “ ie = lim V8 ag jeoe 
noo On n—- oo an nN—- oo ne — 1 
n?| cos n| | | 
= = cos n 
n>co n2—1 noo \ 1 1/ 2 


= lim 1-|cosn| 
N—- Oo 
Unfortunately, this limit doesn’t exist, so this attempt to use the limit comparison 
theorem has failed. Fortunately, having seen that the cosn caused the failure, it is 
not hard to adjust our strategy to get a successful proof of absolute convergence. 
First, in step 1 below, we use the comparison test to eliminate the cosn and then, 
in step 2 below, we apply the limit comparison test. 


e Step 1: Since | cosn| < 1, we have 


| Jncos(n 


reese 


Jn 


Seo 


for all n > 1. So, by part (a) of the comparison test, which is Theo- 


rem 3.3.8, if the series 7 i converges, then we will have that the series 


n=5 


[o-e) [o.e) 
n cos(n ncos(n 
Ss" ves) also converges, and hence that the series S- oe) con- 
n?—1 n2—1 
verges absolutely. 
(oe) 
e Step 2: Now, to prove that the series Ss" ae converges, we apply the limit 
nN — 
n=5 
comparison test with a, = me and), = an (for n > 5). Since 
vn 3 
n/n 
lim — = lim — = lim ue ve 
noo 6, N00 5 noc nz—1 


1173 


SOLUTIONS TO EXERCISES 


| 
— 


[oe] 
1 
and since ) 379 converges by the p-test, the limit comparison test tells us 
n 
n=5 


_— n ~. Vncos(n) 
that the series —— converges. So, by step 1, —.——— converges 
absolutely. 
~. |n? — sinn 
3.4.3.7. *. Solution. We first develop some intuition about S- eo ca 
meme ee +n 


where we take the absolute value of the summands to consider whether the series 
converges absolutely. For very large n, n? dominates sinn and n° dominates n? so 
that 


n? —sinn n al 
n® + n2 n& 4 
wl 
The series by — converges by the p-test with p = 4 > 1. We expect the given 
n 
n=1 


series to converge too. 
To verify that our intuition is correct, we apply the limit comparison test with 


n? —sinn 1 
an, = and 6b, = ari 
netn n 
which is valid since 
— Gn... |(n?-sinn)| n* | |n®—n'*sinn| 
lim — = lim . = lim ———— 
nN—0o bn nN—0o no ++ n2 1 N00 no + n? 
l= sii 
= lim —————_ = 1 


noo 1+ n-4 


; ; — _ & |n? —sinn| 
exists and is nonzero. Since the series }/ b, converges, the series }? —,;——,— 
n=1 n=1 NP ET 
. oo n? —sinn 
converges too. Therefore, the series }> 


converges absolutely. 
es n§ + 2 g y 


3.4.3.8. *. Solution. You might think that this series converges by the alter- 
nating series test. But you would be wrong. The problem is that {a,,} does not 
converge to zero as n — oo, so that the series actually diverges by the divergence 
test. To verify that the n** term does not converge to zero as n —> oo let’s write 


te = qari (i.e. a, is the n™ term without the sign) and check to see whether 
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Gn+41 is bigger than or smaller than ay. 


an (FIP +I(n+ie en) 
— (Qn+2)(Qn+1) n?+1 
7 (nt+1)2? (n+1)241 
_ 2(2n + 1) 1+1/n? 
(n+1) (141/n)? + 1/n? 
14+1/2n 1+1/n? 
1+1/n (14+1/n)?+1/n? 


int (2b 2) (n? + 1)(n!)? 
| 


So r 
lim 2 -4 


n>00 On 


and, in particular, for large n, d,4, > Gy. Thus, for large n, a, increases with n 
and so cannot converge to 0. So the series diverges by the divergence test. 


3.4.3.9. fs Solution. This series converges by the alternating series 

test. We want to know whether it converges absolutely, so we consider the 
wo| (-l" |< 1 

a> n(logn)101| d. n(log n) 101° 

We’ve seen similar function before (e.g. Example 3.3.7, with p = 101 > 1) and it 

yields nicely to the integral test. Let f(a) = aloes Note f(x) is positive and 


decreasing for n > 3. Then by the a ae test, the series >°° tor COnverges 


1 
n=2 n(log n) 


if and only if the integral a dx does. We evaluate the integral using the 


ines x (log x) 10 
substitution u = log x, du = 2 da. 


| a 
ee ie eae 2 
| ailoga sale are . aero 


I 
5 
a. 
< 


| log b 
lim Feed 
boo | 100u! |... 4 


i 
100(log 2) 109 


(oe) 
Since the integral converges, the series }> alee ny" converges, and therefore the 
n=2 


series > wes converges absolutely. 


3.4.3.10. Solution. The sequence has some positive terms and some nega- 
tive terms, which limits the tests we can use. However, if we consider the series 
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Co . 
sinn ; : 
y >|, we can use the direct comparison test. 
n 
n=1 
. (oe) 
. sin n 1 . 1 
For every n, |sinn| < 1, so0 < g | Se eice y —, converges, then by 
n n n 
n=1 


sin n 
=a converges 


converges as well. Then > 


n=l 


[oe] 
the direct comparison test, Ss 
n=1 
absolutely — in particular, it converges. 


sin n 
me 


3.4.3.11. Solution. The terms of this series are sometimes negative (for odd 
values of n where sinn < 5) and sometimes positive. But, they are not strictly 


alternating, so we can’t use the alternating series test. Instead, we use a direct 
comparison test to show the series converges absolutely. 


IA 


a. 
oS 
| 
Col RR 
Co] Ww NB] BR 
IA 
aN A 
nN 
| 5 
8 
| 
Col RR 
Se 
/\ 
aN 
SS 
| 
CO| 
Na 


= ae sine | 2 
~ 4 8 8 

= o< |S - al <5 
—~| 4 8 8 


= 0< sint 1 i 2 
4 8 
a ” 
Since S° gq} converges (it’s a geometric sum with |r| < 1), by the direct com- 
n=1 
parison test, »; 


sinz 1\” 
4 8 
n=1 


“fsinz 1\" 
Th a bsolutely — and it ’ 
en S- ( ji | converges absolutely — and so it converges 


converges as well. 


n=1 
3.4.3.12. Solution. The terms of this series are sometimes negative and some- 
times positive. But, they are not strictly alternating, so we can’t use the alternating 
series test. Instead, we use a direct comparison test to show the series converges 
absolutely. 


sin? n — cos? n + 3 gles 5 


Qn = Qn = Qn+1 
(oe) 
The series y jn4l converges, because it’s a geometric series with r = 5. By 
n=1 


en ee 2 1 
. p sin“ n — Cos" n + 5 
the direct comparison test, y os 


n=1 


converges as well. Then 
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oo | od 2 1 
sin” nm — cos” n + 5 ; 
y converges absolutely, so it converges. 


Qn 


n=1 


Exercises — Stage 3 
3.4.3.13. *. Solution. (a) 


e Solution 1: We need to show that >> 24n2e-™™ converges. If we replace n by 


n=1 
x in the Sand, we get f(a) = 2472e-*’, which we can integate. (Just 
substitute u = x?.) So let’s try the integral test. First, we have to check that 
f(a) is positive and decreasing. It is certainly positive. To determine if it is 
decreasing, we compute 


a = 48re~" — 24 x 3r4e~™ = 242(2 — 32)e7 
2 


which is negative for x > 1. Therefore f(x) is decreasing for x > 1, and the 
integral test applies. The substitution u = 2°, du = 32? dz, yields 


[to di = [rsste= di = [se du = —8e “+C 


3 


=—§e " + C, 


oo R 
. a) 
[rears pm [seers pm [-8e-"] 


= lim (—8e-™ + 8e71) = 8e71 
R- 00 


Therefore 


[oe] 
Since the integral is convergent, the series }> 24n2e-”” converges and the 


n=1 
series So(- 1)""124n?e-™ converges absolutely. 
n=1 


e Solution 2: Alternatively, we can use the ratio test with a, = 24n2e-™. We 
calculate 


24(n + 1)2e~ 
2An2e-”* 


(n+1)? e 
tn. nm emis 


1 2 
lim (1 - *) e Br? +3041) 1.9 =0<1, 
n 


Nn—->oo 


An+1 
Gn 


lim 
n—-co 


noo 


and therefore the series converges absolutely. 
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e Solution 3: Alternatively, alternatively, we can use the limiting comparison 
test. First a little intuition building. Recall that we need to show that 


lo) 

ye . * C . 
> 24n7e 1 converges. The nth term in this series is 
n=1 


2 
—— 24n2e-” = mal 


en? 


It is aratio with both the numerator and denominator growing with n. A good 
rule of thumb is that exponentials grow a lot faster than powers. For example, 
if n = 10 the numerator is 2400 = 2.4 x 10° and the denominator is about 
2 x 10*%*. So we would guess that a, tends to zero as n + oo. The question 
is “does a, tend to zero fast enough with n that our series converges?”. For 
example, we know that S°~, a. converges (by the p-test with p = 2). So if 
ad, tends to zero faster than a does, our series will converge. So let’s try the 


Sn Sis : 458 2 
limiting convergence test with a,, = 24n?e-" = ar and b,, = =. 


An 24n2e-”" _ 24n4 


noo b n—oo 1/n? noo e” 


oa" A x 2423 
lim — = lim ctl by lV Hépital 


w—00 ex? ~—00 372 ex3 


322 


just cleaning up 


= lim —+ by ’H6pital, again 
roo 377e% 


= 0 
That’s it. The limit comparison test now tells us that }>~, a, converges. 


(b) In part (a) we saw that 24n2e-”” is positive and decreasing. The limit of 
this sequence equals 0 (as can be shown with l’Hépital’s Rule, just as we did at 
the end of the third solution of part (a)). Therefore, we can use the alternating 


[oe] 
series test, so that the error made in approximating the infinite sum S = )> a, = 


n=1 
oo N 
S>(—1)""!24n2e-”” by the sum of its first N terms, Sy = )> Gp, lies between 0 
n=1 n=1 


and the first omitted term, ay 4,. If we use 5 terms, the error satisfies 
|S — S| < |a6] = 24 x 36e-© & 1.3 x 107 


3.4.3.14. Solution. The error in our approximation using through term N is at 


most anne We want GU TDY < TT By checking small values of N, we see 
that 8! = 40320 > 1000, so if N = 3, then Tere = IN a ae So, for our 
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approximation, it suffices to consider the first four terms of our series. 


3 
‘ia 1 1 1 
cos(t) & > a ~a ta 6 
N=0 
Ligh 1 " 1 
2°24 720 
_ 720— 360+ 30-1 379 
> 720 720 


When we use a calculator, we see 


389 = 
“~ — 0.540277 
720 

cos(1) = 0.540302 


389 1 
cos(1) — zon 0.000024528 ~ 7 


So, our error is reasonably close to our bound of and far smaller than 


_1_ i 
40320” 1000° 
3.4.3.15. Solution. The terms of this series are sometimes negative and some- 
times positive. But, they are not strictly alternating, so we can’t use the alternating 
series test. Instead, we use a direct comparison test to show the series converges 
absolutely. 


If n is prime, then 


An| en/2 a oe 
er} | en en/2 Je 
If n is not prime, then 
Qn) | n?|_ n? 
ern| | en] en 


n/2 


For n sufficiently large, n? < e”/*, so for n sufficiently large, 


1 n 
Since e > 1, then \/e > 1, so the geometric series >; (= has |p| =o 
€ 


[oe] 
a 
so it converges. By the direct comparison test, y = converges as well. Then 
e€ 


n=l 
oo 


ity . 
» — converges absolutely, so it converges. 
en 
n=1 
3.5 - Power Series 
3.5.3 - Exercises 
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Exercises — Stage 1 
3.5.3.1. Solution. 


lege: 


This is a geometric series with r = 5. 


3.5.3.2. Solution. Following Theorem 3.5.13, we differentiate our function term- 
by-term. 


Keep in mind that x is our variable, and for each term, n is constant. 


3.5.3.3. Solution. If «= c, then 


f(z) = A,(c—c)* ye Aato=e + Avse=o" te 
=A,-0+ Agi -0+ Agyo-04+--- 


So, f(a) converges (to the constant 0) when x = c. (Had we allowed a = 0, it 
would be possible for f(x) to converge to a nonzero number Ag, because we use the 
convention 0° = 1.) 

Depending on the sequence {A,}, it’s possible that f(x) diverges for all x 4 c. 


For example, suppose A, = n!, so f(x) = IG —c)". If x #c, then the limit 
n=0 


= lim (n+ 1)|z — ¢| is infinity, since x —c £ 0. So, the 
series diverges. 
We’ve now shown that the series definitely converges at x = c, but at any other 


point, it may fail to converge. 


3.5.3.4. Solution. According to Theorem 3.5.9, because f(a) diverges some- 
where, and because it converges at a point other than its centre, f(x) has a positive 
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radius of convergence R. That is, f(x) converges whenever |x — 5| < R, and it 
diverges whenever |x — 5| > R. 

If R > 6, then |11 — 5| < R, so f(a) converges at x = 11; since we are told f(z) 
diverges at x = 11, we see R <6. 

If R < 6, then | — 1-5] > R, so f(x) diverges at x = —1; since we are told f(z) 
converges at x = —1, we see R > 6. 

Therefore, R = 6. 


Exercises — Stage 2 
3.5.3.5. *. Solution. (a) We apply the ratio test for the series whose k'* term 
is a, = (—1)*2**1z*, Then 
(—1)PMar eg 
(—1)*2k+1 yk 


se Minny |e |= 2a] 
k-0o 


= jim | 


k- 00 


Therefore, by the ratio test, the series converges for all x obeying |2z2| < 1, ice. 
|z| < 4, and diverges for all x obeying |22| > 1, ie. |z| > 5. So the radius of 
convergence is R = 5. 


Alternatively, one can set A; = (—1)*2**1 and compute 


; Ags (—1)*+1Q"? 
A= fim | eee! (IT | = ee =? 
so that R = 5 a *, again 
(b) The series is 
co co [oe] 1 
So(-1)kaktsk = 25 \(—-20)k = 25 ork =2x 
k=0 k=0 a = 
- 4 
14 2a 


for all |r| = |2a| <1, ive. all |x| < $. 


3.5.3.6. *. Solution. We apply the ratio test for the series whose k*" term is 


ak = SEVCEENIE Then 
_ [Oey ce 10**1(k + 1)! 
li = lim ‘ 
k-00 Ak k-> 00 1ORTA CK + 2)! ak 
1Q*+1 (k ae 1)! g kt 
= lim . . 
k-00 | 10*+2] | (k + 2)! ae 


1 
= lim ———|z]=0<1 
im eta 


for all x. Therefore, by the ratio test, the series converges for all x and the radius 
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of convergence is R = oo. 
1 


Alternatively, one can set A, = 10k +1)! 


so that R is again +oo. 


and compute A = lim 


4] —0 


k 


k- oo 


3.5.3.7. *. Solution. We apply the ratio test with a, = ee 
_ | Qn-+ (e—2)"*  n?+1 
lim |——] = lim . 


wed 


lim 


lim 


ayaa 
1+ 1/n? 


Jz — 2 


n-t00 (1+ 1/n)2 + 1/n2 


Jz — 2 


Jz — 2| 


So, the series converges if |x — 2| < 1 and diverges if |x —2| > 1. That is, the radius 


of convergence is 1. 
3.5.3.8. *. Solution. We apply the 
Dire)! ipen 

Jn 


Aan = 


——| = lim 


ratio test for the series whose n** term is 


Jn 


Nn—->Co 


= lim 
noo 


z+ 2| 


Yn+1l 


(x + 2)” 
Jn 
v/nt+1 
1 


lim 
noo 


|x + 2| 


z+ 2| 


1+1/n 


So the series must converge when |x + 2| < 1 and must diverge when |x + 2| > 1. 


When x + 2 = 1, the series reduces to 


» 


n=l 


n 


(—1) 
Jn 


which converges by the alternating series test. When x + 2 = —1, the series reduces 
to 
3 
n 


which diverges by the p-series test with p = 
—1<2+2<1 or (-3,-]]. 


1 


2° 


So the interval of convergence is 
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3.5.3.9. *. Solution. We apply the ratio test for the series whose n™ term is 
=i eae 
1 ro). 
nh n+1 3 


(<4 pepiyn tl 
ki ntl] _ ji, |_2#2 (=) 
noo An i noo (=) (sy" 
n+1 3 
: ele n+ 1 (2 is De gn 
= jim . : : 
n—00 (—1)” n+2 (2 ats 1)" 3n+1 
n+1 g+1 |x + 1| 
= fim . — 
ja+1| 


Therefore, by the ratio test, the series converges when 
|ja+1| 
3 


3 < 1 and diverges when 


> 1. In particular, it converges when 
ja+1_<3 = -3<2741<3 = -4<4<2 


and the radius of convergence is R = 3. (Alternatively, one can set A, = ook 


= (nt1)3* 
and compute A = lim,_,. |] = ey so that R = 4 =.) 
Next, we consider the endpoints 2 and —4. At x = 2,ie. x +1 = 3, the series 
is simply }°** 5 a which is an alternating series: the signs alternate, and the 


unsigned terms decrease to zero. Therefore the series converges at « = 2 by the 
alternating series test. 
At x = —4 the series is 


= (-1)" (—44+1\" (-1)" oa ee 
Yt 3 ) of Dare dae Da, 


since (—1)" - (—1)" = (—1)" = ((-1)*)” = 1. This series diverges, either by 
comparison or limit comparison with the harmonic series (the p-series with p = 1). 
(For that matter, it is exactly equal to the standard harmonic series }>~, 4 re- 
indexed to start at n = 0.) 

In summary, the interval of convergence is —4 < x < 2, or simply (—4, 2]. 


3.5.3.10. *. Solution. We first apply the ratio test with a, = any 
. — 9)nt+l 4/5(nn __ 4 
lim || = ii Cat, oe 
n>c00l An noo (n ++ 1) ea(5ert = 4) (@ = 2)\e 
4/5 52 _ 4 
= lim sal ) |x — 2| 
Rees (n + 1)4/5(6"41 = 4) 
| (1 4/5") 
= i —2 
um, (41 /nyh6— apy 7 
_ |e 2 
an: 


Therefore the series converges if |x — 2| < 5 and diverges if |x — 2| > 5. When 
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x —2= +5, ie. x = 7, the series reduces to pe ae = 24 PEE which 
diverges by the limit comparison test with b, = at When x — 2 = —5, ie. 


x = —3, the series reduces to )> ae =", aR which converges by the 
n=1 n=1 


alternating series test. So the interval of convergence is —3 < x < 7 or [—3,7). 


3.5.3.11. *. Solution. We apply the ratio test with a, = Canis Since 


(a+2)7+1 
an ; n+1)? 
lim || = lim |— a = lim |e + 2| 
n>00!] An noo er?) nN—-0o ( ) 
= ep Z| |e+2 
Jim le + 2] =e +2 


we have convergence for 
jn + 2)< 1 = -l<2#4+2<1 = -3<4<-1 


and divergence for |z+2| > 1. For |x+2| =1, ie. forz+2 =+1,ie. for z = —3,-—1, 
the series reduces to )> oY which converges absolutely, because 5° - converges 
n=1 n=1 


for p= 2 > 1. So the given series converges if and only if —3 <a < —1. 


3.5.3.12. *. Solution. We apply the ratio test with a, = “(¢ — 1)". Since 


_ Anti —] n+1 1 
lim |2@t4| = lim (p= Py aed) 
= oe NT 
- n 
= 4|x — 1| lim —— =4|z -1]-1. 


the series converges if 


1 1 
Ala -—1f<1 = -1<4(¢@-1)<1 = 7 


= eee 
4 4 


and diverges if 4|a — 1] > 1. Checking the right endpoint « = 7 we see that 


=A £5 ree a 
ee (G-1] eas 
n=l n=1 


is the divergent harmonic series. At the left endpoint 7 = 3 


Boy Ee 


converges by the alternating series test. Therefore the interval of convergence of the 


ee . - 3 5 35 
original series is 7 <x < 3, or 2, 2). 
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3.5.3.13. *. Solution. We apply the ratio test with a, = (-1"s- Since 
tm |2"tt| = tim (2 —1)"t! 2"(n +2) 
n 00] An noo | Qn+1 (n + 3) (x _— 1) 


_ |x-1jn+2 
= lim ————— 
n>c0) 6c Qn +3 
|x — 1] kin 1+2/n _ |x — 1] 

2  n>01+3/n 2 


the series converges if 


jz — 1 
2 


<1 <=> |la-1) <2 = -2<(¢@-1) <2 
— -l<2r<3 


and diverges if |z — 1] > 2. So the series has radius of convergence 2. Checking the 


left endpoint « = —1, so that et = —1, we see that 
= (-1-1)""” Gil 
aye 
Sorte 
is the divergent harmonic series. At the right endpoint x = 3, so that at = +1 
and 
= 2"(n + 2) “=~ n+2 


converges by the alternating series test. Therefore the interval of convergence of the 
original series is —1 < x < 3, or ( — 1, 3]. 


3.5.3.14. *. Solution. We apply the ratio test with a, = (—1)"n?(x — a)”. 


Since 
san [@2#2| tay [BE + (0 — a) 204 
n>00 | Ay, n—-0o (—1)"n? (x -_ aye 
1 2 
= lim [a gat ua ) 
noo n 
= |x — a)? lim (1+ —)° = |x —a)? 


the series converges if 
ja-—al? <1 => |t@-al <1 = -l<z-a<l1 
—= a-l1l<a<atl 


and diverges if |a — a| > 1. Checking both endpoints x — a = +1, we see that 


Dyna} = OC 
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fails the divergence test — the n*® term does not converge to zero as n — 0d. 
Therefore the interval of convergence of the original series is a— 1 < 2 <a-+l1, or 


(a—1,a+1). 


3.5.3.15. *. Solution. (a) We apply the ratio test for the series whose k‘* term 


is A, = ory Then 


Ajsy : (x ie 1 k29* 
lim = hm 
k-s00| Ap ko0 | (Kk + 1)29*+! (2 + 1)4 
tL + 
~ ee +19 ap 
1 1 
= hi 1| — ———_j 
ers (1+ 1/k)? 
eae! 
9 


So the series must converge when |x + 1| < 9 and must diverge when |x + l| > 9. 
When x + 1 = +9, the series reduces to 


which converges (since, by the p-test, )>7°., 4 converges for any p > 1). So the 
interval of covnergence is |x + 1| < 9 or -10 < x < 8 or [—10, 8). 
(b) The partial sum 


( an aN+1 ) 
QN+1 aN+2 


| 
“—, 
ae) 
wm [re 
ai) 
w pw 
Ne 
——-~ 
a/|ea 
w fw 
| 
ae) 
K lo 
~~ 


a2 aNnN+2 


We are told that ys ( os tt) 
a Ak+1 Ak+2 


converges to = as N > oo, or equivalently, that 


a 
= —. This means that the above partial sum 
a2 


lim ee 0 
N-co QaN+2 
and hence that 
Lin lagi (x — ier _ Ix _ 1| ts |ax+41| 
gam lax(a — D4 eso [axl 


is infinite for any x # 1. So, by the ratio test, this series converges only for x = 1. 
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1. 
1-z? 


3.5.3.16. *. Solution. Using the geometric series 5) 2” = 
n=0 


x3 lo) oo lo) 
; — 7° > gz" = . grt3 — : Cs 
ie n=0 n=0 n=3 


3.5.3.17. Solution. We can find f(x) by differentiating its integral, or antidif- 
ferentiating its derivative. In the latter case, we'll have to solve for the arbitrary 
constant of integration; in the former case, we do not. (Remember that many 
different functions have the same derivative, but a single function has only one 
derivative.) To avoid the necessity of finding the arbitrary constant, we can ignore 
the given equation for f’(7), which makes the problem much simpler. This is the 
method used in Solution 1. 


e Solution 1: Using the Fundamental Theorem of Calculus Part 1: 


aif feet} = r6 


) 
So, jte)= Bfoery GOT} 


e Solution 2: Suppose we had used f’(x) instead. We would antidifferentiate to 
find: 


= Gai" 
= C 
(>: n+iy(n+2))~ 
aoe 
_ ae [oa 
(>: (n+ 1) 
Notice f(1) =0+C. So, to find C, we must find f(1). We can’t get that 


information from f’(2), so our only option is to consider the given formula for 
ae f(t)dt. Using the Fundamental Theorem of Calculus Part 1: 


r= s.{ f sexe} 


I 
Q 
Q | om 
—“~_— 
Ww 
8 
Me 
2|e 
3 
+l 
|S 
ees + 
= 
ue 
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_ (gs 1? 
- pe ces 
[oe] or 
~ 8+ een 
=3 
50, f(#) =34 »—. 


Note that in Solution 2, we did the same calculation as Solution 1, and more. 


Exercises — Stage 3 
3.5.3.18. *. Solution. We apply the ratio test for the series whose n‘* term is 


either a, = 50h on Or Ay, = | zoel: For both series 
lim ae oe lim ann aM logn 
n—00 | On noo | 32(n+1) log(n ++ 1) Bite 
=i xlogn = ie x logn 
noo |3?log(n+1)| — n>00 | 3?[log(n) + log(1 + 1/n)] 
~ n-to0 | 32[1 + log(1 + 1/n)/log(n)] | 
_ tel 
9 


Therefore, by the ratio test, our series converges absolutely when |z| < 9 and 
diverges when Ie > 9. 


gr & 1)" 
For « = —9, Yea 30 logn = d, iu which converges by the alternating series 


logn 
test. - . - 
For x = +9 S- eee = 3 : which is the same series as a | a . We 
"<4 3" logn =< logn “| logn 
shall shortly show that n > logn, and hence cea > 4 for all n > 1. This implies 


oe) 


1 1 
that the series ae — 7, Uverges by comparison with the divergent series S- = 


This yelds both. ae es for « = 9 and also the failure of absolute convene 
for © = —9. 

Finally, we show that n — logn > 0, for alln > 1. Set f(x) = x —logzx. Then 
f(1) =1>0 and 


fasta S0 for all ¢ > 1 
z 
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So f(x) is (strictly) positive when x = 1 and is increasing for all x > 1. So f(z) is 
(strictly) positive for all x > 1. 


1 [o.e) 
3.5.3.19. x. Solution. (a) Applying = Die with r = x° gives 


1 °° eS gontl 
ee — —1)” 3n = —])?—__ 


(b) By part (a), 
44 oe ont 

—~_ dz = Y(-1)" 
‘l ite df antl 


This is an alternating series with successively smaller terms that converge to zero 
as n — oo. So truncating it introduces an error no larger than the magnitude of 
the first dropped term. We want that first dropped term to obey 


1/4 co { 


~ 2" (8n + 1)43"41 


0 


1 1 
SS 
(3n + 1)43r+1 105 
So let’s check the first few terms. 
1 oe 
(8n+1)48-+1] _, 47 10 
il i . 1 
(8n + 1)48r+1| 45 ~ 10 
il 2.8... .. 1 
(Gaia |. (xa 7xO™ 7 R16 & 1004 
i 1 


= < 
112 x 1024 ~ 10° 
So we need to keep two terms (the n = 0 and n = 1 terms). 


3.5.3.20. *. Solution. (a) Differentiating both sides of 


[o-e) n 1 
d7 ~ la 


gives 
= 1 
n-1l __ 
d= aa 


Now multiplying both sides by x gives 


Yin" =a 
— (1-2) 
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as desired. 
(b) Differentiating both sides of the conclusion of part (a) gives 


i a4  UbSa)=2e =) l=@)\(1l=¢9% 
yore _ ) ( yf )( ) 


(=a) - (l= 2)" 
Lae 
“ae 


Now multiplying both sides by x gives 


Sonat (1+ x) 
=e 
= (1 — 2) 
We know that differentiation preserves the radius of convergence of power series. 
So this series has radius of convergence 1 (the radius of convergence of the original 


geometric series). At 2 = +1 the series diverges by the divergence test. So the 
series converges for —1 < x < 1. 


3.5.3.21. x. Solution. By the divergence test, the fact that 5) (1—5,,) converges 
n=0 
guarantees that lim (1—,) = 0, or equivalently, that lim b, = 1. So, by equation 
Noo 


N+ Oo 
(3.5.2), the radius of convergence is 


bn+1 


R= im 


n—->Co 


n 


3.5.3.22. *. Solution. (a) We know that the radius of convergence R obeys 


fin OOS pe, a 8g 
n>0o On n>oon + 1 Nan C 


because we are told that lim na, =C. So R= 1. 
noo 


(b) Just knowing that the radius of convergence is 1, we know that the series 
converges for |x| < 1 and diverges for |x| > 1. That leaves x + 1. 


When x = +1, the series reduces to 45> a,. We are told that na, decreases to 
n=1 


which 


i 
n? 


C > 0. Soa, > — By the comparison test with the harmonic series pe 
diverges by the p-test with p = 1, our series diverges when x = 1. 7 


When x = —1, the series reduces to 5>(—1)"a,. We are told that na, decreases 


n=1 


to C > 0. So a, > 0 and a, converges to 0 as n > oo. Consequently 55 (—1)"an, 
n=1 
converges by the alternating series test. 


In conclusion >> a,x" converges when —1 < x <1. 
n=1 
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3.5.3.23. Solution. Equation 2.3.1 tells us the centre of mass of a rod with 
weights {m,,} at positions {z,} is Z = 2s Mnin 

Mn 
We find the combined mass of our weights using Lemma 3.2.5 with r = 7 and 7 = 


respectively. 


rh 


wile 


n=1 n=1 n=0 n=0 
-1 1 101 
~ 30 Tt 9° 1 
2 fa 8 | ta 
1 3 
= 1 - = 
= 2 2 


Now, we want to calculate the sum of the products of the masses and their positions. 


acd am 
dae da) 


We don’t have such a nice formula for this, but we can make one by differentiating. 
The following formula is true for any x with |x| < 1: 


co n 1 
d7 ~~ l-z 


Differentiating both sides with respect to x: 


_ 2 
= (1 — 2) 
= 1 
n-1 
Sonat = 
= (1 — 2x)? 
Multiplying both sides by a: 
Yon” = 5 
= (1 — 2x)? 
This allows us to evaluate our series. 
lee) [ee] 1 1 
n nr 3 3 
an n 27 2 
n=1 2 n=1 3 (1 = 5) (1 _ 3) 
spa a 
4 A 
Therefore, 
5/4 5 __ 
T= —— = — = 0.833 
~~ 3/2 6 


Remark: we can check that this makes some sense. Since the weights to the right 
of « = 0 are heavier than those to the left, but spaced the same, we would expect 
our rod to balance to the right of x = 0. 
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3.5.3.24. Solution. First, we differentiate. 


= A; 


So, if Ay =0, then f’(c) =0. That is, f(x) has a critical point at 7 =. 
To determine the behaviour of this critical point, we use the second derivative test. 


Following the second derivative test, x = c is the location of a local maximum if 
A, <0, and it is the location of a local minimum if Ay > 0. (If Az = 0, the critical 
point may or may not be a local extremum.) 


3.5.3.25. Solution. We recognize Ss" 


n (oe) 
Baa 3S j\z2)= Son -2"~', evaluated at 
i n=3 n=3 
x = =. We should figure out what f(x) is in equation form (as opposed to power 


series form). Notice that this looks similar to the derivative of the geometric series 


ee 


1192 


SOLUTIONS TO EXERCISES 


= 17° + 2a1 + by nar! 


n=3 


= 142043 ne 


n=3 


1 . i. ae 
Setting:  —————-—1-—2=- = 
sees 1/5 5 yn(5) 
2 n 
5 


So, our series luates t 1 si - 
evaluates to — —1l1—+==—. 
, 16 5 ~=.80 


3.5.3.26. Solution. As we saw in in Example 3.5.20, 


See grt 
log(1 +2) = )-(-1" 
n=0 


which is an alternating series when x is positive. If we use its partial sum Sy to 
approximate log(1 + x), the absolute error involved is no more than 


gn) gNt2 


NeDet N+ 


We want this error to be at most 107° whenever 0 < x < a: For this range of x 
N+2 
x 1 


Woo < (N+ 2)10"2" so we want N that satisfies the inequality: 


values, 


i 1 
< 
(N +2)10N+2 ~ 105 
= (N +2)10"*? > 10° 


We see N = 3 suffices. 
So, the partial sum 
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5 
os 
approximates log(1 + a) to within an error of 5" 


When z is between 0 and +, that error is at most < 10~°, as desired. 


10° 5+ 105 
Now we can approximate log(1.05). 


1 
log(1.05) = 1 1+ — 
og(1.05) og ( fh =a) 


(a), Ga)” _ Ga) 

~ (5) — A 4 

_ 12x 203-6 x 20?+4x 20-3 93677 
12 x 204 1920000 


We note that a computer approximates 236°> = 0.04879010 and log(1.05) 


0.04879016. So, our actual error is around 6 x 107°. 
3.5.3.27. Solution. As we saw in in Example 3.5.21, 


ees gent 
tanz = Y (-1)” 
arctan © 2| ) eae 


which is an alternating series when x is nonzero. If we use its partial sum Sy to 


approximate arctan x, the absolute error involved is no more than 
2(N+1)+1 2N+3 
epee [ail 


N(n+1)+1 2N+3 


We want this error to be at most 10~° whenever —4 ae ‘. For this range of x 


lars 1 


] < 
vases) ON +3 ~ (2N +3)42N43" 


so we want N that satisfies the inequality: 


1 1 
< 
(2N + 3)42N+3 — 1085 


A quick check with a calculator shows that N = 2 suffices. 
So, the partial sum 
2n+1 3 5 


2 
v v iG 
—1)" ey ety 
d| = eG 


n= 


: “yds af 
approximates arctan x to within an error of 7 


: 1 i 


When z is between —; and ‘, that error is at most = 


< — 
7-4" 114688 — 100000 


10~°, as desired. (When x = 0, our approximation is 0, the exact value of arctan 0.) 


3.6 - Taylor Series 
3.6.8 - Exercises 
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Exercises — Stage 1 
3.6.8.1. Solution: All functions A, B, and C intersect the function y = f(z) 


when x = 2. B is a constant function, so this is the constant approximation. A is 
the tangent line, so A is the linear approximation. C' is a tangent parabola, so C’ is 
the quadratic approximation. 


3.6.8.2. Solution. Following how a Taylor series is constructed, the Taylor series 
and the function agree at the point chosen as the centre. So, T(5) = arctan? (e° + 7). 
If we were evaluating a Taylor series at a point other than its centre, we would 
generally need to check that (a) the series converges, and (b) it converges to the 
same value as the function we used to create it. 


3.6.8.3. Solution. These are listed in Theorem 3.6.7. However, it’s possible to 
figure out many of them without a lot of memorization. For example, e° = cos(0) = 
75 = 1, while sin(0) = log(1 + 0) = arctan(0) = 0. So by plugging in x = 0 to the 
series listed, we can divide them into these two categories. 

The derivative of sine is cosine, so we can also look for one series that is the derivative 
of another. The derivative of e” is e*, so we can look for a series that is its own 
derivative. 

Furthermore, sine and arctangent are odd functions and only II and IV are odd. 
Cosine is an even function and only III is even. 

Alternately, we can find the first few terms of each series using the definition of a 
Taylor series, and match them up. 

All together, the functions correspond to the following series: 


A-V 
B-I 
C-IV 
D- VI 
E - Il 
F - Il 


3.6.8.4. Solution. 


a Using the definition of a Taylor series, we know 


eee n? : 4 FOS a 
Da — 3) “2 Bg 3) 


a= nN: 


So, the coefficient of (7 — 3)?° is £ So (using the definition). Using the given 
series, the coefficient of (x — 3)?° is we. So, 


feQC) _ 20? 
Ol Ogre Ti 


20! 
(20)(3) — 992 
- 2 Crest) 


(which is extremely close to 20°). 
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b Using the definition of a Taylor series, we know 


ee, 20 alk) 


| 
n=0 (n! + 1) k=0 
So, the coefficient of (x — 3)”° is dele) (using the definition). Looking at the 
given series, the coefficient of (2 — 3)?° occurs when n = 10, so it is it. 50, 


g?°) (3) _ 102 
20! sd! +: 1 


20! 
= ee G + 7 


c With the previous two examples in mind, we find the Maclaurin series for 
h(a). (Using the series representation will be much easier than differentiating 
h(a) directly twenty times.) Recall from the text that we know the Maclaurin 
series for arctan x. 


eo gent 
arctan(xz) = Le. at 
n=0 
2). ~ gory = n 52ntt A4n+2 
aretan(5a7) = dV) oc a 2) Saki 
arctan(527) _ y(-u" mia “in 
a 2n+1 


2n+1 
no 


S(O) , 
— —] 4n—2 
> 2| aaa 


n= 


A?) (0 
Using the definition of a Maclaurin series, the coefficient of x?? is ae 
This occurs in the given series when n = 6, so 
j(22) 0 52x6+1 51s 
Zu 2x64+1 13 
ool 2 5? 
=> A (0)= 
(0) 3 
j,(20) (0) 
Similarly, the coefficient of 7° in the Maclaurin series is 7 Since no 
term x?° occurs in our series, that coefficient is 0, so h@)(0) = 0. 
Exercises —— Stage 2 


3.6.8.5. Solution. The definition of a Taylor series tells us we will be computing 
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the coefficients in the series 


y Eo (x — 1)” 


n=0 


That is, we need a general description of f‘)(1). To find this, we take a few 
derivatives, and look for a pattern. 


f(z) = log(z) fl) =0 
f(a) =a fij=1 
fa) = (-)s? f"Q)=-1 
f(a) = (-2)(—Da f(1) = 2! 
f(a) = (—3)(-2)(-1)a* f(1) = -3! 
f(a) = (—4)(-8)(-2)(-1)a® fO (1) =4! 
f(a) = (—5)(—4)(-3)(-2)(-Da® fd) ==! 
fe) = ("Yn = la fO() = (-1)"""(n = 1) 


Using the convention 0! = 1, our pattern for f((1) begins when n = 1. 


ae 


My — 1)" =0+5 ye Ue ap 


SS (=D (x = ie 


n 


n=1 


3.6.8.6. Solution. To find the Taylor series for sine, centred at a = 7, we’ll need 
to know the various derivatives of sine at 7. 


j(2)=—snz f(x) =0 

J (2) = 608% f'(r) =-1 
f"(x) =-sinz f' ()=0 
f" (x) = —cosz jf i) =1 
fO(@) = sina = f(x) FO) =0 


Even derivatives are 0; odd derivatives alternate between —1 and +1. (If you’re 
following along with the derivation of the Maclaurin series for sine in the text, note 
fOO(m) = —f0(0).) 

In our Taylor series, every even-indexed term will be zero, and we will be left with 
only odd-indexed terms. If we let n be our index, then the term 2n + 1 will capture 
all the odd numbers. Since the signs alternate, f"+) (7) = (—1)"*1. So, our Taylor 


1a Ff 
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series is: 


(since the even terms are all zero) 
°° (-1)7*4 
= (2n + 1)! 


2n+1 


(1 — 7) 


3.6.8.7. Solution. The definition of a Taylor series tells us we will be computing 
the coefficients in the series 


That is, we need a general description of g)(10). To find this, we take a few 
derivatives, and look for a pattern. 


g(z) =a g(10) = 0 
g(x) = (-I)27? g'(10) = = 
g(x) = (-2)(-1)2°8 go) = 

a (e) = (-8)(-2)(—1)e4 g(10) = 
g6(0) = (—4)(-3)(—2)(—1)a$ (10) = 4 
g® (a) = (-5)(—4)(—3)(—2)(-1)a~® g'(10) = as = 
of (2) = (-1)?nle" gag) = Fe 


Using the convention 0! = 1, our pattern for g)(10) begins when n = 0. 


— (¢ — 10)” 
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10-2 
10 


For fixed x, we recognize this as a geometric series with r = . So it converges 


precisely when |r| < 1, ice. 


SL 
10 


10 —2z| < 10 
—10<2z-—-10< 10 
O0<2a< 20 


aS 


So, its interval of convergence is (0, 20). 


3.6.8.8. Solution. The definition of a Taylor series tells us we will be computing 
the coefficients in the series 


SAM 
S> (a) (x — a)" 
n! 
n=0 
That is, we need a general description of h((a). To find this, we take a few 
derivatives, and look for a pattern. 


h(x) = e** h(a) = e** 
h(x) = 3e** ha=2e" 
hi" (a) = 32,3a h" (a) = 32,34 
ft Gis MGs" 

Ln (x) = 37 @3t A™ (a) _ 3% 63a 


The pattern for h'”)(a) holds for all (whole numbers) n > 0. So, our Taylor series 
for h(x) is 


oo 37 3a 


n 
am (x — a) 
n=0 


To find its radius of convergence, we use the ratio test. 


Ort _ arth ees a _ aye n! 
An (n+ 1)! 3%e32(4 — a)” 
_ antl E34 n! (x = ayer 
| 32 684 (n+l)! (4—a)” 
1 
=3- |z — al 
n+1 
: An+ 3 
lim lim |z — al} =0 
n—>00 | An noo | m+ 1 


Our series converges for every value of x, so its radius of convergence is oo. 
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1 co 
3.6.8.9. *. Solution. Substituting y = 2x into i = Soy" (which is valid 
—Y 


for all —1 < y < 1) gives 


1 — nn 
M@) = = ~7ag = Lew — m2 


1 1 
for all =o SG: 


1 
3.6.8.10. *. Solution. Substituting first y = —x and then y = 22 into i = 


Soy" (which is valid for all —1 < y < 1) gives 


n=0 
1 — n — Nry»rNn 
= Say" = as 
—(- «) n=0 n=0 
1 [oe) 
Da n 
ay = 2,22)" >> 
for all —} ao < 5. Hence, for all —} <a 5, 
3 i] 3 1 
NO G41 a1 Tae ) [a2 
= 8 S(t Soren = Yay 42)" 
n=0 n=0 


So b, = 3(—1)" +2”. 


3.6.8.11. *. Solution. We found the Taylor series for e** from scratch in Ques- 
tion 8. If we hadn’t just done that, we could easily find it by modifying the series 
for e*. 

Substituting y = 3x into the exponential series 


gives 


; : ; ; og 
so that cs, the coefficient of x°, which appears only in the n = 5 term, is c, = BI 
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3.6.8.12. *. Solution. Since 
Pape = = 23-24)" if (pt) erie <= 
de ee er: ~ 2 


and f(0) = 0, we have 


* / — = 7 NOgnszn __ . ngn gore 
(a) = f Foar=2>" f (—1)"2"t aS 2%) 2 ese 
1 


for all =. 
or all |x| < 5 


3.6.8.13. *. Solution. We just need to substitute y = x? into the known 


Maclaurin series for sin y, to get the Maclaurin series for sin(x*), and then multiply 
the result by 2?. 


cgi oO 
a eae meas 
sina") =a" — + 

u 

2? sin(2*) = 2° — = + 


= fee eee ed 
soa=landb= a= Te 


3.6.8.14. *. Solution. Recall that 


way a1tyt t+ Et 
ni 3! 
n=0 
Setting y = —x?, we have 
gt ® 
eo 1 = ee ee eee 
e 1 a 5 3] + 
2 gt xf 
a 1 = pe ise 
€ ue + 9 6 + 
eee =—-x“+ a + 
co! 2 6 
—x? 2 4 6 
[U-a=-c-4 Ces po... 
x 2 8 36 
3.6.8.15. *. Solution. Recall that 
oo yertl 
t = —1)” 
arctan(y) d| ) eo 
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Setting y = 2x”, we have 


/ JutenOnide= / yw} de 


n=0 
_ 92n+17.2n+5 
= —])"————__ Jd 
/ ex YDae = 
oy g2ntl2n+6 
= =)" C 
df ) (2n + 1)(2n + 6) » 
ce 92n .2n+6 
=U ganar t? 
= (2n + 1)(n + 3) 
1 ied) 
3.6.8.16. *. Solution. Substituting y = —3z? into i = >> y” gives 
—Yy n=0 
df = = nan,,3n+1 
ao ae a Ge = Do(-1)"8"e 
n=0 n=0 
Now integrating, 
a g3nt2 
= —1)"3” C 
fe) = sat 


To have f(0) = 1, we need C = 1. So, finally 


— | grt? 
+c eos 


3.6.8.17. *. Solution. We’re given a big hint: that our series resembles the 
Taylor series for arctangent. 


gent 


Qn+1° 


The terms of arctangent are (—1)” Our terms resemble those terms, with 


2n+1 


1 
x replaced by an 


Since 3” = (3) = aya" 


= 1)". AY a 
» (2n + 1)3* 7 va (2n at 1) (v3) 


n=0 
ee oo gentl 1 
=V3S\(-1)" | —s = V3 arctan —~ 
d( aa _ arc PY 
n=0 V3 
TT TT 
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3.6.8.18. *. Solution. Recall that e* = S- = So 
n 


n=0 


ab eel 


oO ok 
3.6.8.19. *. Solution. Recall that e* = S° ee So 


= ~ ak x — pl/e 
De a =|) k) fle l/e =e how © 
k=0 k=0 
: = oF 

3.6.8.20. *. Solution. Recall that e* = > ah So 

k=0 

© zs (EB ee 
Do ail ii =| kl ld a=1/0 a=1/n 


This series differs from the given one only in that it starts with k = 0 while the 
given series starts with k = 1. So 


(oe) oe) 


1 1 : 
ae ee ee 


k=1 , k=0 : k=0 


3.6.8.21. *. Solution. Recall, from Theorem 3.6.7, that, for all -l1 <2 <1, 


(To get from the first sum to the second sum we substituted n = k+ 1. If you don’t 
see why the two sums are equal, write out the first few terms of each.) So 


Se ~ [Sn [os gh 


n=1 


(oe) 


log(1 +2) = So(-1 


k=0 


3.6.8.22. *. Solution. Write 


n=1 n=1 n=1 
= e” =e 
Page aa 
09 en-l e” 
=) Gay) 2 aa 
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°° e” OO: an 
=) 
n=0 n=1 
Recall that e* = > cae So 
< ni 
WAS gs x" _ a" 
ee ae ail 
n=1 n=0 n=1 
=e le" +2 G —1 eet! + 2(e* — 1) 
=(e+2)e°-—2 
3.6.8.23. Solution. Let’s use the ratio test: 
gn+l 
Qn, . n 
li = lim an 
n>00 | An noo oe 
; n 
= lim 2 =o 
n>o nN 
So, the series diverges. 
Remark: it’s tempting to note that log(1 + y) = y(n" yn =— > (=y" 
n=0 aes l n=1 n 
and try to substitute in y = —2. But, the Maclaurin series for log(1 + y) has 
radius of convergence R = 1, so it doesn’t converge at y = —2. Furthermore, 


log(1 + (—2)) = log(—1), but this is undefined. 


3.6.8.24. Solution. Our series looks something like the Taylor series for sine, 


: _ . es 2n41 
sn zw = d Qn+)! : 


i om : ie 


3.6.8.25. *. Solution. (a) 
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2n 
e Solution 1: The naive strategy is to set a, = All and apply the ratio test. 
n)) 
g2nt2 
[Ant _ | (n-+2)! gre (2n)! 
lim =i |= : 
n0ol Gn eee gr (Qn + 2)(2n + 1)(2n)! 
= lim 7 
noo (2n + 2)(2n + 1) 
=0 


This is smaller than 1 no matter what x is. So the series converges for all x. 


oe) 


e Solution 2: Alternatively, the sneaky way is to observe that both e” = Ss 


n=0 


gz” 


n! 


and e~* = S- (eer are known to converge for all 2. So 
n 


2n 


i > (2n)! 


n 


ees - x 
5 (© a = n! 


also converges for all x. 


(oe) 


a x” * 
(b) Recall that e* = d, 7" Then: 
1 
oa 
n=0 
4 ely 
et=)) al 
n=0 
4. ety ae al 
1_ = = 
ete =2 > ie al ny 


3.6.8.26. Solution. All three series we’re adding up are alternating, so we can 
bound the absolute error in the approximation Sy (the N-th partial sum) by Jay +4]. 
The Taylor series for arctangent is 


2s gent 
arctan(x) = La ay 
n=0 


for every real x. 
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a Using the Taylor series for arctangent when x = 1, we see 


oe) 


a arctan(1) = Ss o(-1)” 


n=0 
_ 4 
RD) al 


The error involved in approximating 7 with the partial sum Sy is at most 
lanai] = ee In order for this to be at most 4 x 107°, we need: 


2n+1 


eee a | es 
Nao 


INE 38 > 10° 


5 
ee 3 


3 
5x 10° — 5 = 50,000 — 1.5 


Since n must be an integer, we need to add up the terms from n = 0 to 
n = 49,999. That is, we add up the first 50,000 terms. 


b Using the Taylor series for arctangent: 


1 1 
a7 = 16 arctan 5 4 arctan —— 


239 
6 a ee (Qn + 1)521 EG) (2n + 1) - 2392n41 


= (-1)" ( 16 4 
= In+1 52ntl 9392n+1 


This is an alternating sum, so the absolute error in using the partial sum Sj 
is at most: 


fo) 


1 16 4 
lawsal = oar 3 | ganas — a3gaN 


So, we want to find a value of N that makes this at most 4 x 10~°. Several 
values of N are given below. 


N lan] 

i fee ~ 0.001 
5155 869395) 
1 /16 4q 

2 |-(—-———) 0.000029 < 4x 1075 
7 \57 9397 ‘ 


So, it suffices to add up the first three terms (n = 0, n = 1, and n = 2) of the 
series. 
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c Again, we use the Taylor series for arctangent. 


: ) = arctan(1) = 


1 1 
arctan 5 + arctan 3 = arctan (; 3_] 


so that 


[o.e) [oe] 1 
—4 4 a er: ee 
_ ) (2n + 1)22n41 7 "Gn + 1)32n+1 
= yg, a 1 1 
= So(-1) In+1 (sa + a] 


If we use the partial sum Sy, our absolute error is at most 


4 1 1 
lan4i] = QN +3 \ Q2N+3 ' 92N+43 | ° 


Several of these values are given below. 


N | lawsal 
4/1 1 

1 }=(=—+—] 20.02 
= (55 + ap) 0.028 
4/1 1 

2 |=(—=+—) = 0.004 
= (s+ a ) © 0.0047 
4/1 1 

3 | -{—+— }) & 0.00089 
9 59 + 30 
4 1 1 5 

4 | = (oat ar) © 0.00018 
4 1 1 5 


So, it suffices to add the first six terms (n = 0 to n = 5) of the series. 


Remark: if we actually wanted to approximate 7 this way, the series from part (a) 
is probably not ideal — adding 50,000 terms sounds rough. The series from (b) and 
(c) seem much more practical. 


3.6.8.27. Solution. Using the Taylor series for log(1 + x): 


n+ x” 
log(1+ 2) = So(-1) = 
n=1 
log(1.5) = log {14+ a ea 
ENE OD Le na 


Since this is an alternating series, the error involved in using the partial sum S'y is 
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at most 
1 


lewsal = Op ra 
We want this to be at most 5 x 107!!. 


N lan41| 
I 5 
WO aH ~4 x 10 
15 =~ 9.5 x 1077 
16 2 
20 ~2x 108 
21 ve 
BS —10 
20 26 28 ~6 x 10 
me —10 
oa —10 
a 11 
20" |< ee 
30.9390" * 


So, it suffices to add up the first 29 terms. 


3.6.8.28. Solution. The Taylor Series for e” is not alternating, so we’ll use 
Theorem 3.6.3 to bound the error in a partial-sum approximation. The error in the 
partial-sum approximation S'y is 


for some c strictly between a and x. In our case, a = 0 and x = 1. So, we want to 
find a value of N such that 
fr) ec 


JAG 0) = 


2x ig 
(N +1)! oe 


(N + 1) 
for all c in (0,1). 

If c is between 0 and 1, then e° is between 1 and e. However, since the purpose of 
this problem is to approximate e precisely, it doesn’t make much sense to use e in 
our bound. Since e is less than 3, then e° < 3 for all c in (0,1). Now we can search 
for an appropriate value of N. 
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3 
~ (N +1)! 
10 ~ = a ~ 8x 108 
11 A ~6x 10° 
12 | [= x5 x 1 
13 7 ~3x1ou 


So, it suffices to use the partial sum $43. 


3.6.8.29. Solution. The Taylor Series for log(1 — x) is not alternating, so we’ll 
use Theorem 3.6.3 to bound the error in a partial-sum approximation. The error in 
the partial-sum approximation Sj is 
eee Ye ) 
| 


En = _ on 7 DI pee 


—___~(¢ —a 


1 
for some c strictly between a and x. In our case, a = 0 and x = 0° So, we want to 
find a value of N such that 


GONE ) N+1 
(N+)! @ 
for all c in (0, 4). 


To find this N, we to know f(%+) (x). Just like when we create a Taylor polynomial 
from scratch, we'll differentiate f(a) several times, and look for a pattern. 


25 x<i0-U 


f(x) = log(1 — 2) f(a) = ee 
fe) = — F(a) = 2HAOOVE) 
M@=7 > 

ol 

£%(@) = 

fe) = FOS 


Now we want a reasonable bound on f+ (c), when c is in (0,4). Note that in 


> i9): 
this range, 1 —c > 0. 


1 
0<c<— 
10 
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9 
=> —<l-c<l 
10 : 
9 N+1 
= (=) <(1=¢)"" <1 
1 10 N+1 
=> 1l< < 
Gor (3) 
N! ig 
=> N! < ————— < N! 
(=a (3) 


This bound provides us with a “worst-case scenario” error. We don’t know exactly 


what c is, but we don’t need to — the bound above holds for all c between 0 and 
1 

10° 

Now we’re ready to choose an N that results in a sufficiently small error bound. 


er en 7 NI (20)N41 l 


(VN +1)! \10 (VN +1)! \10 
_ 1 
~ QN+41. (N +1) 
1 At 
So, we want: oN. (N 41) <5x 10 
To find an appropriate N, we test several values. 
I 
N 
QN+1. (N + 1) 
I >= —10 
2 -11 
9 ip.g0 ~ 3 x 10 


So, it suffices to use the partial sum So. 
3.6.8.30. Solution. We'll use Theorem 3.6.3 to bound the error of a partial-sum 
approximation. The error in the partial-sum approximation S'y is 

fFND (6 


) N+1 
fe i) 


En = 
for some c strictly between a and z. In our case, a = 0 and = is in (—2,1). So, we 
want to find a value of N such that 


(N+1) 
wah zs “4 ae 25x10" 


for all x in (—2,1), and all c in (—2,1). 
To find this N, we to know f(%+) (x). Just like when we create a Taylor polynomial 
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from scratch, we’ll differentiate f(a) several times, and look for a pattern. 


fe) =snh(e)= _ > 
f()= 
a=" 
atte 


That is, even derivatives of f(x) are f(x), and odd derivatives of f(x) are 


e=+te7* 
2 


(which, incidentally, is the function called cosh x). 
Now we want a reasonable bound on f+ (ce), when c is in (—2,1). Since powers 


of e are always positive, we begin by noting that 0 < —— 4 a So, all 
derivatives of f(x) are bounded above by “+2. 
=2<0<0 1 
=> e?<e<e ande'<e°<e’ 
e°+e° e? + 
=> fN(e) < ; =’ <9 


This bound provides us with a “worst-case scenario” error. We don’t know exactly 
what c is, but we don’t need to — the bound above holds for all c between —2 and 


if 


We also don’t know exactly what x will be, only that it’s between —2 and 1. So, 


we note |a|Nt1 < 2N+1, 


Now we’re ready to choose an N that results in a sufficiently small error bound. 


(N+1) Q. onl 
7 (c) ay < 
(N +1)! (N +1)! 
Q. gN+1 
So, we want: 2 ee 
(N +1)! 
To find an appropriate N, we test several values. 
HN FI 
N 9-2 
(N +1)! 
19 | 2 ww 5 x 10-4 
(11)! 
9.97 
15 73x 10° 
(er °* 
oo" 
iG aA x10 
as)“ * 
9.2" int ai 
18 9) ~4x 107" <5 x 10 
3.6.8.31. Solution. “We- (19) Fheorem 3-630 bouncdthe error in a partial-sum 


So, it suffices to use the partial sum Sj. 
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approximation. The error in the partial-sum approximation S'y is 


‘e fNen Ve il (OTe _ a) 
— Oy +1)! 

: 1 1 : 
for some c strictly between a and x. In our case, a = 5? f= —3 and we are given 
the nth derivative of f(x): 

(7) 1 ij 
£0 (_1_1 
7! a 2 
1 6! : : 
ae [(1 C) iit (lee 7 (-7) 


—5! = = 
Sa Ie +(1+c) | 


for some c in (—, $). 
We want to provide actual numeric bounds for this expression. That is, we want to 
find the absolute max and min of 
Ee) = cae . [(1 — c) +(1+ c)"] 
14-67 


over the interval (—34, t). Absolute extrema occur at endpoints and critical points. 
So, we'll start by differentiating E(c), and finding its critical points (if any) in the 


interval (— 5,4). 
—5! a af 
E() = 77-q lO-4) +(l+c) 
E'(c) = a I7(1—o)-* —7(1 +.6)*] =0 
(1-oy® =(1 +0) 
l—c=l1+ec 
c=0 


Since E’(c) is defined over our entire interval, its only critical point is c = 0. 
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We want to decide which of these numbers is biggest, and which smallest. Note that 
2” is much, much bigger than (3/2), and both (3/4) and (2/3)’ are less than one. 
Furthermore, (3/2)’ is much larger than 2. So: [27 + (2/3)"] > [(3/2)’ + (3/4)"] > 


2. Therefore, 
a ao fay of 3h? =i 
OF a eee . = 
QV <ze (3) + (3) <i? 


We conclude that the error E¢ is in the interval 


—5! 
14-67 


or, equivalently, 


he a. —57 
14-37 | ° 37| ? 7-67 


which is approximately (—0.199, —0.040). 


Exercises —— Stage 3 
3.6.8.32. x. Solution: Using the Maclaurin series expansions of cos x and e*, 


4 an 
cos x = =e gg 
2 yd 
1—cost= 37-4 + 
2 53 
e =Itatata +: 
ge 
x? xt 1 x? 
1—cosx% _ sa _ aS +ee 
1l+a-e* -f Py... —y-H+:: 
we have : ; : 
A eile = lim at at = ae 
30 1+ 4 —e% 20 —> — E+... —5 


3.6.8.33. *. Solution. Using the Maclaurin series expansion of sin x, 


ce a age 
Se ay ay aT 
; ee a 
= ie ep my 
sint-at+G 1 
Li 5! 7! 


SOLUTIONS TO EXERCISES 


we have 
2 


ceca aa eee 
x20 Gad xz—0 5! 7! 5! 120 

Remark: to solve this using l’H6pital’s rule we would differentiate five times, making 
series a practical alternative. 


3.6.8.34. Solution. Our limit has the indeterminate form 1°; as with l’H6pital’s 
rule, we can change it to a friendlier form using the natural logarithm. 


f(a) = (l+a+27)"" 
log(f(x)) = log (1 +2 + 07)"") = “log (1+2+27) 


oe —])rtlyn 
Recall log(1 + y) = 2 se a and set y = x +2”. The series converges when 
n 
n=1 
y| < 1, and since we only consider values of x that are very close to 0, we can 
assume |x + 2?| < 1. 


2 Qn (-1)"*1 (ae + x?)” 
log(f(2)) = 210g (1+ (+ 2°) == : ) 
n=1 
2 » (+27)? (a+ 27)3 
=a (x + 2°) — 5 + 3 —-+ 
pip 
22 32x 
940g FDL + 2) eee dss) 
7 2 3 
so that 
lim log(F(c)) 
2 1 2 2(] 
=o a ee + 2)( +2) (@ +a)y(l+z) 
x0 2 3 
=2+4+0+0---=2 
and 


3.6.8.35. Solution. We have an indeterminate form 1°. We can use a natural 
logarithm to change this to a friendlier form. Furthermore, to avoid negative powers, 


we substitute y = oe As x grows larger and larger, y gets closer and closer to zero, 
x 


while staying positive. 


] tee) ae aoe a ibaa) 
og = = xlog = aig + y 
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y 

6 
: Lr . 1 y y ¥ 1 
lim | 1+— =] =e _ hae! = 
ca os | ( +5) | jot E 4'6 8 2 


1 x 
lim (14 =) | =e? — Ve 
x00 2x 


3.6.8.36. Solution. The factor (n + 1)(n + 2) reminds us of a derivative 
with the geometric series. 


fj on 
1 ae oe 
n=0 
d 1 dj, 
={rs} ={*} 
L = n—-1 = n—-1 
= we = Nx 
(1-2) > a 
d 1 d Jo a3 
=a} {dom ! 
2 lee) 7 lo) - 
fia = 5/ n(n —- 1)2” 2 = So n(n -1)x = 
n=1 n=2 
=) \(n+2)(n+ 12" 
n=0 


Let 2 = 4. Then |2| < 1, so our series converges. 


=a = 7G Dad) (=) 


ae co (n+2)(n+1) 
(6/7)° =e e 


3.6.8.37. Solution. Recall the Taylor series for arctangent is: 


Oe Qn+1 


arctan” = So(-1)" z 


n= 


2n+1 


. Start 


There are similarities between this and our given series: skipping powers of x, and 
a denominator that’s not factorial. We’ll try to manipulate it to look like our series. 
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First, we antidifferentiate, to get a factor of (2n + 2) on the bottom. 


me z gent 
[ ectanede = 2 n+ DO@n+2) +C 


We can find the antiderivative of arctangent using integration by parts. Let u = 


arctan x and dv = dz; then du = de and U= 2. 


arctan x dx = x arctan x — / — dz +C 
14+ 2? 


Now, we use the substitution w = 1+ 27, dw = 2adz. 


log(1+27)+C 


= xarctan x — 


oo 2n+2 


n L = _ 
So, So(-1) (n+ 1)Qn+2) > x arctan x 


log(1+2°)+C 


Dol rR bl 


n=0 


To find C, we evaluate both sides of the equation at x = 0. 


1 
0 = Oarctan0 — 5 los(1) +C=C 


So g2nt2 
Theref —1)” 
erefore, 2| ) (Ont 1)On+2) 


1 
= varctan x — 5 log(1 + 2”) 


Multiplying both sides by 2”, 


ess 2n+4 2 


7 i. 
4)" — 3 — — log(1 +2? 
y (—1) (Ont 1)On+2) x” arctan x : og(1 + x*) 


n=0 
3.6.8.38. Solution. 
(a) We’ll start, as we usually do, by finding a pattern for f‘)(0). 


f(z) =(L-a)? 


f(a) = 501-2)? 
f(a) = 2)? 
iM(a) =a)" 
f(a) = 5 Fa — ay 
x) = 123664 = (2n — 1) (a) emenn 
poo) 13 ae (2n — 1) 
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We could leave it like this, but we simplify, to make our work cleaner later on. 


me! (2n)! 
~ On 2.4-6-...+(2n) 
— 1 (Qn)! 
~ On One nl 
_ (2n)! 
27 7! 
This pattern holds for n > 0. Now, we can write our Maclaurin series for 
f (2). os 
=i/2 ~ PO) tg ~ (2n)!_ on 
(l1-ay™ aps nl = Do peal” 
To find the radius of convergence, we use the ratio test. 
On+1 (2n + 2)! 2 (nly 
an | Din 12 ny 
(2n +2)! nl \? gen 
~~ (ny (= cs x) " 3ane | 
= (2n +2)(2n +1) (4) ele 
n+1 4 
An? + 4n + 2 
= ania 
tin [2224] = tim [PE] =f 
n+00] On noo |4n?+ 8n+4 


So, the radius of convergence is R = 1. 


1 
b) We note the derivative of the arcsine function is ————— = f(x”). With this 
() Gs =F) 


insight, we can manipulate our Taylor series for f(a) into a Taylor series for 
arcsine. 


te n=0 
1 _ s (2n)! 2n 
= we _ i 92n (n!)? 
1 _ = (2n)! 2n 
/ 7 ar al ; (> 2 (nl)? “ 
en = (2n)! QIn+1 | 
arcsin x = iy 2 (nl)2(Qn + 1? LC 
n=0 
. _ . (2n)! Qn+1 
arcsin x = >, 3 (nl)2(Qn + Wig 
n=0 


where we found the value of C’ by setting x = 0. Its radius of convergence is 
also 1, by Theorem 3.5.13. 
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3.6.8.39. *. Solution. We use that 


log(L+y)= 5S \(-1)"? for all -1<y<1 
n 


with y = —— 


to give 


log(x) = log(2 + # — 2) = log 2 ( ee 


= log2 + log (1 + = log 


—2)" 


It converges when —1 < y < 1, or equivalently, 0 < 4 < 4. 


3.6.8.40. *. Solution. (a) Using the geometric series expansion with r = —t4, 


1 [oe] a [o.e) 
fo a = 


n=0 n= 


(oe) 


(=I 
| 


Substituting this into our integral, 


1 4 1 1 
5x2 '° 9x29) 13x 213 
= 0.5 — 0.00625 + 0.000217 — 0.0000094 + - - - 


= | 0.493967 | — 0.0000094 + -- - 


1)= CY Gan 
4 =0 
= 5 +.- ae 


See part (c) for the error analysis. 
(c) The series for [(x) is an alternating series (that is, the sign alternates) with suc- 
cessively smaller terms that converge to zero. So the error introduced by truncating 
the series is between zero and the first omitted term. In this case, the first omitted 
term was negative (—0.0000094). So the exact value of [(1/2) is the approximate 
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value found in part (b) plus a negative number whose magnitude is smaller than 
0.00001 = 10~°. So the approximate value of part (b) is larger than the true value 
of I(1/2). 


3.6.8.41. *. Solution. Expanding the exponential using its Maclaurin series, 


T= : 4 —2? gq = : a(=2")" 4 ye : ant4 q 
= be nO Lo ee a OO Lo a = XL 


I 
Me 
= 
| 
= 
3 
I 
pe 
| 
rae 
pe 
re 
+ 


\Gw25) 5 7, 18. 8111) 
we we i 


n=0 n=1 n=2 R=3 


The signs of successive terms in this series alternate. Futhermore the magnitude of 
the n“" term decreases with n. Hence, by the alternating series test, I lies between 


Pf i i i x i 4 
5 7+ ig ands —7+ ag 311° So 


1 1 
ae 
3I(11) 66 


3.6.8.42. *. Solution. Expanding the exponential using its Taylor series, 


1 


_ 2 2 —92 _ . 2 9 (—27)” _ . (=)? (2 Qn+2 
ee w=> fe vl =): aI a dx 
n=0 


0 


nl(2n + 3) 22n+8 


n=0 


The signs of successive terms in this series alternate. Futhermore the magnitude of 


the n‘* term decreases with n. Hence, by the alternating series test, I lies between 
N+1 


2s on ae and » Woy et for every N. The first few terms are, to five 
decimal places, 
n 0 1 2 3 


(lf 4 


(Qn +3)" 0.04167 | -0.00625 | 0.00056 | -0.00004 
nl(Qn 


Allowing for a roundoff error of 0.000005 in each of these, J must be between 
0.04167 — 0.00625 + 0.00056 + 0.000005 x 3 = 0.035995 


and 
0.04167 — 0.00625 + 0.00056 — 0.00004 — 0.000005 x 4 = 0.035920 


where the multiples of 0.000005 are the maximum possible accumulated roundoff 
errors in the added terms. 
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3.6.8.43. *. Solution. (a) Using the Taylor series expansion of e? with x = —t, 


et = >; sh = et = eee 


n) n! 
n=0 n=1 
et —] °° ae 
= t d= ) n! 
n=1 
Substituting this into our integral, 
(2) [a 5 yf iS 
Xx — = —_— = — 
0 t a o ni a n- ni 
(b) Substituting in x = 1, 
7a = yr 4, 
at n-n) 
=—1+ : =F + 
7 2-2! 3-3! 4-4! 5-5! 
= —1+4+ 0.25 — 0.0556 + 0.0104 — 0.0017 + --- = —0.80 


See part (c) for the error analysis. 

(c) The series for [(x) is an alternating series (that is, the sign alternates) with suc- 
cessively smaller terms that converge to zero. So the error introduced by truncating 
the series is no larger than the first omitted term. So the magnitude of <5 +++: 
is no larger than 0.0017. Allowing for a roundoff error of at most 0.0001 in each of 
the two terms —0.0556 + 0.0104 


I(1) = —1+ 0.25 — 0.0556 + 0.0104 + 0.0019 = —0.7952 + 0.0019 


3.6.8.44. x. Solution. (a) Using the Taylor series expansion of sinx with x = t, 


a 5 yr es = sint se yr ab 
sint = =[)*———___ eS =|)? =———____ 
(2n + 1)! t (2n + 1)! 
n=0 n=0 
So 
(2) [ sin t ’ 5 yf pen 
xX)= _—— — — 
5 = 9 (2n+1)! 
oo a gent 
=v» 


ar (2n + 1)(2n + 1)! 
(b) The critical points of (x) are the solutions of &’(x) = 0. By the fundamental 


theorem of calculus U/(x) = ©“, so the critical points of U(x) are x = +7, +27, --- 
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The absolute maximum occurs at « = 7. 
(c) Substituting in x = 7, 


0° gent 
D(r) = S\(-1)" 
(7) du! ”" Ont DOn+ i)! 
1 1 iad 
=7T— | — fo.-- 
3-31 5-5! 7-7! 


= 3.1416 — 1.7226 + 0.5100 — 0.0856 + 0.0091 — 0.0007 + --- 


The series for U(7) is an alternating series (that is, the sign alternates) with succes- 
sively smaller terms that converge to zero. So the error introduced by truncating 
the series is no larger than the first omitted term. So 


(a) = 3.1416 — 1.7226 + 0.5100 — 0.0856 + 0.0091 = 1.8525 


with an error of magnitude at most 0.0007 + 0.0005 (the 0.0005 is the maximum 
possible accumulated roundoff error in all five retained terms). 


3.6.8.45. *. Solution. (a) Using the Taylor series expansion of cost, 


#2 4 6 


asd f2n 
= 
> (2n)! 
cost — 1 _ 1 ne 
- ° 2 r oo 
aed p2n-2 
= =])% 


2 2h" 413 615 
Sa : gerd 
=) (2n)!(2n — 1) 
n=1 ‘ 
(b), (c) Substituting in x = 1, 
1 1 1 
a 
(1) 2 7 413° 6!5 7 
= —0.5 + 0.0139 — 0.0003 — --- 
= —0.486 + 0.001 


The series for /(1) is an alternating series with decreasing successive terms that 
converge to zero. So approximating J(1) by —} + is introduces an error between 0 


and —az. Hence I(1) < —}+ zy. 
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3.6.8.46. *. Solution. (a) Using the Taylor series expansions of sinx and cos x 
With =f, 


oo 
p2nel 


sint = ee rey) 


n=0 


er 


n= 1 


I| 
8 
= 
3 
oH 
bo 
3 
—N 
bo 
= re 
| 
bo 
Ps) 
| e 
J 
— 


n=1 
= 1=—2n 
_ (j=l ( ) 
d, (2n)! 
2 ey A TA, 
oa a 
a In-1 
_ 1 n+1,2n 
Se Gal 
= ly ve 56 7 8, 
=o a a a 
csttisnt—=1 — oy =] 
= —| nt+1,2n—2 Lad 
t? dS ) (2n)! 
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Now, we’re ready to integrate. 


I(z) -[ (ctetsnt 1) 
f (ccomes Fae) 


n=1 


1 1 1 1 


(Da - ate oat 
= 0.5 — 0.0416 + 0.00139 — 0.000024 + --- 
= [0.460 


The error analysis is in part (c). 

(c) The series for [(1) is an alternating series with decreasing successive terms that 
convege to zero. So approximating J(1) by + — + + ai introduces an error between 
0 and —2. So I(1) < #-H+ H < 0.460. 


3.6.8.47. *. Solution. (a) Substituting « = —t into the known power series 
eS l+e+% + = + w + +++, we see that: 
; 2 43 44 
e€ Soy a ag aye 
ae ae 
—t — —_ — —-— eee ee 
bre stata at 
te a t ae 
t  — oo3t 4! 


l-e* a” x x 
dt=C+ar— = = 
| i Te Fo at: Met 


Finally, f(0) = 0 (since f(0) is an integral from 0 to 0) and so C = 0. Therefore 


71 _ et ig a at 
j= dt=27- -+- — +.-- 
0 


t 2-2! 3-3! 4-4! 
[o-e) an 
We can also do this calculation entirely in summation notation: e” = y Fi and 
n! 
n=0 
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sO 


4 w(t)” = (=1)"t" 
=o =14+>)! . 


n=0 n=1 
4 °° (—1)"¢” _ asd (=I 
ae nea ee 
1—e-? : OO (= 
n=1 


(b) We set a, = Ayr” = x” and apply the ratio test. 


n-ni 


(—1)"2"*1/((n +1)- (n+ 1)!) 
(—1)r-la"/(n-n!) 


(i n-n! ) 
lim 


= lim (ei 5) since (n +1)! =(n+1)n! 


Qn+1 = 
an 


lim 


n—-oco 


This is smaller than 1 no matter what x is. So the series converges for all x. 


3.6.8.48. *. Solution. 


2 3 
fal+et State zits for all « > 0 
— e*-1>2 
— x 


3.6.8.49. *. Solution. (a) We know that e? = > & for all x. Replacing x by 


n=0 
—x, we also have e~* = D> ce for all x and hence 
n=0 
h _ x —2 a! x” . (=a)" = = il 
ean ee a ea 
n=0 n=0 n= 

~ ] 
< (2n) 
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for all x. In particular, the interval of convergence is all real numbers 
(b) Using the power series expansion of part (a) 


92 94 oo gan 
cosh(2) = 14 


“— (2n)! 
So it suffices to show that >, at < 0.1. Let’s write 6, . The first term 
2n . 
in on=3 ini a 
be = aa ae _ 4 
e 6! 6X5 X4xK3x2 45 
The ratio between successive terms in 7", ar is 
an 7 Dla ail _ 4 
b, (2n+2)!/(2n)! (2n+2)(2n +1) 
< a for alln > 3 
“8x7 4 8 N= 
Hence 
b3 ba< b5< be< 
a é at arti arti ari 
ee = eee ae ae 
= (Qn)!~ 45 45 14 45 142 45 143 
_4 ~=«21 414 56 1 
451-5 7 


(c) Comparing 


cosh(t) = ) | ai = 2 Gall 
n=0 n=0 
P 2° Ca ° (t?)” 
d we yn Gt) 
ee a > n! 2 2a! 


we see that it suffices to show that (2n)! > 2"n!. Now. for alln > 1 


n factors 
———————— 
(2n)!=1x2x---xn(n+1) x (n+ 2) x 


n factors 


n factors 


-x 2n 
n factors 


eae eee eee 
= 1k2 8s nD MOK oo 
=2"n! 


x 2 
3.6.8.50. Solution. 


(a) For Newton’s method, recall we approximate a root of the function g(x) in 
iterations: gi 


; ys 
given an approximation x,, our next approximation is %p41 = 
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Ga g(Xn) 
: J (Xn) 


. In our case, 


e—2 2 cil 
Int. = Ln — =-(2,4 
Bae 3 Les 


We want to start somewhere reasonably close to the actual root we want, so 
let’s set xg = 1. (Your starting point may vary.) 


2 1\ 4 
to = 1 = n=5(14+5)=3 
x 1.3333 
a. = ni (t42)=2 
3 ake" 46n> WO 
~ 1.2639 
91 2/91 722\ 1126819 
ne 75 aca (5 | =) ~ "394348 
~ 1.2599 
1126819 2 (1126819 894348? 
3 * "394348 Rees (an , a) 
~ 1.2599 


So, V2 = 1.26. 


(b) We’ll evaluate the given series at x = 2. This yields the series 


3 Lio ~1 (2)(5)(8) --- (8n = 4) 
2=1+- —1)” 3 
— 7 6 zs 2 ) a” a! 
This series is alternating, so if we use the partial sum Sj, our absolute error 
is at most 


lieslie= (2)(5)(8) ---(8N = 1) 
ne 3N+1(N + 1)! 
(if N > 2). We want to know which value of N makes this at most 0.01. We 
test several values. 
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ONS) 
3 a ~ 0.04 
FRIOIOIGI pare 
— e@mmy 
; OBIS) (in JUNC 9.019 
: i ae 

| 
RBECIOIOIH IC OICUICUIC aaa 

3991 
, | POU UAT TCOERy 

310 10! 
PERVIOIOMIE i 3)(26)(29) 9 o193 

(2)(5)(8) (11) (14) (1 3)(26)(29)(32) 

il -OFEl ~ 0.009 


So, the approximation Sj, has a sufficiently small error. That is, we would 
add up the first twelve terms. 


3.6.8.51. Solution. Our plan is as follows: 


e Make a Taylor series for f(x) 


Calculate the tenth derivative of the Taylor series of f(z). 


Decide how many terms we need to add to achieve the desired accuracy. 


Approximate f°) (3) with a partial sum. 


oo 2n+1 


We know that the Taylor series for arctan x is Ley aa 
n 


—1 <2 <1. So, the Taylor series for arctan(x?) is 


which converges for 


Se eye 22 ont+3 
f(x) = arctan(z?) = 2 eT = 2M" 9, a 


It is much easier to differentiate this series many times than it is to differentiate 
arctan(x*) directly many times. 


WAS n(6n+ 3)c°""? 
f(z)= dD) aes a 
ny , (6 + 3)(6n + 2)z5"4 
f(x) = dD eer 
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(oe) 


f(x) = (-" 


n=0 


(6n + 3)(6n + 2)(6n + 1)x" 
2n+1 


f0 (2) = Sy(-1)" (6n + 3)(6n + 2)(6n + 1)---(6n —6)x°"— 


n=0 2Qn+1 
QA 4, (6n + 3)(6n + 2)(6n + 1) --- (6n — 6)a8"-7 
7 XY) 2n+1 
zs n _ (6n +3)! ea 
= UM Gar en 7" 


wfl\_< a (6n + 3)! 
ee (=) 7 dD (2n + 1)(6n — 7)! - 56-7 


(Notice, after ten differentiations, the terms ap and a, are both zero.) 
Since this is an alternating series, the absolute error involved in using the approxi- 
mation Sy is at most 


(6N +9)! 
2N +3)(6N — 1)! 56-1 


lan+i] = 
( 
By testing a few values of N, we find 


39! 
lao] = lassal = 7 ~ 0.00000095 < 10° 


13)(291) 5% 


So, S5 is a sufficient approximation. That is, 


iy f1\ 7 (6n + 3)! 
f 1G (=) (2n + 1)(6n — 7)! - 56"-7 


n=2 
15! 21! 27! 
— (_1)2 _1)3 1 (_1)4 
ew 5.5] 5st | 1) Wie * i=} g!.17!-517 
33! 

je es 

+ (=1) 11! - 23! . 523 

15! pall v7! 33! 


~ Sone Fetish ” GleiAsal 1il-gal. 82 


Remark: if we had calculated f{@(1/5) directly, using derivative rules instead of 
series, we would have found an exact value; however, our value here is easier to find, 
and is highly accurate (if not exact). 


3.6.8.52. Solution. 
(a) To sketch y = f(x), we note the following: 


e f(x) is never negative. 
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e lim f(x) = e® = 1, so the curve has horizontal asymptotes in both 
®L—->=x0o 
directions at y = 1. 


e lim f(z) = lim +> = lim 4 =0= f(0), so the curve is continuous 
r—>=x0 r—>x0 © u+-+oo © 
at r= 


e For x £0, f'(#) = Zee so our curve is decreasing on (—oo,0) and 
increasing on (0, co) 

e For « £0, f’(x) = 2478(2 — 32?)e"/*", so our curve is concave up on 
(—1/2/3, \/2/3), and concave down elsewhere. 


| | x 


—/2/3 2/3 


(b) Since f((0) = 0 for all whole n (that is, the graph is really quite flat at the 
0 
origin), and since f(0) = 0, the Maclaurin series for f(x) is y — 2" = 0. 
n! 
n=0 


(c) The Maclaurin series converges for all real values of x (to the constant 0). 


(d) Since e¥ > 0 for any real y, we see f(x) = 0 only when x = 0. So, f(z) is only 
equal to its Maclaurin series at the single point x = 0. 


Remark: the function f(x) is an example of a function whose Maclaurin series 
converges, but not to f(x)! To describe this behaviour, we say f(x) is non-analytic. 
3.6.8.53. Solution. 


e Solution 1: Since f(x) is odd, f(—x) = —f(x) for all x in its domain. We 
plug this into our power series, then consider the even-indexed terms and the 
odd-indexed terms separately. 


f(-a) = —f(z) 
2 e(n)(Q 2 ¢(n)(Q 
ee a 


Now separating the even powered and odd powered terms 


ois pee (0) 7 = Fi (0) . 
Gray +2 Gyr 
ven > canbe. (0) gent _ > fer) (0) een 


n! n! 


n=0 
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For any integer n, we have that (—1)?" = 1 and (—1)?”*! = —1 so that 


sichlg | ger si 
oS ea ih Rie 
lore) ides intl a 
n=0 aven 
and 
FLO) LO) 
n=0 n=0 
and 


(2n) 
2 a0 


2n)! 
> £20) 2 
(2n)! 


n=0 
e Solution 2: Alternately, we could note the following: 


o Since all derivative of f(x) exist, all its derivatives are continuous. 


o The derivative of an odd function is even, and the derivative of an even 
function is odd. 


o So, the even-indexed derivatives of f(x) are continuous, odd functions. 


o Every continuous, odd function passes through the origin. That is, 
f2@”(0) = 0. 


o So, every term in the series is 0. 
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